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Chapter 1

Introduction

The following ordinary differential equations are known as typical examples giving
qualitative properties of solutions:

(i) u'(t) = cru'T™(t) — o, t>0, (i) u'(t) = u(t) — u"(t), ¢>0,

where ¢, c2, @ > 0 and k > 1. For suitable positive initial data the solution of (i) blows
up at some finite time 7" (that is, u(t) — oo as t / T'), whereas the solution of (ii) is
bounded (that is, sup,c(o ) u(t) < 00). As in these examples, whether solutions blow
up or not is one of mathematical themes also in partial differential equations, and such
a theme can be considered in chemotaxis systems. The original chemotaxis system was
proposed by Keller and Segel in 1970s. As a model including population dynamics or
pattern formation in bacteria colonies, there is the Keller-Segel system with logistic
source,

uw=Au—V-(uVo)+u—u® x€Q t>0,

0=Av—v+u, reQ t>0,

with homogeneous Neumann boundary conditions, where 2 C R" (n € N) is a smooth
bounded domain and x > 1. The term —V - (uVv) is called a chemotaxis term, which
promotes blow-up at some time 7', where blow-up means lim; qp [[u(-, )| fo) = 00
or limsup, »r ||u(-,t)|[z=@) = oo. On the other hand, the logistic term u — u* has a
strong effect of blow-up prevention. Thus the following question arises:

Are solutions of Keller—Segel systems with logistic source always prevented?

The answer is indeed no! To explain the mechanism we observe the system

u=—V-(uVv) —u", 0=Av+u.



Testing the first equation by u?~! (p > 1) and integrating by parts as well as using the
second equation, we see from Holder’s and Young’s inequalities that if k < 2, then

1 d -1
28 wde= 22 / uPAvdx — / uP T dy
p dt Jg P Ja Q

— p;l/up+1 dr — / umefl dx
p Q Q

p+1

> </updx> ’ —Cy
Q

for all t > 0 with some constants ci, ¢, > 0. This implies that lim, ¢ ||u(-, )| Lr(@) = 00
with some finite time T'. Therefore, it is conjectured that if x < 2, then solutions of
Keller—Segel systems with logistic source possibly blow up. As to this conjecture,
Winkler [60] succeeded in showing finite-time blow-up under a smallness condition for
t > 1 in the Keller-Segel system with logistic source. In such a circumstance, the
following question arises:

Can solutions blow up in a situation added further factors preventing blow-up?

This thesis provides some positive answers to this question in quasilinear chemotaxis
systems with logistic source.

In Part I we study finite-time blow-up in parabolic—elliptic Keller—Segel systems
with density-dependent sensitivity and logistic source. In Chapter 2 we consider the
case of linear diffusion and sublinear sensitivity. This case means that the effect of a
chemotaxis term is small, so that we try to derive finite-time blow-up of solutions under
a smallness condition for logistic source. Chapter 3 gives an investigation in the case of
nonlinear diffusion and super- and sub-linear sensitivity, which includes also the case
that the effect of a chemotaxis term is strong in contrast to Chapter 2. Moreover, we
give a related result on blow-up prevention in a fully parabolic system with nonlinear
production.

In Part II we show finite-time blow-up in quasilinear Jager-Luckhaus systems with
logistic source and nonlinear production. Here, a Jager—Luckhaus system was proposed
as a simplification of a Keller-Segel system. Since the system of this type is useful to
obtain more precise behavior of solutions, we deal with the aforementioned system.
Chapter 4 is concerned with the case of nondegenerate diffusion. In this case we
consider not only finite-time blow-up but also blow-up prevention. In Chapter 5 we
show existence of blow-up solutions in the case of degenerate diffusion. In this case,
taking into account the lack of regularity of solutions, we introduce a moment solution
concept.



Part 1

Finite-time blow-up in
parabolic—elliptic Keller—Segel
systems with density-dependent
sensitivity and logistic source






Chapter 2

The case of linear diffusion and
sublinear sensitivity

2.1. Introduction

This chapter is motivated by Viglialoro [52], and we consider finite-time blow-up in
the following parabolic—elliptic Keller—Segel system with density-dependent sublinear
sensitivity and logistic source:

uy = Au—xV - (u(u+ 1)27IVo) + Au — pu”, € Q, t >0,
0=Av—v+u, r e, t>0,
Vu-v=Vv-v=0, red, t>0,
u(z,0) = up(x), x €,

(2.1.1)

where 2 = Br(0) C R" (n € N) is a ball with some R > 0; x > 0,0 <a <1, A € R,

>0, k> 1 are constants; v is the outward normal vector to 0€2;
up € C°(Q) is radially symmetric and nonnegative. (2.1.2)

The unknown functions u = u(z,t) and v = v(z,t) denote the density of cells and the
concentration of the chemical substance at x € (2 and ¢ > 0, respectively. The logistic
source A\u — pu” represents the proliferation and death of the cells and the sublinear
sensitivity u(u + 1)*~! with o < 1 indicates that the chemotactic effect is small.

The Keller—Segel system was proposed as a part of the life cycle of cellular slime
molds with chemotazis by Keller and Segel in [23] and was studied extensively (for
instance, global existence and boundedness can be found in [4, 39, 54] and blow-up
can be referred to [17, 54, 58]); moreover, many variations of the original Keller—Segel



system were proposed by Hillen and Painter [16]. Chemotaxis induces aggregation
phenomena caused by the direct movement of cells as a response to gradients of a
chemical signal substance, so that we are interested in whether the corresponding
solution of these systems blows up.

From a mathematical point of view, it is meaningful to give a clear answer to the
question whether solutions to (2.1.1) blow up or remain bounded. The system (2.1.1)
is a special case of the following quasilinear chemotaxis systems:

{ut =V (Dw)Vu) =V - (S(u)Vv) + du — pu”, x€9Q, ¢ >0, (2.1.3)

T = Av — v + u, reQ t>0,

where A € R, u > 0, k > 1, 7 € {0,1} and D, S € C?([0,00)). In (2.1.3) there are
results on boundedness in [3, 22, 50, 55, 66, 67| and blow-up in [60] explained later.

Before introducing previous works about the system (2.1.1), let us recall known
results about the quasilinear chemotaxis system (2.1.3) without logistic source,

(2.1.4)

u =V - (Dw)Vu) = V- (S(uw)Vv), ze€Q, t>0,
TUy = Av — v + u, re, t>0.

About this system there are some results related to global existence of smooth bounded
solutions and existence of blow-up solutions. In the nondegenerate chemotaxis system
given by (2.1.4) with D(u) = (u+ 1)™ and S(u) = u(u + 1)*7! with m,a € R and
7 = 1, Tao and Winkler [50] proved that if o < i — =2 and 2 is a convex smooth
domain, then global bounded solutions exist; after that, the convexity condition of 2
was removed in [18], whereas Ciedlak and Stinner [7, 8] showed that if o > m — 22
and either m > 1 or a > 1, then there exists a solution which blows up in finite time;
moreover, Winkler [61] established infinite-time blow-up in the case m — =2 < o < 0.
Lower bounds for the blow-up time of such solutions were obtained in [37]. In its
parabolic—elliptic version (7 = 0) Lankeit [25] showed that solutions are global and
bounded when a < m — =2
a>m — "T_Q; moreover, in the case that the second equation is 0 = Av — M(t) + u,
where M(t) := ‘51' Jo u(z,t) dz, Winkler and Djie [63] proved that if a+1 < m+2, then
all solutions are global in time and bounded, whereas if «+1 > m+ %, a>0andQisa

and blow up in infinite time when n > 3, o < 0 and

ball, then there exist solutions that are unbounded in finite time. Lower bounds for the
blow-up time of such solutions were recently derived by Marras, Nishino and Viglialoro
[29]. In the degenerate chemotaxis system written as (2.1.4) with D(u) = v™ ! and
S(u)=u*twithm>1,a>2and7=1,if m>a— % and €2 is a bounded domain,
then existence of global weak solutions was shown in [18], and if m < a — %, then

finite-time blow-up was established in [15].
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On the other hand, in the system (2.1.3), there are many results about global
existence and boundedness because the logistic term Au — pu” suppresses blow-up
phenomena. For instance, in the system (2.1.3) with D(u) = 1, S(u) = u, 7 = 1
and k = 2, Winkler [55] proved that if p is sufficient large, then global bounded
solutions exist. Jin and Xiang [22] established global bounded solutions for all > 0
in the two-dimensional setting. In the parabolic—elliptic case, Tello and Winkler [51,
Corollary 2.6] asserted that the system (2.1.3) admits a global classical solution for all
> max{0, 22y} in the case k = 2 or for all x> 0 in the case k > 2. In the system
(2.1.3) with D(u) = (u+ 1)™! and S(u) = u(u + 1)*7! with m,a € R and 7 = 1,
Zheng [67] showed existence of global classical bounded solutions under the condition
that \=pu=1,k=2and0<1l—m+a< ni” with n > 3. In the parabolic—elliptic
case with m > 1 and o > 0, all classical solutions are global in time and bounded when
a+1 < max{r,m+ 2} and when a + 1 = & and p > o = po(m, s, x) > 0 (see [66]).
In the system (2.1.3) with D(u) = u™ and S(u) = u® with m € R, a < 1 and 7 = 1,
Cao [3] proved that the solution is global in time and bounded in the case k = 2.

From these previous studies, one might infer that logistic source always suppresses
blow-up and induces boundedness in chemotaxis systems. However, in contrast to
this inference, Winkler [60] succeeded in obtaining the condition for £ > 1 such that
finite-time blow-up occurs in the system (2.1.1) with ao = 1,

{ut:Au—V-(qu)—i-/\u—,uu“, r e, t>0, (2.15)

0=Av—v+u, reQ t>0,

in both low (n = 3,4) and higher (n > 5) dimensional cases. In detail, if £ > 1 satisfies

[SNEN]

_ if ne {3,4},
K
1+-ﬂ;55 if n>5,

then an initial data leading to finite-time blow-up was found in [60]. We also note
that Winkler [57] has already shown finite-time blow-up when n > 5 and the second
equation in (2.1.5) is 0 = Av— M (t)+u, where M(t) := ﬁ Jou(x,t) dx (cf. Zheng, Mu
and Hu [68] for its analog with density-dependent superlinear sensitivity). Thus the
results in [57, 60, 68| imply that the small logistic-type dampening cannot suppress
blow-up phenomena. On the other hand, blow-up in the case that the chemotaxis term
—V-(uVv) in (2.1.5) is generalized to —xV - (u(u+1)*"'Vv) with @ < 1, that is, blow-
up in the system (2.1.1) has not been studied yet, even though in the corresponding
system with generalized chemotaxis terms there are a lot of results ([7, 8, 18, 25, 50,
61, 63, 66, 67).



The purpose of this chapter is to determine conditions for o and x such that the
solution of (2.1.1) blows up in finite time in the case that 0 < « < 1 and n > 3.
This is not trivial because not only the system (2.1.1) has the logistic source but
the chemotactic effect is smaller than that in the standard case that a = 1. In the
system (2.1.1), the chemotactic sensitivity decays with a approaching to 0, so that we
can expect that the smaller « is, the smaller x has to be in order to have a blow-up

scenario.

Now the main result reads as follows:

Theorem 2.1.1. Let Q = Bg(0) CR* (n > 3,R > 0) and let x > 0, 0 < a < 1,
AeR, p>0and k > 1. Assume that o and k satisfy that

ifn=3  §<a<l and k<1+ 555, (2.1.6)
ifn=4, P<a<l and /@<1+%, (2.1.7)
(10 11 10a—9
T <a<g and k< 1—{—40(1_a),
if n =05, % <a< g—; and Kk <1+ 2%%?_’;;), (2.1.8)
\g—g<o¢<1 and ﬁ<1+%,
( 4 4
I = @emy <2< 1- gmem
4—(n—1)2(1—a){2+n(1—0a)}
ifn>6 and K <14 o S B )] (2.1.9)
> 6, ) 1.
1-— m <a<l
1-(n—1)(1—a)
[ ond F <1+ G- na-ar

Then for all L > 0, My > 0 and M; € (0, M), one can find a positive constant
re = 1o (R, X, a, A,y Ky Ly Mo, My) < R such that if ug satisfies (2.1.2) and

uo(z) < Llz|™" "V for all x € Q, /

uo(x) de < My, / up(z) dx > My, (2.1.10)
Q

Br, (0)
then there exist T* € (0,00) and an exactly one pair (u,v) of functions

u € COQ x [0,T%) NC3HQ x (0,T*)),
v € gz Line ([0, T7); WH(Q)) N C*0( x (0,T7)),

loc

which solves (2.1.1) classically and blows up at t = T* in the sense that

lim u(',t)HLoo(Q) = Q. (2.1.11)

tT*




Remark 2.1.1. Marras, Vernier Piro and Viglialoro [30, 31] obtained a lower bound
for the blow-up time of solutions to a system similar to (2.1.1). It is an open question
whether an explicit lower bound for the blow-up time in Theorem 2.1.1 can be obtained.

Remark 2.1.2. In order to prove Theorem 2.1.1 we will refer to a method in [60,
Theorem 1.1]. In other applications of the method in [60, Theorem 1.1], we obtained
a blow-up result in a parabolic—elliptic—elliptic attraction-repulsion chemotaxis system
with logistic source in [5].

The proof of Theorem 2.1.1 is based on that of Winkler [60, Theorem 1.1]. First,
we define the mass accumulation function w = w(s,t) and z = z(s,t) as

w(s,t) = / " tu(p,t) dp,
0

3=

z(s,t) ;:/ p"tu(p,t) dp,
0

where s := ™ and r € [0, R]. Then the system (2.1.1) is reduced to the parabolic
equation

wy = N> T wes 4 XNW,(nw, + D N w —2) + Aw — n“l,u/ wi(o,t)do. (2.1.12)
0

In [60] the second term on the right-hand side of the above equation is xnw,(w — z).
Next, using the moment-type functional

o(t) = /080 s 7(sp — s)w(s,t)ds

with some v > 0, we will derive a super-linear differential inequality for ¢. However, we
cannot use the same argument as in [60] with a = 1 because of the factor (nw,+1)*"!
of the second term on the right-hand side of (2.1.12) in our case o < 1. Therefore,
separately using the estimates (nw,+1)*"! < 1 and (nw,+1)*"1 > (Cs~ "~ D=a 1)1
(see (2.4.5)) on a case by case basis, we derive a super-linear differential inequality for
¢ by introducing four more conditions for v in ¢(¢) than those in [60], and thus the
arguments in this chapter are divided into many cases, whereas those in [60] were
divided into two cases.

This chapter is organized as follows. In Section 2.2 we recall local existence and
transformation of solutions to the system (2.1.1). Section 2.3 consists of elementary
results including pointwise estimates for solutions. Section 2.4 is the main part of
this chapter and is devoted to deriving a super-linear differential inequality for the
moment-type functional ¢. Finally, the proof of Theorem 2.1.1 is given in Section 2.5.

9



2.2. Local existence and mass accumulation functions

We first introduce a result on local existence of classical solutions to (2.1.1). Because
the proof is similar to that in [9, 35, 63|, we provide only the statement of the lemma.

Lemma 2.2.1. Letn>1, R>0,x>0,0<a< 1, NeR, u>0and k> 1. Assume
that ugy satisfies (2.1.2). Then there exist Thax € (0,00] and an exactly one pair (u,v)
of radially symmetric nonnegative functions

u € CQ x [0, Tnax)) N CHHQ X (0, Thax)),
v € MNyon Lise([0, Tnax); WH(Q)) N C*O(2 x (0, Thnax)),

loc

which solves (2.1.1) classically. Moreover,

imeax < 00, then t/l(lm ||u(7t>||L°°(Q) = .

max

In the following we assume that initial data ug satisfies (2.1.2) and we denote by
(u,v) = (u(r,t),v(r,t)) the radially symmetric local solution of (2.1.1) and by T},.x the
maximal existence time in Lemma 2.2.1. Based on [21], we set the mass accumulation
functions w and z such that

w(s,t) ::/ " tu(p,t)dp for s € [0, R"] and t € [0, Thax), (2.2.1)
0
2(s,t) ::/ " tu(p,t)dp for s € [0, R"] and t € [0, Thax)- (2.2.2)
0
Then we have
1 1 1 1 1 1
wg(s,t) = Eu(srz,t), Wes(s, 1) = 35" up(sm,t), (2.2.3)
(5.0) = (55,0, zalsst) = st (s, ) (2:2.4)
25(s,t) = ~v(smt),  zus(s,t) = —sn o (s, 2.

for all s € (0, R") and t € (0, Tyyax). The second equation in (2.1.1) implies that
"o (r,t) = 2(r",t) —w(r™,t) forallr € (0,R) and t € (0, Thax)- (2.2.5)
Integrating the first equation in (2.1.1) over (0,7) and using (2.2.5), we see that
Wy = 28> T sy + xnws(nw, + 1) (w — 2) + Aw — 0"y /s wh(o,t)do  (2.2.6)
0
for all s € (0, R™) and t € (0, Tinax). Moreover, the function w defined in (2.2.1) fulfills
0 = w(0,1) < w(s,t) < w(R" ) win/ﬂu(x,t) da

for all s € (0, R") and t € (0, Tnax ), Where w,, := n|B1(0)].

10



2.3. Estimates for mass and pointwise bounds for solutions

In this section we give three lemmas which were essentially proved in [60].

Lemma 2.3.1. Letn >3, R>0, x>0, 0<a<1, AeR, u>0 and k > 1. If the
initial data ug satisfies (2.1.2), then

/ u(z,t)dt < et / up(z)dz  for all t € (0, Tyax),
0

Q
where T\max = min{1, Thax} and Ay := max{0, A\}.

Proof. Integrating the first equation in (2.1.1) over €2, we obtain

d
—/udx:/\/udx—,u/u“da:
dt Jo Q Q

for all t € (0, Tinax). Hence an argument similar to that in [60, Lemma 3.1] implies the
conclusion of this lemma. ]

The following lemma is proved by the same argument as that in [60, Lemma 3.2].

Lemma 2.3.2. Letn >3, R>0, x>0,0<a<1,NeR, u>0and k > 1. Then
for all My > 0 there exists C = C(R, X\, My) > 0 such that if the initial data uy satisfies
(2.1.2) and [, uo(x)dx < My, then

lo.(r,t)| < Cr'™™  forallr € (0,R) and t € (O,fmax)

and
v(r,t) < Cr*™  for allr € (0,R) and t € (0, Toax),
where fmax ;= min{1, Tyax }-

Noting that (u + 1)*! < 1, we can obtain the following lemma by an argument
similar to that in [60, Lemma 3.3].

Lemma 2.3.3. Letn >3, R>0,x>0,0<a<1, AeR, u>0 and k > 1. Then
for allL>O My > 0 and € > 0 there ezists C' = C(R, ), L My, ) > 0 such that if ug
satisfies (2.1.2), [, uo(z)dx < My and

uo(r) < Lr=™™=Y for allr € (0, R), (2.3.1)

then
u(r,t) < Cr—"=Y=¢ for allr € (0,R) and t € (0, Tiax),

where fmax = min{1, Thax }-
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2.4. Differential inequalities for a moment-type functional ¢

In order to show the main result we establish a key inequality (see Lemma 2.4.12).
To this end, we first give a lower estimate for the derivative of ¢ defined in (2.4.1).
Functions of the form in (2.4.1) have been the core of precedents where blow-up has
been detected for related systems; recent examples in this regard include “pure” Keller—
Segel systems [62], but also logistic-type chemotaxis systems [12] and some chemotaxis
systems involving saturation effects in the signal production mechanism [59].

Lemma 2.4.1. Letn >3, R>0,x>0,0<a <1, NeR, u>0andrk > 1. Assume
that uo satisfies (2.1.2). Let v € (1 —2,1) and sy € (0, R"). Define

(1) = /0 (50— s)w(s, ) ds fort € [0, Tous). (2.4.1)
Then ¢ € C°([0, Tinax)) N CM((0, Thax)) and
510 2 xn [ 5770 = sl ) + 1) (s 6 ds
— (v + Dso /O " s, (s, 1) ds

, 2 2 oo,
—n (2= —=—=v](7v+—]5%0 s 7Tnw(s, t)ds
n n 0

S0 B nnfllu 1 S0 .
— A s (so — s)w(s,t)ds — 1 sg | (so—s)wi(s,t)ds (2.4.2)
0 -7 0
for allt € (0, Tax), where A_ := max{0, —\}.

Proof. By an argument similar to that in the proof of [60, Lemma 4.1}, we can show
that ¢ € C°([0, Trax)) N CH((0, Thax)). Moreover, we see from (2.2.6) that

S0
&' (t) —/ s 7(sp — s)wy ds
=n / §2n- T(sp — $)wss ds
0

-1

s 7 (so — s)ws(nws + 1) wds

+

xn

(s — 8)ws(nw, +1)* 'z ds

s (s — s)wds —n""'p /080 s 7(sp — s) {/OS wh(o,t) da} ds
(2.4.3)

n

+)\/
0

><

c\ﬁ

o

12



for all ¢ € (0, Thax). Because 0 < @ < 1 and w, > 0, we have (nw, + 1)*~! < 1. Thus,
we can estimate the third term on the right-hand side of (2.4.3) as

S0 S0
—Xn/ 57 (sg — s)ws(nws +1)* 2z ds > —Xn/ s 7 (sg — s)wsz ds. (2.4.4)
0 0

Estimating the right-hand side of (2.4.4) and the first, fourth and fifth terms on the
right-hand side of (2.4.3) similarly in [60, Proof of Lemma 4.1], we obtain (2.4.2). [

2.4.1. Estimates for the three integrals in the inequality for ¢’

In this subsection we show estimates for the first, third, fourth and fifth terms on
the right-hand side of (2.4.2). First we establish an estimate for the first term on the
right-hand side of (2.4.2).

Lemma 2.4.2. Letn >3, R>0, x >0, 0<a< 1, AeR, x>0,k >1 and
v e (1— %,1). Forall L >0, My >0 and e > 0, there is C = C(R,a, A\, L, My,e) >0
such that if ug satisfies (2.1.2), (2.3.1) and [, uo(x) dz < My, then for each sy € (0, R),

50
/ 57 (50 — s)ws(s, ) (nwy(s,t) + 1) Tw(s, t) ds
0
s0
> C’/ s YF=DU=a)+5(1=a) (g0 s)y(s, t)w(s, t) ds
0

for all t € (0, T\max), where fmax = min{1, Thax}-

Proof. Let € > 0 and ug satisfy (2.1.2) and (2.3.1) as well as [, ug(x) dz < My. Then,
according to Lemma 2.3.3, we can find ¢; = ¢1(R, A\, L, My, €) > 0 such that

u(r,t) < cr D= for all r € (0, R) and ¢ € (0, Thax)-
Therefore the first equality of (2.2.3) and this inequality yield
nws(s,t) = u(s%,t) <es D% forall s € (0,R") and t € (0, Thnay).  (2.4.5)
Thanks to (2.4.5), we infer from the condition 0 < o < 1 that for each sy € (0, R"),

S0
/ s (s0 — 8)ws(nw,s + 1)* twds
0
S0 .

> / s (so — s)(crs” "R £ 1) waw ds
0

_ /so S_,y—i-(n—l)(l—a)—&-%(l—a)(so . S)(Cl + S(n—l)—&-%)a—lwsw ds
0

Z (Cl + Rn(n—l)—i—a)a—l /30 S—7+(n_l)(1_a)+%(1_a)<80 _ s)wsw ds

0
for all ¢ € (0, T max ), which concludes the proof. O
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We next have the following lemma which plays an important role in obtaining an
estimate for w defined in (2.2.1). The proof is based on that of [60, Lemma 4.2].

Lemma 2.4.3. Let v € (0,2), 0 < 8 < v and so > 0. Assume that o € C*([0, so]) is
nonnegative, p(0) =0 and ¢'(s) > 0 for all s € (0,s0). Then

1

=8 B+2

o(s) < (B+ Q)ﬁsmz (so — S)fﬁ%? {/080 o (s — )" 0) ¢ (0) da} (2.4.6)

for all s € (0, s0).

Proof. Weset ¢)(s) := 1557 (s9—5)p"*2(s), s € (0, 50]. Sincey € (0,2),0 < 5 <,
¢’ € C°([0, sp]) and (0) = 0, we can regard ¥ as a function in C°(]0, so]) N C*((0, o))

with ¢(0) = 0. Therefore we see from a direct computation that for all s € (0, sg),

v = [ W(o)do
0
I — B+1 / Y=B s B+2
A o (s —0o)p (U)w(g)—ma (so = 0)"""(0)
1
_mg—7+6¢6+2<0)} do
80
= / 07 (50 — 0)p" (0)¢ (0) do,
0
which derives (2.4.6) from the definition of . O

In order to prepare estimates for the third, fourth and fifth terms on the right-hand
side of (2.4.2) we derive an estimate for w in terms of ww,. Let e > 0, v € (1 — 2,1)
and so € (0, R"). We put

= (n—l)(l—oz)—i—%(l—a) <. (2.4.7)

Assume My > 0 and [, ug(z) dw < My. Then, by means of Lemma 2.3.1, we can take
= 01<R, A, M()) > ( such that
IU(O', t) S C1
for all o € (0,s0) and t € (0, fmax). Applying Lemma 2.4.3 to w, from this inequality
we can find ¢a = ca(7, 5) > 0 such that
=58 1 50 ﬁ
w(s,t) < cps#¥2 (59 — 8) P2 {/ o P (55 — o)w T, da}
0

1

B 4B ! 50 p+2
< coe) P52 (59 — 8) AR / o (59 — o)ww, do (2.4.8)
0

14



for all t € (0, fmax). Using (2.4.8), we establish estimates for the third, fourth and fifth
terms on the right-hand side of (2.4.2) in the following three lemmas.

