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Chapter 1

Introduction

This thesis is based on [13] and [14].

Let A be a finite quiver and K a field. We fix a positive integer m > 2. The
truncated quiver algebra is defined by KA/RX where Ra is the arrow ideal of KA.

In [19], Skdldberg computed the Hochschild homology of a truncated quiver algebra
A over a commutative ring using an explicit description of the minimal left A°-projective
resolution P of A. He also computed the Hochschild homology of quadratic monomial
algebras. On the other hand, Cibils gave a useful projective resolution @ for more
general algebras in [6]. If A is a K-algebra with a decomposition A = E@®r, where E is
a separable subalgebra of A and r a two-sided ideal of A, then the EF-normalized mixed
complex is given by Cibils in [7]. Skoldberg [20] gave chain maps between the left
A¢-projective resolution given in [19] and Q above for a quadratic monomial algebra
A, and he obtained the cyclic homology by computing E%-terms of a spectral sequence
determined by the above mixed complex due to Cibils. By the similar way, the author
computes the cyclic homology of an algebra associated with a cyclic quiver and a monic
polynomial in [12].

In this thesis, by means of chain maps between the left A°-projective resolutions P
and @ of a truncated quiver algebra A over an arbitrary field, we compute the cyclic
homology following the Skéldberg’s way. On the other hand, by means of [17, Theorem
4.1.13], Taillefer [21] gave a dimension formula for the cyclic homology of truncated
quiver algebras over a field of characteristic zero. Our result generalizes the formula
into the case of fields of any characteristic. Recently, Voléi¢ [22] generalizes our result
into the case of commutative rings.

Moreover, by means of the module structure of the Hochschild homology of trun-
cated quiver algebras, we show the following assertion: Let K be a field, A a finite
quiver, Ra the arrow ideal of KA and m > 2 a positive integer. If an algebra KA/I
with an ideal / C KA contained in R} has an m-truncated cycle, then K'A/I has
infinitely many nonzero Hochschild homology groups (Theorem 4.9). Consequently, in
the case I is an admissible ideal of K'A which is contained in R, then KA /I satisfies
an m-truncated cycles version of the “no loops conjecture”. That is, if KA/I has finite



global dimension, then it contains no m-truncated cycles (Corollary 4.10). This result
generalizes the result [5, Corollary 3.3].

In [9], Happel asked that if all higher Hochschild cohomology groups of a finite
dimensional algebra vanish, then is the algebra of finite global dimension? This is
called “Happel’s question”. It is shown in [4] that this does not hold in general. On the
other hand, in [8], Han conjectured the homology version of Happel’s question, that
is, “if all higher Hochschild homology groups of a finite dimensional algebra vanish,
then the algebra is of finite global dimension”. Moreover, he showed that the counter
example of Happel’s question in [4] satisfies Han’s conjecture in [8].

In [5], Han’s conjecture is approached with focusing on the combinatorics of quivers
of algebras. In particular, it is shown that all algebras having 2-truncated cycles in which
the product of two consecutive arrows is always zero, have infinitely many nonzero
Hochschild homology groups. Consequently, 2-truncated cycles version of the well-
known “no loops conjecture” holds, that is, algebras of finite global dimension have no
2-truncated cycles. In addition, for arbitrary integer m > 2, an m-truncated cycles
version of the “no loops conjecture” is conjectured. In particular, it is shown that
monomial algebras satisfy an m-truncated cycles version of the “no loops conjecture”.
However, in [10], it was shown that the original no loops conjecture is true for finite
dimensional elementary algebras, and this can be obtained by an earlier result of Lenzing
n [16] (cf. [11]).

This thesis is organized as follows: In Chapter 2, we describe the definitions and the
notation for the Hochschild homology, cyclic homology and truncated quiver algebras,
etc. In Chapter 3, we recall chain maps between Skoldberg’s projective resolution P
and Cibils’ projective resolution @ which are given by Ames, Cagliero and Tirao [1].
By means of these chain maps, we consider the spectral sequence determined by the
mixed complex due to Cibils. That is, using these chain maps, we investigate the F'-
page consisted of the Hochschild homologies which are computed by Skoldberg, and we
compute E%-terms. Then we obtain the dimension formula of the cyclic homology of
truncated quiver algebras over an arbitrary field (Theorem 3.8). Moreover, we apply
the result to the case of cyclic quivers (Example 3.10).

In Chapter 4, we give the elements which correspond to nonzero homology classes
for the Hochschild homology of a truncated quiver algebra A in [19] (Lemma 4.4 and
Lemma 4.5). In addition, we describe Cibils’ projective resolution @ and some chain
maps which induce quasi-isomorphisms in order to show the main result in this chapter.
Furthermore, we describe the definition of an m-truncated cycle, and we prove our
main theorem (Theorem 4.9) by means of the composition map of quasi-isomorphisms.
Moreover, we obtain a corollary (Corollary 4.10), that extends [5, Corollary 3.3] for
arbitrary m, which is an m-truncated cycles version of the “no loops conjecture”. On
the other hand, as we point out in the Remark 4.11, it is known that if a bound
quiver algebra K@Q)/I has a cyclically free oriented cycle then K@/ has infinite global
dimension by Igusa, Liu and Paquette [11, Corollary 2.4]. So we show an example



(Example 4.12) of an algebra with infinite global dimension which has a 3-truncated
cycle and has no cyclically free oriented cycles.

For general facts on quivers we refer to [2], and for the cyclic homology we refer to
[17] and [18].



Chapter 2

Preliminaries

In this chapter, we recall the definitions and the notation for the Hochschild homology
and cyclic homology and truncated quiver algebras. Let K be a commutative ring and A
a unital K-algebra. For each n > 1, we denote the n-fold tensor product A®g -+ - ®x A
of A by A®™ and an enveloping algebra by A°.

2.1. Hochschild homology groups
Definition 2.1 ([17]). The Hochschild complex is the following complex:
s MRAT S M AT S S AR S Mo A M,

where M is a bimodule over A, the module M ® A®" is in degree n and the map
b: M ® A% % M @ A®"1 given by the formula

br®@a ® - ®ay,) =14 @ag® -+ ay,
n—1
+Z(_1)i(x®a1®"'®Gz’ai+1®'“®an)
i=1

+ (D" ®@a; @ @ ap_;.

The n-th Hochschild homology group of the unital K-algebra with coefficients in the
A-bimodule M is the n-th homology group of the Hcohschild complex, and called the
n-th Hochschild homology group of A simply if M = A. The n-th Hochschild homology
group of A is denoted by HH,(A).

In [5], the Hochschild homology dimension of the algebra A is defined by
HHdim A = sup{n € Z| HH,(A) # 0}.

It is well known that if the unital K-algebra A is a projective K-module, then
the n-th Hochschild homology group of A is given by Torﬁe(A, A). Now we recall the
definition of the bar resolution of A.



Definition 2.2 ([17]). Let A be a unital K-algebra. The following resolution of the
left A°-module A denoted by CP* is called the bar resolution:

b v
obar A®n+1 ABT Ly A®3 Dy oq®2 B4 0,

where i is multiplication and ' is defined by

[y

Viap®- - ®a,) =) (~1)(ap @ @ aiai11 @~ @ ay).

i

Il
=)

Let A and B be two K-algebras and suppose that A L Bisak -algebra homomor-
phism. Then f is a homomorphism of rings, and the composition map of f and the
map K — A giving the K-algebra structure of A is equal to the map K — B giving
the K-algebra structure of B. This implies that b f®"+1) = &} therefore { f*"},cy is
a chain map between the Hochschild complex of A and the one of B. For each n > 0,
this map of Hochschild complexes induces a map f"+Y . HH,(A) — HH,(B) of
Hochschild homology groups. The following fact is the key of the main theorem in
[5]: if we can show that the image of HH,,(A) — HH,(B) is nonzero, then this forces
HH,(A) to be nonzero.

2.2. Cyclic homology groups

Following Loday [17], we recall the definition of the cyclic homology groups of A.
The cyclic group Z/(n+1)Z action on the module A®"*! is given by letting its generator
t =1, act by

to(ag, -+ ,an) = (=1)"(an,ag, ..., an_1)
on the generators of A"+, It is then extended to A®"*! by linearity; it is called the
cyclic operator. Let N = 1+t + --- + t" denote the corresponding norm operator

on A®"*L The cyclic bicomplez is defined by the following first quadrant bicomplex
denoted CC(A):

N
A®3 A®3 A®3 L

1—t N 1—t
A®2 A®2 . A®2 ,




By convention the module A, which is in the left-hand corner, is of bidegree (0, 0),
so CC,,(A) = C,(A) = A®1*. The cyclic homology groups HC,(A),n > 0, of the
associative k-algebra A are the homology groups of the total complex Tot CC(A):

HC,(A) := H,(Tot CC(A)).
Let us recall Kassel’s concept of mixed complexes.

Definition 2.3 ([15]). A mixed complex (C,b, B) is a family C' = {C,}n>0 of K-
modules together with endomorphism b of degree —1 and B of degree +1 satisfying the

equations
b = B> =bB + Bb=0.

The mixed complex (C,b, B) is considered as the double complex BC' such that its
(p, q)-term is the module C,_, if ¢ > p and 0 if ¢ < p, the horizontal differential is B
and the vertical differential is 0. If we filter the total complex Tot BC' by the column
filtration, then, since BC' is a first quadrant double complex, we have a convergent

spectral sequence
E, = Hpq(Tot BC).

It is well known that the cyclic homology of a K-algebra A coincides with the cyclic
homology of the mixed complex (C, b, B) with the modules C,, = A®"*! and the differ-
entials b, B given by

n—1

bn(a()@al@...@an) — Z(—l)ia0®"'®aiai+1®"'®an
=0
+ (—1)”ana0 X aq XX Ap—1,

Bylag®a1 @+ @ay) =Y (-1)"1@a;®  ®a, ®ag® @ a;_y

=0

=D (D@10 ® Q4 ®a® - @ ai.
=0

Therefore, we have a convergent spectral sequence

E;q :p> HC,, (A).

In particular, the E%-page is given by Eg’q = Cy—, and the differential is dg’q = by_p.
Thus the E'-term of this spectral sequence is E) = HH, ,(A).

2.3. Gradings on truncated quiver algebras by Skoldberg and
period of cycles

Let K be a commutative ring, A a finite quiver, m(> 2) a positive integer and Ra
the arrow ideal of KA. An algebra formed KA/RY is called truncated quiver algebra.



For o € Ay, its source and target are denoted by s(«) and ¢(«), respectively. A path
in A is a sequence of arrows ajas - - - o, such that t(o;) = s(ayq) fori=1,...,n— 1.
The set of all paths of length n is denoted by A,,.

By adjoining the element L, we will consider the following set (cf. [19], [20]):

A={Ll}u G A;.
=0

This set is a semigroup with the multiplication defined by

_ oy i H(d) = s(y), N
0= { L otherwise, %7 € LJOA“

and
Loy=~r-1=1, ye€A.

Hence, KA is a semigroup algebra and the path algebra KA is isomorphic to
KA/(L). So, KA is a A-graded algebra with a basis consisting of the paths in A.
Moreover, KA is N-graded, that is, KA = @.°, KA;. In particular, R} is A-graded
and N-graded, thus the truncated quiver algebra A = KA/RRY is a A-graded and
N-graded algebra.

For an N-graded vector space V = @,., Vi, Vi is defined by V; = P,~, Vi.

Let A be a finite quiver. For a path v, |y| denotes the length of v. A path ~ is
said to be a cycle if |y| > 1 and its source and target coincide. The period of a cycle ~
is defined by the smallest integer 7 such that v = ¢/ (j > 1) for a cycle ¢ of length i,
which is denoted by per~. A cycle is said to be a basic cycle if the length of the cycle
coincides with its period. It is also called a proper cycle [8]. Denote by A¢ (respectively
AP) the set of cycles (respectively basic cycles) of length n. Let G,, = (g) be the cyclic
group of order n and the path a; ---«a,_1q, a cycle where a; is an arrow in A. Then
we define the action of G\, on AS by g+ (a1 ay_10p,) = oy -+ - a,_1, and AS /G,
denotes the set of all G,-orbits on A¢. Similarly, G,, acts on AP and AP/G, denotes
the set of all G,,-orbits on AP. For 4 € A¢/G,,, we denote by per ¥ the period of v, that
is per 7 := per~. For convenience we use the notation Af/G for the set of vertices A,.



Chapter 3

The dimension formula of the cyclic
homology of truncated quiver
algebras over a field of positive
characteristic

In this chapter, by means of chain maps between the left A°-projective resolutions P
and @ of a truncated quiver algebra A over an arbitrary field, we compute the cyclic
homology following the Skoldberg’s way.

On the other hand, by means of [17, Theorem 4.1.13], Taillefer [21] gave a dimension
formula for the cyclic homology of truncated quiver algebras over a field of characteristic
zero. Our result generalizes the formula into the case of the field of any characteristic.

3.1. Chain maps between the projective resolutions constructed
by Skoldberg and one by Cibils

In this section, we recall the projective resolutions of a truncated quiver algebra P
and @ constructed by Skoldberg and Cibils, respectively. Moreover, we describe chain
maps between P and Q.

Skoldberg gave the following projective resolution of a truncated quiver algebra A
as a left A°-module.

Theorem 3.1 ([19, Theorem 1]). The following is a projective A—gmded resolution of
A as a left A°-module:

d;

d; d d
pP.... 8% p 5.2 p PS5 A—0.

Here the modules are defined by

P = A®ga, KT ®@pa, A,

8



where T is given by

0 A, if 1 =2c(c>0),
Aomy1 ifi=2c+1(c>0),

and the differentials are defined by

dae(a @ vy -+ - Qe @ )

= E Qo -0 @ Qg Qe1)mai4g @ Qe—1ymt2+j ** * Qem 3,

and
docr1 (0@ 01 -+ Q1 @ B) = a0y @ a2+ Qo1 @ B — @ 0+ + + Qe @ Aomp1 B-
The augmentation €: A @xan, KA @xag A= A®ka, A — A is defined by
ela® f) = ap.