Lemma 2.4.4. Letn>3, R>0, x>0,0<a<1,\eR, u>0and x> 1, and let
v €(0,2) and 0 < 8 < v be such that

1 1 3 2
_ﬁ+1(2_ﬁ)—ﬁ+ 250 (2.4.9)

Then for all My > 0 there exists C = C(R, X\, My,v,3) > 0 such that if uy satisfies
(2.1.2) and [, uo(x)dx < My, then for each sy € (0, R™),

%0 2 2_7_2+W—/3—1 S0 ﬁ
So/ s nw(s, t)ds < Cs, " / s (59 — s)w(s, t)ws(s,t) ds
0 0

for all t € (0, fmax), where Thyay = min{1, Tiax}-

Proof. The proof of this lemma is similar to that of [60, Lemma 4.3]. By virtue of
(2.4.8), we see that there exists ¢; = ¢1(R, \, My, , 5) > 0 such that

S0 )
30/ s T hwds

0

50 1 s

- Atz _N_2,0=8 1
S Cl {/ g ’7+B(SO - U)wws d(f} So/ S v n+ﬂ+2 (SO _ S) B¥2 ds
0 0
for all ¢ € (0, Tiyax). By a variable transformation as s = sgo, we obtain
S0
2,028 1
SO/ S v n+5+2 (SO — 8) B+2 ds
0

1 —
= 50/ (500)_7_%+gfg(50 — 500)_ﬁ30 ds
0

2— '7_7"'7 +2 Y= B 1
— B(1-—~— 1—
% ( 7 +5+2 B+2)°

where B is Euler’s Beta function. Now, noting from (2.4.9) that

ﬂ—l 2 6] _B—I—l.
B+2 n 0(6+4+2 [+2

we have B(l —v = + Za+2v 1— m) < 00. Thus we attain the proof. O
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Next we derive an estimate for the fourth term.

Lemma 2.4.5. Letn>3, R>0, x>0,0<a<1,NeR, u>0and x> 1, and let
v €(0,2) and 0 < B < v be such that

2 >
1+5° "

Then for all My > 0 there exists C = C(R, X, Mo, v, ) > 0 such that if uy satisfies
(2.1.2) and [, uo(z)dx < My, then for each s € (0, R™),

(2.4.10)

/0 " 5 (s0 — s)w(s,t) ds

2— 'y+7

< Cs

~1 50 ﬁ
e {/ s (59 — s)w(s, t)ws(s, 1) ds} (2.4.11)
0

for all t € (0, fmax), where Thpay = min{1, Tiax }-
Proof. The proof is based on that of [60, Lemma 4.4]. From (2.4.10) we have
1= B p1

+ - — — .
T B2 B+2 p+2 !
2
1P
f+2 [+2
=0.
Hence, noting that B( — v+ 1 B+2’ — ﬁ) < 00, we obtain from (2.4.8) that there

exists ¢; = ¢1(R, A, My,~, 8) > 0 such that
S0
/ s (s — s)wds
0

S0
< 30/ s Twds
0

1
%0 B+2 50 =8 1
< {/ U’Wﬁ(so — o)wws da} 30/ s T1TBF2 (59 — 5) B2 ds
0 0

50 5+2 = _ 1
om0 )

for all ¢ € (0, Thax). Thus we attain (2.4.11). O

The next lemma gives an estimate for the last term in the right-hand side of (2.4.2).
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Lemma 2.4.6. Letn>3, R>0,x>0,0<a<1,NeR, p>0and k> 1, and let
v €(0,2) and 0 < 8 <y be such that

(n—1)(k—1) < ;‘Tg. (2.4.12)

Then for all L>0,My>0 ande >0 there is C = C(R, \, K, 7, 3, L, My, &) > 0 such
that if ug satisfies (2.1.2), (2.3.1) and [, uo(z)dx < My, then for each so € (0, R"),

3(1)_7/ (so — s)wk(s,t)ds
0

1
2—y—(n—1)(k—1)+ 2152 _ 50 B2
< Cs, TR {/ 57 (59 — s)w(s, (s, 1) ds}
0

for all t € (0, fmax), where Thpay = min{1, Tiax}-

Proof. The proof of this lemma is based on arguments in the proof of [60, Lemma 4.5].
Let € > 0. In view of (2.4.12) we can find n > 0 fulfilling

(k —1) < min{1,¢e} (2.4.13)

SEES

and
(n—1)(k—-1)+L(s—1) < L2 (2.4.14)
n
In light of Lemma 2.3.3, there exists ¢; = ¢1(R, A, Z, My, €) > 0 such that

u(r,t) < ¢yr b=

for all 7 € (0,R) and ¢ € (0, Tjnax). Thus we have from this inequality and the first

identity of (2.2.3) that
( 1 ) -l
1 u(sn,
=22
wy (s, 1) ( - )

< ps~ (D)= 2 (x-1)

for all s € (0, R") and ¢ € (0, Thax), where ¢y := (%)Kﬁl. By using this inequality, we
see that

S0 S0
3(1)_7/ (so — s)whds < czséﬂ/ s~ =D (g0 — g, ds (2.4.15)
0 0
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for all ¢ € (O,fmax). Moreover, from integration by parts, (2.4.13) and the relation
s < Sgp, we infer that

628(1)—’7 /50 8_(71—1)(;{—1)—%(:4—1)(80 _ s)ws ds
0
=— h%ﬂ\j&lf {0235_75_(”_1)(“_1)_%(”_1)(50 — ) w(0, t)}
+ [(n —1)(k—1)+ g(/{ - 1)] casy ! /OSO s~ D=0 (60— ) ds
+ a5y /SO A
0
< [(n—1)(k — 1) + 1casy /SO s~ (D= D)=L= =Dy g
0
0
=[(n—1)(k — 1) 4 2cast /SO s~ D(r=D=1=0 (=) (2.4.16)
0
for all t € (O,fmax). Recalling (2.4.8), we obtain ¢z = ¢3(R, \, My, y, 5) > 0 such that

/ 0 S—(n—l)(n—l)—l—%(m—l)wds
0

S0 )
<c3 {/ o 1 (59 — o)ww da} / (=) (v=1) =1+ F55 = (n Y(so — s) 52 ds
0

50 n—1)(k— e Ao 5 L0 (p—
= c304 {/ o (59 — o)ww, da} 30( Deem i+ nl 1), (2.4.17)
0

where ¢4 := B(g%rg —n=1)k-1)-2(k—-1),1— ﬁ), which is finite from (2.4.14).

A combination of (2.4.15)—(2.4.17) and the relation (2.4.13) imply that
50
3(1)_7/ (so — s)wt ds
0

2—y—(n—1)(k—1)+2Z8=L N1 50 A+2
<[(n—1)(k—=1)+2cssy (D= D {/ s (55 — s)ww, ds}
0

1

n—1)(k—1)+258-1 ¢ i B+2
<[n—1)(rk—1)+ 2]050633 Y=(n=1)(k—1)+T5 5 {/ 8—7+B(SO — 5)ww, ds}
0

for all t € (O,fmax), where ¢; 1= coc3¢q and ¢g = R™ "~ which concludes the

proof. Il
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2.4.2. Pointwise estimate for a math accumulation function z

We first state the following lemma which was proved in [60].

Lemma 2.4.7. Let a € (1,2), € (0,1). Then there ezxists C = C(a, ) > 0 such
that if so > 0, then

/ / £%s0 — &) P dedo < Csy’s*™  for all s € (0, 50).
0 o

Next, in order to have an estimate for the second term of the right-hand side of
(2.4.2) we establish an estimate for z defined in (2.2.2).

Lemma 2.48. Letn >3, R >0, x >0, 0<a<1l, e R, p>0 r>1,
v E (0,2 — %) and 0 < B < ~y. Then for all My > 0 there is C = C(R, A\, My,~,3) > 0
such that if ug satisfies (2.1.2) and [, uo(x)dx < My, then for each sy € (0,R"), z
defined in (2.2.2) fulfills

1
B+2

2 ~5t5 2438 ® s
z(s,t) < Csi s+ Csy " sn 542 s (so — s)w(s, t)ws(s, t) ds
0
for all s € (0, s9) and t € (0, Toax), where Toax := min{1, Tax }-
Proof. The proof is similar to that of [60, Lemma 4.7]. According to Lemma 2.3.2,
there exists ¢; = ¢1(R, A\, My) > 0 such that
v(r,t) < cr?™ (2.4.18)

for all v € (0, R) and ¢ € (0, Tynax). We infer from (2.2.5) that

" (rt) > —w(r™t)
for all 7 € (0, R) and t € (0, Tinax). Thus, for all s € (0, R™) and ¢ € (0, Tiax) We obtain
from the second identity of (2.2.4) that

1 1 1 2_

_ 1 1 2_9
Zss(8,t) = 35" vp(sm,t) > — 55" w(s,t).

Let s¢ € (0, R™). By making use of (2.4.18) and this inequality, we can observe that

50

25(8,t) = z5(s0,t) — zss(0, 1) do



for all s € (0, 50) and ¢ € (0, Tynax). Therefore, z defined in (2.2.2) satisfies

H(s,1) = /O 2(0,t) do

c1 21 1 5o 2_9
< 9 +n—/0/ €42 (e, 1) dédo

for all s € (0, s9) and ¢ € (0, Tpnax). Moreover, applying (2.4.8) to w of the second term
on the right-hand side of the above inequality, we find co = (A, My, v, 8) > 0 such
that

2(s,t)

1
c1 21 c 50 B+2 5 90 5 o 48 1
< Lsp s+ —22 {/ o (50 — o)ww, da} / En 2R (5 — €)TF2 dédo
n n 0 0 Jo
)

for all s € (0,50) and t € (O,fmax). Since v € (O, 2 —
Thus we have that

we see that gg < <1-

2 v—B 2 2
2> ——+2— >-——+2-14+—-—=1
n B+2 n n

By virtue of Lemma 2.4.7, it follows that there exists c3 = ¢3(7y, 8) > 0 such that

—B

1
/ / § +B+2 (s — f)_ﬁ dédo < c3s, " snt R

for all s € (0, s9), which infers the claim. O

2.4.3. Estimate for the integral involving z

In this subsection we establish an estimate for the second term on the right-hand
side of (2.4.2). The proof of the following lemma is based on that of [60, Lemma 4.8].

Lemma 2.4.9. Letn>3, R>0, x>0,0<a<1,\eR, u>0and x> 1, and let

v e (0,1) withy <2—2 and 0 < 8 < 7 be such that

L 7 (2.4.19)

Then, for all MO > 0 there ezists C' = C(R, A\, My,v,5) > 0 such that if ug satisfies
(2.1.2) and [, uo(x)dx < My, then for each s € (0, R"),

S0
n(y + 1)30/ s 7 (s, Hw(s, t) ds
0

142 +2(w B—1)

2 11— - %0 ﬁ
< Csy + C's, 42 {/ 5778 (59 — s)w(s, t)ws(s,t) ds} (2.4.20)
0
for all t € (0, T\max), where fmax = min{1, Thax}-
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Proof. From Lemma 2.4.8 we find ¢; = ¢1(R, A\, Mp,~y) > 0 such that

S0
30/ s L ds
0

2 S0
<188 / s Twds
0

1
s0 B2 __1_ [0 _
+ {/ o (59 — o)ww, da} s(l) e s B ds (2.4.21)
0 0
for all t € (O,fmax). Moreover, Lemma 2.3.1 ensures that there is co = co(\, My) > 0

such that
w(s,t) <cy forall s e (0,R") and t € (0, Tax)-

This estimate and the condition v < 1 imply

2 [90 2 [P0
15§ / sTTwds < cicas / s Vds
0 0

C1C2 241—
=1 750 (2.4.22)

for all t € (0, T\max). On the other hand, we deduce from (2.4.19) that

2_ =P8 _2_ 26 B
n T TBx2 " n B+2 B+2 )
J2_ 2 2 28

Hence we see from (2.4.8) that there exists ¢3 = c3(\, My, 7, 5) > 0 such that

1—L 50 1+ _;’_W
50 /BH/ s 2wds
0

1
S0 m 1_7 S0 2(7 B) 1
_ 1 __1_
<c3 {/ s A/Jrﬁ(SO - 3)wws ds} So pee / s 7~ +rtTa B2 ( Sg — 5) B+2 ds
0 0

50 ﬁ 2_ . 20v=8-1)
= C3¢4 {/ s (50 — 8)ww, ds} 5(1)+” R (2.4.23)
0
for all ¢t € (0, Tynax), where ¢ := B(2—~+ (7+2ﬂ), 1— m) A combination of (2.4.21),
(2.4.22) and (2.4.23) yields (2.4.20). O
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2.4.4. Differential inequalities for ¢

In this subsection we derive a super-linear differential inequality for ¢ defined in
(2.4.1). In order to apply Lemmas 2.4.4, 2.4.5, 2.4.6 and 2.4.9 to (2.4.2) we will find
v € (1 — 2,1) satisfying that v < 2 — 2 and

(TL - 1)( 1 (2 + ¢ a) + Cna <7, (2424)
4 Cna
- = - > 2.4.25
Cna+1( n) cna+1 n 7 ( )
n,x 2
e tl 9., (2.4.26)
n Cn.a
2 > (2.4.27)
Crat 17 i
where
Cno = (n—1)(1 —a).
We put
A, = 1 2_% __ Cna 2 and Bna::g.cn’a+2_2'
’ Cno +1 n Chaot+1l n ’ n Cny

In Sections 2.4.4 and 2.4.4 we treat the cases A, , < B, o and B, o, < A, 4, respectively,
in order to choose v € (1 — 2,1) fulfilling v < 2 — 2 and (2.4.24)—(2.4.27). In Section
2.4.4 we derive a super-linear differential inequality for ¢.

Existence of . Case 1: A,, , < By

We first prove that in the case A, , < B, , there exists v € (1— %, 1) with v < 2 —%
satisfying (2.4.24)—(2.4.27).

Lemma 2.4.10. Letn > 3, 0 < a < 1 and kK > 1. Assume that o and k satisfy the
following conditions:

n =3, 5 <a<l and kK<1+ (Gga_;‘r;), (2.4.28)

n =4, <a<l and K<1+ (Gf 35;), (2.4.29)
g <a< 27 and Kk <1+ 2200(50‘—5) (2.430)
§;<a<1 and Kk <1+ éa;;),

n>6, 1-mmag<a<l ad k<l+ ety (2431

Then there exists v € (1 — 2,1) such that v < 2 — % and (2.4.24)~(2.4.27) hold.
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Proof. First we have A,, , < B, . Indeed, in the case n = 3, noting that ¢35, = 2(1—a),

we obtain from (2.4.28) that

2 3042 1 2 a 2

B3y — Az = 2. Bat -2 - 2 _Be 2

' ’ 3 C3,a C3,a +1 3 C3,a +1 3
(4a —2)(2 — )

T30 -a)B3-2a) 0

In the case n = 4, invoking that ¢y, = 3(1 — a), we use (2.4.29) to deduce that

1 ey +2 1 o
Big—Apo= (= 222 o) - e
2 C4.a C4.a +1 Cia +1 2

(5= 3a)(6a —5)
~6(1—a)4 - 3a) >0

)

In the case n = 5, by noticing that ¢5 , = 4(1 — «), it follows from (2.4.30) that

Be — A = 2.0570‘—'_2_2 _ I 6 o 2
e TP Csa+1 b Cs5a+1 5

(120 —11)(3 — 2a)
= 5B _da)i-a)

In the case n > 6, recalling ¢, , = (n — 1)(1 — ), we see from (2.4.31) that

2 2 1 4 2
Bna_Ana: _'Cn’a—i_ _2 - 2—— — Cn,a . —
’ ’ n Cnya Cno +1 n Chaot+1l n

2[1 — (n — 2)enal(cna + 2)
NCna(Cna + 1)
_ 2{l=(n—=2)(n—=1)1 — @) }Hepa +2)

> 0.
NCna(Cna + 1)
Next we show that the following conditions hold:
2
Apo>1——,
n
) 4
(n—1)(k —1)(2+ cna) + Cra < min {1,2 - —} )
n

(n—1)(k = 1)(2+ cna) + na < Apna-

Inthecasen:?),since%<a<1andfi<1+%,wehave
1 2 o 2 4oy — 2 1 2
’ csatl 3 ca+1 3 33—2a) 3 3
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and

2k —1)(24+c30) + 30 =2k —1)4—2a) +2(1 — o)

- 4o — 2
3(3 —2a)
2 4

< —=2—-=.
3 3

Moreover, noting the left-hand side in (2.4.35), we obtain

4o — 2

2k — 1)(2 N 0w < = Ay
(K/ )( +637 )+637 3(3 _ 2@) 37

that is, in the case n = 3 we conclude that (2.4.32), (2.4.33) and (2.4.34) hold. Similarly,

inthecasen:4,since%<a<1andm<l+%,weseethat
AL e 1_80-1 1 _ 2
’ Caat+1l o+l 2 24—-3a) 2 4
and
3k —1)(24+cs0) + a0 =3Kk—-1)5-3a)+3(1 —«a)
- 3a—1
2(4 — 3a)
<1
as well as 30 — 1
3(k—1)(2 o o < ———— = Ay,
(/i )( —|-C4,)—|-C47 2(4_3&) 4,

that is, in the case n = 4 we attain (2.4.32), (2.4.33) and (2.4.34). We next observe
the case n = 5. If% <a< g—g and k < 14 2%=17 “then

20(5—40)
1 6 e 2 Sa—2 _4_ 3 2
As o = e = — > - >_—=1—-—
T et 1l 5 csa+l 5 5(5—4a) 5 5 5

and

Ak =12+ c50) + a0 =4k —1)(6 —4a) +4(1 — )
8o — 2
< 5(5—4a)
<1
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as well as

8a— 2
Ak — 1)(2 + 5.0 . . ST
(K: )( +C57 )+C57 5(5 _ 4&) 57
IfX<a<landk <1+ ﬁ, then, noting that I < «, we obtain
2
As o >1— R

and

Ak =12+ c50) + 0 =4(k—1)(6 —4a) +4(1 — )
<4doa—3+4—-4a=1

as well as, noticing that As, = 80‘_2) > 1, we can verify that

5(5—da
4(/{ — 1)(2 + C57a) + 50 < 1< A5,a.

Thus, in the case n = 5 we have that (2.4.32), (2.4.33) and (2.4.34) hold. In the case

nZG,invoking0<1—a<mandﬁ<1+%,weseethat

1 (2 4) o 2 _2m—4-2(n-1)(1-q)

Cno+1 n) chatl {(n—=1)(1—-a)+1}n
6 2
>2——>1>1—-—
n n
and
(n—1)(k —1)(2+ cna) + Cna
I—-(n—1)(1—-«)
<(n-—-1)- 24+ cha)+F(n—1)(1—«
(n=1) R e + (1= (1 —0)
=1
as well as
1 4 & 2
—1D(k=1)(2+cra o <1< 2—— | - —"— .= =A,,,
(n )(H )( —{—07)—}—07 cn,a—l—l( n) Chot+1l n ’

that is, in the case n > 6 we infer that (2.4.32), (2.4.33) and (2.4.34) hold. Therefore
we can pick 7 € (1 — 2,1) with v < 2 — 2 satisfying (2.4.24) and (2.4.25). Noting that
Apo < By o and

2 1 4 2
> 2__ _ Cn,Ot '—:Ana,
Chaot+1l  cpa+1 n Chaot+1l n '
we attain (2.4.26) and (2.4.27). O
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Existence of v. Case 2: B, , < A, o

Next we show that in the case B, , < A, there is v € (1 — %, 1) with v < 2 — %
satisfying (2.4.24)—(2.4.27).

Lemma 2.4.11. Letn > 5, 0 < a <1 and k > 1. Assume that o and k satisfy that

n =05, %<a§% and K<1+%, (2.4.36)
( 4 4
L= @D <<~ @aem
and Kk <1+ 47(7;;122(17042){2+n(17a)}
n(n— —a){24+(n—1)(1—a)}’
ns6 =120 2+ (-] (2.437)
4 1
l - m=e <*<1- gD

1—(n—1)(1—a)
L and Kk <1+ n—-1){2+(n-1)(1-a)}"

Then there exists v € (1 — 2,1) satisfying (2.4.24)~(2.4.27).

Proof. First we can observe that B, , < A, ,. Indeed, in the case n = 5, noting that
5.0 = 4(1 — «), we deduce from (2.4.36) that

2 Cpo 42 1 4 0 2
Byo—Asa= (2 2272 o) - R
5) C5.a Cs.a +1 5) C5 o +1 5

(120 —11)(3 — 2a)
505 —4a)(1 —a)

<0

Y

and moreover, in the case n > 6, recalling ¢, , = (n — 1)(1 — «), we see from (2.4.37)

that
2 Cho+2 1 4 na 2
Bna_Ana: _'C’—i_ -2 - 2—— ] — Cn, - —
’ ’ n Cnya Cna 1 n Chot+1l n

_ 2{l=(n—=2)(n—1)1 — @) }Hena +2)
NCn.a(Cna + 1)

<0.

Next we show that the following conditions hold:

2
Bpoa>1-2, (2.4.38)
n
(n—1)(k—=1)(2+ cna) + Cna <1, (2.4.39)
(n—1)(k —1)(2+ cna) + cna < Bna- (2.4.40)
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Inthecasen:5,since%<a§%and/{<l+%,wehave
2 ot 2 8a—T7 3 2
BSa:_'CE}’ + _2:a—>—:1——
T b e 51—a) 5 5
and
Ak —=1)2+c50) + 0 =4k —1)(6 —4a) +4(1 — )
- 8a— 7
5(1 — )
4
<-x<1
5 )
as well as
8a— 7
4(k —1)(2 o o« < ——— = Bs,,
(k= 1)(2+cs50) 05 5(1—a) 5,

that is, (2.4.38), (2.4.39) and (2.4.40) hold in the case n = 5. We next consider the

case n > 6. If
1 4 <a<l 1
—_— a —_—
(3n —4)(n —1) - (Bn—2)(n—1)

and
4—(n—12%*(1-a){2+n(l—a)}

nn—121-a)24cha)
then we obtain from (2.4.37) that

K<l1l+

2 oot 2 2 2 2

Bna:— 2:— — . _2
Ton Cha n+n n—1)(1—-a)
2 4 2
>—4+3—-—-——-2=1——
n n n

and

(TL - 1)(H - 1)(2 + Cn,a) + Cn,a
4—(n—-12%(1-a){2+n(1 —a)}

<(n-1)- n(n — 120 — )2+ o) 24 o)+ (n—1(1-a)
- 4 )2 |
Thah—Dl-a) ~n
<1
as well as
(n—1)(k —1)(24 cna) + tna < - 3(1—04) —2+%:Bn,a.
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It

4 1
1-— <a<l-
Gn-2)n—-1 =" m-2)(n-1
e - (-1 —a)
—(n— —
k<14 ,
(n—1)(24 cna)
then
Bn,a:z‘cn’a+2—2
n Cnoa
22 2
noon (n—-1(1-a)
>1
2
>1——
n
and
(n—=1)(k = 1)(2+ ) + Cna
1—-(n—1)(1 -«
<(n-—1)- (24 cha)+(n—1)(1—«
(1) A @4 ) + (1= (1 =)
=1
as well as
2 o+ 2
(n—1)(k— D)2+ cna) 4 <l a2 9 p
n Cna

that is, in the case n > 6 we can make sure that (2.4.38), (2.4.39) and (2.4.40) hold.
Therefore we can take v € (1 — 2,1) satisfying (2.4.24) and (2.4.26). Noting that
Bn,a < An,a and

2 1 4 Cn.a 2

> 2—— | — : - =

Chaot1l cpat+l n Chot1l n
- An,on

we can verify that (2.4.25) and (2.4.27) hold. O

Derivation of super-linear differential inequalities for ¢

Finally, by using Lemmas 2.4.10 and 2.4.11 we obtain a super-linear differential
inequality for ¢.
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Lemma 2.4.12. Letn > 3, R > 0, x > 0, 0 < a < 1, A € R, u > 0 and
Kk > 1. Assume that o and k satisfy (2.1.6), (2.1.7), (2.1.8) and (2.1.9). Then there
exist v = (o, k) € (1 —2,1) and B € (0,7) satisfying (2.4.9), (2.4.10), (2.4.12)
and (2.4.19) with the following property: For all L >0 and My > 0 there exists
C=C(R,x,a,\ K, 5, L, My) > 0 such that whenever ug satisfies (2.1.2) and (2.3.1)
as well as [ uo(x)dx < My, for each so € (0,R") the function ¢ defined in (2.4.1)
fulfills that

1 _ B+3_ 2 B+2
ifn =3, ¢'(t) > aséﬂ-ﬁ-l)’)’ (5+3)¢B+2(t) — Osi n At

for all t € (0, fmax) and
1 _ 249
fnzd, )2 520 - 0557
for all t € (0, fmax).
Proof. From Lemmas 2.4.10 and 2.4.11 we see that there exists v € (1 — %, 1) with
v < 2 — 2 satisfying (2.4.24)—(2.4.27). Noting that ¢, , < v in view of (2.4.24) and
that ¢, < 2 by the conditions for o in (2.1.6), (2.1.7), (2.1.8) and (2.1.9), we can take

e > 0 such that .
ﬁ::cn,a—i-ﬁ(l—a) <

fulfills (2.4.9), (2.4.10), (2.4.12), (2.4.19) and 3 < 2. Moreover, we choose & > 0
satisfying that

5841
3 if n = 2.4.41
3G+ Y (24.41)
gi?é<1—%-z if n > 4. (2.4.42)
n

Thanks to Lemma 2.4.1, we can find ¢; = ¢1(\, p, k) > 0 such that
S0
' (t) > Xn/ 57 (59 — s)ws(nws + 1)* 1w ds
0
S0 S0 9
—xn(y + 1)30/ s zwds — clso/ s 7Thwds
0 0

S0 S0
- / s (so— s)wds — clsév/ (so — s)wh ds (2.4.43)
0 0
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for all t € (0, Tax). Now we set
P(t) = /SD s (59 — s)wwsds t € (0, Thax)-
0
From Lemma 2.4.2 there exists co = co( R, a, A, Z, My, €) > 0 such that
xn /SO 577 (s0 — 8)ws(nw, + 1) twds > xneg(t) (2.4.44)
0

for all t € (0, Thax). Since (2.4.9) holds, we infer from Lemma 2.4.4 and the Young
inequality that there exists c3 = c3(R, a, A, i, k, My, ) > 0 such that

y—B—1

0 . 2—y-2422850 1
180 s TTrnwds < ¢35, YE2(t)
0

B+2
< ver () + 2 PR
B 8 XCan
%
n 2c 843, 2 B+2
= vCo—=Y(t gh+1 n 5T o
X28¢()+X62n 5 ( )

for all ¢t € (0, fmax). Recalling that v and [ satisfy (2.4.12), we see from Lemma 2.4.6
that there exists ¢y = ¢4(R, o, \, i, K, L, My, €) > 0 such that

50
018(1)_7/ (so — s)wt ds
0

—y—(n—1)(k— —B-1_¢
sy TR sk
2 B3 BH2((n_1)(k—1)+¢
gxcgﬁw(t)jL “ s sl hiem)te) (2.4.46)
8 XCan

for all t € (O,fmax). Since it is assumed that v and [ satisfy (2.4.19), it follows from
Lemma 2.4.9 that there exists ¢5 = ¢5(R, X, a, A, i1, k&, Mo, ) > 0 such that

80
xn(y + 1)30/ s 7 2w ds
0

2 1— 1+2+M—’Y 2

<essg T dess, B P pEeE(t)
21—y n 205% (142 ) 8524 20-5-1)
= 55 + Xc2§w(t) * XCan so " 0" ’ (2.4.47)



for all ¢t € (O,fmax). By making use of (2.4.10), we can apply Lemma 2.4.5 to obtain
ce = (R, a, \, pu, k, My, ) > 0 such that

S0
cl/ s (sg— s)wds
0

) _
< ¢Sy TR ()
i
n 2¢ g43
< XCQ§¢(75) + X062n soi (2.4.48)

for all ¢ € (0, Tinax). Moreover, recalling the definition of ¢ (see (2.4.1)), we see from
the first estimate in (2.4.48) that

B+2
bt) > (ﬁ) 5 BE=(-8) 2 gy

Ce
B+2
_ (g) S5+ g2 (2.4.49)
Cé

for all t € (0, fmax). According to (2.4.44)—(2.4.49), we have

/ nfa o (B+1)y—(B+3) ,B+2
¢(t) > XCo | — So ¢ (t)

2 Cg
$it it
+1 2 B+2 | 2(y=B—1) +1 543 2, B+2
2y 2c5n (12 ERRR 20 FH-2 57
XCan XCan
B+2 B+2
2 B+1 43 2 B+1  p43 B+2 -
C6  pr1 7 _ 26 i g (- D(e=1)+8) 92 4.50
- X02n80 - XanSO (2.4.50)

for all t € (0, fmax). If n = 3, then, comparing the exponents of sy in the second and
third terms on the right-hand side of (2.4.50) with the exponent of sy in the fourth

term, we infer that

(o) (B2, 2 2eny
= \n R B+1 0 B+1
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and

. 2 B+2 2(y-8-1) B+3 2 f+2
() 2] (2 )

g
o)
o A EEE
ZQf:f)(ﬁ£1_1>>Q

because f < 1. Moreover, as to the sixth term on the right-hand side of (2.4.50),
noting from (2.4.12) that

1-p
(n—l)(/{—l)<m

Y

we obtain from (2.4.41) that

i |G 1= S - D= 049 - (5 -y - 2502
_'_

p+1 +1
B2 B+2_. 2 B+2
——m(n—l)(ﬁ—l)—ﬁ_i_lé“—i-ﬁ'?
1-B _f+2. 2 f+2
B+1 B+l "nB+1
50+1  [B+2.