On the other hand, Cibils gave the following another projective resolution of A as
a left A°-module.

Lemma 3.2 ([6, Lemma 1.1]). Let A be a finite quiver, I an admissible ideal, KA
the subalgebra of A = KA/JI generated by Ay and r the Jacobson radical of A. The
following is a projective resolution of A as a left A°-module:

i di i—1
Q: - — AQga, 7%6% Qga, A 25 AR@ka, K% Qga, A — -

— A®Ka, T @Kra, A i>A®KAOAE>A — 0,
where
do(A[  ]p) = A,
di(Afza] -~ il ) = Awa[wa] - - i + Z Nzl |l - il
+ (=1 Az - |l’i—1]l’z'u fori>1,

and we use the bar notation Nx1| - |x]p for \Q@ 1 Qa9 @ -+ Q@ ; @ .

Chain maps between the projective resolutions P and Q are given in [1]. We
describe a map ¢ : P — @ in Proposition 3.3, and we give an alternative proof that ¢
is a chain map, which is direct and shorter than the proof in [1].



Proposition 3.3 ([1]). Define the map v : P — Q as follows:

wla®p)=al 18, ula®a ® ) = alal]B,
L2c(a®a1"'acm®/8)

- § Oé[Oél T (g |a2+j1 |a3+j1 T a3+j1+j2|a4+j1+j2
0<g15erJc <m—2

2t it Q21 ja e CemD,s

’a2cfl+j1+---+jc_1 C (e 1414+
Laer1 (@@ ag - Ay @ P)

= E afag|ag - - Qo5 |a3+j1 |044+j1 ERR C VR AN |045+j1+j2
0<41,rfe<m—2

| Qe jittions T * Qe jiotie | Q24 1414t | Q2et 24y 4ot " Qe By

where oy, g, ... € Ay and o, f € A. Then, v is a chain map.

Proof. idae = €19 and 1od; = dyty are clear. We will check, for ¢ > 0, t9.doeyq

doci1toerr. Similarly, we have to._1ds. = docto.. Now we have

Laclocr1 (O @ @+ Qemyr @ )
= tac(@ ® g Aem1 @ f—a @ a1+ Qe ® Aem41/3)
= > (amfog- e an s [0ug, o Qg @]
0<j1,sje<m—2
| Qe jibtgons * T " Q2etjiobie | Q241414 obe | Q24 24y 4ot * Qema B

- 04[041 Crr gy |a2+j1 |a3+jl"'a3+j1+j2 |O‘4+j1+j2| T

| Q2141 T Q211+t
On the other hand, we have

d20+1L20+1 (a ® a1 - Qem41 ® ﬁ)
- E d28+1(04[041|0é2 v Qg |a3+j1 |a4+j1 Cr gy 4o a5+j1+j2| e
0<1eeefe Sm—2
| Qe jy ot Q2 jitotie | Qe+ 1t i | Q24 24 1ot T+ " Qeme+1)
= § <04041 o - -+ oy | [y - - - Qo | 51470
0< 1 yerrsfe<m—2
| Qe jittgors T Qe jibobie | Q24141 tie | Q24 2y 4ot * Cemat B
— afarag oy O [y Qs [y

| Qe jittgors " Q2etjiootie | Q24141 4o | Q2e4 241 4ot * Cema B

10

2t j1 o) Q21144 * * * Cemt113)-
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c—1
+ Y alafaz - azyg s Qarg, - Qaigig,
k=1

| Q92 jy i n T T T Q22 gty | 2K Tt
|kt st 1 "7 T Okt Ly o | Qb4 2y 4ot * bk 2 1
|042k+3+j1+---+jk+1 Q2 dtjit+tjugr " O2k+44j1+ g ’a2k+5+j1+"'+jjk+2| T

| Qe it Q2 jibo e | Q2et 1 a g Q2424 bt T " Qo1 B
c—1
- E alagfag oy s, [Qurg, - Qg | gy |
k=1

| Q2k—2 1 ttie T k2 [ Q261
| ok gty " 2kttt | Q2K T by " 2k 24y

[T S N (oY S N NONEEEY o VIR SRS NP (o 1Y WIENS NUBNET SN LR

| Qe 1ot Q2 it te | Qe 1 a g 024 24 1ot T " Q1 B
+ O‘[O‘I‘QQ T oy ‘a3+j1 |a4+j1 C O 4o |a5+j1+j2| T
Q2 24yt tems " O 24y ot | V2 14y e
|042c+j1+~~+j671 T a20+1+j1+--~+je]a26+2+j1+~-~+jc C Qemy1 B
—afar|ag - agyglazg,

Qapjy =" O‘4-&-1'1-&-1'2| e

| Qoe—14j1 4ot [ Q2 jibjer " Cdetjytontie)
Q214 j14+je " Oécm+15>

- Z (aal [OQ T Qg ’a3+j1 |a4+j1 T Qg |a5+j1+j2| e
0<j1,05Je<m—2

| Qe jy ot Q2 jrtotie | Qe 1t i | Q24 24 1ot T+ " Qeme+1)

m—2
- E E (afan - arggy oy s, - sigigs a1l
J1=1 0<z, . je<m—2

| Q2141 T Q211+t | ety e | Q24 T ot T 7" Qe+ 15)
— afar|ag|os - Qg || - - ‘@(C—Q)m+3 T @(cfl)m+1|a(cfl)m+2]
Ale—1)ym+3 " " ° acm+lﬁ

- Z (aal{a? T Qg |a3+j1 |a4+j1 T Qg |a5+j1+j2| e
0<J1, e Sm—2

| Qe jitotges " Q2etiybortie| Qe 141 1t Qe 24 bt * * * Clemt1 B
- 04[041 B B |a2+j1 |a3+j1 ©r 341 +jo |a4+j1+j2| e

|042c—1+j1+~-+j671 T a20—1+j1+--~+jc|a20+j1+~~-+jc]a2c+1+j1+~~~+jc e Qemy13).

]
Proposition 3.4 ([1]). Let x1,xs,... be paths in A and my,ms,... the lengths of
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T1, %, ..., respectively. We set x1 = 109 Qpy s Ta = Qg 410y +2 *** Oy tmigs - - -5
where ay,aa,... € Ay. Then there exists a chain map © : Q — P defined by the
following equations:

mo(al ]8) =a® B,
m(afx]B) = Z&al o] @ 0y @ g Qo B,
j=1

A0 Oem @ Qeme -~ O‘m1+~~-+m2c6
Toc(afzi|za] - - - [220] B) = if Mmoo +mg >m (1 <i<c),
0 otherwise,

mi
S 00r 0y © G ®

a . “ e a .
Tees(afarfas] - |reenlB) = if Mo +jn+$:> mr(nll+< 7255
YA YA - — — bl
0 otherwise.

These chain maps induce quasi-isomorphisms ¢ = id4 ® ¢ and 7 = id4 ® 7 between
the complexes A ® 4« P and A ® 4 Q. These complexes are A¢/G,-graded([19], [20]),
and the chain maps ¢ and 7 respect this grading. That is, we have the following
isomorphisms:

P A®u Py A®gag KT = ) (A®xag KTW);

FEAS /G,
zl Tfr

N % &Y
Vi A®u Qn — A®gas AL = @ (A®gag A5,

SEAS /G

where each basis for the 4 component are given by the elements o ® 3 € (A ®gag

KT™); such that a8 = g'y for some i and zo[z1] - - - |2,,] € (A @kag A?kAO);, such that
T+ 2, = g/ for some j.

3.2. Cibils’ mixed complex and a spectral sequence

In this section, we introduce the mixed complex constructed by Cibils [7] and we
will compute the map B induced by this mixed complex and the E?-term, by means of
the chain maps ¢ and 7.

3.2.1. Cibils’ mixed complex and Hochschild homology groups

Cibils constructed the following mixed complex.
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Theorem 3.5 ([7], [20]). Let A be a finite quiver, K a field, and A = KA/I for I a
homogeneous ideal. Define the mized complex (Cra,(A),b, B) by

®fk
Crag(A)n = A®kas Ay "0,

and

b(zolzy] - -+ [2,]) = wo1[Ta] - - - 2]

n—1
£ 3 Vaolan] izl - o)
i=1

+ (=1)"zx0[T1| -+ - [T,
B(xo[z1| -+ |zn]) = Z(—l)m[%\ |z |zol - - - mia].

Then HHn(CKAO(A)) = HHn(A> and HCn<CKA0 (A)) = HCH(A)

In particular, if A is a truncated quiver algebra KA/RX(m > 2), then the map B
in (Cka,(A),b, B) respects the AS/G,-grading (cf. [20]). Furthermore if we consider
the double complex BC' associated to this mixed complex and filter the total complex
Tot BC' by the column filtration, then the resulting spectral sequence is AS/G-graded.
Thus HC,(A) is A¢/G.-graded. Moreover, for 7 € AS/G, the degree 7 part of the
FE'-term of this spectral sequence is E} - = HH, ,(A).

p7q7’y
In [19], the Hochschild homology of truncated quiver algebras is computed:

Theorem 3.6 ([19, Theorem 2]). Let K be a commutative ring and A a truncated
quiver algebra KA/RY and g = cm + e for 0 < e < m — 1. Then the degree q part of
the pth Hochschild homology HH,(A) is given by

(K% ifl1<e<m-—1and2c<p<2c+1,
m br
el B Ker (- K — K
D (s @ ey
rlq

ife=0and 0 < 2c—1=p,

HH,q(A) = m "
’ Feedtmn =1 ker (———— K — K
B D coter (- K — K) )
lq
ife=0and 0 < 2c = p,
K#80 ifp=q=0,

[ O otherwise.
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Here we set ay := #(AS/G,) and b, == #(A2/G,).

3.2.2. Computation of the F%-term

In this subsection, we consider a truncated quiver algebra A = KA/RY over a field K.
By investigating the basis of the Hochschild homology and the map B : HH, 5(A) —
HH,., 5(A) induced by the differential of the Cibils’ mixed complex, for 7 € Af/G,
we have the degree 4 part of the E?-term of the spectral sequence associated with the
Cibils’ mixed complex.

Proposition 3.7. The E?-term of the spectral sequence associated with the Cibils’ mized
complex is given as follows:

B2 :{K if p=q¢=0,

fi A
0 otherwise, or €€ Bo,

K if ¢q=2c,p=0,
K if 2¢<qgq—p<2c+1,

E? =
Py q > 2c+ 1 and char K|z,
0 otherwise,
for ¥ € AL, 1e/Gemye (1 < e <m—Tandc > 0),
and
K4t = =2c+1

e [ K if d-charK|m, i u 2;‘_1 . Ch;;;(‘cd
P4y 1 0 otherwise, Pery ’

0 otherwise,
for ¥y € AS /Gem(c > 0),

where per7 is the period of ¥ € AS/G, (see Preliminaries for its definition), and we
set z = |y|/pery and d = ged(m, per 7).

Proof. We will investigate the basis of the Hochschild homology and the map B :
HH,~(A) — HH,.,~(A) induced by the differential of the Cibils’ mixed complex
dividing into the following three cases (cf. [19]):

Case 1: A§/Go(= Ap)-degrees,
Case 2: AY/Gi-degrees for t = 1,...,m — 1 (mod m) (¢t > 0),
Case 3: AY/Gi-degrees for t = 0 (mod m) (¢t > 0).

Case 1: We consider the A§/Gy-degrees: Suppose that ¢ € Ag. Then by Theorem
3.6 we get
2 ) K i p=q2=0,
Piae 0 otherwise.
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Case 2: In this case, we set t = ecm + e, for 1 < e < m — 1. We suppose that
7y € AY/Gy with v = ay - - - ay. We set z = |§|/per”y. Then we get

K if p=2c 2c+1,
0 otherwise,

HH,(4) =

and the basis of HHy.5(A) and HHey15(A) are Qemsr - Qempe @ 01 - - Qe and

P Qemtisd * Qempe@1 * - Q-1 @ Q4+ * + Qi Tespectively. Hence we have

1
EP

K if 2¢<qg—p<2c+1landq > 2c,
470 otherwise.

Thus we obtain

Qem+1 °°° Oemte X Qaq -0 Qe

Y™
— § Q21451+ +je * " Cemte
0<j1,.-.je<m—2

[+ o [z [y - Qe | Qo] -

| Qe 1yttt * " Q2 14yt | ety 4ot

B
i E ([a2c+1+j1+-~~+jc o Qemte
0<j1,eje<m—2

|a1 C Qg |a2+j1 |a3+j1 C O 4o |a4+j1+j2| T

o A S YIS W NP [ T

C
i'=1

Qi 141+ T Q2 1414+ |O‘2i’+2+j1+-~~+ji/+1

|a2i’+3+j1+-~~+ji/+1 T 'a2i’+3+j1+-~~+ji/+2|a2i’+4+j1+--~+ji/+2| T

| Qe 1yttt T O2e— 141t | ey 4ot
| Qe gy ontie T+ Qemtel @+ ++ Qg
|y |3y + Q3 [ Qa4 [ Qg Qstjitjotis] *

|042i’—1+j1+ji/_1 |042z'/—1+j1+-~+ji/_1 T a2i’—1+j1+~~+ji/]

c
E (2" =1)-2¢ . . . . . . - )
+ (_1) [O‘2z’—1+]1+-~~+yi/71 e O‘2z’—1+]1+~~~+]i/ a2l/+]1+~"+ji/
=1

| Q2 14y gy Q2 141+ +jyr 44 |O‘2i’+2+j1+~~+ji/+1

| Qe 1yttt * Q21 a e | 2y 4ot
| Qe 1 it * ** Qemreln - - @1y ooy,

|043+jl © s |044+j1+j2| T

O T N R € C Y/ F I S |a2i’—2+j1+~~~+ji/,1]>
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e

et
? Aem—etj+1 " Cem4j—1 & Aemtj ** Olemye®1 - Olemte—j
Jj=1
c n—2
+ g E Qi —1)ym—e+tj+3 Q@' —1)ym+14j
/=1 j=e—1
@ Q' —1)ym+2+5 *** Cem+eQ1 " O/ —1)m—e+j+2
c e—1
+ E E QUi —1)ym—e+tj+1 ** O —1)ym+j—1
=1 j=1
X a(i’—l)m+j s OlemteOy s v e a(i’—l)m—e+j
cm—+e

- E Qemetitl " " Oem4eO1 * - Q1 K ay .- Nemti
=1

pery

=z E Qemtitl " Aem4e 1 - Q1 Q.- Aeme4i -
i=1

Therefore we conclude that the E'-page in degree 7 is drawn as follows:

-z

< K
-z
<_

o xR o o

0
K
& K
0
0

o 0o XX
o oo o

where the bottom left K lies in bidegree (0,2c). Therefore we have E*-term as follows:

K if q=2c¢,p=0,

El, =4 K if 2¢<q—p<2c+1,¢>2c+land char K|z,
0 otherwise.