:3W+J)_5+15>0

Thus we see that if n = 3, then the second through sixth terms on the right-hand side
of (2.4.50) are estimated as

£+2 B+2
2 B+1 2_ . \B+2, 2(v—8-1) B+l p+3 2 p+2
241y | 2c57 (142-0) R +E 2cs" EAITVTn A
%0 + XCan %0 XCan %0
2 2
B+2 B+2
2Pt B3y 9Pt LS B2 ((n_1)(k—1)+£)
4 206 art V—i— 4 g RS
Xcan 0 xcan 0

B+2 B+2 B+2 B+2
2cftt 2e8TT 2eftt gpi2 2T B+3_ . 2 p+2
S (05R07n+ chn 4 3 4 6 RB+1 + 4 Rch 8634-1 n ﬁ+1' (2'4.51)
XCan XCan XCan XCan

If n > 4, then, observing the exponents of sy in the third, fourth and fifth terms on
the right-hand side of (2.4.50) with the exponent of sy in the second term, we have
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that

and

because < 2, as well as
n

o (55)- ()

> cq; > 0.

Furthermore, as to the sixth term on the right-hand side of (2.4.50), recalling that

1-5
—D(k—-1) < —2
(n =1k =1) < 575
we have from (2.4.42) that

o 5+3_ _B+2
T 15+1 7T B+

C13

(=142 = (241-5)

L2 _1-8 B+2_ 2
— p— 8_—
B+1 B+1 B+l n
B+2_ 2
J— 8—_
B+1 n

> 0.
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Thus we see that if n > 4, then the second through sixth terms on the right-hand side
of (2.4.50) are estimated as

B+2 B+2
B+1 2 B+2 , 2(y=B-1) B+l p+3 2 p+2
211y | 205 (HEov) R+ 207 SR 5R
C58) + ——35 + ——3
XCaN XCan
842 B+2
B+1 B+1 ~
2¢q S—Qﬁ -y 2cy S%*’}l*%((nfl)(nflﬁrs)
xean xean "’
B+2 B+2 B+2 B+2
B+1 B+1 B+1 B+1
c 2c 2c 2c 241 4
< e+ =2—Room 4 =2 _Renn 4 0 pReen 4 T4 penn | g (2.4.52)
XC2an XCam XC2an XCan

Therefore a combination of (2.4.51) and (2.4.52) with (2.4.50) derives this lemma. O

2.5. Proof of Theorem 2.1.1

We are now in a position to complete the proof of Theorem 2.1.1.

Proof of Theorem 2.1.1. Suppose that o and r satisfy (2.1.6)—(2.1.9) and let L > 0
and My > 0. Thanks to Lemma 2.4.12, we see that there exist v = y(a, 5) € (1—2,1),
0<pB <vyand ¢ = (R, x,x, A\ 1, K, 5, L, My) > 0, i € {1,2,3} such that for each
sp € (0, R™) and any uy fulfilling the first and second conditions in (2.1.10), the function
¢ defined in (2.4.1) satisfies that

=)
N

+

3

B3
if n =3, @ () > s PTIT BT 842 () _ oy it (2.5.1)
for all ¢ € (0, fmax) and that
2,9
if n >4, &' () > cysiPTITBHD 24y _ gt (2.5.2)

for all t € (O,fmax), where = (n — 1)(1 — a) + £(1 — ) with some ¢ > 0. Here, in
the case n = 3, since (n — 1)(1 —a) <2 =45 =1—2, we can pick 0 < § < v with
B <1—2. Also, we take M; € (0, My) and so = so(R, a, A, i, &, L, My, My, ) € (0, R™)

fulfilling that

. &(1,2,5) 02w6+2 - (ﬁ + 1)ClM,3+1
_ B+1 n n B 1
ifn=23, s, S Y B9)-1g 2P and s; © < BB P (2.5.3)
2 B+2 1 Mﬁ-‘rl
ifn>4, sg g 3% and sé_ﬂ < (B+ ey (2.5.4)

T 2B+ (=3) 1y M2 2(B=)(B+1)+3,,0+1
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Moreover, we let
1
80) n
v =(—) €(0,R).
ro= () € (0.R)
Then we suppose that ug is a function satisfying (2.1.2) and (2.1.10). In order to show
that T < %, assuming that Ti.c > %, we will derive a contradiction. The function

w defined in (2.2.1) satisfies

M
w(s,0) > w <%,O> > se (@,Rn> :

This entails that

50 %O B M 2’7—3M
$(0) :/ s (s0 — s)w(s,0) ds > / ()7 20 My Lo
: 9

In the case n = 3, according to the above inequality, we have that

o s FHNEGae2(0)  QBIDO-B)e NP (g G120 2 g

2 °0 n B+1
B+3_ "2 B2 = e T2 S0 (2.5.5)
628§+1 n B+1 2Wn

and the first inequality for sy in (2.5.3) yields that

- 2 _3)— 2
28+2(=3)¢, NP 33(5“)7(“%%3)*%% _ 2(8+D(1=3)=1 AP+ Sg%(l,%,ﬁ)
202w£+2 02w5+2

> 1. (2.5.6)

Combining (2.5.5) and (2.5.6), we see that

B+3_ .2 B+2
%Séﬁ+1)v—(ﬁ+3)¢ﬂ+2(0) > 0285“ VTR
Hence it follows that
. B+3_ 2 B+2 cC -
Clséﬂ+1)fy (5+3)¢5+2(0) N Y nFE > Elséml)w (B+3)¢ﬁ+2(0)'

Therefore, by the straightforward ODE comparison argument we can show from (2.5.1)
that

e s B2y o (FRTITEER S O (5+00- (549 g2

5 %0
for all t € (O, %) Recalling (2.5.1) again and plugging the above inequality into the
right-hand side of (2.5.1), we obtain

F () > Lol o
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for all t € (0, %) This yields that

C1 _(B+1)7—(5+3) 1 1 1 1

1 < — . .

2% S TEAL 60 BT ()
1 wa ! (-2)(3+1)

< )
=B+ 1 26069 Y

for all t € (0, %), which implies from the second inequality for s in (2.5.3) that

D3-)(B+1)+1 41

(B+ 1)01]\/[16Jr1

1
S(l)_ﬁ S Z

for all t € (O, %), which leads to a contradiction. In the case n > 4, we can similarly
derive a contradiction. Therefore we must have Ty, < % < oo and thus from Lemma
2.2.1 we arrive at the conclusion (2.1.11). O
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Chapter 3

The case of nonlinear diffusion and
super- and sub-linear sensitivity

3.1. Introduction

In this chapter we consider finite-time blow-up in the quasilinear parabolic—elliptic
Keller—Segel system with logistic source:

ur = Au+ 1™ = XV - (ufu+1)°7 Vo) + Mjal)u — ple)us, e, t>0,

0=Av—v+u, reQ t>0,
Vu-v=Vuv-v=0, x €I, t>0,
u(z,0) = up(x), x €,

(3.1.1)

where Q = Br(0) € R™ (n € N) be a ball with some R > 0; m > 0, x > 0, a > 0,
k > 1 are constants; A and p are continuous nonnegative functions and p(r) < pir?
for all » € [0, R] with some gy > 0 and ¢ > 0; v is the outward normal vector
to 0Q; uy € C°(Q) is radially symmetric and nonnegative. The unknown functions
u = u(z,t) and v = v(x,t) represent the density of cells and the concentration of the
chemoattractant at x € €2 and t > 0, respectively.

The system (3.1.1) is one of variations of the original Keller—Segel system in [23]. In
such systems it is a fundamental theme to clarify whether solutions blow up or remain
bounded. Now we recall known results related to the system (3.1.1). In the quasilinear
Keller-Segel system

{ut = Afu+1)" =XV - (u(u+1)*'Vo), z€Q, t>0, (3.1.2)

TUr = Av — v + u, reQ t>0,
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where m, a € R, x > 0 and 7 € {0, 1}, it is known that the relation between m and
a determines the properties of solutions to (3.1.2); solutions of (3.1.2) blow up when
m —a < =2 (the case 7 = 1 in [7, 8, 56, 61] and the case 7 = 0 in [25]) and remain
bounded when m — o > “=2 (the case 7 = 1 in [18, 50] and the case 7 = 0 in [25]).

In the study of the quasilinear Keller-Segel system with logistic source,

{ut =Alu+1)™ = xV - (u(u+1)*'Vo) + du— pu®, z€Q, t>0, (3.1.3)

T = Av — v 4 u, reQ, t>0,

where m, « € R, k > 1, x >0, A >0, o > 0 and 7 € {0,1}, which is the model of
population dynamics [16, 40] and pattern formation in bacterial colonies [64], several
results on boundedness were obtained due to the suppression of blow-up phenomena
by the logistic term Au — pu” in [38, 51, 55, 66, 67].

From the above results about the system (3.1.3), one might imply that the logistic
term Au — pu® suppresses blow-up. However, on the contrary, Winkler [60] found a
condition for k > 1 such that there exists an initial data leading to blow up in finite
time in the system (3.1.3) with m = 1, @ = 1 and 7 = 0. For the details, an initial
data such that finite-time blow-up occurs can be obtained under the condition that

u if n € {3,4
l€<{6 1n{7}7

1 .

Moreover, the blow-up result by Winkler [60] was generalized in [2] and Chapter 2. In
the system (3.1.3) with m = 1 and 7 = 0, some conditions for x and « such that there
exist initial data leading to blow-up were found in Chapter 2 in the case of sublinear
sensitivity (o < 1). To the best of our knowledge, in the case of superlinear sensitivity
(o > 1), a blow-up result is not obtained. On the other hand, in the system (3.1.1) with
a =1 and 7 = 0, Black, Fuest and Lankeit [2] constructed initial data such that the

corresponding solution blows up under some conditions for xk > 1 and m € [1, 2”7:2).

For more related works on finite-time blow-up for Keller-Segel systems with logistic
source, we can refer [2, 12, 13, 57].

In summary, these results imply that blow-up occurs when the exponent « of logistic
source is small. In particular, in the system with nonlinear diffusion [2], that is, in the
system (3.1.1) with a = 1, finite-time blow-up was proved under some conditions for x
and m. However, conditions leading to blow-up have not been obtained when m # 1
and « # 1 in the system (3.1.1). The purpose of this chapter is to give conditions for
m, a and & such that the solutions of (3.1.1) blow up.
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Let p > n. In order to state the main theorem we give the conditions (Al)—(A4),
(B1)-(B3), (C1)-(C3) and (D1)-(D2) as follows:

e In the case n = 3,

1 3 1
> 1l-—<a<l4+—, 0<m<1+4 -,
D 2p D

3 2 2
» 1+ —<a<l+-, 0<m<—, 2a0—m>2+ —,
2p D D

1 1 2
> [1—<a<1+, -<m< —, 2a—m<2—|—},
p p p
1 2 3
or l-—-<a<l, -<m<-, mt+a<l4+-—|,
p p
2 1
» 1 -—<a<l4+-, - <m<l+—-, m4+a>l4+-, m—-—a<-.
p p
e In the case n = 4,
2 2
Pl ——<a<l4+—-, O0<m<—,
p p p
2 2 4 2
P 1 -—<a<l, -<m<-, mta<l+-—,
p p
2 2 2
> 1 -—<a<l4+—-, - <m<l+—-, m+a>l4+-, m—-—a<-.
p p p
a (A2) a=3m+1+12 a
2 B

5 p
N 7
N 7/
. 7
1—2 sl
p i
/ . .
,0 o ta=-m+143
L :
. . .I . m
(0] 1 2 3'1 1
P P P 1+

Figure 3.1: n =3

—_

OMNNNNS L 2
P AN a b
c s
(BQ) 7 a=-m+1
. e
,0 _
s . .
e . .
: B o
o) 2 4 1 2
z H 1+

Figure 3.2: n =14
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e In the case n = 5,
2 1 3
> P—<a§1—, 0<m< =],
p p p
1 2 1 1
or |[l—-—-<a<l4+—-, 0<m<l4+—, 2m—a<l+4+—|, (C1)
D D 2p D

2 1 3
P 1l ——<a<l——- —-<m<
p p

2
, mta<l4d—, (C2)
p p

|

2 1 2
> [1—<a§1—, <m <1, m—l—aZl—i—},
p p p

2 1 1
or [1—<o¢<1, 1<m<1+ —, 2m—a21+],
p 2p P
2 2 1 3 3
or [1—<oz<1+, I+ —<m<14 -, m—oz<]. (C3)
p D 2p P p

e In the case n > 6,

2 2 —4 —4
> 1—Z<ca<l+2, 0<m<l+2"2 om—a<i4+22 (D1)
P P 2p P

2 2 -6 —4
> P—<a<1+,1+n§m<1+n,2m—a21+
p D 2p

2 2 n—4 n—2 n—
or [l——-<a<l4+—-, I1+——<m<l4+——, m—a<
P P 2p D

a a
[
a=2m—-1-1
(Cl)/ N RN 142
1 70 a7 1
1—1 / / << % W
D N\ \ _2
-2 ///J\\\\\\\\x\ Lp
(2) AT a=m=3
X ga:—m+1+%
—
0 £ g oy ) " 0
1+ 1+3
Figure 3.3: n =15 Figure 3.4: n > 6
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Moreover, setting g, := max{0,5} for 5 € R, we assume that x > 1 fulfills the
following conditions:

3.4 :
> /-@<1—|-2;+2;—(a—1) if (A2) holds, (I)
n ¢ (1-a) )
> R<Id oo T+ if (A1), (B1), (C1) or (D1) hold, (II)
bor<l4o—— ]% - % _a _20‘)+ if (A3), (B2) or (C2) hold, (1)
> k<14 ";2 + ]% —(m—1)y —(1—a); if (A4), (B3), (C3) or (D2) hold. (IV)

Now we state the main theorems. The first result is concerned with blow-up when
we assume an upper bound of solutions.

Theorem 3.1.1. Let Q) = Br(0) C R (n > 3) with R > 0 and let m > 0, o > 0,
Xx>0,k>1pu >0p>n,qg>0, My >0, My € (0,My), K >0 and T > 0.
Suppose that A\ and p satisfy that

0< A\ ueC0,R)]) (3.1.4)
and
w(r) < pr?  for allr € 0, R (3.1.5)
and assume that k fulfills (I)~(IV). Then one can find v, € (0, R) with the following
property: If
u € C%Q % [0, Thax)) N C*HQ X (0, Thuax)),
{” € Nysn CO[0, Thna); WH(Q)) N CHHQ % (0, Trnax)),
is a classical solution of (3.1.1) for some T* € (0, 00| with
ug € C°(Q) being radially symmetric and nonnegative (3.1.6)
and

/ up(z)dx = My but / uo(z) dx > My
Q B, (0)

as well as

sup w(z,t) < Klz|™ forallz € Q, (3.1.7)
te(0,min{T,T*})

then (u,v) blows up at t =T* < oo in the sense that

lim
t AT

u(',t)HLoo(Q) = Q. (318)
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Remark 3.1.1. As to the conditions (A1)-(D2) and (I)-(IV), if @ = 1, then we can

obtain the conditions such that

-2
1§K<1+g+min{£,n —(m—1)+}
P 2p p
2 —2
ifme{—,ljtn )
P P
and such that
—1
1§/€<1+g+min{£,n —T}
P 2p° p 2

it m e (O,g).
p

The above conditions for m and x connect with conditions in [2, Theorem 1.1]. Thus,

Theorem 3.1.1 is a generalization of the previous work [2, Theorem 1.1].

By an argument similar to that in the proof of [2, Lemma 5.2] we can find an
initial data such that the corresponding solution satisfies (3.1.7). Therefore, in view of

Theorem 3.1.1 we can show that there exists an initial data such that the corresponding
solution blows up in finite time. Before we introduce this result, we give the conditions

(E1), (F1) and (F2) as follows:
e In the case n € {3,4},

2 n* —n+2
» m>1, a< m ,
n+1 n(n+1)
1 n?—2 n—2
< , < El
“ n—2 +n(n—2) moa n (E1)
e In the case n > 5,
. > 1 2 +nz—n—2 < 2 n? —n 42
m>1, - m a m ,
- n—3 n(n — 3) n+1 n(n+1)
2 2n? —n —4 2 24
o o n+ m n®—n 7 a_n+ on , (F1)
n—4 n(n —4) 3 3n
2 n?—n—2 2 n? —n 42
» m>1, a < m ,
n—3 n(n — 3) n+1 n(n+1)
n-+ 2 2n2—n—4< < n n2—2
- m a m ,
n—4 n(n —4) -2 n(n —2)
-2
m—a<” (F2)
n
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The regions of (E1), (F1) and (F2) are described as Figures 3.5-3.8.
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Figure 3.6: n =4
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;s n-4 n(n—4)
1/ \\/ :
m
ol 1 20n-1)

Figure 3.8: n > 6
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Aided by Theorem 3.1.1, we obtain an initial data such that the corresponding
solution blows up in finite time.
Theorem 3.1.2. Let Q = Bg(0) C R™ (n > 3) with R > 0 and let m > 0, a > 0,
X>0,k>1,u >0,¢g>0, My>0, My € (0, M) and L>0. Suppose that X\ and
p satisfy (3.1.4) and (3.1.5). Moreover, assume that m, o and k fulfill the following
conditions:

(i) If (E1) holds, then

(=2~ an+ 1] _glim — o + 1
n(n —1) n(n—1)

K<1+ —(m—1)—(1—a);.

(ii) If (F1) holds, then
(2= Dl(m — )+ 1] allm — ajn +1]
n(n —1) n(n—1)

K<1+ —(m—1)—(1—a);.

(iii) If (F2) holds, then

(m—an+1 gq(m—-an+1] (1-a);
T ) By e G B

Then one can find g > 0 and r, € (0, R) with the following property: If ug with (3.1.6)
satisfies [, uo(x)dz = My and fBT ) ug(x)dx > My as well as ug(x) < Ll|z|™ for
all x € Q, where p := % + €9, then the corresponding solution (u,v) of (3.1.1)

fulfills (3.1.8) for some T* < 0.

Remark 3.1.2. If @« = 1, then we have from the conditions (E1)—(F2) and (i)—(iii)
that

Kk <1+

-1 — — 92— (m— —
q[(m — 1)n + 1] i (m l)n—i—ljn 2—(m—1)n e 1’2n 2
n(n —1) 2(n—1) n(n —1) n
which is the condition in [2, Theorem 1.2]. Thus, Theorem 3.1.2 is a generalization of
the previous work [2, Theorem 1.2]. On the other hand, if m = 1, & < 1 and ¢ = 0,

then we can obtain that

2 ) —(1-
ifne{34), -<a<l and he14 n)(n_(l) an (3.1.9)
L—l<a§1—4 and K<1+(n—2)—(11—a)n’
if n =5, 2 15 2_2(”_ ) (3.1.10)
= 1 and [
15<oz< an K < +2(n—1)7
itn>06 1 2 ca<l and m<lqp—"2 (3.1.11)
1In —_ (6% an K —_—. L.
- n(n — 3) 2(n—1)
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The conditions (3.1.9)—(3.1.11) improve lower bounds for o and upper bounds for &
in Chapter 2. Moreover, while blow-up result was only obtained in the case o < 1 in
Chapter 2, we can see that the result is extended to the case o > 1.

Remark 3.1.3. In the conditions (E1)—(F2) there are some restrictions in addition
n—=2

to the condition m — o < . On the one hand, in the system (3.1.2) it is known
that there exist many results about blow-up under the condition m — a < ”T_Q without
these restrictions (see [7, 8, 25, 56, 61]). Thus, Theorem 3.1.2 may hold under the

condition m — o < ”T’Q even without these restrictions.

The proofs of Theorems 3.1.1 and 3.1.2 are based on those of [2]. We first introduce
the mass accumulation functions w = w(s,t) and z = z(s,t) given by

1

w(s,t) ::/ " tu(p,t)dp,  z(s,t) ::/ " tu(p, t) dp,
0 0

3=

where s := r" for r € [0, R]. The system (3.1.1) is transformed to the parabolic
equation

wy = anSQ_%(nws + 1) w4+ xnws(nwg + 1) Hw — 2)

+ n/o Ao ) wy(0,t) do — n" /0 (o) w(o,t) do. (3.1.12)

Next, by making use of this equation and the moment-type functional

o(t) == /080 s (sg — s)w(s,t)ds

with some so € (0, R") and v € (0, 1), we show that the functional ¢ is a supersolution
of the ordinary differential equation ¢’ = ¢,¢? — ¢ with some ¢; > 0 and ¢, > 0.
Here, as to the factor (nws + 1)™~! in the first term on the right-hand side of (3.1.12)
we can apply the same estimates as in [2]. However, in order to derive a super-linear
differential inequality for ¢ we have to estimate the factor (nw, + 1)*~! in the second
term on the right-hand side of (3.1.12). To this end, in the case @ < 1 we use the
estimates (nw, + 1) < 1 and (nw, + 1)*~' > (Cs™ = + 1)* ! as in Chapter 2 and
in the case & > 1 we establish the estimates (nw, + 1)** < (Cs™n + 1)* ! and
(nws + 1)** > 1 on a case by case basis. Moreover, by taking v € (0, 1) satisfying
some conditions, we can obtain a super-linear differential inequality for ¢. As to the
proof of Theorem 3.1.2, we can obtain initial data such that the solution fulfills (3.1.7)
by the recent study of blow-up profiles in [11].

This chapter is organized as follows. In Section 2 we recall local existence of classical
solutions in (3.1.1). In Section 3 we establish some estimates in order to construct a
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subsolution of a super-linear differential inequality for ¢. In Section 4 we prove existence
of v € (0,1) which satisfies conditions to derive a super-linear differential inequality
for ¢ and obtain a super-linear differential inequality. Finally, the proofs of the main
theorems are given in Section 5.

3.2. Local existence

We first introduce a result on local existence of classical solutions to (3.1.1). We
provide only the statement of the lemma since the proof is based on a standard fixed
point argument (see [9, 51]).

Lemma 3.2.1. Letn > 1, R >0, m >0, a >0, x >0, Kk > 1 and My > 0,
and assume that A\ and p comply with (3.1.4) and (3.1.5). If ug satisfies (3.1.6) and
Jquo(z) dx = My, then there exist Thax € (0,00] and an exactly pair (u,v) of radially
symmetric nonnegative functions

u € C%Q x [0, Thax)) N O%HQ x (0, Thax)),
v E ﬂﬂ>n CO([O7 Tmax); Wlﬂ%Q)) ﬂ C’271(ﬁ X (07 Tmax))7

which solves (3.1.1) classically. Moreover,

] Tmax< 5 th 1 ‘,t oo - .
i T < 00, then lim Ju(-,1) 1) = 00

3.3. Some inequalities related to a moment-type functional ¢

In the following let 2 = Bgr(0) C R" (n > 3) be a ball with some R > 0 and
we fix the initial data wu satisfying (3.1.6) and [, ug(x) dz = My. We note that all
constants below are independent of ug. Also, let (u,v) be the radially symmetric
solution of (3.1.1) on [0, Thax) as in Lemma 3.2.1. By introducing r := |z|, we regard
u(z,t) and v(x,t) as u(r,t) and v(r,t), respectively. Based on [21], we define the mass
accumulation functions w and z as

w(s, t) == /0 5

for all s € [0, R"] and t € [0, Tinax). Moreover, given so € (0, R") and v € (0,1), we set

3=
3=

p"rulp,t) dp, (s, :Z/ P Hu(p,t) dp
0

S0
o(t) = / s 7(so — s)w(s,t)ds for all t € [0, Trax), (3.3.1)
0
which is introduced in [2, 60], and

S0
Ya(t) == / s+ (g0 — S)w(s, thwy(s, t) ds  for all t € [0, Thax),
0
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where p > n, a > 0 and (1 — a); := max{0,1 — a}. Now we recall the following
properties for the functions w and z (see Chapter 2 and [2, Lemma 3.1]).