Case 3: In this case, we set t = cm and suppose that ¥ € AY /Gy with v = g - - - oy,
z = |y|/per”y and d = ged(m, per7). Then we have

K¢ if d-char K|m,
HHye 15(A) :{ K1 otherwise

and

K if d-char K|m,
HHye5(A) = { K1 otherwise,
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where the basis of HHs.15(A) and HHs.5(A) are given by
Qe—1ymtitl " Qem@1 - 01 @ QG Qe ymi (1 <1< d—1)
d
and Z Qe—1)ymtitl """ QemQ1 Qi1 @ O+ * * Ae—1)m+i if d - char K]m,

i=1
Oe—1)m+itl """ QemQ1 " Qi1 @ O+ * * Oe—1)m+i (1<i<d—1) otherwise,

and
pery/d—1
g (1® igjg- - Qemr -+ Qigja—1 — 1 @ Quyja- - QemOi -+ Q14 jd—1)
Jj=0
2<i<d)
per¥y/d—1
and E 1® a1ijd - Qema -+ - Q14jd—1 if d - char K|m,
Jj=0
per¥y/d—1
E (1 ® igja - Qom0+ Qigja—1 — 1 @ 0qgjg -+ Qem@q -+ Q14 ja—1)
Jj=0
\ (2<i<d) otherwise,
respectively.

We will compute the map B induced by the differential of the mixed complex in
detail. For 1 <1 < d, we have

Oe—1)ym+itl " QemQ1 " Qi1 @ O+ * * Oe—1)m+i

Y
= Qip(c—1)m41 """ QemQ * - Q1

[ai|ai+1 e 'ai+m—1|ai+m|ai+m+1 T ai+2m—1|ai+2m| ce
|O‘i+(cf2)m+1 Cr Qg (e—1)m—1 |O‘i+(cfl)m]
B
— [ai+(c—1)m+1 S Qe Q1 ¢ |y
|Oéz'+1 s ai+m71’05i+m‘05i+m+1 s ai+2mfl|ai+2m‘ s

‘ai+(c—2)m+1 e '@i+(c—1)m—1|04z‘+(c—1)m]
+ Z(—l)@i’*l)'@c”)[ai+(¢/_1)m!Oéi+(¢f—1)m+1 e Qirmt
i'=1

| Qiirm| Qipirmar - '04i+(i'+1)m—1| T
|ai+(c—2)m|ai+(c—2)m+1 Cr Qg (e—1)m—1
|ai+(c—1)m|ai+(c—1)m+1 Qe Qg
il Qigr - Qigem—1| Qipn [ Qi1 - -+ Qipom—1] -+ -

|ai+(i’72)m|ai+(i’72)m+l T ai+(i’fl)mfl]



c—1
2i'.(2c—1
+ E (=12 C Dy i 1ymer - Qipirmet | Qigirm
i'=1

|ai+i’m+1 T ai+(i’+1)m—1|ai+(i’+1)m| T
|ai+(c—2)m+1 O (e—1)m—1 |ai+(c—1)m
|ai+(c—1)m+1 Qe Qg ai—llai
|Oéi+1 T ai+m—1|ai+m|ai+m+l T a/i+2m—1|ai+2m| T
|ai+(i’—2)m+l o 'ai+(i’—1)m—1|ai+(i/—1)m]

Cc
1

TP
L (1 @ Qi (' —1)ym+1 ** - Aem @1 " Qi (i —1)m
i'=1

—1® Qi (ir—1)m =" Cem@1 * * * Qg (i —1)m—1)

d pery/d—1
= < ) ( Z (1® Qigi1ja- - Qem@1 -+ Qiyjg

er~y
per %y =
— 1 ®a1ja - Com -+~ a)
per¥y/d—1
— E (1® Qipja- Qemon - Qi14ja — 1 @ Qipja- - Qem@y - - Oéjd))-
Jj=0

Thus, we have
d
807?7/137/1580_1 Z Qe—1ymtitl " Qem@1 Q1 @ G+ Qe—1ymyi | = 0.
i=1

Hence, we set that

Ui = Qe1)mtitl " Qom0 = Qi1 @ Q- Qe—tymys (L < i <d—1),

d
Ug = E Qe1ymetidl " CemQ1 - Qi1 @ Q-+ Qe_1ymsq  if  d - char K|m,
=1
and
pervy/d—1
v = E (1 ® Qig1tjd - Qem@1 *+* Qig14ja—1
i=0

—1® qja- Qemi -+ Q14 jd—1) (1<i<d-1),

per¥y/d—1
Vg = E 1® A1yjd " e © - Ql4jd—1 if d-char K]m
J=0



If d-char K'|m, then the E'-page in degree 7 is drawn as follows:

B

0 K &£ K
Kt &£ K 0
K¢ &£ R 0 0
K 0 0 0
0 0 0 0

1 -1 0 0

0 1 -1 :

cd : - T

B(uh ,Ud) - (Ulv 7Ud) (per7> 1 -1 0
1 0

0 0O 0

0 0 Ki-1 B a1

0 Kt 2 g 0
K1 LB R 0 0
K1 0 0 0

0 0 0 0

1 -1 0 0
o 1 -1 --. .
cd . :
B(ul,...,'u,d1)_(’01,...,1}d1)< _) Tl Tes T 0
per?y . .
. .. 1 -1
0 0 1
Thus we have E%-term as follows:
-1 _ _
2 K if d-char K|m, . K 1frp—r0,(.]£2rc[;—|ld
PaY | 0  otherwise, o peryrcuarajcd,
0 otherwise.
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3.3. The dimension formula of the cyclic homology of truncated
quiver algebras

In this section, let K be a field of characteristic ¢ including the case ( = 0. By
the result of Proposition 3.7, we can determine the dimension formula of the cyclic
homology HC,,(A). We obtain the following main theorem.