Lemma 3.3.1. We have
w € CHO([0, R X [0, Tax)) N C*H([0, B"] % (0, Tuax)) 0 C*((0, B] % (0, Thaa)),
z € CLO([O; Rn] X {07 Tmax)) M CQ’O({Oa Rn] X (07 THI&X)) N C&O((O? Rn} X <0’ Tmax))

and

1 I 1, 1
ws(s,t) = ﬁu(Sn,t), Wes(8,t) = —3s" up(sn,t),
1 1 1 1 9 1
z5(s,t) = EU(Sn,t), zss(8,t) = 35" ve(sm,t)
for all s € (0,R") and t € (0, Tnax) as well as, with K and T from (3.1.7),
nw,(s,t) < Ks~n  for all s € (0, R"] and t € (0,T). (3.3.2)

In order to obtain a key inequality in (3.4.15) we first prove the following lemma.
Lemma 3.3.2. Let vy € (0,1) and so € (0, R"). Then the function ¢ defined as (3.3.1)
belongs to C°([0, Trax)) N CH((0, Thax)) and satisfies

s0
' (t) > Xn/ s77(s0 — 8)(nws(s,t) + 1)* (s, t)wy(s, t) ds
0

50

+n*m 52_%_7(50 — 8)(nw(s,t) + 1) wg(s, t) ds
0
S0

- Xn/o 57 7(s9 — 5)(nws(s,t) + 1) 12(s, t)ws(s, t) ds

S0 S0
- n“l,ul/ s 7(sp — $) {/ onwt(o,t) da} ds
0 0

= II+]2+13+I4 (333)
for all t € (0, Tinax)-

Proof. We obtain ¢ € C°([0, Tinax)) N CM((0, Thax)) as in the proof of [60, Lemma 4.1].
From the second equation in (3.1.1) we have that

"o (r,t) = 2(r", t) — w(r™, t) (3.3.4)

for all 7 € (0, R) and t € (0, Tiyax). Noting that A > 0 and (3.1.5), we can observe from
(3.3.4) and the first equation in (3.1.1) that

wy > anSQ’%(nws + 1)
+ xnw,(nw, + 1)* Hw — 2) — 0"y / orw(o,t)do (3.3.5)
0
forall s € (0, R") and t € (0, Tnax). Thanks to (3.3.1) and (3.3.5), we attain (3.3.3). [
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Next we derive an estimate for I; on the right-hand side of (3.3.3).

Lemma 3.3.3. Let v € (0,1) and let a > 0, x > 0 and p > n and suppose that (3.1.7)
holds with some K > 0 and T > 0. Then there ezists C' = C(R, x,a,p, I?) > 0 such
that for any so € (0, R™)

I > C,(t)

for all t € (0, min{7T, Tiax })-
Proof. In the case 0 < o < 1, using (3.3.2) and s < R"™, we can establish that
(nw, + 1)1 > (Ks7n 4+ 1)707%) > (K 4 RP)~ (-9 gn-)
for all s € (0,s9). On the other hand, in the case o > 1 it follows that
(nws + 1)1 >1

for all s € (0, s9). Thus we obtain
50
I = Xn/ s7(so — 8)(nws + 1)* Mww, ds
0
- 50 .
szK+RwﬂﬂH/ 5RO (50 S, ds
0

for all ¢t € (0, min{7T, Tyyax}), which concludes the proof. O

To show estimates for Iy, I3 and I, on the right-hand side of (3.3.3) we introduce
two lemmas. The following lemma has already been proved in [2, Lemma 3.3].

Lemma 3.3.4. For alla > —1 and b > —1 and any so < 0 we have
S0
/ 5%(sg — 8)"ds = B(a +1,b+ 1)s3T,
0

where B is Fuler’s beta function.

Lemma 3.3.5. Let « > 0 and p > n. Assume that v € (0, 1) satisfies that
7—%&—®+€®J) (3.3.6)
Then for any sy € (0, R")
w(s, t) < V253 307004 (50 — §) 72/ Y(t) (3.3.7)
for all s € (0,50) and t € (0, Tinax)-
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Proof. By using the function
P(s) = =s R0+ (50 — s)w(s,t)  for all t € (0, Thnay)
instead of ¢ in the proof of [60, Lemma 4.2], we can verify that (3.3.7) holds. O

We establish an estimate for 1.

Lemma 3.3.6. Let « >0, 3 >0, Kk > 1, p > n and g > 0 and suppose that (3.1.7)
holds with some K >0 and T > 0. Assume that v € (0,1) satisfies (3.3.6) and
p
=12(k —1 1-— - —< 3.3.8
Pla(s 1)+ (1—a)y] - 2L <, (339

Then there ezists C = C(y, o, i1, K, P, q, I~() > 0 such that for any sy € (0, R"™)

32919 Po(k— o
I > —Cs,? Trma Pz fr (3.3.9)
for all t € (0, min{T, Truax })-

Proof. Aided by an argument similar to that in the proof of [2, Lemma 3.5], we have
from straightforward calculations that

IS nnfllul 1y S0 q .
42— 50 sn(sg — s)wr ds (3.3.10)
-y 0

for all ¢ € (0, Thax) and
S0 . S0
/ sn(sg — s)whds < clso/ sn a1y ds (3.3.11)
0 0

for all ¢ € (0, min{7, Tax}), where ¢; = %[(%(ﬁ —-1) - %)+ + 1]. By virtue of
Lemmas 3.3.4 and 3.3.5 it follows that

s0
clso/ s a0y ds
0

< Vaos [ tEOD RO s )

0

1 4P 12(k— e
= V2eicpsg TR TR B (3.3.12)
for all ¢ € (0, min{7, Thax}), where ¢ := B(% 4+ £ — %[2(/@ — 1)+ (1—a)s],1). Now,
noting from (3.3.8) that

Y, 4 P
5+ 52— 1)+ (1= a)] >0,

we see that co < 0o. A combination of (3.3.10), (3.3.11) and (3.3.12) yields (3.3.9). O
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Next we show an estimate for Is.

Lemma 3.3.7. Let o > 0, m > 0 and p > n and suppose that (3.1.7) holds with some

K >0 and T > 0 and that v € (0,1) satisfies (3.3.6).

(i) Assume that
n—2
O<m<1l+——
p

and

p

=2 Py, ey <22 PR 1), 4+ (1—a),].

n n n n

Then there ezists C > 0 such that for any so € (0, R")

e e e R T e
for all t € (0, min{T, Trax})-

(ii) Assume that

2(n—1
0<m<min{1,M}
p

and

2 m
0<7<2———2<
n n

Then there ezists C > 0 such that for any so € (0, R")

for all t € (0, min{7T, Tiax })-

(3.3.13)

(3.3.14)

Proof. By an argument similar to that in the proof of [2, Lemma 3.6], we can arrive

at the conclusion of this lemma.

]

The following lemma has already been proved in the proof of [60, Lemma 4.6].

Thus we only recall the statement of the lemma.

Lemma 3.3.8. Let a € (1,2) and b € (0,1). Then there ezists C' = C(a,b) > 0 such

that if sg > 0, then
S0 S0
/!/ga@—gb@wgc%%a
0 o
for all s € (0, s0).
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We establish an estimate for /5. The proof of the following lemma is based on that
of [2, Lemma 3.9].

Lemma 3.3.9. Leta >0, x >0, p>n, My >0, K>0andT >0 and suppose that
v € (0,1) satisfies (3.3.6). Assume that

2 2 2
1-“<a<l+- and 7<2-L@a-1),. (3.3.15)
P n

p

Then there exists C > 0 such that if uy fulfills [, uo(x)dx = My and (3.1.7) holds,
then for any sy € (0, R™)

I3 > CS(;+7_%[(1—(1)++2(0¢—1)+] D

e AN D) (3.3.16)
for all t € (0, min{T, Trpax})-

Proof. By an argument similar to that in the proof of [60, Lemma 4.7] we can see that
there exists ¢; = ¢1(R, A\, My) > 0 such that

z<ﬂs§* // En2w(E, t) dédo (3.3.17)

for all s € (0,50) and t € (0, min{7, Tyyax}). First we show the estimate (3.3.16) in the
case 1 — % < a<1. Since 1 — % < a and v < 1, it follows that

—(1—a)<y

and

Moreover, we have from (3.3.6) that v > 2(1 — «). Thus we can take
~ 4 2 4
v E (max{g(l —a),y — —+—p(1—oz)},min{7,2— —+£(1—o¢)}) :
n non non
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Noticing that 7 — 2(1 — «) € (0, 1), we infer from Lemma 3.3.5 that

/ / 57 —2+2-2(1 (30 — 5)_% dédo {/SO s_%%(l_a)(so — s)wws d5}2
0

for all s € (0,50) and ¢ € (0, min{7, Tyyax}). Since the conditions 1 — % < « and
<2-2+2(1-a)yield

2 v
1<2————=—+4+—(1-— < 2,
< n 2+2n( a)

from Lemma 3.3.8 we can find ¢; = co(7y, a, p) > 0 such that

2 2

1 21 -1 2,5 p 0
2 < =50 54 sy 2sntral17) {/ TR (=) (50 — s)ww, ds
n 0

c1 21 _1 =3 2
n

< —s§ s—l—cgso 7 gntadi(-a) o (t) (3.3.18)
n

for all s € (0, s¢) and t € (0, min{T, Thax}). Now we have from the fact (nw,+1)*"1 <1
that

s0
I3 = —Xn/ s77(s0 — 8)(nws + 1)* 2w, ds
0

S0
—Xn/ s 7(sp — $)zws ds (3.3.19)
0

for all t € (0, min{T, Tynax }). Furthermore, by an argument similar to that in the proof
of [60, Lemma 4.1] and (3.3.18) we see that

S0
- Xn/ s 7(sp — 8)zws ds

> —xn(y+1 SO/ “lrwds
> —ax(y+1 / s wds
1
— epxn(y +1)s2 " = / snort R -1y g ha(t) (3.3.20)
0

for all ¢t € (0, min{7T, Tynax }). Since the conditions 1 — % <aandy >vy— 24+ 2(1-q)
imply that



and

respectively, we infer from Lemmas 3.3.4 and 3.3.5 that

2 %0
58 / s Twds
0

1— w 2 _ a
— VB (1-2 Py, =) s, s S (3.3.21)
2 2n 2
and
+7 ] 50 2 y_p
. / £ T
0
1+’Y_§ s, 1=y _p 1
258 / SRR (g0 5y ds .y, (1)
0
2 y—7 p 1\ 2-2(1-q)
Svap (2o o ) s
n
for all ¢ € (0, min{7T, Trax})

combination of (3.3.19) and (3.3.20)—(3.3.22) yields
(3.3.16). Similarly, we next establish the estimate (3.3.16) in the case 1 < a <1+ =
Since o < 1—1-]% and’y<2—%(a—1) we see that

and

Hence we can choose

4 2 4
v € (maX{O,W———I——p(oz—l)},min{%Q——}).
non n
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From (3.3.17), Lemmas 3.3.5 and 3.3.8 we observe that there exists c¢3 = ¢3(y) > 0
such that

2 < ﬁso%i \/_/ / §*_2+W (59 — f)_% dédo {/SO 3_:’(50 — s)wws ds}
0

G 2-1 2.3 -5 :
< —s§ s+ 38y 25243 s 7 (so — s)wws ds
n 0

N[

2 1

gg%sg‘ls+w%soz+“'*+” Ualt) (3.3.23)
for all s € (0,s0) and ¢ € (0, min{7’, Tinax }). Thanks to (3.3.2), it follows that
(nws + 1)1 < (Ksn + 1) < gysn(@D (3.3.24)
for all s € (0,s0) and ¢ € (0, min{7’, Tinax }), where
= (K + Ry

Applying (3.3.24) to I3, by an argument similar to that in the proof of [60, Lemma
4.1] and (3.3.23) we see that

50
I3 = —Xn/ s (s — s)(nws + 1)~ zws ds
0
S0 »
> —ch4/ s n( @ (55 — 8) 2w, ds
: p % v
> —xncy (7 +=(a—1)+ 1) So/ s @ D 2y ds
n 0
2 %0
> —XC1C580 / s n @ Dy ds
0

1,9-5 [0 5
—Xn03c5s§+ 2 / sn-THEmRle-)- Lw ds/1a(t) (3.3.25)
0

for all t € (0, min{7", Thhax}), where ¢; 1= ¢4 (’y +2(a—1)+ 1). Here, noticing from
v<2—2(a—1)and ¥ >v— 2+ 2(q — 1) that

TP
1-2-Z@a-1>0
5~ ola=1)

and
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we have from Lemmas 3.3.4 and 3.3.5 that

2 %0 P
s§ / sy ds
0

S0
X

2
< \/535/ sT2 7@ (g0 — 5) 2 ds o (t)
0
1 1y, 2 P,
V2B (1-2-La—1),2) 57 Y uat) (3.3.26)
2 n 2
and
s / R O I e 13
0 o
0
e i 50 I=y_P
S \/583+ P} / Sg_T_E(Q_I)_I(SO _ S)_% ds . ¢a<t)
0
2 9=7 p L\ 2-2@-
—voB ([ Z — —Zla=1).=Z)sr n o(t 3.2
vap (-2 0Py g) s e e
for all ¢ € (0, min{7T, Trhax }). Hence, combining (3.3.25), (3.3.26) and (3.3.27) leads to
(3.3.16). O

We finally derive an estimate for v,.

Lemma 3.3.10. Let o > 0 and p > n. Suppose that v € (0,1) satisfies that
7<2—§a—ap. (3.3.28)
Then there ezists C' = C(vy, a, p) > 0 such that for any so € (0, R")
o(t) < Csy? /)
for all t € (0, Thnax)-

Proof. From (3.3.28) it follows that

i p

Therefore we infer from Lemmas 3.3.4 and 3.3.5 that

o) =[5 0= sy

S0
< 30/ s Twds
0

S0
<V2s / §737 3 (1= (g0 — §)72 ds/Pa(t)
0

for all ¢ € (0, Tiyax), which concludes the proof. O
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3.4. Differential inequalities for ¢

In this section we will derive a super-linear differential inequality for the moment-
type functional ¢ by using the pointwise lower estimates for Iy, I, Is and I,. To this
end, we find v € (0,1) which enable us to apply Lemmas 3.3.3, 3.3.6, 3.3.7, 3.3.9 and
3.3.10 to (3.3.3). We give the conditions (A3-1), (A3-2), (B1-1), (B1-2), (C1-1), (C1-2),
(C3-1), (C3-2), (C3-3), (D2-1) and (D2-2) as follows:

e In the case n = 3,

1 2 1 2 2
l—-—-<a<l+—-, -<m<-, 2a-m<2+ —, (A3-1)
p p p p p
1 2 3 2
l--<a<l, -<m<-, mt+a<l+- (A3-2)
p p p p
e In the case n = 4,
2 2
l-—-<a<l 0O0<m<-—, (B1-1)
p p
2 2
I<a<l+—, 0<m<-. (B1-2)
p p
e In the case n = 5,
2 1 3
l--<a<l——, 0<m<-—, (C1-1)
p p p
1 2 1 1
l-—-<a<l4+—-, 0<m<l+—, 2m—-—a<l+— (C1-2)
p p 2p p
2 1 3 2
l—-—-<a<l—-—-, —-<m<1l, m+a>1+-, (C3-1)
p p p p
2 1 1
l——-<a<l, 1<m<l+—, 2m—a>1+—, (C3-2)
p 2p p
2 2 1 3 3
l-—-<a<l+—-, 1+—<m<l+-, m—-a<-. (C3-3)
p p 2p p p

e In the case n > 6,

2 2 —6 4 4
- Z<ca<1+2 1+ 2 cma1+ 2% om—a>14+ 272 (D2-1)

p p 2p 2p p

2 2 4 —9 —9
1-Zca<1+, 1+ 2 cm<1+ 222 moa<” (D2-2)

p p 2p p p
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We first show that there exists v € (0, 1) satisfying (3.3.6), (3.3.8), (3.3.13), the second
condition of (3.3.15) and (3.3.28).

Lemma 3.4.1. Let m >0, a >0, k > 1, p > n and ¢ > 0. Assume that m and «
satisfy (A4), (B1-2), (B3), (C1-2), (C3), (D1) or (D2). Suppose that x fulfills (IL) and
(IV). Then there exists v € (0,1) such that

mw{gu—whgmw—lwul—wg—%%1—§—§whwn}

<7<min{1,2—%—g[z(m—1)++(1—a)+]}. (3.4.1)

Proof. We first consider the case that m and « satisfy (A4), (B3), (C3) or (D2). In
the cases that n = 3 and the condition (A4) holds and that n = 4 and the condition
(B3) holds we see that

1= (2= 2= 2ptn - 1, + (- )]

n n

— _1+é+£[2(m—1)++(1_0‘>+]

non
4

>—-1+—-2>0.
n

Moreover, thanks to the conditions o <1 — 119 in the case that n = 5 and (C3-1) holds,
2m—a > 1+ "774 in the cases that n = 5 and (C3-2) holds and that n > 6 and (D2-1)
holds and m > 1 + "2—;4 in the cases that n = 5 and (C3-3) holds and that n > 6 and
(D2-2) holds, we obtain

1= (2= 2= 2pim - 1+ (- 0]

n n
4 p
— 14+ -4 Ppm- 1
+n+n[ (m—=1)1 + (1 —-a)4]
4 —4
>—1+—+n = 0.
n n

Thus it suffices to show that the following conditions hold:

21— a), <2- % -1+ (-akl, (342)
Plafs — 1)+ (1 - a).] - % 2o % P+ (-], (343
1—%—§(m—1)+<2—%—%[2(m—1)++(1—a)+]. (3.4.4)



Now we note that

(2= - 2= 1), + (1= )]} - 21— o),
=2~ 1), +(1-a).]

In the cases that n = 3 and (A4) holds and that n = 4 and (B3) holds, if m < 1 and
« > 1, then it follows that

4 2 4
o= _Prom -1 l—a)]=2—=>0.
. [(m—=1)1 +(1—a)y] "

Furthermore, invoking from (A4) and (B3) that

-2
a>1—n if m<1l and a<l,
p
n—2 .
m—a < if m>1 and a<1,
p
n—2 )
m<1+ if m>1 and a>1,
p
we can observe that
4 2 4 2(n—2
2————p[(m—1)++(1—04)+]>2———g:0.
n o n n n

On the other hand, in the case that n = 5 and (C3-1) holds we see from the conditions
m<1anda>1—%that

4 4 4 2
p P o [P | l—a)y]>2————-=Z>0.
I [(m—=1)1 +(1—a)y] n nT 5

In the cases that n = 5 and (C3-2) holds and that n > 6 and (D2-1) holds, by virtue
of the conditions n > 5, m <1+ "2—_[)4 and a > 1 — 12) we obtain

4
=1—-—>0.
n

Q_E_E[<m_1)++(1_o‘)+]>2_ﬁ_ﬁ

4  2p 4 2p|n—4 2
2p +p

In the cases that n = 5 and (C3-3) holds and that n > 6 and (D2-2) holds, recalling
m—a < ”772, we can establish that
4 2 4 2(n-2)

2-— = m -1+ (1-a)]>2-~ - =

=0.
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Therefore we attain (3.4.2). Moreover, from the fact

22 Pin 1), +(1 - )] >0

we deduce that

which implies that (3.4.4) holds. Noticing from (IV) that

ﬁ<1+£%2+%—0n—n+—ﬂ—aﬁ,
we have that
(2= 3= 2 - s+ (1= ) - (Z2te -0+ (- )] - Z)
=2 =4 2 Py m = 1), + (1 - a)]
RS
o

which attains (3.4.3). Thus, in the cases (A4), (B3), (C3) and (D2) we can take
v € (0,1) with (3.4.1). Next we consider the case that m and « fulfill (B1-2). Since it
follows from the conditions n =4, m < 1 and o > 1 that

4 p 4
1= (2 2= 2ptn -1+ (-] ) =14+ 2 =0,
we confirm that

%Q—@+<L (3.4.5)

2
Pok—1)+(1-a)] - 2L <1, (3.4.6)

n n

2 p

-2 P, <1 3.4.7
2 Py, < (347



Noting that (m — 1)y = 0 and (1 — a); = 0, we see that (3.4.5) and (3.4.7) hold.
Furthermore, recalling from (II) that

we obtain ) 5 ) )
1—(—p(n—1)——q> >1——p(ﬁ+g)+—q=0,
n n n \2p p n

which infers that we can choose v € (0,1) with (3.4.1). Finally we verify that there
exists 7 € (0,1) with (3.4.1) in the case that m and « satisfy the condition (C1-2) or
(D1). The conditions n > 5 and 2m —a < 1 + ”774 yield that

1= (2- 2= 2ptn- 1, + (1- a).])

n n

e P - 1y 4 (1 a)y]

Thus we show (3.4.5)-(3.4.7). Since n > 5 and o > 1 — %, we have that

2
1-2a-a),>1-2>0.
n n

Moreover, it follows that

2 2
1—(1———B(m—1)+):——I—B(m—1)+>0.
n n n n

Invoking from (II) that

g (I—a)y
14+ — + 1
K<1l+ 5 + » 5 )
we see that
1 (3[2@ — D)+ (1-a)]— g)
2 2
P {z _Q] L
n |p p n
Therefore, since (3.4.5)—(3.4.7) hold, we can find v € (0,1) with (3.4.1). O
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Next we prove that there exists v € (0,1) such that (3.3.6), (3.3.8), (3.3.14), the
second condition of (3.3.15) and (3.3.28) hold.

Lemma 3.4.2. Let m >0, a >0, k > 1, p > n and g > 0. Assume that m and «
satisfy (A1), (A2), (A3), (B1-1), (B2), (C1-1) or (C2). Suppose that k fulfills (I),(II)
and (IT). Then there exists v € (0,1) such that

max { 21— )., 2ot = 1)+ (1- )] - 2]

2 2
<7<mn%ﬂ———gﬂﬂ—l%%4ﬁ}. (3.4.8)
n n n

Proof. First we consider the case that m and « fulfill (A1), (B1-1) or (C1-1). By virtue
of the condition m < ”sz (n € {3,4,5}) we obtain

B 2 pm
- n n
2 —2
s1-2_ T2,
n n

Furthermore, in the case that n = 3 and (A1) holds we can estimate from the condition
a <1+ 5 that

2 2
@-£@-1p)—1—1——&a—n+>1—§—0
n n n

In the cases that n = 4 and (B1-1) holds and that n = 5 and (C1-1) holds, noticing
that (o — 1)+ = 0, we can verify that

(z—%@u4p)—1:1>0

Hence it suffices to show that

%O—®+<L (3.4.9)
gpm—1m(1—@4—%§<L (3.4.10)

In the case that n = 3 and (A1) holds we have from the condition o > 1 — % that

1
1-2a—a),>1->>0
n n
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On the other hand, in the cases that n = 4 and (B1-1) holds and that n = 5 and (C1-1)
holds we see from the condition oo > 1 — 12) that

2
1-2a-a),>1-2>0
n n
Thus the condition (3.4.9) holds. Recalling from (II) that

n g (I-a)
<l 042 Y+
K +2p+p 5 ,

we can show that

1_<§[2(5—1)+(1—a)+]—%)>1-§-{%+2ﬂ+1—q:0,

which implies that we attain (3.4.10). Since (3.4.9) and (3.4.10) hold, we can take
v € (0,1) with (3.4.8). Next we consider the case that m and « satisfy (A2). From the
conditions n = 3 and 2a —m > 2 + % we obtain

Moreover, the condition a@ > 1 + 2% yields that
2 2 3
1— (2——p(a—1)+) =1+ 2@ -1>-1+=0.
n n

Accordingly, we confirm that

21— a), <2~ Pla—1), (3.4.11)
Plas— 1)+ (1= )y - 22 <2 - Lla—1), (3.4.12)

Since £(1 — )1 = 0 and it follows from the condition o < 1+ ]23 that

2 4
20— La-1).>2->>0,
n n
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we can verify that (3.4.11) holds. Noticing from (I) that

3
k<l+-+d_(a-1)
p p

we see that

n
2p 2q
=2 (k-1 -1 —
Lk -1+ (- 1]+ =
2 3 2
g L [—+g}+—q
n p p n
:()7

which infers (3.4.12). Consequently, we can find v € (0,1) with (3.4.8). Finally we
consider the case that m and « fulfill (A3), (B2) or (C2). In light of the condition
2—m < 2+§ in the case that n = 3 and (A3-1) holds and the condition (« —1); =
in the cases that n = 3 and (A3-2) holds, that n = 4 and (B2) holds and that n =5
and (C2) holds we have that

(2—%(a—1)+)—(2—2—m>:%—5[2(a—1)+—m]20.

Moreover, since m > ”TTQ in the cases that n = 3 and (A3) holds, that n = 4 and (B2)
holds and that n = 5 and (C2) holds, it follows that

1—(2—2—@)——1+3+m2—1+2+n_2—0.
n n n n n n

Therefore it suffices to show that

2
Pra)y, <221 (3.4.13)
n n n

p 2q 2 pm

Pow-1+1-a)y]-L<og- 21 3.4.14

Plafs 1) + (1 —a)] - L < 2 (3.4.14)

Now we note that

(2-2-20) - Za-ap=2- 2= Lt (- ).l

In the case that n = 3 and (A3) holds, thanks to the conditions m < % and a > 1 — Il),

we obtain ) ) -
2———ﬁm+a—@4>2———3¢ +]
n n n n
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On the other hand, in the cases that n = 4 and (B2) holds and that n = 5 and (C2)

holds we deduce from the conditions m < ;—i and a > 1 — 1—2; that

2 2 4 2
2———3[m+(1—a)+]>2———3-[ ]
n n n n

Thus the condition (3.4.13) holds. Invoking from (II) that

n—1 qg m (1-—a);

<1+ —+ - — -7’7
K + » +p 7 5 ,
we can show that
2 pm p 2q
220 (Epk-1D)+1-a)]-2
(2-2-2) - (Zetc- v+ 0 - o)l - 2)
2 p 2q
=2———=—[2(k =1 1— —
2 o= 1) m (1= a) ]+
2 -1 2
>2———£~{n +g}+—q
n o on D P n
207

which infers that (3.4.14) holds. Accordingly, we can choose v € (0, 1) with (3.4.8). O

Thanks to Lemmas 3.4.1 and 3.4.2, we can apply Lemmas 3.3.3, 3.3.6, 3.3.7, 3.3.9
and 3.3.10 to (3.3.3). Thus, we finally establish a super-linear differential inequality

for the moment-type functional ¢ defined as (3.3.1).

Lemma 3.4.3. Letm >0, a >0, x >0, uy >0, k > 1, p>n, q >0, My >0,

K>0andT > 0.