Theorem 3.8. Suppose that m > 2 and A = KA/RY. Then the dimension formula
of the cyclic homology of A is given by

m—1

dimg HCo(A) = #00+ Y Gemes

dimgHCy(A) = > (ged(m,r) — 1)b, +Z oo+ Y b

r>0 = r>0 r>0
s.t.rlm s.t. rCle s.t. r|m,
ged(m, r)¢|m
m—1 c—1 m—1
dlmKH02c<A> - #AO + E Qem—te + E b,
e=1 c¢'=0 e=1 r>0

st.r¢ldm+e

Cc

+Z > br+Z S (gedlm,r) — b,

/

r>0 r>0
s.t.r|c'm, s.t.r¢| ged(m, r)c’
ged(m, r)¢|m
for ¢ > 1,
and
c m—1
dimgHCoer1(A) = > (ged(m,r) = Db+ > > > b
r>0 /=0 e=1 >0
st.r|(c+ 1)m s.t.r¢|dm+e
c+1
+ Z Z b, + Z Z (ged(m,r) — 1)b,,
r>0 r>0
s.t.r|c'm, s.t. | ged(m, )’
ged(m, r)¢|m
for ¢ > 1.

Proof. By the E?-term of the spectral sequence, we have

dimg HCye ermye(A) =0 if 0<e<m-—1landd >c¢,
dimg HCoer1 0mie(A) =0 if 1<e<m-—1landd >c,
dimg HCyeq1,0m(A) =0 if ¢ >c+1landcd =0.



Suppose that ¢ > 1. By the above, we have
dimy HCho(A) = > dimg HChi(A)

:Z Zt Z dimy £ pqw

t p4qg=2c VEAY/Gt
p,q =0

m—1
- Z Z dimy E pqw Z Z Z dime
e=1

p+q=2c YE€AO p+q=2c W€A§m+e/Gcm+e
p,q 20 p,q 20

—_

c—

m—1
+ Z Z Z dimKqu,y

=0 e=1 p4qg=2c YEAS, /G o
p,q=>0

/m+e c/m+e

c

+ Z Z Z dimKEg a7

=1 p+qg=2c YEAS [Gup,

P,q =0
c—1 m—1
—#Ao+2acm+e+ZZ > b
/=0 e=1 r>0

st.r¢|dm+e

c

+Z Sooone> Y (ged(m,r) — b

r>0 =1 >0
s.t.r|cd'm, s.t. r¢| ged(m, )’
ged(m, r)¢m

Moreover, we have

dimg HCyeq1(A) = Z dimg HCy.4(A)

_Z Z Z dimp £ , 5

t ptg=2c+1 YEA]/G,
p,q=>0

c m—1
= Z >y S dimgEl,,

=0e=1 ppg=2c+1 €A, /G
p,q=>0

+ Z Z Z dimKqu,y

=1 p+qg=2c+1 FEA,, [Gopy
p,q20

+ Z Z dimg Ep a7

p+a=2c+1 YEAL 1)/ Clet)m
p,g 20

c/m+e c/m+e

E?

2 bl

21
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m—1 ¢
= > (ed(mr) Db+ DD Y
r >0 e=1 /=0 r>0

s.t.r|(c+1)m st.r¢|dm+e

c+1 c
200> W > (eedmr) = Db

/=1 r>0 =1 r>0

s.t.r|cd'm, s.t. r¢| ged(m, )’
ged(m, r)¢|m

For the dimension formula of HCy(A) and HC}(A), we easily have that as a special
case of the above computation. O

Corollary 3.9. If the characteristic of K is zero, then the dimension of the cyclic
homology of the truncated quiver algebra A = KA/RR is given by

m—1

dimg HCy.(A) = #A0 + Z emaes
e=1
dimg HCher1(A) = Y (ged(r,m) — 1)b,.
r|(c+1)m
The dimension formula above corrects a result of [21, Proposition 4.9].
Example 3.10. Let K be a field of characteristic ( and A the following quiver:

Oés_]_ O OZO

NSRRI

Suppose m > 2 and A = KA/RY, which is called a truncated cycle algebra in [3].
(1) The case ¢ > 0. We have

S

dimg HC(A) = (ged(m, s) — 1) ([T} N {m ; 1]) " {m c 1}

S S sC

samae] ~ i) (G1-[%7])

On the other hand, since

arz{l if s|r, bT:{l if s=r,

0 otherwise, 0 otherwise,

dimg HCy(A) = s + {m — 1] ;
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we have
c—1
dimgHCo(A) =s+ > 1+ > 1
1<e<m-—1 /=0 1<e<m-—1
s.t.slem + e s.t.sCldm + e
+ Z 1+ Z (ged(m, s) — 1)
1< <c 1< <c
s.t. s|c'm, s.t. s¢| ged(m, s)c’
ged(m, s)¢Im
B (c+1)m—1 om) e (d+1)m—-1 dm
s [ S [ S } +cfgo sC 5C
m B m—1 dm] dm—1
ged(m, s)C ged(m, s)¢ ot s s
d
 (god(m, ) - 1) | B
sQ
and

dimy HChe 1 (A) _{ ged(m,s) =1 if s|(c+ 1)m,

0 otherwise,
c
DD DEEE LD DI
=0 1<e<m-—1 1< <c+1
s.t. s¢|d'm + e s.t. s|c'm,
ged(m, s)¢|m
+ Z (ged(m, s) — 1)
1< <ec

s.t. s¢| ged(m, s)c’

= (ged(m, s) = 1) <[w} - {M—m_l] i {MD

S S sC

(o] - 2 (- [27])

(2=

In particular, we consider the following three cases.




() Tn the case ged(m, s) = 1, we h
Qi HCo(A) —s + {m—‘l]
dimy HC, (A) = {ms—zl}

and

dimy HCo(4) = s+ = — 1
dimg HC (A) =s— 1+ {%1 ;
dimy HCyo(A) = s + = — 1+§ ({( - Ugm_ 1} - [ ?D

24
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(iii) Suppose m =ts+u (2 <u < s—1) and uls, then we have

dimg HCy(A) = s + 22

S

dim HC, (A) = [msg 1} |

dimy HCyo(A) =5 + " +§([(a+ 1)m 1} B {c'mD

and

(] o)
() [ [ o2

(2) The case ¢ = 0. We have

dimy HCou(A) = 5+ [(c~|—1)+—1} - 1=
dimg HCyps1(A) = (ged(m, 5) — 1) (Fc Z”m} - {(C i 117" - 1}) .

In particular, we also consider the following three cases as well as (1).
(i) In the case ged(m,s) = 1, we have
dimg HCo(A) = s + {(Hl)—m_l] -
dimg HCye1(A) = 0.
(ii) In the case s|m, we have

dlmKHCQC(A) =5+ % - 1,
dimKHCQC_H(A) =s— 1.
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(iii) Suppose m =ts+u (2 <u < s—1) and uls, then we have

m—u

dimp HC5e(A) = s + P
dimy HCher1(A) = (u—1) ({(C il 1)“} - [QD .

S S

We remarks that by the similar way, Voléic [22] generalizes recently the result of
the Theorem 3.8 into the case of the commutative ring. We introduce his result.

Theorem 3.11 ([22, Theorem 4.2]). Let K be a commutative ring and A = KA/RY.
Then

c—1 m—1
HC,(A) = KH#B+ETS aemee gy Anng (im + 5)%m+s
i=0 j=1
¢ . cd (r,m)—1 by
ged (r,m)i )5 m
K/——K A _n
@@@<( / r ) © Anng ged (r,m)
br
m
HCouir(A) = ( KEd -1 gy ¢ / K)
’ T(qu%m ged (r,m)

“&® @ (/)
%)

by
ged (r,m)i ) &~ m
A K/ ——K
o @ (e (<10 e )

=1 rlim

forc>0.



Chapter 4

Hochschild homology dimension
and truncated cycles

In this chapter, we show the following assertion: Let K be a field, A a finite quiver, Ra
the arrow ideal of KA and m > 2 a positive integer. If an algebra KA /I with an ideal
I € KA contained in RY has an m-truncated cycle, then K'A/I has infinitely many
nonzero Hochschild homology groups (Theorem 4.9).

4.1. The Hochschild homology groups of the truncated quiver
algebras

In this section, first of all, we recall the Hochschild homology of truncated quiver
algebras following Skoldberg ([19]) which is introduced in Chapter 3. We refer to
Section 2.3 for the gradings on truncated quiver algebras dealt in this chapter.

The minimal projective resolution of a monomial algebra over a field is given by
Bardzell [3]. For the truncated quiver algebra A, we use the following projective reso-
lution given by Skoldberg.

Theorem 4.1 (= Theorem 3.1 ([19, Theorem 1])). Let K be a commutative ring and
A = KA/RR. The following is a projective A-graded resolution of A as a left A°-
module:

p....Mp Y Byp p A 0.
Here Py(i > 0) are defined by
P = A®ga, KT ®@ka, A,
where T4 is given by

Acmi1 ifi=2c+1(c>0),

27
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and the differentials are defined by

dQC(a & Q- Qe ®ﬁ)
- Z Q- 0 @ Qg Qe—1ymtdtg ® Qe—tyma2+s ** Veml3,

d20+1(01 Pyt Aem+1 ® 5)

=0 Qay Qemt1 @B —a®@ag - Qe @ Qemt1,

where aq, ..., Qe € Ay, The augmentation e: AQra, KA)@ga, A= AQgpa, A — A
is defined by e(a ® ) = ap.

Following Skoldberg [19], K denotes the complex A®gae KT () which is isomorphic
to A ® 4 P by the following isomorphism :

Wi ARs P ARy A° QKAg KT® & A @Kac KT®™.

Since the complex K is decomposed into the subcomplexes K5 by K = P .
@ﬁeAg/Gq K5 in [19], the p-th Hochschild homology group of A is Ny-graded for p > 0,
that is, the p-th Hochschild homology of A is given by HH,(A) = @, H H,4(A). More-
over, the degree q part of HH,(A) is Aj/Gy-graded, that is, the degree ¢ part of p-th
Hochschild homology of A is given by HH, ,(A) = @ﬁeAg/Gq(HHp,q(A))A—Y. We denote
the n-th module of K by K5 ,,.

The Hochschild homology H H,, ,(A) of a truncated quiver algebra A is computed by
means of the above projective resolution in [19]. The following is introduced in Chapter
3.

Theorem 4.2 (=Theorem 3.6 ([19, Theorem 2))). Let K be a commutative ring and
A a truncated quiver algebra KAJ/RY and g = cm+e for 0 < e < m — 1. Then the
degree q part of the pth Hochschild homology HH,(A) is given by

(K% ifl1<e<m—1and2c<p<2c+1,
b
@qu (K (m.r)=1 @ Ker (.gc% K — K))

(m,r)

ife=0and 0 < 2c—1=p,
_ (28
B =91 @, (et =1 & Coler (s - K — K))

“ged(m,r)
ife=0 and 0 < 2c=p,
K#80 ifp=q=0,
0 otherwise.

\
Here we set ag := #(AL/G,) and b, == #(AY/G,).

Remark 4.3. The degree 0 part of the Oth Hochschild homology, HHo(A) in [19,
Theorem 2] should be corrected as HHyo(A) = K#20 with our notation.
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For KA/RR, ¢ > 1 and ¥ € AS/G.p, we have the following lemma by computing
the degree 7 part of HHoe—1 o (KA/RR) (see Chapter 3).

Lemma 4.4. Let K be a field and A = KA/RRX a truncated quiver algebra. For an
element 7 € AS, [Gep with v = oy -+ aem(aa, ..., aem € Ay), the following elements
correspond to non-zero homology classes:

Qe1ympit] " ClemQ1 =+ 01 @ Q=+ Qe—1ympi € A K KAE F((C_l)m+1)>
where d = ged(m, per”y) and i =1,2,...,d — 1.

Proof. Let v =y -+ agn(ay, ..., aem € Ay). We consider the degree 4 part of the de-
gree cm part of the (2¢ — 1)-th Hochschild homology group of A, (HHac—1,em(A))5.
In [19], the modules (A ®xag ™), = 0 for n # 2¢,2c — 1. We set u; = ¢; ®
Qi+ Qe+ Q1 and Uy = Qe—1ymigl ** QemQ1 *** Qi1 & Q4+ + * Qe—1)m+i, Where the
subscripts ¢ of u; and v; are considered to be modulo pers. Then

d pery/d—1

d—1 d
<A®KA3 I‘(?c—l)),_y:@Kvl@K sz EB@ @ UH_Jm— v;).
i=1 i=1

The differentials c_Znﬁ (A ®kac F(”));, — (A ®@xkac F(”_l))ﬁ is given by Enﬁ = 0 for
n # 2c and doe~(u;) = Z;n;Ol Vigj-

Since 32m(ui+1 — U;) = Uiym — v; holds, we have 32677(2{:_(} (Wit14im — Uirim)) =
Vitjm — U;. Hence we have

d d pery—1
— m
Im d2c,'7 = K(E ZU1> D @ @ Ul—i—jm - Z)
=1 i=1 j=1
Therefore we have the result as desired. O]

We also have the following lemma.

Lemma 4.5. Let K be a field and A = KA/RRX a truncated quiver algebra. For an
element ¥ € A%, /Gemye(1 < e <m —1) withy = o1 -+ Qemge(Qr, . -5 Qemie € A1),
the following element corresponds to a mon-zero homology class:

cm
Aem+1 " Oemte ®O./1 T Qep € A ®KA8 F( )

By means of the basis of HH,(A) including the basis in the above lemma, we
computed the cyclic homology HC(A) of A in Chapter 3.
We recall Cibils’ projective resolution in [6] which is introduced in Chapter 3.
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Lemma 4.6 (= Lemma 3.2 ([6, Lemma 1.1})). Let K be a field and A = KA/RY a
truncated quiver algebra. We set r = Ra/RR the Jacobson radical of A and KA, the

subalgebra of A generated by Ag. The following is a projective resolution of A as a left
A¢-module:

i , i—1
Q —>A®KAO T®KA0 ®KAOAi>A®KAO T®KAO ®KA0A—>"'
s A®xa, T Oxay A -2 Aga, A2 A —0,

where

do(A[ Jp) = An,
di(Alzy] - 2] p) = Avy[wo] - - 2] + Z(—l)iA[ﬂfH |zl s o
+ (_1)i)\[371| s |37i71]l'i,u

fori > 1, and we use the bar notation A[z1|--|z;|u for A\@ 1 Qo @ + -+ @ 1; ® p.