(i) Assume that m and « satisfy (A4), (B1-2), (B3), (C1-2), (C3), (D1) or (D2)
and suppose that k fulfills (I) and (IV). Then one can find C > 0, v € (0,1),
0 €(0,2—2(1—a);) and s, € (0, R") such that if [, uo(z) dz = My and (3.1.7)

holds, then
1 —342(1-a e~
¢/(t) > _S'Y 3+-(1 )+¢2(t) . ng y—6

for all so € (0,51) and t € (0, min{7T, Tipax})-

(3.4.15)

(ii) Assume that m and « satisfy (A1), (A2), (A3), (B1-1), (B2), (C1-1) or (C2) and
suppose that k fulfills (I), (I) and (I). Then one can find C > 0, v € (0,1),
0€(0,2—2(1—a);) and sy € (0, R") such that if [, uo(x)dz = My and (3.1.7)

holds, then (3.4.15) holds for all sy € (0,s1) and t € (0, min{7", Tinax })-
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Proof. We first prove (3.4.15) in the case that m and « satisfy (A4), (B1-2), (B3),
(C1-2), (C3), (D1) or (D2). By virtue of Lemma 3.4.1 we can take v € (0, 1) fulfilling
(3.4.1). Thus, applying Lemmas 3.3.3, 3.3.6, part (i) of Lemma 3.3.7 and 3.3.9 to
(3.3.3), we can observe that there exist ¢; > 0 and ¢y > 0 such that

gb,(t) > Cl¢a <t>

A2 B R(me )+ (1-a)4]

3_2_
wa( ) —C28p " !

. CgS&Jrii%[(l o)+ +2(a—1)+ ,QZ)(X( )

1—a)++(a—1
_0258 n[( )+ )+]wa()

3048 P 2(k—1)+(1-a

R VNG

for all s € (0,R") and ¢ € (0, min{7, T,,ax}). Aided by Young’s inequality, we can
verify that for any n > 0 there exists c3 = c3(n) > 0 such that

(1) > crthalt) — mba(t) — casy OOy )

_~N—4_ P m— [0 -2
— ¢y (Sg TR ]+Sg o
4 » o o N2 P(f— —a
tsg 11— Pll—a)++2(a—1)+ ]_|_3§ (A )+}> (3416)

for all s € (0,R") and t € (0, min{7, Tinax}). Since it follows from the condition
1-2<a<1+2that

2 2 2
- 1 S 2
- n[( @)y + (a—1)4] > o 0,

we can take s; € (0, R") satisfying

1

c 2 _Pl1-a)y+(a—1)4]

S1 S —1 v .
402

Therefore we see that

Z—Z[(1-a)++(a—1
3[) [( )++( )+]w (t) S 4_wa<) (3417>
Co
for all sop € (0,s1) and ¢ € (0, min{7", Tinax}). Fixing n = <, we infer from (3.4.16) and
(3.4.17) that
c
§(0) 2 Sl
_(%<S§wffffpmlln+u 9l | S-3
29 _Pg(k— —a
+5] aHl=r=E(1-a) 4 +2(a—1)4 ]_i_sg—ﬁrw 2(s=1)+(1 )+}> (3.4.18)
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for all sp € (0,s1) and ¢ € (0, min{7T, Trhax }). Next, putting

0 = max {% + 2R -1)s + (1 -a)d 22— 24 B —a), 4260 - 1),

_% + 5[2(11— H+(1 —04)+]}7

we show 0, € (0, 2—-L(1- a)+), that is, we confirm that

4 p p
5+ﬁ[2(m—1)++(1—a)+] <2—ﬁ(1—a)+, (3.4.19)

2 D

Z<c2-2(1-— 4.2

n < n( a>+7 (3 0)

4 p p
2—E+E[(1—a)++2(a—1)+] <2—E(1—a)+, (3.4.21)

2 p p

Since the inequality 2 — 2 — 2[2(m — 1); + (1 — @)4] > 2(1 — &) holds from (3.4.1),
it follows that
4

n n

Moreover, we can establish from the condition 1 — 1% <a<l+ % that

<2—§(1—a)+>—2><2—2)—2>0

n n n
and
p 4.0p
(2- 20— ) - (2= 2+ 20 - )y + 20— 1.1
4 2p
=0 E[(l —a)y +(a—1)4]
4 4
~- -2
non
Noticing from (3.4.1) that 1 > 2[2(k — 1) + (1 — a);] — 2, we see from the condition

1—%<athat

(2- 20— ) = (<24 2t - 1)+ (1 - )]



Thus, since we know that (3.4.19)—(3.4.22) hold, we have 6; € (0,2 — 2(1 — a),).
Invoking that v € (0,1), 6; € (0,2 —2(1 —a)y) and sp < R", we can deduce from
(3.4.18) that there exists ¢y = c4(R, m, a, k,p) > 0 such that

@ (1) > —1ha(t) — czeqss 70

for all s9 € (0,s1) and ¢ € (0, min{7, Tyyax}). Moreover, in light of Lemma 3.3.10, we
can take c5 > 0 such that

1) > Legs?” r(l-a)+ 42 " —030433_7_01
5 550 0

for all s € (0,s1) and t € (0, min{7, Tyyax}). Hence we attain (3.4.15). As to (ii), since
m and « fulfill (A1), (A2), (A3), (B1-1), (B2), (C1-1) or (C2), we can pick v € (0, 1)
with (3.4.8). Applying Lemmas 3.3.3, 3.3.6, part (ii) of Lemma 3.3.7 and 3.3.9 to
(3.3.3), we find ¢g > 0 and ¢; > 0 such that

_2_pm 3_2_

3— —
() > cgiba(t) —crsy | " " —crsy "

2,019 b o
—C7Sél+ 7 —an[(1—a)++2(a—1)4] /%(t)

2_Pi1-a a—
B L BN

3—v ., q_ e _
_C7SOQ’Y+Z 21;[2( D+(1—a)4] wa(t)

for all sg € (0, R") and ¢ € (0, min{7T, Tryax}). By an argument similar to the proof in
(i), we can show that there exists cg > 0 such that
2 pm 2

¢(t) 2 Svalt)
33—

—c (sgﬂ_;_T +s, "
s { So 0

L1—y—Z[(1-a) 1 +2(a—1)4]

428 _Po(— —a
+s i Sg v+ -ER(s-1)+(1 )+]>
1
for all sg € (0,s2) and ¢t € (0, min{7T, Tyax}), where sp := (4%67) 2-Rl-a)i+e-14]  We
set
2 m 2 4
poimmax {2+ 22202 24 D), +oa - 1))
n n'n non

29 . p
L P 1)y 11— .
L4 B 1)+ (1 )]
Here, we note that (3.4.20)—(3.4.22) hold. To verify that 6, € (0,2 — 2(1 — a);) we

confirm that
2
S s Py, (3.4.23)
n n n
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Since it follows from (3.4.8) that 2 — 2 — 2% > 2(1 — «), we have that

n

(2-%(1—a)+)—<z+@> - (2—2—@>—3(1—a)+>o.

n n n n n

Thus, since we know that (3.4.20)—(3.4.23) hold, we attain that 6, € (0,2 — 2(1 — )4 ).
From the fact sg < R™ and Lemma 3.3.10 we can find ¢y > 0 and c¢;9 > 0 such that
o' (t) > %cgsg_3+%(l_a)+¢2(t) — 1050 7% for all s € (0,55) and ¢ € (0, min{T, Thax }),
which concludes the proof. n

3.5. Proof of the main results

Now we are in a position to complete the proofs of Theorems 3.1.1 and 3.1.2. Due
to a use of the same moment-type functional ¢ as in [2], by the argument in [2, Lemma
4.1] we can proved the following lemma which is needed for the proof of Theorem 3.1.1.

Lemma 3.5.1. Let v € (0,1), so € (0,R"), My >0 andn € (0,1). Put s, := (1—n)so
1
and ry == sj. If

/ uo(x) de > My,
Br, (0)

then 20
9(0) = T

Wn—1
Proof of Theorem 3.1.1. We have from Lemma 3.4.3 that (3.4.15) holds. By virtue
of Lemma 3.5.1 and an argument similar to that in the proof of [2, Theorem 1.1] we
see that Tiyax < 7. Thanks to Lemma 3.2.1, we arrive at the conclusion (3.1.8). [

To give the proof of Theorem 3.1.2 we show the pointwise upper estimate for wu.

Lemma 3.5.2. Let Q2 = Bg(0) CR" (n > 3) with R > 0 and let x >0, K > 1, uy > 0,

q>0, My>0,T >0 and L > 0. Suppose that X and p satisfy (3.1.4) and (3.1.5).
Assume that m > 0 and o > 0 fulfill that

1 n—2
m>1 and m—aE(——,n }
n.n

For all e > 0 set p := % + . Then there exists C' > 0 such that the following
property holds: If uy satisfies (3.1.6) and [, uo = My as well as

uo(z) < Llz|™  for all z € Q (3.5.1)
and (u,v) € (C°(Q x [0,T)) N C*(2 x (0, T)))2 is a classical solution to (3.1.1), then

u(z,t) < Clx|™ forallz € Q andt € (0,7T). (3.5.2)
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Proof. In view of (3.1.4) we can find a positive constant A\; such that A(|z]) < M\
for all x € Q. Putting a(z,t) := e Mu(x,t), D(z,t,p) = m(eMp + 1)™ and
S(z,t,p) = —x(eMp+1)*1p, we deduce from (3.1.1) that

u < V- (D(x,t,a)Va+ S(z,t,u) Vo) in Q x (0,7),
(D(z,t,u)Vu+ S(xz,t,a)Vv) - v =0 on 99 x (0,7, (3.5.3)
'LNL(', 0) = Ug in €.

Moreover, we can verify that

D(x,t,p) > mp™ !,
D(x,t,p) < m(eM + 1) max{p, 1},
1S(z,t, p)] < x(eMTp+1)* < x(eM + 1) max{p, 1}

Now we take 8 > n fulfilling that

c 1 11+n—2
m— - -
0 n’'é n

and

pz( n(n —1) L

m—a)n+1
n(n —1)

(m—-—an+1-73

(n—1)

1 1°
m-oa+g =g

>

By an argument similar to that in the proof of [2, Lemma 5.2], we have that

T 0
Lt 9ete o e < (ﬂ) Q)
Q

Wn—1

for all t € (0,7"). Thus, from [11, Theorem 1.1] we see that there exists ¢; > 0 such
that a(x,t) < ¢q|x|™ for all z € Q and ¢ € (0,7"), which implies (3.5.2). O

We next complete the proof of Theorem 3.1.2.
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Proof of Theorem 3.1.2. We set p, := % Here, we note from (E1), (F1) and

(F2) that m — a < =2 and po > n. In the case n > 3, by a direct computation we

infer from the Condltlons a < —==m+ n(nff)z a< — 1 —=m + n(i_g) and m —a < == 2
that
2 -2 -2
a<l+—, m<l4’ and m—a< > (3.5.4)
Do Do Po
In the case (i), noting that (E1) yields (3.5.4), we can pick £; > 0 so small that
2 -2 -2
a<l+—, 1§m<1—|—n , m—a< (3.5.5)
D1 b1 D1
and
-2
k<14l +i—(m—1)—(1—a)+, (3.5.6)
b1 D1

where p; := pg + ;. We take L>0and T > 0. Moreover, we choose r, € (0, R)
and ug € C°(Q) with (3.1.6) satisfying [, uo = My and J5,. 0 0 = M as well as
ug(x) < L|z|™* for all 2 € Q. By virtue of Lemma 3.5.2 we can find C' > 0 complying
with (3.5.2). Thus, noticing from (3.5.5) and (3.5.6) that (A4), (B3) and (IV) hold,
we see from Theorem 3.1.1 that the solution (u,v) blows up in ﬁnite time. On the

other hand, in the case (ii) we observe from the conditions ——=zm + 2(2"3)2 < a,
_n_—i—? 2n%-—n—4 n+2 n+2 2n%—n—4

a < Tm + n(n4),04§ =Em o — 3 —m+ n(n— )<athat

2 —4 —4

1—— <a, m<1+n , 2m—&§1+n

Po 2po Do

and n_ 4
1+ <m.
2po

Therefore, by picking 5 > 0 small enough, we have from (F1) and (ii) that m and «
fulfill that

2 2 —4 —4
-2 ca<1+Z, 1<m<1+2"2 om—a>14"2 (3.5.7)
D2 D2 2p2 D2
or
2 2 —4 —2 —2
-2 ca<i+ 2, 1+ 2 cma1+ 272 moa<l (3.5.8)
) P2 2po P2 P2
and k satisfies that
—2
k<l+to—4 L (m-1)—(1-a),, (3.5.9)
P2 P2
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where py 1= py + €2. Moreover, in the case (iii) we obtain

2 2 n—4 n—4
l——<a<l4+—, 1<m<1+ , 2m—a <1+
Ps3 V& 2p3 Dp3

(3.5.10)

and
RS P B L
2ps  p3 2
where ps := pg + €3 with some g3 > 0. Accordingly, since we can verify from (3.5.7),
(3.5.8) and (3.5.9) that (C3), (D2) and (IV) hold and we can confirm from (3.5.10)
and (3.5.11) that (C1), (D1) and (II) hold, we arrive at the conclusion by an argument
similar to that in the proof of the case (i). O

: (3.5.11)

3.6. Related results: Blow-up prevention in a fully parabolic
system with nonlinear production

3.6.1. Motivations and main result

In this short section we focus on [49, Theorem 1.1} and [10, Theorem 2.1] where
chemotaxis systems for two coupled parabolic equations are so formulated:

u =V - (Dw)Vu) = V- (S(u)Vv), ze€Q, t>0,
v =Av—v+ f(u), xeN, t>0,
Vu-v=Vuv-v=0, x €I, t>D0,
u(z,0) =up(x), wv(x,0)=uvy(x), €, t>0.

(3.6.1)

Herein, 2 C R" (n > 2) is a bounded domain with smooth boundary, and v denotes
the outward normal vector to 092. Also, the initial data (ug,vp) is assumed to satisfy

{uo € C°(Q) is nonnegative with ug # 0, (3.6.2)

vp € C1(Q) is nonnegative,

and, for all © > 0 and appropriate real numbers C'p, (35, Cg,m, mq,a, L, ¢, the diffusion
and sensitivity laws D, S € C?([0,00)) and the production growth f € C'([0,00)) are
such that

Cp(1+u)™ < D) < Cp(l+u)™™, 0<S(u)<Csu(l+uw)*!,  (3.6.3)
and
0< f(u) < Lu’. (3.6.4)

The aforementioned results in [49] and [10] are collected as follows.
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Theorem 3.6.1. Let n > 2 and (ug,vy) satisfy (3.6.2). Suppose that D, S and f fulfill
(3.6.3) and (3.6.4). Then the system (3.6.1) admits a unique nonnegative classical
solution (u,v) which is globally bounded provided that:

I) [49, Theorem 1.1]0 < ¢ <1 and

2
mta+l<1l+—; (3.6.5)
n

II) [10, Theorem 2.1] m =1, =0,0<{< 2, a> 2 and

14 1
—<1+4+—. 3.6.6
a+t g + (3.6.6)
These two theorems have been proved, in an independent way the one from the
other, recently. Moreover, when investigating a variant of Keller-Segel systems like

those in (3.6.1), we can realize that:

e for 0 < ¢ < 1, the proof leading to (3.6.5) has a mathematical inconsistency; in
this same range, even for the linear diffusion case m = m; = 0, the condition
cannot hold true and has to be replaced by (3.6.6);

o for 1 < (< 2 and m =my =0, assumption (3.6.6) is less accurate than (3.6.5).

Since this gap leaves the general theory about models (3.6.1) somehow incomplete and
fragmented, we understand that it is of primary importance giving a revised and unified
conclusion. Precisely, the role behind the forthcoming theorem is twofold: correcting
[49, Theorem 1.1] and improving [10, Theorem 2.1].

Theorem 3.6.2. Let n > 2 and (ug,vo) satisfy (3.6.2). Suppose that D, S and f fulfill
(3.6.3) and (3.6.4). If0 < (<1 and

m (<142 f (e[ 1],
{m—i—oc—i— + = if [n ] (36.7)

m+a<1l+1 if (0,1,

then the system (3.6.1) admits a unique nonnegative classical solution (u,v) which is
globally bounded.

3.6.2. Identification of the gap

Once combined with well-known extensibility criteria, global boundedness for lo-
cal classical solutions of the system (3.6.1), defined in € x (0, Tix), is achieved by
controlling ||u(-,t)||zr(q) and [|Vv(-,t)||Ls) on (0, Thax), and for p, ¢ large enough. In
particular, if we refer to [49], such boundedness relies on the ensuing
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Proposition 3.6.3 ([49, Proposition 3.1]). Let n > 2 and (ug,vo) satisfy (3.6.2).
Suppose that D, S and f fulfill (3.6.3) and (3.6.4). If0 < £ < 1, m and « are
constrained by assumption (3.6.5), then for all p € [1,00) and each q € [1,00), there
exists C' = C(p,q,m,my,a,f) > 0 such that

|u(-,t)||ze) < C and ||Vo(-,t)||pa) < C for all t € (0, Tiax)-

Unfortunately, the proof of this proposition contains an error in the case ¢ € (0 L ):

specifically, in [49, (3.1) in Section 3] it is claimed that for any 0 < ¢ < 1 it is possible

to find s € [1, ﬁ) such that

1

1 1
(——<-<1l4+—-——-m—a. (3.6.8)
n S n

If from the one hand for ¢ € [£,1] such a relation and (3.6.5) fit, from the other hand
they do not when ¢ € (0, %), and some counterexamples of (3.6.8) can be encountered.
For instance, the triplet (M, a, () = (1,%, 5-) is adjusted to (3.6.5), but oppositely it

n’ 2n
implies that (3.6.8) is rewritten as —5- < 1 < 0, not satisfied for any s > 1. Since
relation (3.6.8) is crucial in the derivation of Proposition 3.6.3, the machinery to show
[49, Theorem 1.1], of the item (I) above, misses its validity for £ € (0, 1).

n

3.6.3. Correction of the gap and proof of Theorem 3.6.2

1

As specified, we can only confine to the case ¢ € (0, 5). By putting ¢y := %, we

note from (3.6.7) that

. 2
m+a+ly <1+ —. (3.6.9)
n

Hence we can fix s € [1,00), rigorously s € (%, oo) (see Remark 3.6.1 below), such
that
1 1 1
O=lh——<-<1l+—-——m—a. (3.6.10)
n s n
We next pick p > p and ¢ > G, where p and G are defined as in [49, Section 3|, and set

PP+
o(z) = /0 /0 Tdadp for z > 0.

We can derive [49, (3.9)] unconditionally, that is, we can find C} = Cy(q) > 0 such
that on (0, Thayx) the local solution of problem (3.6.1) complies with

1 d/ 9 q—l/ 9
-— Vol dx + VIVul?|* dz
.t Q| | 7 Q| [Vol|
< I? (z(q—1)+g>/u%yvv\2@—” d:l:+(01—2)/ Vo[ du. (3.6.11)
Q Q
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From the condition ¢ < {3 and Young’s inequality it follows that for all ¢ € (0, Tjax)

/u%\VvP(q_l) dx
Q
<f/ 2€o|vv|2q 1)d$+<1——)/|v |2q 1)
0
Q
< £/u%\VvP(q_l) dx + (1—£> {(1——) / ]Vv\zqu+u].
by Jo fo q Q q

Therefore, by plugging this inequality into (3.6.11), we obtain Cy = Cs(q) > 0 and
C3 = C3(q, |©2]) > 0 providing

th/|VU

< Og/u%%vu\?(q—” d:v+02/ |Vu|29dz 4+ Cs  on (0, Tax)- (3.6.12)
Q Q

dx

Since £y = * € [1,1] and (3.6.9) holds, we can estimate the first term on the right-hand
side of (3.6.12) as in the proof of [49], so arriving at [49, (3.19)], with C}; involving
also the constant Cs. Finally, thanks to relation (3.6.10), we complete the proof by
similar arguments to those employed in [49, Proposition 3.1]. O]

Remark 3.6.1 (Comparison between [49, Theorem 1.1] and [10, Theorem 2.1]). The
proof of [49, Proposition 3.1] relies, inter alia, on the conservation of mass prop-

erty |lu(-, )|z fQ up(z)dr = My for all t € (0, Thax), as well as on the bound
[v(-, O |lwrs (o) g C, valid for any s € (%,m), throughout all ¢t € (0, T ,ax) and

for some C' = C(s,¢) > 0. The first is obtainable by integrating over (2 the equation
for u in (3.6. 1) For the second, Neumann semigroup estimates, in conjunction with
Jao f( )i < Li My, entail for some Cy > 0, > 0, and all t € (0, Tynax) and £ < p <1

t
HU<',t)”W1’S(Q) < CO|\UOHW1,5(Q)+CO/ (t—r)—p—a(é )e u(t Hu( T)HL%(Q) dr.
0

Conversely, in [10, Lemma 3.1] only a uniform bound for v(-,¢) in W™(2) and for any

0<l< % is derived. Subsequently, since 0 > n, one concludes that for s close

_n__
'I”Le—l)+

enough to the succeeding Wh*-estimates involving v, have to play a sharper

n
(nt-1)4°
role on the final result than the W1l™estimates do. This is reflected on condition

(3.6.5), milder than (3.6.6).
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Part 11

Finite-time blow-up in quasilinear
Jager—Luckhaus systems with
logistic source and nonlinear

production
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Chapter 4

The case of nondegenerate diffusion

4.1. Introduction

In this chapter we consider the following quasilinear Jager—Luckhaus system with
logistic source and nonlinear production:

u =V - (Dw)Vu) = V- (S(u)Vv) + Au — pu®, €, t>0,

Vu-v=Vv-v=0, x e, t>0, o
u(z,0) = ug(x), x € (),

where 2 C R" (n > 1) is a bounded domain with smooth boundary 9€2; A > 0, u > 0
and k> 1; D, S € C*([0,00)) and D(0) > 0; f € Uge (o) Clae([0,00)) N C((0, 00));

M(t) = ,—é, / f(ula, ) da

v is the outward normal vector to 982 ug € Use(o C#(Q) is nonnegative. Here, D, S
and f are functions generalizing the prototypes

D(u) = (u+1""  Su)=uu+1)*" and f(u)=1u’
with m € R, a > 0 and ¢ > 0.

The system (4.1.1) describes a motion of cellular slime molds with chemotaxis, and
the unknown function u = wu(z, t) denotes the density of cells and the unknown function
v = v(z,t) represents the concentration of the chemical substance at place = € 2 and
time ¢ > 0. This system is one of many types of the Keller-Segel system

{ut:Au—V'(va)y z el t>0, (4.1.2)

v = Av — v+ u, re t>0,
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which was proposed by Keller and Segel [23]. A number of variations of the original
system (4.1.2) and related results for blow-up (in the radial setting) and boundedness
are introduced in [1, 16, 26]:

e We first focus on the quasilinear Keller—Segel system,

u =V - (Dw)Vu) = V- (S(u)Vv), z€Q, t>0,
v = Av — v+ f(u), reQ, t>0,

where 7 € {0,1}. When f(u) = u, in the parabolic-parabolic setting (7 = 1),
Tao and Winkler [50] showed that solutions are global and bounded under the
conditions that g((z)) < cu? with ¢ < % and ¢ > 0 and that € is a convex domain;
Ishida, Seki and Yokota [18] removed the convexity of (2; whereas Winkler [56]
proved that solutions blow up in either finite or infinite time when % > cuf with
q> % and ¢ > 0; in the parabolic—elliptic setting (7 = 0), Lankeit [25] proved that
solutions remain bounded in the case q < % and that unbounded solutions are
constructed in the case ¢ > 2. When 7 = 1 and D(u) = 1, S(u) = u and f(u) =
u’ with £ > 0, Liu and Tao [28] established global existence and boundedness
under the condition that 0 < ¢ < 2; in the case that D(u) = (u+ 1)™! and
S(u) = u(l +u)* ! with m € R and a € R, it was shown that solutions are

bounded under the condition o — m + max {ﬁ, %} < % in Chapter 3.

o We next review the quasilinear Keller-Segel system with logistic source,

u =V - (Dw)Vu) = V- (S(u)Vo) + A — pu®, z€Q, t>0,
v = Av — v + f(u), ref, t>0,

where A > 0, u > 0, kK > 1 and 7 € {0, 1}. Blow-up phenomena in this system are
suppressed when x > 2 and f(u) = u. Indeed, in the parabolic—parabolic setting
(1 =1), when D(u) =1 and S(u) = u, Winkler [55] derived that solutions exist
globally and are bounded if p > 0 is so large and x = 2; When D(u) = (u+1)™"!
and S(u) = u(u+1)*"! with m € R and « € R, global existence and boundedness
were obtained if A = =1, k =2 and 0 < « —m +1 < ;3= by Zheng [67]. In
the parabolic—elliptic setting (7 = 0), when D(u) = 1 and S(u) = u, Tello and
Winker [51] showed that solutions exist globally and are bounded in the cases
that x = 2 and p > max {0, 22} and that k > 2 and g > 0; when D(u) = u™!
and S(u) = u® for all u > 1 with m > 1 and a > 0, Zheng [66] proved global
existence and boundedness in the cases that k > 1 and o + 1 < max {m + %, /{}

and that k > 1, a+ 1 = k and pu > po for some pg > 0. On the other hands,
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in the parabolic—elliptic setting, it is known that blow-up occurs under the some
conditions for k > 1 when f(u) = u. When D(u) = 1 and S(u) = u, Winkler
[60] presented that if 1 < x < I (n € {3,4}) and 1 < r <1+ m (n > 5),
then solutions blow up in finite time; similar blow-up results were obtained in
the case that D(u) = (u+1)""! and S(u) = u(u+1)*"! with m > 1 and a > 0

(see [2] and Chapters 2 and 3).
We turn our eyes into the quasilinear Jager—Luckhaus system

u =V - (Dw)Vu) = V- (S(u)Vv), €, t>0,
0=Av— M(t) + f(u), x e, t>0.