We note that there is the following chain map C** — @ in [7], which we denote
by 6: 0(ag ® -+ @ ani2) = aolai|as| - |ani1]anso. This chain map 6 induces a quasi-
isomorphism idy ® 0 : A ®4c C* — A ®4c Q, which we denote by @ for the sake of
simplicity.

We recall the chain map 7 from @ to P given in [1] which is used in Chapter 3.

Proposition 4.7 (= Proposition 3.4 ([1])). Let x1,x, ... be paths in A and my, ma, . ..
the lengths of x1,xa, . .., respectively. We set x1 = aq -+« Quny, T2 = Qi1 Qg by - - -
where oy, g, ... € Ay. Then there exists a chain map 7 : Q — P defined by the fol-
lowing equations:

mlal 18)=a®B, m(afz1]8) =) o -a;1 ® ;@ ajr- O, b,
j=1

a® Qq - Qe X Qem41 " am1+~~-+m266
moc(az1]@a| -+ - |22 B) = if Moy +me; >m (1 <i<ec),
0 otherwise,

7T2c+1(a[1’1’$2\ te ’$2c+1]5)

mi
E Qo @ Qjem @ Qjiemtt Qg omsers B
j=1

if Mo +mair >m (1 <i<ec),
0 otherwise.

By means of this chain map, the cyclic homology of truncated quiver algebra is
computed in Chapter 3.
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This chain map 7 induces a quasi-isomorphism 7 = idy @7 : AR e Q —> AR e P.
We denote the following composition map of chain maps from the Hochschild complex
to Skoldberg’s complex by &;

A X Ae Qn <L A R ge (Cbar)n — A ® Ae A@(n+2) & A®(”+1)

fr
A®ue Py = AQkay KT 5 B Ky,

i FEAS/G;

where v is given by ¥(ag ® -+ ® a,) = ag @ (1 Qa1 Q@+ ®a, @ 1).

4.2. The m-truncated cycles version of the “no loops conjec-
ture”

Let K be a field, A a finite quiver, Ra the arrow ideal of KA and m > 2 a positive
integer.

In this section, we show that if an algebra K'A/I with I C R} has an m-truncated
cycle (see Definition 4.8), then the algebra has infinite Hochschild homology dimension.
Moreover, we show that the algebra satisfies an m-truncated cycles version of the “no
loops conjecture”.

If I C R% is an ideal in the path algebra K'A, then a finite sequence ay, ..., a, of
arrows which satisfies the equations t(c;) = s(a;41) (1 =1,...,u—1) and t(cv,) = s(a1)
is called a cyclein KA/I in [5].

Definition 4.8 ([5]). A cycle ay,...,q, in KA/I is m-truncated for an integer m > 2
if

Qi Qo1 =0 and ;- Qipmo #0 in KA/
for all 7z, where the indices are modulo wu.

Theorem 4.9. Let K be a field, A a finite quiver and I C KA an ideal contained in
RR. Suppose that KA/I contains an m-truncated cycle v, . .., a,. Then the following
holds:

(i) Assume that ged (m, per (ayg---ay)) # 1. For every n > 1 with un =0 (mod m),
the element

Ae—1)m+2 """ Aem @ o @ Qg Oy @ Qpt1

@ Qg2 Qo @ Qo4 & -+ & Ac—2ym+2 """ Oc—1)m & A(c—1)m+1,

where ¢ = un/m, represents a nonzero element in HHo._(KA/I).
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(ii) Let e be an integer with 1 < e < m — 1. For every n > 1 with un = e (mod m),
the element

E Q2ct 1451 ++jc " Qun
0<j15e-3Je<m—2

Q@ ap Qi @ Qo) ® A3y A3y s © Qg gy @0

@ Q2e—14j14tjemt " V2e—14ji4tje & O2etji4otjor
where ¢ = (un — e)/m, represents a nonzero element in HHy.(KA/I).
In particular, the Hochschild homology dimension HHdim (KA /I) = co.

Proof. We only prove (i). In this proof, we regard the subscripts ¢ of a; modulo u and
we denote the algebra K'A/I by B. For every positive integer n with un =0 (mod m),
we consider the Hochschild complex

C.. oy BECeHD) dx pee) Bl peee-n)

where ¢ = un/m. We denote the expression o(c_1ym42 - Qem @ -+ + @ Ae—1ym1 in (i) by
x.

Since the sequence aq,...,q, is an m-truncated cycle, the element z belongs to
Kerds.—1. Let A = KA/RX. We consider the natural surjective K-algebra homo-
morphism f: B = KA/I — KA/RY = A which induces a K-homomorphism f®% :
HHy. 1(B) — HHy.—1(A). We consider the K-isomorphism H Hy._1(A) — HHs.—1(A)
induced by ® and denote this by ® for the sake of simplicity, where ® is defined in the
last paragraph of Section 3. Then we have

D(fH*(2)) = Qe—tyma2 "+ * Vom ® 01+ Ae—1)m+1-

Hence @ (f®*¢(x)) is a non-zero element in H Hy._1(A) by the Lemma 4.4, so the element
x is a non-zero element in H Hy. 1(B).
The statement (ii) can also be proved by means of the Lemma 4.5. [

The above theorem includes the result of [5, Theorem 3.1] in the case K is a field
and A is a finite quiver.

For a basic and connected finite dimensional K-algebra B which has finite global
dimension, its Hochschild homology is given in [8, Proposition 6] and HH,(B) = 0 for
n > 1. Therefore, by the above theorem, we have the following result which generalizes
[5, Corollary 3.3].

Corollary 4.10. Let K be a field, A a finite quiver and I an admissible ideal in KA
with I C RRX. If the algebra KA/I has finite global dimension, then it contains no
m-truncated cycles.
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Remark 4.11. We suppose that a bound quiver algebra K'A/I has an m-truncated cycle
ai,. .., 0, for integers m and w such that v < m. Then the oriented cycle aq ---ay,
is cyclically free in K'A/I (see [11] for the definition of “cyclically free in KA/I”).
Hence, by [11, Corollary 2.4], we obtain that K'A/I has infinite global dimension. In
the Example 4.12, we show an example of an algebra which has an m-truncated cycle
and has no cyclically free oriented cycles.

For a monomial algebra, an m-truncated cycles version of the “no loops conjecture”is
proved in [5, Proposition 3.4]. However, the algebra B in the Example 4.12 is not a
monomial algebra.

Example 4.12. Let B be an algebra given by the quiver with relations:

Ok« o
VN i = fiss = s =0,
NN A”;\ BaBson = Bafs,

N )

where the indices of a; are modulo 4 (1 < ¢ < 4). Then B has the 3-truncated cycle
oy, g, a3, ag. By the Theorem 4.9, we have HHdim B = oo. Therefore, the global
dimension of B is infinite.

(@]
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