A simplification of this system was introduced by Jéger and Luckhaus [21]. When
D(u) = (u+1)""! withm € R, S(u) = v and f(u) = u, Cieslak and Winkler [9]
derived global existence and boundedness in the case 2 — m < % and finite-time
blow-up in the case 2 —m > 2; when D(u) = (u+1)""" and S(u) = u(u+1)*""
with m <1 and o € R as well as f(u) = u, Winkler and Djie [63] proved that
solutions are global and bounded if « — m + 1 < %, whereas finite-time blow-up
occurs if & —m +1 > 2; when D(u) =1, S(u) = v and f(u) = u* with £ > 0,
Winkler [59] showed that solutions exist globally and remain bounded in the case
l < % and that there exist solutions which are unbounded in finite time in the
case { > 2; when D(u) = (u+1)""', S(u) = v and f(u) = u* with m € R and
¢ > 0, global existence and boundedness were established if / —m + 1 < % by
Li [27]. Moreover, in [27] it was asserted that finite-time blow-up occurs under
the condition that £ —m + 1 > % However, this condition should be repaired
because from assumptions of [27, Lemma 3.5] we can obtain the condition that

2
¢—(m—1); >—, where (m—1); :=max{0,m —1}; (4.1.3)
n

when D(u) =1, S(u) = u(u+ 1)*! and f(u) = u’ with o > 0 and ¢ > 0, Wang
and Li [53] derived the critical value v + ¢ — 1 = 2.

In the system (4.1.1), when D(u) = 1, S(u) = v and f(u) = u, Winkler [57]
showed that if 1 < k < 3 + ;=15 (n > 5), then there exists a solution blowing
up in finite time; a similar blow-up result was obtained in the case that D(u) =
(u+1)""! with m > 1 in [2]; furthermore, Fuest [13] showed that solutions blow
up in finite time under the conditions that 1 < £ < min {2, 2} and x> 0 (n > 3)

and that k = 2 and p € (0,2=%) (n > 5); in the two dimensional setting and

k = 2, global existence and boundedness were established when fQ uy < 8,
whereas finite-time blow-up occurs when [, ug < mq with mg > 87 in [12].
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In summary, in [2, 12, 13, 57], blow-up results were derived in the chemotaxis
system with logistic source and linear production. However, boundedness and blow-up
results were not obtained in the quasilinear Jager—Luckhaus system with logistic source
and nonlinear production (when D(u) = 1 and S(u) = wu, recently, Yi, Mu, Xu and
Dai [65] derived the blow-up result under the condition that £+ 1 > & (1 + %))

Our aim of this chapter is to present conditions that solutions of (4.1.1) are bounded
or blow up. Before we state the main results, we give conditions for the functions D,
S and f as follows:

D € C*([0,00)) is positive, (4.1.4)
S € C*(]0,00)) is nonnegative and nondecreasing
and
/e U o ( )N CY((0,00)) is nonnegative and nondecreasing. (4.1.6)

B8e(0,1)

We now state the main theorems. The first one asserts boundedness of solutions.

Theorem 4.1.1. Let Q C R™ (n > 1) be a smooth bounded domain, and let § € (0, 1],
meR, >0, A>0,p>0,&>1andl>0. Assume that ug € Ugeo 1) Ch(Q) is
nonnegative and D, S and f satisfy (4.1.4), (4.1.5) and (4.1.6) as well as

D(&) > Cp(E+0)™!,  S(€) S Csé(E+0)*" forall€>0 (4.1.7)
and
f&) < LE" forall§ >0 (4.1.8)
with Cp > 0, Cs > 0 and L > 0. If one of the following cases holds:

2
a+ ¢ < max {m—l——,/i} and >0, (4.1.9)
n

n(a+£€—m)—2
20— 1) +n(a+ ¢ —m)

at+l=~r and p > CsL, (4.1.10)

then there exists an exactly one pair (u,v) of functions
Vem@xmmmmmﬁx@m»
v € Nysn CO([0, 00); WH9(€2)) N C20(Q x (0, 00))

which solves (4.1.1) classically. Moreover, the solution (u,v) is bounded in the sense
that there exists C' > 0 such that

[uls Ol L) < C
for all t € (0,00).
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We next state a result such that solutions blow up in finite time.

Theorem 4.1.2. Let Q := Br(0) C R™ (n > 1) be a ball with some R > 0, and let
de (0,1, meR,a>0, A>0, u>0,x>1and ¢ >0. Assume that D, S and f
satisfy (4.1.4), (4.1.5) and (4.1.6) as well as

D(&) < Cp(E+0)"Y, S(€) > Cs&(E+0)*™" forall€ >0 (4.1.11)
and
f(&) > Le" forall€ >0 (4.1.12)
with Cp >0, Cs >0 and L > 0. Suppose that
a + ¢ > max {m—l—%/ﬂ,/ﬁ}, ifm >0, (4.1.13)
or Oc+€>max{%fi,fi}, if m < 0. (4.1.14)

Then for all My > 0 there exist g € (0, My) and r, € (0, R) with the following property:
If

0<u € U C?(Q) is radially symmetric, nonincreasing with respect to |z
pe(0,1)
(4.1.15)

and
/ up(z)dx = My and / uo(z) dx > My — €, (4.1.16)
Q Br, (0)

then there exist T* € (0,00) and an exactly one pair (u,v) of functions
{u € COQ x [0, 7)) N C>1(Q x (0,T%)),
V€ Nyon CO[0,T%); Wh1(Q)) N C?0(Q2 x (0,T*))
which solves (4.1.1) classically and blows up in the sense that

lim

t )T
Remark 4.1.1. As to Theorem 4.1.1, letting £ — 1 implies that the condition (4.1.9)
is reduced the condition

u(-, t)HLoo(Q) = OQ.

2
Oz—|—€<max{m—|——,1},
n

which is a generalized condition such that solutions remain bounded in [27, 53, 59].
Also, as to Theorem 4.1.2, we see that the condition (4.1.13) with m =1 and k — 1 is
a generalized condition such that solutions blow up in finite time in [53, 59].
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ifm>0

?

m—14+—,0

(4.1.17)
(4.1.18)

whereas we can

2
n?

we see from (4.1.3) that ¢ >
1.18) that £ > {2 —1,0}. Thus the condit

2
n?

(4.1.17)

10ns

2.)

[27]. (See Figures 4.1 and 4.

ion in

t

i

41.3)

(

)

1

1 and o =

7m:

n>3

Figure 4.4
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€>max{—1+—,0}, if m < 0.
n
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The proofs of Theorems 4.1.1 and 4.1.2 are based on those in [59]. As to the proof
of Theorem 4.1.1, our purpose is to establish an LP-estimate for u. In order to obtain
an LP-estimate we consider three cases. With regard to the proof of Theorem 4.1.2, we
first define the mass accumulation function

1

w(s,t) ::/ p"tu(p,t)dp for s € [0, R"] and t € [0, Tnax),
0

where s := 7" for r € [0, R], and transform the system (4.1.1) to the parabolic equation

wy = nZs%%D(nws)wSS — lSLS’(TMUS)Wf(t)
n
4 %S(nws) / F(nws(o,1)) do
0

S
+ Aw — n”_l,u/ w (o, t) do.
0
Next, we introduce the moment-type functional

o(t) == /080 s 7(sp — s)w(s,t)ds

and the functional s
Y(t) == / s177 (59 — s)w* (s, t) ds
0

with some sy € (0, R") and y € (—o0, 1). Using the above functionals and monotonicity
of wg(+,t), we will deduce the super-linear differential inequality

(b/ Z Cl¢a+g — Co,

where the monotonicity is derived as in [2, 59] by making use of a structural advantage
of the second equation in (4.1.1). Also, in order to attain the inequality we will apply
the inequality

) > 30"t

(in [65] the inequality ¢ > c4¢1T+Z with some ¢4, > 0 was obtained). Moreover, in the
case m = 0, by using the estimate

1
log(a+ ) < —a® + 5
5

for all € > 0 with some ¢5 > 0, we can improve the condition (4.1.3) to the conditions
(4.1.17) and (4.1.18).

This chapter is organized as follows. In Section 4.2 we recall local existence and
show Theorem 4.1.1. In Section 4.3 we prove Theorem 4.1.2 and give open problems.
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4.2. Blow-up prevention

In this section we derive global existence and boundedness in (4.1.1). We first
introduce a result on local existence of classical solutions to (4.1.1). This lemma can
be proved by a standard fixed point argument (see e.g. [63]).

Lemma 4.2.1. Let Q C R™ (n > 1) be a smooth bounded domain, and let A >0, > 0
and k > 1. Assume that

Uy € U C?(Q) is nonnegative
Be(0,1)

and D, S and f fulfill (4.1.4), (4.1.5) and (4.1.6). Then there exist Tyax € (0,00] and

a unique classical solution (u,v) of (4.1.1) satisfying

u € C%Q x [0, Tiax)) N O x (0, Thax)),
v E ﬂq>n CO([O, Thnax); Wl’q(Q)) N 0270(5 X (0, Tinax) )-

Moreover, u > 0 in Q x (0, Tiax) and

if Thax < 00,  then t lim ||u(-, )| pee () = o0.

If ug is radially symmetric, then so are u(-,t) and v(-,t) for all t € (0, Thax)-

In the following we assume that Q@ C R" (n > 1) is a smooth bounded domain and
5 (0,1], meR, >0, A>0,u>0 k>1and ¢ > 0. Also, we suppose that
D, S and f satisfy (4.1.7) and (4.1.8). Moreover, let (u,v) be the solution of (4.1.1)
on [0, Thax) as in Lemma 4.2.1. We next recall the following lemma which is obtained
from the first equation in (4.1.1).

Lemma 4.2.2. The classical solution u satisfies that

/Qu(x,t) dz < M, := max {/Quo(x) dz, (2|Q|“‘1)K11} (4.2.1)

for all t € (0, Thnax)-

Proof. Integrating the first equation in (4.1.1) and using Hélder’s inequality, we have

d K
—/ud:cg)\/udx—MQP” </udx>
dt Jo Q Q

for all ¢ € (0, Thyax). By an ODE comparison argument we attain (4.2.1). O
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In order to see global existence and boundedness of solutions it is sufficient to make
sure that for each nonnegative initial data uo € (Jse( 1) CP(Q) and for any p > 1 we
can take C'= C(p) > 0 such that

/ uP(z,t)de < C for all t € (0, Tiax)- (4.2.2)
Q

In the following subsections we will prove (4.2.2) in three cases as follows:
e Case 1. a+€<m+% and p > 0.
e Case 2. a+ /¢ < kK and > 0.

e Case 3. a+{ =k and pu > 2(;1(%1@;(2‘53”1) CsL.

4.2.1. Case 1. a+€<m+% and p > 0.

In this subsection we derive (4.2.2) under the condition that a + ¢ < m + 2 and
> 0.

Lemma 4.2.3. Let > 0 and assume that m € R, a > 0 and ¢ > 0 satisfy
2
a+l<m+—. (4.2.3)
n

Then for any p > max {1,2 —=m,2 — (a+£),2(1 —m) + (2 — 1) (o + € — 1)} there is
C=CQ,m,a,\ p, kL, L6 p Cp,Cs) >0 such that

/ uP(z,t)de < C (4.2.4)

for all t € (0, Thnax)-
Proof. By virtue of the first equation in (4.1.1) and D(u) > Cp(u + §)™!, we have

(u + )P dx < —p(p — 1)C’D/(u + )P 3 | Vul? da

dt o

+p(p—1) /Q(u + 6)P72S(u)Vu - Vo dw

—l—p)\/ (u+5)p*1 dx —p,u/ “(u+ 8P da

p+m_1 /|V +5

— \Y SP2S(€)dE ) - Vud
-0 [V ([ orrsie i) - voas
A 5P d — “(u+ 8Pt d
+p /Qu(u—l— ) x p,u/Qu (u+9) x
=L+1L+I3+1, (4.2.5)

|2d:)3
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for all ¢ € (0, Tihax). Noting from S(€) < Cg(€ 4 6)® and p > 1 — « that

/ (€4 0PRS(€) de < O /u<5+5>p+“dss % (uy s,

0 0 pta-—1

from (4.1.8) and the second equation in (4.1.1) we can obtain

=1 [ ([ €rors©a)soa

p<p - 1>CS pta—
< };17;jji‘/£(u‘F5)+ 'f(u) da
< plp —1)CsL / (u+ 8)Prott—1 gy (4.2.6)
Q

pt+ta-—1

for all t € (0, Thax). As to I3 and Iy, since we see from elementary calculations that
there is € > 0 so small such that (u+ 6)" < (1 + ¢)u” + C.J, where

k—1
C. = 0 : > 0,
1—(14¢) "1

we can observe

Is+ 1y
C.
< pA §)P~t d — p“/ S+t dp 4 28 /5 5P d
<p /Qu(u—i—) e Q(u—l—) 1L'+1+€ Q(u—ir) T
< C. / (u+6)Pdx — 1T /(u + 6Pt dy (4.2.7)
Q €Ja
for all t € (0, Tinax), where C. := max {pA, %} > 0. From (4.2.5)—(4.2.7) we have
d
pr (u + )P dx
/ V(u+0) 5 Py 4 BEZUEE [ gyt
p —|— m — 1 p+a—1 Jqo
+C. / u+0)Pdr — PR (u+ 6P de (4.2.8)
1+e¢ Q
for all ¢ € (0, Tinax). Here, let
ptm—1 p+m—1
0 — 2 2(p+a+0—-1)
o m—1 )
T
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By means of

p>maX{12 m—22—(a+€) (1— )+<g—1)(06+£—1)},

we see that 6 € (0,1). Thus we can apply the Gagliardo—Nirenberg inequality to find
¢ = c1(2,m,a,f,p) > 0 such that

2(pta+ti—1)
p+m—1

/ (1 + S)PHO Y g — [[(u 4 6)2
Q

pml

2(ptote—1)

—0
@ llw+9)

p+m 1 72(19-&-04-}—2 1)(1 9)

H p+m 1

< ¢||V(u+ (5) i .

2(pta+e—1)

Pt 4.2.9
I (129)

pimot

+ c1|[(u+6)

for all ¢ € (0, Thnax). Moreover, thanks to (4.2.3), we obtain

2(p—|—oz—|—£—1)0 pra+l—2
p+m—1 llp+m—2+2)

< 2.

Therefore, noticing from Lemma 4.2.2 that fQudx < M,, from (4.2.9) and Young’s
inequality we can take co = co(Q2, m, o, A\, i, K, ¢, L, 9, p, Cp, Cs) > 0 such that

p(p—1)CsL /(u+ 5)p+a+€—1 de
Q

p+a—1

< L /\V+
p+m—1

for all £ € (0, Tinax). A combination of (4.2.8) and (4.2.10) yields that

(4.2.10)

(u+5)pdx<0/(u+5)pdz— pu /(u+5)p+“_1dﬂc+02
Q

dt Q 2(1+¢)

for all ¢ € (0, Thax). By Holder’s inequality there exists c¢3 = ¢3(Q2, m, a, i, K, £, p) > 0
such that

ptr—1

m+5VM%ﬂg<Lw+5Vm> ’ + ¢

(u—|—5)pdx<0 /

dt o

for all t € (0, Thax). Noting the fact that p++71 > 1, this inequality yields (4.2.4) by
an ODE comparison argument. ]
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4.2.2. Case 2. a+ /(¢ <k and p > 0.

In this subsection we show (4.2.2) under the condition that o + ¢ < k and p > 0.

Lemma 4.2.4. Let p > 0 and assume that o > 0, kK > 1 and £ > 0 satisfy
a+l <k (4.2.11)

Then for any p > 1 there exists a positive constant C' = C(Q, a, A\, p, k, ¢, L, 6, p, Cs)
such that

/ uP(z,t)de < C (4.2.12)

for all t € (0, Thnax)-

Proof. We know from (4.2.8) that there exist ¢ > 0 and C. > 0 such that

c;lt (u+0)P dx
/|v 4+ 4)" 1]2d:c+M/(u+6)p+a”ldw
p+m—1 p+a—1 Jq
+(1/Q(u+5)pda:—% Q(u+5)1”+”—1 da (4.2.13)

for all ¢ € (0, Thax). By virtue of (4.2.11), we have
pta+l—1<p+r—1.

Thus, by using Young’s inequality, we can find ¢; = ¢1(Q, a, p, &, ¢, L, 0, p, Cs) > 0 such
that
plp —1)CsL
p+a—1

ptra+i—1 pM pt+r—1 4214
/Q( u+0) dx < ST >/Q(u+5) dr + ¢ (4.2.14)

for all ¢ € (0, Tynax). Therefore, combining (4.2.14) with (4.2.13) and applying Hélder’s
inequality, we can make sure that there exists a positive constant co = co(£2, i, K, p)
such that

ptr—1

jt (u+5)pd:c<C'/u+5pdx—c2</(u+5)pdx> ’ +c
Q

for all ¢ € (0, Tiax). Accordingly, we see that (4.2.12) holds. O
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4.2.3. Case 3. a+/=r and u > 2(@71—((11)—:67:(21—1)—23711)051;'

To prove (4.2.2) under the condition that o + ¢ = x and p > Q(Ot"_(f‘)i:(;"iﬁm) CsL

we first derive the LP-estimate for some p < 1 + —£—.
(CsL—p)+

Lemma 4.2.5. Let > 0 and assume that a > 0, k > 1 and { > 0 satisfy a + ¢ = k.
Then for any
aj
pe (1, 1+ —)
(CsL — p)+
there exists C' = C'(, a, A\, pi, &, L, p, Cs) > 0 such that

/up(:v,t) de < C
Q

for all t € (0, Thnax)-

Proof. Since the condition p < 1+ ﬁ implies that
—1)CsL
p(p ) > —pp < 07
pta—1

we can take € > 0 small enough such that

plp—1)CsL  pu
p+a—1 1+e¢

< 0.

Thus we see from (4.2.8) that there exists C. > 0 such that

d
= P
o Q(U—I—(S) dx

4p(p— 1)CD / prm—1 o ~ /
<——7——F— [ [V(u+9) 2 dr+C. [ (u+6)Pdx
o (w9

_( i _p(p—l)CsL)/(u+5)p+ﬁ_1dx
1"‘5 p+CY—1 Q

for all t € (0, Thax). By Holder’s inequality, we obtain ¢; = ¢1(Q, o, i, k, L, p, Cs) > 0
such that

pt+r—1

d ~
— u+(5pdx§6’8/

(u+ 0y dz — e (/Q<u+5)pdx)

for all ¢t € (0, Thuax), and thereby we can arrive at the conclusion. O

Next we establish the LP-estimate for any p > 1.

89



Lemma 4.2.6. Assume thatm e R, « >0, >0, k > 1 and ¢ > 0 satisfy

n(oa+€—m)—2

(= d
ot reoan 'u>2(oz—1)—|—n(oz—|—€—m)

OsL. (4.2.15)
Then for any p > 1 there exists C = C(Q2, m,a, A\, u, k, ¢, L,0,p, Cp,Cs) > 0 such that
/ uP(z,t)de < C (4.2.16)

Q

for all t € (0, Thax)-

Proof. The second condition of (4.2.15) yields that

<1+ﬁ>—g(a+é—m)>o.

Hence we can pick some pg € (g(a +0—m), 1+ m) Thanks to Lemma 4.2.5,

we see that there exists ¢; = ¢1(Q, a, A\, i, K, £, L, p, Cs) > 0 such that

/ u? dx < ¢ (4.2.17)
Q
for all ¢ € (0, Tiax). Moreover, we choose
n
p>max {po,po+1—mpo+1—(a+0,50-m+(5-1) (@+l-1)]

and take ¢ > 0 and 65 > (0 such that (4.2.8) holds. Applying the Gagliardo—Nirenberg
inequality, we have

2(ptatel—1)
p+m—1

/ (w4 )P g — [[(u 4 6)2
Q

Lo prmT (Q)

2(pta+b-1) 5 2(pta+e—1)
p+m 1 ptm—1 ptm—1 (1- 6)

() H(u + (S) I +2p0 I(q)
pFm—

2(pta+£—1)
p+m—1

+ el (u 4 8)"

2pg
Lr+tm=1(Q)

for all ¢ € (0, Tiyax) With some ¢y = co(2,m, , £, p) > 0, where

ptm—1 p+m—1
A 2po (P+a+€*1)
0= —fm — € (0,1).
C2p0 _'_ n 2
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Here, we note from py > 4 (a + ¢ —m) that

2(p—|—oz—|—€—1)9~_

2
p+m—1
JHa_%_l_(w+2_1>
- Ppo Ppo n
o ptm=1 , 1 1
2po +n 2

atl—m _ 2
_ Po n
T ptm—1 __l

2po 2
< 0.

Therefore, by making use of (4.2.17) and Young’s inequality, we can find a constant
c3=c3(Qm,a, N\, pu,k, 0, L, 5, p,Cp,Cs) > 0 such that

-1 L
pf_‘_a)ci /(u+5)p+a+€—1 dl’
- Q
< 2= 1Cp p+m_1 /|v +6) 25 2 da + o (4.2.18)

for all ¢ € (0, Tipax). From (4.2.8) and (4.2.18) we infer that

G |wrora<c /(u+5)pdx— e /(u+5)p+”_1 dz +
Q

Q +é

for all ¢ € (0, Tipax), which implies that (4.2.16) holds. O

4.2.4. Proof of Theorem 4.1.1

In this subsection we complete the proof of boundedness.

Proof of Theorem 4.1.1. Due to (4.1.9) and (4.1.10), we can apply Lemmas 4.2.3,
4.2.4 and 4.2.6. Hence, for any p > 1 we find ¢; = ¢1(Q, m, o, \, i, 5,4, L, 5, p,Cp, Cs) >

0 such that
/ wdr < ¢
Q

for all ¢ € (0, Thax). By the Moser iteration (see [50, Lemma A.1]), we obtain

(-, )] Lo () < o0

for all ¢ € (0, Tax), which concludes the proof. O
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4.3. Finite-time blow-up

In this section we show Theorem 4.1.2. In the following let Q := Bp(0) C R"™ (n > 1)
be a ball with some R > 0 and let A > 0, u > 0 and k > 1. Also, we suppose that
D, S and f fulfill (4.1.4), (4.1.5) and (4.1.6), respectively, and ug satisfies (4.1.15).
Moreover, introducing r := |z|, we denote by

(u,v) = (u(r,t),v(r,t))

the radially symmetric local solution of (4.1.1) on [0, T1,.x). Based on [21], we define
the mass accumulation function w such that

1

w(s,t) := / " tu(p,t)dp for s € [0,R"] and t € [0, Thax)- (4.3.1)
0

This implies that

1
wy(s,t) = —u(si,t)
n

and 1
. 19 1
Wes(8,t) = 55" up(sn,t)

for all s € (0, R") and t € (0, Tyyax). Thus we have from the first equation in (4.1.1)
that

wy = n2s> (nwg)wgs — 81_%S(nws)vr + Aw — n”_l,u/ wh(o,t) do (4.3.2)
0
for all s € (0, R") and t € (0, Thyax), and see from the second equation in (4.1.1) that
1_1 _— S 1 s
s nv, = Mi(t)— —— | f(nws(o,t))do (4.3.3)
n nJj
for all s € (0, R") and t € (0, Tyyax). From (4.3.2) and (4.3.3) it follows that
2 1 —
wy > n?s*7n D(nws)wss — —sS(nwg) My (t)
n

+ %S(nws) /OS f(nw,(o,t))do —n"'p /08 wh(o,t) do (4.3.4)

for all s € (0, R™) and ¢ € (0, Trax)-

In Subsection 4.3.1 we give a lemma on radial monotonicity of ws(-,t), which is
derived by making use of a structural advantage of the second equation in (4.1.1), and
recall some lemmas to obtain inequalities for a derivative of a moment-type functional.
In Subsection 4.3.2 we establish some estimates which lead to a super-linear differential
inequality for the moment-type functional. The proof of Theorem 4.3.3 is shown in
Subsection 4.3.3. Finally, we give open problems in Subsection 4.3.4.

92



4.3.1. Radial monotonicity of solutions and some inequalities
related to a moment-type functional ¢

We first derive the concavity of w.

Lemma 4.3.1. Assume that uy satisfies (4.1.15). Then
up(r,t) <0 forallr € (0,R) and t € (0, Tiax),
that is, for w as in (4.3.1)
wes(s,t) <0 forall s € (0,R") and t € (0, Tiax)-

Proof. By an argument similar to that in the proof of [59, Lemma 2.2] or [2, Lemma
5.1], we can prove this lemma. O]

Given sp € (0, R") and v € (—o0, 1), we set the moment-type functional

o(t) :== /OSO s (sp — s)w(s,t)ds fort € [0, Thax)-

Here, we note that
¢ € C°([0, Tmax)) N C((0, Trnao))-

Moreover, we introduce the functional
50
D(t) = / (50 — )t (s, £)ds for ¢ € (0, Tom)
0

and

(1 =7)(2=7)wn

where M, > 0. The choices of ¢, ¥ and S, as well as the underlying overall strategy

S¢ = {t € (O,Tmax)

o(t) > o — 50 }

closely follow the approach in [59]. However, in our method we do not use a set Sy,
defined in [59]. Next we state the following two lemmas which can be shown as in [59].

Lemma 4.3.2. Assume that ugy satisfies (4.1.15) and let sy € (0, R™) and v € (—o0, 1).

S0 * o+ So
— > . _
w<2,t> - (M* 27(3 ) ) for allt€S¢,,

where M, is defined in (4.2.1).

The following lemma is obtained from Lemmas 4.3.1 and 4.3.2 (for details, see [59,
Lemma 3.2]).
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Lemma 4.3.3. Assume that ug satisfies (4.1.15) and let sy € (0, L] and v € (—o0,1).
Then

Mg(t) < f, + % /S f(nwy(o,t))do  for all s € (0,s0) and t € Sy, (4.3.5)
0
where
o 8n (M, — My + so)
ﬁw_f( 27(3_7)%80:>>0. (4.3.6)

In order to derive a super-linear differential inequality for ¢ we establish an estimate
for ¢/. This method has been developed in [59].

Lemma 4.3.4. Let f fulfill (4.1.12) and let ug satisfy (4.1.15). Let so € (0, £"] and
v € (—00,1) as well as

7<2—%. (4.3.7)
Then
o'(t) > £L/SO s177(sg — 8)S(nw,(s, t))wl(s,t) ds
2 0
- % /080 s'77(s0 — 8)S(nw,(s,t)) ds

50
+ n2/ 32_%_7(30 — 8)D(nws(s,t))wss(s, t) ds
0

—n”l,u/ s 7(sp — $) {/ wh(o,t) da} ds
0 0

= Il +]2+Ig+]4 (438)
for allt € Sy, where f, > 0 is defined as (4.3.6).
Proof. Invoking (4.3.4) and (4.3.5), we have

wy > n232_%D(nws)wss — %sS(nws)
+ %S(nws) / F(nwy(o,1)) do — " / w0, 1) do (4.3.9)
0 0

for all s € (O, %] and t € S4. Here, we note from Lemma 4.3.1 that

ws(o,t) > wy(s,t) (o < s).

Thanks to this inequality and (4.1.12), we see that
S(sw,) / F(nwy(o,1)) do > LS(nw,) / (nw,(0,4))" do > n'LsS(nw,)w'!  (4.3.10)
0 0
for all s € (0, £%] and t € S4. By virtue of (4.3.9) and (4.3.10), we attain (4.3.8). [
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4.3.2. Estimates for the four integrals in the inequality for ¢’

In this subsection, in order to derive different inequalities for ¢ we show estimates
for the four integrals in (4.3.8) by using lower bound for 1. We first provide the
estimate for I; 4+ I in the following lemma.

Lemma 4.3.5. Assume that S and f fulfill (4.1.11) and (4.1.12), and uy satisfies
(4.1.15). Let v € (—o0,1). Suppose that a« > 0 and € > 0 satisfy

a+0>1. (4.3.11)

Then there exist C; = Cy(a, ¢, L,Cs) > 0 and Cy = Cy(R, v, ¢, L,~v) > 0 such that for
any choices of sg € (0, %} ,

]1 + _[2 Z Clw(t) - C’ng_7 (4312)
for allt € Sy.

Proof. We define the function x4 as the characteristic function of the set A and put

o (AR

As to I, noticing that S is nondecreasing, we see that

S0
I = _%/ X{nws(-,t)2€}5177(50 — $)S(nw;) ds
0
fy [ o
— 5, | Xtw(n<cyd (50 — 8)S(nw,) ds
0
Iy [ o
Z = | Xpwaozeys (50— $)S(nw,) ds
0
Ls© [ as d 4313
n () 0 X{nws (-)<C}5 (s —s)ds (4.3.13)

for all t € S4. Moreover, we have

Iy [ _
_%()Mwmwagw%—ﬁﬂmww
f’)’ /80 1— NnNwg ¢
z = C K —s)S s — d
- nJy X{nws(-)>C}5 (80 — 8)S(nws) C S
n@—l S0
2—‘4L/ 5177 (s0 — 5)S(nw,)w, ds (4.3.14)
0
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and

A . LS©)
25O [ N =) ds = T (43.15)

for all £ € Sy. In light of (4.3.13)-(4.3.15), we observe that

1 f’YS(€> 3—v
b bz T e
B ntt R £5(C) 3—
= TL/O 517 (sp — 5)S(nwy)wt ds — 2-0- 7)nso (4.3.16)

for all t € Sy. Recalling (4.1.11), we can obtain
/SO s'77 (s — 8)S(nws)wh ds > nCy /SO s'7(sg — s)(nws +6)*twitt ds  (4.3.17)
0 0
for all t € Sy. If @ > 1, then it follows from (nws 4+ §)* > (nw,)*! that
nCyg /SO s17 (59 — 8)(nws + 0)* Twt T ds > n®Csi)(t) (4.3.18)
0

for all ¢ € S,. Hence, in the case o > 1 a combination of (4.3.16), (4.3.17) and (4.3.18)
yields (4.3.12). On the other hand, if @ < 1, then we can show from the identity
witt = 2w (nw, + § — 0) that
S0
nC’S/ s'77 (59 — ) (nws + 6)* T wt ds
0
S0
= nC’S/ Xinws (02615 (80 — 8) (nws + 6)* twi T ds
0

S0
+ nCS/ X{nws(~,t)<5}51_’y(80 — 3)(nws + 5)a_1wﬁ+1 ds
0

né S0 - .
2 51=aCs / X{mws(-0)z0}5 " (s0 — s)wg ™ ds
0
S0
+ Cs/ X{nws(.,t)<5}81_”(so — 8)(nw, + 8)*w’ ds
0

80
— 503/ Xinws(-0)<535 (80 — 8)(nws + 6)* wl ds
0

67

>

50
S0 [ Xinarzos' ™ (s0 = spu ™ ds

S0
+ naCS/ X{nws(-,t)<5}51_7(80 - S)U);H_E ds
0

S0
— 505/ X{nws(.7t)<5}sl_7(so — s)(nws + 5)a_1w§ ds (4.3.19)
0

96



for all ¢ € Sy. Noting from o < 1 that

l1—a
_ nw _ _ _ _
(nws +6)* 'wl = ( j-d) n T < et
nws

we establish that

50
N 605/ Xpnuy(-1y<sys' " (50 = ) (naws + 6)* 1wy ds
0
50
> —"a_l(]s/ Xinws (<535 (80 — s)wet 1 ds
0

50
> —n*"1Cq / Xinws(-1)<63S' (S0 — ) ds
0

for all t € Sy. From this inequality and (4.3.19) we see that for all ¢ € Sy,
S0
nC’g/ s'7(sg — s)(nws + 0)* twi ds
0

n® n®1Cy
SR O [

Thus, in the case o < 1, from (4.3.16), (4.3.17) and (4.3.20) we attain (4.3.12). O

s, (4.3.20)

Next, we show the estimate for I3. In the case m # 0 the proof of the following
lemma is based on that of [27]. However, in the case m = 0 we use a different estimate
for log(z + 1) for any x > 0 than the one used in the proof of [27, Corollary 3.4].

Lemma 4.3.6. Assume that D fulfills (4.1.11) and ug satisfies (4.1.15). Suppose that
meR, a>0,0>0 and~y € (—o0,1) satisfy
2 a+/l

ifm>0, then a+{>m and 2—— - ———>7, (4.3.21)
n a+l—m

2
if m <0, then 2——>1. (4.3.22)
n
Then there exist ¢ > 0, C; = Cy(m,a,(,0,7,Cp) > 0, Cy = Cy(m,d,v,Cp) > 0,

C3 = Cs(m,a,l,6,7v,6,Cp) > 0 and Cy = Cy(m,0,7,e,Cp) > 0 such that for any
so € (0,£%],

_atl—m 2 m A2
s Ty B () — st T ifm> 0,
_Natl—e 2 - a2
I3 > —035(()3 Rz "hati (t) _0453 T ifm =0, (4.3.23)
A2
—C’gsg T if m <0

for allt € Sy.
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Remark 4.3.1. In this lemma, the constants C; > 0 and C3 > 0 depend on J.
However, in the case m > 0, we can take them which are independent of §.

Proof. We have from (4.1.11) that

S0
I3 > nZCD/ 52’%’7(30 — 8)(nw, + 6)™ tw,, ds
0

=nCp /050 32_%_7(30 - s)di; {/Onws(f + )™t d{} ds

for all t € Sy. Since it follows that

(1
—(nws + §)™ if m >0,
m

/ S(f + 8)™ 1t d¢ < { log(nw, + &) — logd if m =0,
0

1
——m if m <0,
' m

we obtain from integrating by parts that

if m >0,

|
|3
Q
e
P
)
|
|
|
)
~_
c\m
V)
3o
[
2
e
o
|
&
£}
S
»
+
=
3
QL
»

2 %
Is > ¢ —nCp (2 - — - 7) / sl_%_7(30 — s)log (nws + 1) ds it m=0,
n 0 )

2 50
25’”017 (2 - —— 7) / 31_%_7(30 —s)ds ifm<0
n 0
(4.3.24)

for all ¢t € S,. First, we show the estimate (4.3.23) in the case m > 0. By applying the
inequality
(nws + )™ < 2™((nws)™ + 0™),

we know that

S0 S0
/ $R T (50 — 8)(nw, + 0)™ ds < Zmnm/ s 7E T (sg — s)w™ ds
0 0
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for all ¢ € S,. Invoking from (4.3.21) that o7 < 1, we see from Holder’s inequality
that

% 1— ¢ 1—~)atl=—m 2 atl—m
Jl = 9QMmnpm |:8 ’7(80 _ S)wa+ j| a+l S( 20) o+l n (30 — 8) att (s
0

s

atl—m

_m_ 50 1o~y 2. _att a+t
< 2MpMpate(t) - s VT nati=m (59 — s)ds
0

for all t € Sy. Moreover, thanks to the condition 2 — % . af%m > 7y, we can observe

S0 2 atl
1o~n—2._att 3—y—=- o
/ s T Tnlartom (sg — §)ds = 18, "™,
0

where 1
€1 = 2 o+t 2 o+l > 0.
(2_7_5' a-i-zr—m) (3_7_;' oa-&-zr—m)
Thus we establish that
moom SR (B-y)etm 2 m
Jp < 2MnMey T s @ "pati(t) (4.3.26)

for all t € Sy. Also, since

and 0 < 1, it follows that
2o 3-y-2 2m 372
2-7-2)(3—~-2) (2_7_%)(3_7_%)50 . (4.3.27)

In the case m > 0, from (4.3.24)—(4.3.27) we can deduce that

anerlC 2 atl—m (g . yatl—m 2 m
(i (2‘5‘”> oy Ty

Jy =

_ 2m’nCD 83—'y—%
m@B-v-2)"
for all ¢ € Sy, which implies (4.3.23). Next, we confirm that the estimate (4.3.23) holds

in the case m = 0. Due to (4.3.21) with m = 0, we can take € > 0 small enough such

that a4+ ¢ > ¢ and 2 — % . a‘fgfa > ~. Furthermore, we have that

o (75 41) (15 )
L (nws + 0)° — !
£0¢ €
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In light of (4.3.24), we obtain
2 50 2
Iy > —ZC(;SD (2 - — - 7) / s'70 (s — 8)(nws + 0)° ds
0

2 50 2
+ nCp (2 - —— 7) / s'TR T (sp — s) ds (4.3.28)
0

for all t € Sy. As in the case m > 0, we can verify that

_ "% (2 _zl 7) / $7E 7 (50 — 8)(nws + 8)° ds
0

eo® n
28n5+1OD 2 atl—e (377) atl—e 2 e
= R 2_5_7 "™ s L Mepe(t)
QEHCD 3777%

SRt (4.3.29)
for all t € Sy, where
1
BRI R = R
Accordingly, a combination of (4.3.28) and (4.3.29) yields (4.3.23). Finally, in the case
m < 0, we can show from (4.3.24) that

2 5o 2 omC —y=2
ﬁ5"”‘C'D (2 ——— ’y) / s'7w Y (sg — s)ds = ne o 5 so T
m n 0

which concludes the proof. O]

In the following lemma we derive the estimate for I,.

Lemma 4.3.7. Assume that uy satisfies (4.1.15). Suppose that « > 0, K > 1, £ > 0
and vy € (—oo, 1) fulfill

a-+7

a+l>k and 2-— <7y <l (4.3.30)

Then there ezists C1 = Cy(a, p, k, €,7) > 0 such that for any choices of sy € (0, %] ,

(3—) 2ttt

I, > —Cysy | T gar(t) (4.3.31)

for allt € Sy.
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Proof. We apply the Fubini theorem to obtain

/050 (50— 5) {/Osw’;(o,t) da} ds — /0 {/ sy 5) ds}w:(a,t) .

1 50
< = 73(1)_7/0 (so — o)wh(o,t) do
for all ¢ € Sy. Thus we have
nn—llu 1y S0 .
I, > — S0 (so — s)wt ds (4.3.32)
1 —x 0

for all t € S;. Owing to the first condition of (4.3.30), we see from Hélder’s inequality
that

atl—k

/80(80 - S)u]}s‘i ds = /SO [31_7(80 — S)w?—i_q O‘LH . 57(177)%+l(30 — 5) ot (s
0 0

at+l—k
a+4

S wﬁ(t) . (/Oso S,(lfﬁ)m(go — 3) ds) (4333)

for all t € Sy. Here, noting from the second condition of (4.3.30) that

K a+l K
- (1—n)— > 1- 1) 0 =
( fy)oc+€—/<a> ( K >a+€—m 0

we can verify that

[ 20
s ati=r (59 — s) ds = 18, : (4.3.34)
0

where 1
c = > 0.

(1 B <1 B fy)oH»lzfn) (2 - (1 o 7) a+lszi)
Thanks to (4.3.32)—(4.3.34), it follows that

k—1 atl—k 1— 2(oc+€7n)_ K .
]—4 2 _7;{ — 501 t? SO v+ at?l (1 7)a+éwm<t)
K—1 atl—k _atl—k H
= —Gra sy Ty
for all £ € Sy, which implies (4.3.31). O

In the next lemma we establish the estimate for w which is used later.
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Lemma 4.3.8. Assume that uy satisfies (4.1.15). Suppose that a« > 0, £ > 0 and
v € (—o0, 1) fulfill

a+l>1 and 2—(a+¥)<y<l1. (4.3.35)
Then there ezists C1 = Cy(a, £,7y) > 0 such that for any so € (O, %],

at+l4+~y—2

w<87t> < (Chs att (30—8)7%%77/)%%(25)

for all s € (0,s0) and t € S,.

Proof. According to the condition o + ¢ > 1, we have from Hélder’s inequality that

w(s,t) = /0 wy(o,t) do

= / [0 (sg — o) 5T w, (0, 1) - [0 (s — o) a+ do
0
at+l—1

1 f 1y 1 att
S wod»f (t) . (/ o a+l—1 (SO — O') a+l—1 do‘)
0

for all s € (0,s09) and t € S,. Moreover, thanks to the condition 2 — (a+¢) < v < 1,
we see that

S S
_ 1= __ 1 __ 1 _ 1=
/ o ati-1 (SO . O‘) atl—1 do‘ S (30 — S) atl—1 / o atl-1 do‘
0 0

a+l—1 atliy—2 1
= | ———— ]| § ati-1 (50 — 3) at+l—1
a+l+vy—2

Thus we can obtain
at+l—1
(6% + g — 1 att atl+y—2 1 1
n< (2= Tatt (sg — §) atiqhati (¢
we) < (S5t ) S s - g s
for all s € (0,s¢) and ¢t € S,, which concludes the proof. ]

From Lemma 4.3.8 we derive the estimate for .

Lemma 4.3.9. Assume that ug satisfies (4.1.15). Suppose that o > 0, £ > 0 and

v € (—o0,1) fulfill
a+l>1 and 2—(a+¥l)<y<l1.

Then there exists Cy = Ci(av, £,7) > 0 such that for any choices of sy € (0, £],
Y(t) > Crsy VD gt ) (4.3.36)
forallt € Sy.

Proof. By an argument similar to that in the proof of [53, Lemma 3.7], we can show

that (4.3.36) holds. O
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4.3.3. Differential inequalities for ¢. Proof of Theorem 4.1.2

In this subsection we will prove Theorem 4.1.2. To this end, we first derive the
differential inequalities for the moment-type functional ¢ in the following lemma. The
proof is similar to that in [59].

Lemma 4.3.10. Assume that D, S and f fulfill (4.1.11) and (4.1.12). Suppose that
meR, a>0,xk>1and { >0 satisfy that

2
ifm>0, then a4+ ¢ > max {m + —K, /1} , (4.3.37)
n
. 2
ifm <0, then «+{¢> max {—Ii, /1} : (4.3.38)
n
Then there exists € > 0 small enough and one can find v = y(m,a, k,{) € (—o0,1)

and C = C(R,m,a, pu,k, ¢, L,0,7,Cp,Cs) > 0 such that if uy satisfies (4.1.15) and
S0 € (0, %], then

(1 _(3_)(ari— _2 o+l
1 —(3— a _ A2 _att )
d(t) 2 4 5% Bt gatt(py _ 0g0 " TREE i =, (4.3.39)
1 5 anr
— s, (3=7)(a+L 1)¢a+£(t) ng T n ifm <0

forallt € Sy.
Proof. By virtue of (4.3.37), it follows that if m > 0, then

n
1 2 n
> Hl———-— | = 4.3.40
(a+6) (FL n 2/€> ( )
Thus, in the case m > 0 we can find v € (—o0, 1) such that
1 2 l
g ML gz _2F0 (4.3.41)

n a+l—m
Thanks to the relations (4.3.37) and (4.3.41), we know that (4.3.7), (4.3.11), (4.3.21),
(4.3.30) and (4.3.35) hold. In the case m > 0, applying Lemmas 4.3.4-4.3.7, we see
that there exist ¢; = ¢1(«, ¢, L,Cs) > 0 and ¢ = co(R, m, o, p1, k, ¢, L, 6,7v,Cp,Cs) > 0
such that

_ atl—m 2 m a2
¢'(t) > crp(t) — casy T — 023(()3 Vew "pati(t) — 0283 T
_ atl—k "
P s =10, (4.3.42)
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for all t € S4. Here, noting that a4+ ¢ > m and o + ¢ > &, from Young’s inequality we
can obtain ¢; = ¢;(R,m, o, p, k, ¢, L,6,v,Cp,Cs) > 0 (i € {3,4}) such that

_2 _att

3— atl—m 2 m C 3—
s ) S QU0 sy T

and

(3—y)2tioE

K C _
casy - T pari(t) < le(t) + gy 7

In light of (4.3.42), we established that

2. _atl 2. _att 2 m 2. _att

1 3V ariem wari—m , ©3 wari=m , %4 naviom
o' (t) > 5 P(t) — cas, + (50 B e S S G )
Co Co

for all t € Sy. Since 59 < %, there exists ¢5 = ¢5(R, m, o, pu, k, ¢, L, 0,7,Cp,Cs) > 0
such that

2 a+l

() = o) —essy T

for allt € Sy. Moreover, we infer from Lemma 4.3.9 that there exists ¢ = cg(cv, ¢,7) > 0
such that

¢/(t) > C1Ce 85(3—7)(04-1-(—1)@504—&-((1;) _ 6583_7_%'a$2_—£m
- 2

for all t € Sy, which implies (4.3.39) in the case m > 0. As to the case m = 0, due to
(4.3.40), we can pick € > 0 small enough and v € (—o0, 1) such that
a+ /L 2 a+ L

< <2— = —
i n at+l—¢

2

Hence, using Lemmas 4.3.4-4.3.7, we can observe that there are ¢; = ¢7(«, ¢, L, Cg) > 0
and cg = cg(R, o, i, k, 0, L, 0,7,Cp,Cs) > 0 such that

_N\atl—e 2 - 2  Natl—k .
S0 2 erp(t) - esst™ — euss T () - o7 E ool Yy

for all ¢ € Ss. As in the case m > 0, from this inequality we can attain (4.3.39).
Finally, in the case m < 0 we see from (4.3.38) that

(2_2)_<2_a+€):a+€_2
n K K n
2

1 2k
K n n
=0.
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Thus we can take v € (—o0, 1) satisfying

2 —

2
<y<2—-—.

n
By virtue of Lemmas 4.3.4-4.3.7, we can show that there exist cg = co(c, ¢, L, Cs) > 0
and c1p = c10(R, m, o, p, 5,4, L, §,v,Cp,Cs) > 0 such that

A2 A Notl—kK K
¢/(t) 2 691/)(t) - CIOSS_’Y - 01053 T 0108(()3 Mt wTH(t)

for all t € Sy. By an argument similar to that in the case m > 0, from Young’s
inequality and the relation sy < % we obtain ¢ = ¢11(R, o, p, 5,4, L, §,v,Cp,Cs) >0
such that

c a2
?(t) = Fu(t) —ensy

for all ¢ € S,. Thanks to Lemma 4.3.9, we can verify that (4.3.39) holds in the case

m < 0. [

We are in a position to complete the proof of Theorem 4.1.2.

Proof of Theorem 4.1.2. We first consider the case m > 0. Due to (4.1.13), from
Lemma 4.3.10 we can find v € (—o0,1), ¢; = c1(R,m, o, u, 5,0, L,6,v,Cp,Cs) > 0
and co = co(R,m, o, p, 5,0, L,6,v,Cp, Cs) > 0 such that for each uy satisfying (4.1.15)
and sg < %, it follows that

¢/(t) Z 6185(3_7)(a+e_1)¢04+£<t) _ CQS?)_/Y n atl—m (4343)

for all t € Sy. Next we choose sy < % small enough such that

M,
s0< ¢ (4.3.44)
and
2.1 att
séa+£)<1 var) ¢ O ( Mo > . (4.3.45)
200 \2(1 = ¥)(2 — y)wy
Furthermore, we fix gq € ((), 570) so small and take s, € (0, so) fulfilling
M0_50 /so —y MO—SO 9
s (sg — s)ds > sg . 4.3.46
ol A NPT (4:3.40)

We define

1

r, = s € (0,R)
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and suppose that wug satisfies (4.1.15) and (4.1.16). In order to show T < o0,
assuming that T},., = oo, we will derive a contradiction. We set

My —
( 1_7)0(2 fov)w sa7 for alltE[O,T]}. (4.3.47)

Here, we note that S is not empty. Indeed, since we have that for any s € (s,, R")

S = {Te (0, 00) ‘ o(t) >

1 M0—€0

w(S,O)Zw(S*,O):w—/B ()uodl'Z o
n ry (0 n

we see from (4.3.46) that
0
»(0) > / s (so — s)w(s,0)ds

My —eo [
> =0 80/ s 7(sp— s)ds

Wn

MO — S0 2—y
> S
1T=92=7)wy °

Thus we can put T = sup§ € (0,00]. Moreover, we can confirm that (O,f) C Sp.
Owing to (4.3.47) and (4.3.44), we establish that

M

M2 e
for all £ € (0,7). From (4.3.45) it follows that
%35(3_”)(““—1)&”@) N o ( M, >a+£ S*(a”)ﬁ'afﬁm -
6283—7—%-a$ﬂm T 2c0 \2(1 —9)(2 — y)w, 0 -
for all ¢ € (0,7), which implies from (4.3.43) that
§(t) > Lg  GNE@HD gatt(gy > (4.3.48)

2

for all ¢ € (0,7). This inequality yields that T = co. However, from (4.3.48) and
a+ 0 —1>0 we can show that

~ 2 (3=~)(a+l—1)
T< K .
= (atl—1Dagert-1(0)0

As a consequence, we attain that T},,, must be finite. In the cases m = 0 and m < 0,
we can prove that Ty, < oo by an argument similar to that in the case m > 0. O
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4.3.4. Open problems

In [13, 53, 59] the critical values such that solutions are bounded or blow up in finite
time were derived. As to the conditions (4.1.9), (4.1.13) and (4.1.14), we see that if
n >3 and m > 0 as well as ~“5m < &, then max{m+%,n} :max{m—|— %li,li} = K.
Thus we know that the critical value is a + ¢ = k in this case. However, in the cases
that n € {1,2} and that n > 3 and m > 0 as well as -"3m > &, the conditions (4.1.9),
(4.1.13) and (4.1.14) are not optimal. Moreover, the special cases are as follows:

e In the case that m = a = 1, behavior of solutions is an open problem when
max {%, K — 1} </ < %/@ (see Figures 4.5 and 4.6).

1 1
v L L=rmt oy W
finite-time T
blow-up —_— ﬁmte tlme/
2 o / blow-up 77”7~
2|l 2 L
n : . n—2 ’ v
/: : T
/o : : A E—
/ boundedness % F—
// : boundedness —
> K > K
O 1 142 O 1 1+2 o
Figure 4.5: n € {1,2} and m=a =1 Figure 4.6: n >3 and m=a =1

e When m =1 and k < (=) 2) , we have an open question of whether solutions are

bounded or blow up when max {1 + %, /{} <a+4+l<1+ %/ﬁ) (see Figure 4.7).
/

ni

max {1+ 2, r} N //\/blow—up/

0o

1+

A\

0] max{l—i—%,ﬁ} 1—&—%&

Figure 4.7 m =1 and r < =5
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e In the case that « = 1 and ¢ > 0, there is an open problem for behavior of
solutions when n = 1 and max{x — 1,m + 1} < ¢ < max{2x — 1, m + 2k — 1}.
Also, when n > 2 and max{r@'— 1,m— (1 - %)} </{<m-— (1 - %FL), the same
question arises. Moreover, in the case that & > 0 and ¢ = 1, we obtain regions
that ¢ is replaced by « in Figures 4.8 and 4.9.

Y /
//////y//////%/_i—m%—%:—l 71 t=m-—(1-2k)
2 finite-time 7/~ S /—{ ( 2)
7 blow-up 77 Fl=m4+1 =m—(1-7
/ 7 — m finite-time :
o = v~
“— boundedness —— v 1 7 AR A
- —/ k=1 ] bouhdedr.less
=1 : >m
k=2 0 O (1-2)k k-1
Figure 4.8: n=1and a =1 Figure 4.9: n > 2 and a =1
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Chapter 5

The case of degenerate diffusion

5.1. Introduction

In this chapter we study occurrence of finite-time blow-up (it will be called blow-up
throughout for short this chapter) in quasilinear degenerate Jager—Luckhaus systems
with logistic source and nonlinear production of the form

u = Au™ — xV - (u*Vo) + \u — pu®, re, t>0,
0= Av — My(t) +uf, x e t>0,

where 0 := Bgr(0) C R" (n € N) be a ball with some R > 0; m > 1, x >0, a > 1,
A>0,u>0,k>1and/¢>0;

M(t) :== ﬁ/ﬂug(x,t) dx;

the function u = wu(z,t) denotes the density of cells, and v = v(z,t) shows the con-
centration of the chemical substance. The powers m and « describe the strengths of
the diffusive and chemotactic effects, respectively. A quasilinear chemotaxis system
with such porous medium-type diffusion was motivated from a biological point of view
(see Szymanska, Morales-Rodrigo, Lachowicz and Chaplain [42]) and such quasilinear
generalizations were introduced by Hillen and Painter [16] and studied by e.g. Tao and
Winkler [50]. Also the logistic source Au — pu® represents the proliferation and death
of the cells, and the damping force is given by the power x, and this term appears
in models including population dynamics [16, 40] and pattern formation in bacterial
colonies [64]. Moreover, the power ¢ means the production rate of signal, and with
respect to this term, the linear case (¢ = 1) are usually treated, whereas the actual
mechanism of signal production might be complex, so that the nonlinear production
term was introduced in [28], and investigated in [10, 59] and in Chapter 3, for instance.
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The original model, called Keller-Segel system, was proposed by Keller and Segel
[23] in 1970, and it is written as

{ut =Au—V - (uVv),

vy = AV — v+ u.

Moreover, a number of variations of this system were introduced and investigated in
[1, 16, 26] and the quasilinear Keller-Segel system with degenerate diffusion

{ut = Au" — xV - (u*Vv),

TU; = Av — v + u,

where 7 € {0, 1}, is one of these systems. In systems of this type, there are a lot of
results on behavior of solutions. In the case that m = o = 1 it is known that the
size of initial data determines the behavior of solutions (for instance, boundedness in
[4, 36, 39] and blow-up in [17, 32, 58]). In the case that m # 1 and « # 1 the relation
between m and « affects behavior of solutions. In the case of nondegenerate diffusion,
that is, the case that Au™ and u*Vv are replaced by A(u + 1)™ and u(u + 1)*"1Vu,
respectively, a number of results on blow-up and boundedness of solutions were obtained
(see e.g. [7, 8, 18, 25, 61]). In particular, the borderline between boundedness and
blow-up is the critical value m —a =1 — %, and blow-up results are obtained under
the condition that m —a < 1 — % in the literature. Furthermore, as to the above
quasilinear degenerate Keller—Segel systems, blow-up was derived under the condition
that m—a < 1—2 in [15, 20] (cf. [18, 19, 41] for boundedness). Through these results,
we can understand that solutions blow up when the chemotactic effect is stronger than
the diffusive effect suppressing blow-up. Here, in addition, the logistic source is able
to be considered as the other suppressing effect. Therefore the following question is
raised:

Does blow-up occur in chemotazis systems
even if the systems have logistic source?

A positive answer to this question has been firstly given for a minimal Keller—Segel
system with logistic source by Winkler [60]. After that, for a nondegenerate version of
the system some finite-time blow-up results were obtained in [2] and Chapters 2 and
3. However, to the best of our knowledge there are no results on blow-up in the case of
degenerate diffusion. Therefore we focus on the chemotaxis system mentioned at the
beginning, which has a structural advantage that radial monotonicity of solutions is
derived from the one of initial data.
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Review of blow-up results for the nondegenerate system. We recall some
known results in the following nondegenerate Jager—Luckhaus system corresponding to
the system

u =V - ((u+6)"Vu) — xV - (u(u+ 6)* Vo) + M — pu”,
0= Av — My(t) +u’.

With regard to systems of this type, there are a lot of results on boundedness due
to the damping force of the logistic source Au — pu” (see e.g. [51, 55, 66, 67] and
Chapter 4). However, as to the above system, if the damping force is weak, then
finite-time blow-up occurs; in the case m = a = ¢ = 1 Winkler [57] first derived a
condition such that solutions blow up in finite time in the higher dimensional setting;
also, conditions for finite-time blow-up in the three- and four-dimensional settings were
obtained by Black, Fuest and Lankeit [2]; after that, Fuest [13] established finite-time
blow-up under the conditions that 1 < £ < min{2%,2} and ¢ > 0 (n > 3) and that
k=2and u € (0, ”7_4) (n > 5), which conditions tell us that the optimal exponent is
k = 2 in the four- and higher dimensional settings when m = a = ¢ = 1. In the case
that m = a = 1 and ¢ > 0 it was shown by Yi, Mu, Xu and Dai [65] that solutions
blow up in finite time when ¢ +1 > &k (1 + %) Moreover, in Chapter 4 finite-time
blow-up result was established under the condition that o — ¢ > max {m+ %Ii, m},
where m := max{m, 0}, which generalizes the condition in [13].

In summary, as to the nondegenerate system, finite-time blow-up in the case that

m # 1, a # 1 and ¢ # 1 was obtained in Chapter 4.

Toward blow-up in the degenerate system. We consider finite-time blow-up in
the quasilinear degenerate Jager—Luckhaus system

up = Au™ — xV - (u*Vo) + du — pu”, re, t>0,

0= Av — My(t) +uf, reQ, t>0, (5.1.1)
Vu™ - v=Vuv-v =0, x e 0, t>0, o
u(z,0) = up(x), x €,
with )
M) = [ atGat)de
€2 Ja
where

:= Bg(0) CR" (n € N)

is a ball with some R >0;m>1, x>0, a>1, A>0,u>0,x>1and ¢ > 0; vis
the outward normal vector to 0€2; ug € L*(£2) is nonnegative, radially symmetric and
nonincreasing with respect to |z|.
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Recalling the method in the literature, we proved finite-time blow-up by deriving
the inequality ¢/(t) > C'¢p*T*(t) with some C' > 0, where ¢ is a moment-type functional.
However, since the system (5.1.1) has the degenerate diffusion term Au™ and possibly
the initial data vanishing on some open subset of €2, we deal with the system (5.1.1) in
a framework of weak solutions, and thereby we cannot directly obtain the inequality
@' (t) > Cp>T(t). Hence we will derive an integral inequality of ¢ to show finite-time
blow-up. To this end, we define moment solutions to the system (5.1.1) in the following
before giving the main theorem.

The purpose of this chapter is to establish finite-time blow-up to the system (5.1.1).

Main result. Before we state the main theorem, we define moment solutions, maximal
moment solutions and blow-up for (5.1.1), and so we introduce two symbols w and ¢ as
follows. For a pair (u,v) of nonnegative and radially symmetric functions, we regard
(u,v) as (u(r,t),v(r,t)) with r := |z| if necessary. Given sy € (0, R") and v € (—o0, 1),
we set

w(s,t) = / " tu(p,t)dp for s €[0,R"] and t >0
0

and we define the moment-type functional ¢ as
S0
o(t) = / s 7(so — s)w(s,t)ds fort > 0.
0

Definition 5.1.1 (moment solutions). Let T" € (0,00]. A pair (u,v) of nonnegative

and radially symmetric functions defined on Q x (0,7 is called a moment solution of
(5.1.1) on [0,7) if

(i) we LE([0,T); L*(2)) and,

loc

w™ e L2(0,T; HY(Q)) if T < oo; w™ € L2 ([0,T); H\(Q)) if T = oo,

loc

(i) v € L. ([0, T); H'(9)),

loc
(iif) ue Cy_.([0,7); L=(Q)),
(iv) for all p € L*(0,T; H(Q)) N Wh1(0,T; L*(Q)) with supp e C [0,T),
T
/ /(Vum -V —xuVv - Vo — (Au— pu™)p — up) dedt
o Ja

— [ ot

Q
T T, T
/ /VU-Vgpdxdt—i—/ <Mg(t)/g0dx> dt—/ /uzgodxdtzo,
o Ja 0 Q 0o Ja

112



(v) (u,v) satisfies the following moment inequality:

o(t) — ¢(0) > K /O t ¢ (r)dr for allt € (0,T) (5.1.2)

for some constant K = K (R, m, x, a, i, k, £, s9) > 0.

We next define mazimal moment solutions, which are guaranteed by Zorn’s lemma
as in the proof of [24, Lemma 2.4].

Definition 5.1.2 (maximal moment solutions). Define the set S as
S ={(T,u,v) | T € (0,00], (u,v) is a moment solution of (5.1.1) on [0,T)},
which is not empty by Proposition 5.2.1, with the order relation <X given by

(Th,u1,v1) =2 (Th,up,v2) = Ty < Ty, U2|(0,T1) = Uz, U2|(0,T1) = 1.

Then Zorn’s lemma assures some maximal element (T},.x, u,v) € S, and (u, v) is called
a mazimal moment solution of (5.1.1) on [0, Tiyax)-

Definition 5.1.3 (blow-up). Let (u,v) be a maximal moment solution of (5.1.1) on
[0, Thnax)- If u satisfies

lim sup ||[u(t)|| Lo () = 00,
t/(Tmax

then we say that (u,v) blows up at Tiax.
Now the main theorem reads as follows.

Theorem 5.1.1. Letn e N, m>1, x>0, a>1, A>0, u>0,x>1and ¢ > 0.
Assume that

2
a+€>max{m+—ﬁ,ﬁ}. (5.1.3)
n

Then for all My > 0 there exist ng € (0, My) and r, € (0, R) which satisfy the following
property: If

ug € L>(92), wuy >0 (5.1.4)
and
wg s radially symmetric, nonincreasing with respect to |z| (5.1.5)
as well as
/ up(z)dx = My and / uo(z) dx > My — 1o, (5.1.6)
0 By, (0)

then a mazximal moment solution of (5.1.1) on [0, Tiyax) blows up at Thpax < 00.
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Remark 5.1.1. The parameter values appearing in Theorem 5.1.1 are basically the
same as in Theorem 4.1.2, in which finite-time blow-up has been obtained for the
nondegenerate system. In particular, the condition (5.1.3) coincides with (4.1.13) in
Theorem 4.1.2 in the case that m > 1 and o > 1.

Idea of the proof. The strategy of the proof of Theorem 5.1.1 is explained as follows.
Since we consider the system (5.1.1) in the framework of weak solutions, we deal with
a problem approximate to the system (5.1.1) (see (5.2.1)), which is a nondegenerate
system. Therefore in Section 5.2, by making use of an argument similar to that of
Theorem 4.1.2, we will derive a moment inequality for an approximate solution

6.(t) — 6.(0) > K /0 o (r) dr,

where ¢. is a moment-type functional for an approximate solution. Noticing that
uc(t) — u(t) in L'(2) as e — 0 for all ¢ > 0, we see that

o:(t) = o(t) ase—0

for all t > 0, and so in light of convergences a moment inequality (5.1.2) can be
obtained. Since the maximal existence time 7. for approximate solutions depends on
€, we have to make sure that 7T, is uniformly bounded below in the passage to the limit
as € = 0. The proof of lower boundedness of 7. is based on [20, Lemma 2.4]. We first
derive that

d
e + el < €

with some C' > 0 on (0,7.), where 7. is a time such that [u.(7.)[|7,q, = ¢ with some
c = ¢(|9, [|[uol[zr(n)) > 0, and next, integrating this inequality over (0,7.) and using
||u6(7'€)||72p(9) = ¢, we observe lower boundedness of 7.. In Section 5.3 we will prove
that existence time T,y is finite and a maximal moment solution blows up at T;,... As
to the proof that Ti,., < oo, we assume that T},., = oo and then derive a contradiction
from a moment inequality. Next, we show finite-time blow-up again by contradiction.
To this end, we suppose that a maximal moment solution of (5.1.1) on [0, Tiax) does
not blow up at Tinax. Then a weak solution of (5.1.1) on [0, Tipax +01) with some o7 > 0
is constructed. We will establish that the weak solution satisfies a moment inequality
on [0, Thax + 01) by making use of the continuity of ¢ and fg ¢+ (1) dr, and hence
obtain a moment solution of (5.1.1) on [0, T,ax + 01), which is a contradiction.

5.2. Local existence of moment solutions

The goal of this section is to show local existence of moment solutions to (5.1.1) as
in the following key proposition, which plays an important role in the proof of blow-up.
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Proposition 5.2.1 (local existence of moment solutions). Let n € N, m > 1, x > 0,
a>1, A>0,u>0,k>1andl>0. Assume that (5.1.3) is satisfied. Then for all
My > 0 there exist ng € (0, My) and r. € (0, R) which satisfy the following property: If
ug satisfies (5.1.4)—(5.1.6), then there exists T > 0 such that (5.1.1) admits a moment
solution (u,v) on [0,T), i.e. (5.1.1) has a weak solution (u,v) satisfying the moment
inequality (5.1.2).

The strategy of the proof of Proposition 2.1 is displayed as follows.

5.2.1. Uniform lower bound of existence time for approximate solutions
5.2.2. Convergence of approximate solutions
5.2.3. Moment inequality for approximate solutions

5.2.4. Proof of Proposition 5.2.1

The key to the proof of blow-up is to construct the moment inequality (5.1.2), which is
usually shown via the corresponding super-linear differential inequality as in [13, 59]
and in Chapter 4. However, we cannot derive it for weak solutions of (5.1.1) due to the
lack of the smoothness. Therefore we will obtain it for approximate smooth solutions,
denoted by wu. with parameter ¢ > 0. Here the maximal existence time 7. depends on
e, and so there is a possibility that 7. vanishes in the passage to the limit as ¢ — 0.
This explains the reason for proving uniform lower bound of 7. in Section 5.2.1.

5.2.1. Uniform lower bound of existence time for approximate
solutions

We recall that the system (5.1.1) includes the degenerate diffusion term Au™.
Hence, in order to compensate for the lack of regularity of solutions to (5.1.1) we
consider the following approximate problem:

(ue)e = Alue + €)™ — XV - (ue(ue + E)Q_lvvs) + Aug — puf, reQ, t>0,

0= Av, — My (t) + u, xeQ t>0,
Vu. -v=Vu.-v=0, xed, t>0,
ue(2,0) = upe(z), x € ),

(5.2.1)

where € € (0,1) and

1
M, (t) = @/Quﬁ(x,t) dx
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as well as ug. € C*(Q) is given by

tpe := (pe * u_(J)’ﬁ?

where Ty denotes the zero extension of ug € L*({2), that is,

T (2) uop(x) ifz e,
Up(x) =
° 0 otherwise,

and p. € C2°(R") is the mollifier defined as p(z) := = ( fzn p(v) dy)flp(g), where

T |a] < 1,
plx) = .
0 if |z] > 1.

Then p. satisfies that 0 < p. € C°(R™), supp p. C B.(0), and [, p-(z) dz = 1. We
know that p. is nonnegative, radially symmetric and nonincreasing with respect to |z|.
Additionally, if ug is nonnegative, radially symmetric and nonincreasing with respect
to |x|, then so is ug. from the definition of wu,..

We first recall a well-known result about local existence of classical solutions to
(5.2.1). The proof is based on a standard fixed point argument (see e.g. [63]).

Lemma 5.2.2. Let e € (0,1) andletm > 1, x >0, a>1, A >0, u>0, kK > 1 and
¢ > 0. Then there exist T. € (0,00] and a unique classical solution (uc,v.) of (5.2.1)
satisfying

u. € CO(Q x [0,72)) NC*1(Q x (0, 1)),
Ve € Nyon CO[0, T2); WH(Q)) N C20(Q x (0, T2)).

Moreover, u. and v. are nonnegative and radially symmetric.

In the following let (u.,v.) be the solution of (5.2.1) on [0,7%) as in Lemma 5.2.2.
Next, in order to guarantee that the existence time 7. does not vanish after the passage
to the limit as e — 0, we confirm uniform lower bound of T, that is, we find T, € (0, o)
such that for any € € (0,1),

To <T. and ||luc(t)||pe) < Ko forall t €[0,Tp), (5.2.2)

where Ky > 0 is a constant independent of €. Before we prove (5.2.2), we show the
following lemma. The proof is based on that of [20, Lemma 2.4]. However, there are
two differences from the literature. One is that the first equation in (5.2.1) has the
logistic source, and the other is that the second equation in (5.2.1) is elliptic. So we
give a full proof for confirmation.
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Lemma 5.2.3. Letm>1, x>0, a>1,A>0, u>0,x>1,¢>0 and
p> max{l,m—Z(oz—i—ﬁ) —i—l,g(oﬁ—ﬁ—m)}.
Then there exists T, € (0,00] such that for any ¢ € (0,1),
T,<T. and [ue()|}, 0 < (luollzse + 202 + 1 for allt €0,T,). (5.2.3)
Proof. The proof is similar to that of [20, Lemma 2.4]. We put
7o :=sup{7 € (0,12) | Juc ()| Lpiy S r forallt € (0,7)}

with
1
C1 = (HU()HLp(Q) + |Q|P)p + 1.

Noting that
u. € CO(Q x [0,72)) € C°([0, T2); LP (),

we see that 7. > 0. It suffices to consider the cases that 7. = T, = oo and that . < T,
with

e (7)) = 1. (5.2.4)
In the case that 7. = T. = oo, by the definition of 7. we have
Huf(t)Hip(Q) <

for all ¢t € (0, 00), which implies that 7}, = oc.
In the case that 7. < T with (5.2.4), from the first equation in (5.2.1), we obtain

d
e + el ooy = —m(p — 1) [ (ue + )P 3|V |* da
dt Lr((2)

1
p Q

+(p— 1))(/ e (ue + )PV, - Vo, do
Q

+ /\/ ue(ue + )Pt dx — M/ ul (ue + )P~ dx
0

Q
dm(p — 1) prm=1

<7y >

=T mtp—1)7 [V (ue +¢) HL?(Q)

+(p_1)X/QV</O E£(§+6)p+a3d£) -V, dx

+ )\/ ue(ue + )P~ da
0

= —[1 + [2 + [3 (525>
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for all t € (0,7.). Thanks to the second equation in (5.2.1), it follows that

L=—(p—1) /(/ £(E + eyrro- 3d§)Av€dx
(—1)x /Q ( / 5<§+e>p+a—3df) ul de

(p—l)x/ _
< T X o e)pratt=lg 2.
< ety et . (5.2.6)

IN

for all t € (0,7.). We now set

ptm—1 p+m—1
B L 2p (p+o¢+€fl)
- pftm-1 1 1
2p + 2

Taking p > max {1,m —2(a+ () +1,%(a+¢—m)}, we know that § € (0,1) and
Hptatlol) o 9 Thus, applying the Gagliardo—Nirenberg inequality, we see that

p+m—1
/(u6 + g)Prett=l gy
Q

p+m 1 2(p+oz+€ 1)

| Spres

2(p+a+13 1)

[ ptm-— T pfFm—1

)2(P+a+€—1)

o 7 V(e +e)”

LpTm=T(Q)
_ 2(pta+i-—1)

+esll(ue + )|

LPFm=1(Q)

= [I(uz +¢)

52(p+a+15 1)
p+m—1

ptm—1 (1-0
2 ||L2 Q)

+

< oo|[(ue +€)

for all t € (0,7.) with some co = (2, m,,¢) > 0 and ¢z = c3(2,m,,¢) > 0.

% < 1. Combining the above inequality with (5.2.6)

and using Young’s inequality, we have that

Moreover, we note that

w1 0
ptm—1 (1*5)72%17:7211)
2 || 2p
LFFm=1(Q)

12gfl+c4{||(ue+e)

2(pta+l—1)
[ (5:2.7)
Lptm—1 (Q)

pt+m—1
2

+ o5 (ue +¢)

for all ¢t € (0, 7.), where

B(ptate—1)
oo LI (Blotat -1\ wmt (p—D)x
R p+m—1 pta—1"°

0

and

_(p—1)x
Cy i = ——=C3
p+a—1
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as well as

0 .— (1_ﬂ(p+a+€—1))_1
p+m—1

The inequalities (5.2.5) and (5.2.7) yields

d
EHUJE + 6”1}} Q)
<p (C4||u5 t+ell o T s lue + el Allue + Y g )
for all ¢ € (0, 7). Here the definition of 7. implies that for any ¢ € (0, 7.),
1 N 1
Juc(t) + el < ue®)lloiey + 1920% < of + 1903 = G,

and hence we have

d — a+l— a+l— ~

e+ llfp gy < p (aCf TN 4 e, CRFr Tl £ ACH) = G (5.2.8)
for all ¢ € (0,7.). Integrating (5.2.8) over (0, 7.), we obtain

Jue(7e) + 5”?1)(9) — ||uoe + 5”21&(9) < GpTe.

: 1 1
Aided by luo: +&l7p) < ([[toell o) +192[7)P < (lluollre(e) + [2[7)? and € > 0, we see
from (5.2.4) that
l ~
= ([Juoll o) + 1927)P < Cpre,

which together with the definition of ¢; implies that

ﬁQ2| —
[\

Consequently, we attain (5.2.3) with 7), = C O]

Next, we give an interval ensuring L*-estimate for u. uniformly with respect to ¢
by using Lemma 5.2.3.

Lemma 5.2.4. Letm>1, x>0, a>1, A>0, u >0,k >1 and ¢ > 0. Then there
exist Ty € (0,00) and Ko = Ko(|Q], |[uol|zro (@), [[to]| Lo @), m, X, 0, A, i, 6, £) > 0 with
some large constant py = po(m, a, £) > 1 such that for any ¢ € (0,1),

To <T. and |juc(t)||ze@) < Ko forallt e (0,Tp). (5.2.9)

Proof. By making use of Lemma 5.2.3 in conjunction with the Moser iteration (see [50,
Lemma A.1]) we can arrive at (5.2.9). O
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5.2.2. Convergence of approximate solutions

In this subsection we discuss convergence of approximate solutions (u.,v.) ase — 0.
To this end, we first show some estimates for approximate solutions ..

Lemma 5.2.5. Letm >1, x >0, a>1, A>0, u >0, k > 1 and ¢ > 0. Moreover,
assume that there exist Ty € (0,00) and Ky > 0 such that for any ¢ € (0, 1),

|ue(t)| ooy < Ko for all t € (0,Tp). (5.2.10)
Then there exists C' = C(|Q|, ||uo|| 2(0), m, X, o, A, £, Tpy, Ko) > 0 such that
IV (e + €)™l z20m0322(0)) < C-

Proof. Multiplying the first equation in (5.2.1) by u. and integrating it over €2, we have

3 El|u€”%2(9) < —WHV(% +e)7 |72

+ X/ u.(ue +€)* Vo, - Vu, dr + )\||u5||2L2(Q) (5.2.11)
Q

for all ¢ € (0,7p). By a computation as in (5.2.6), it follows from (5.2.10) that

X/ue(ue+6)a—1vvs-vu€dx S X /(ue_’_g)oﬁ-f—&-l dx S X (K0+1)a+€+1|9|'
Q L Jo a+1

«
Combining this inequality with (5.2.11) and integrating it over (0, 7)), we obtain

§||U5(T0)||%2(Q) - §HU05||2L2(Q) < —mﬂv(us +e) 2 1220 m020)
X o
+ Q—H(KO + D) FHYQTY + Al 1720, 1220

Hence, noting ||uoe|[72(q) < [|[uoll72y and (5.2.10), we can show that

m—+1

|V (ue +¢) 2 H%Z(O,TO;LQ(Q)) < ¢,
where

_ (m+1)* /1 2 X a+0+1 2
= | glwlliz@ + o7 (Ko + 1) Qo + MK Q[T ) > 0.

This entails that for any ¢ € (0, 1),
(m +1)2 e )%V (e +€) 2 2020
2

IV (ue + 8)m|’%2(t),:r’0;L2(52)) =

< dm (
SN CEE
which implies the end of the proof. ]

Ko+ 1)" ey,
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We next estimate ||v/E(u™)||?» (010220 24 SUPe(o, 1) |VEVu™ ||L2(Q) The proof
is based on [19, Lemma 5.2].

Lemma 5.2.6. Letm > 1, x>0, a>1, A>0, x>0, k> 1 and { > 0. Moreover,
assume that there exist Ty € (0,00) and Ky > 0 such that (5.2.10) holds for any
€ (0,1). Then there is C = C(|], [|uol| 202y, M X5 @, A, i, &, £, Ty, Ko) > 0 such that

L2(0,To;L2(R))  t€(0,T0)

Vi

ata

Proof. Multiplying the first equation in (5.2.1) by %(ue + &)™ and integrating it over
(), we can observe that

4m 2

(m+1)2
1
< —
=2 dt
2m m—1 8 m+1
— m——|—1 V(UE(U5+€> ) Vva(ua—FE) E(UE—’—E) dx
2m 1 0

+m——|—1 (e 4 €)* T Ava(ue + )77 —(u5+5)mT+1dac

U +¢€) 2

pr

L2(Q)

IIV(ue +)" 20

Q

8 - 9,
+/Q)\u5a(ug—|—5) d:z:—/uuag(usjte) dx

for all ¢t € (0,7p). Due to Young’s inequality, we infer that

m+1/vu6 U +€)*7") - Ve (ue +¢€) ;1;(u5+5)m+1 du

2 1 0 m
—l—m—Tl u(ue + €)' Ave(ue + )77 8—(u5—|—8)% dx

< %/ |V(u5(u5 +6)* ) - Voo + ue(ue + 5)a_1Av€|2 (ue 4+ &)™ tdx
Q

2m 2

(m+1)2

a(ug—l—g) N

+ ot

L2(Q)

< m/ (‘V(ug(uE +e)* ). Vv€|2 + ‘ue(u6 + s)o‘*lAvs‘Q) (ue + &)™ da
Q
2

2m

HRCEE

L2(Q) |
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Thus it follows that

8 m+41
at(ug +e) 2

2 1

+

2m

12 HV(UE +8)" 720

<m / |V(u5(u€ £ Tl 4 fuelue + 2 Awef) (e + )

—i—)\m (/ §£+EM1d£>dx

— /Lm% ) (/0 (R d§> dz (5.2.12)

for all ¢ € (0,7p). Noticing that (5.2.10) and the elliptic regularity theory applied
to the second equation in (5.2.1) lead to the inequality |v.(t)||w2r) < c1(p, Ko) for
all p > 1 and t € (0,7p), we can confirm from the Sobolev embedding theorem that
|V (t) || Lo () < e2(p, Ko) for all ¢t € (0,Tp), and hence establish that

m/ |V (e (ue + )7 - Vv5|2 (us + &)™ ' da
0

< mozz/ |(ue + ) 'Vu,. - VUE‘Q (uz + &)™ ' dx

2
:(T/‘Us—i—é'alV(UE—f—E) 2+1'V1)€ dx
m

m+l

< os|V(ue +€) 7 [z (5.2.13)
for all t € (0,7p), where ¢z := (il"f{) (Ko + 1)2@=1¢c2. On the other hand, in light of

the second equation in (5.2.1) and (5.2.10), we see that

1 1
Av, /u dr — ut g—(/uﬁdx)—i—uﬁgﬂ(e,
ol = | o Uy °

which implies that
m/ |ue (ue + é)a_lAv5|2 (ue + &)™ ' dzx
Q

< AmKZT (Ko + 1) 22730 =: ¢4 (5.2.14)
for all £ € (0,7p). A combination of (5.2.13) and (5.2.14) with (5.2.12) yields
2
1

b3 IV e <)y

2m
(m+1)2

0 mt1
a(ug +¢)

L2 ()
§03||V(u€+g) : HL2 +C4+)\m (/ §f+€m1d§)

—um </ E+e)™ 1d§) dz (5.2.15)
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for all t € (0,7,). Multiplying (5.2.15) by ¢ and changing the variable ¢ with s, we
integrate it over (0,t) to obtain

2m 2

(m+ 12

VA (e + 2)

1 m
BN —|—§t||V(ug+5) [

L2(0,t,L2(Q))

m

1 . 1
< §||V(Ue +¢€) ||%2(O,t;L2(Q)) + c3l| VsV (ue + )72 ||%2(0,t;L2(Q)) +cat

+)\mt/Q </Ou §(£+5)m_1d§> dx
+um/0t UQ (/Ou 5“(§+5)m_1d§) dw} dt.

Here, as in the proof of Lemma 5.2.5, we see that

m+1 m
[V (ue +¢) 2 ||%2(0,t;L2(Q)) <¢ and |[[V(u.+¢) ||%2(0,t;L2(Q)) < ¢

for all t € (0,Tp) with some c5 = ¢5(|, [|uol|z2(), M, X, @, A, €, T, Ko) > 0 and ¢ =
co (|2, [|uoll 22y, M. X, @, A, €, Ty, Ko) > 0. Therefore, observing from (5.2.10) that

e m— 1 m
/Q(/O (€ +e) 1d§) dx§m+1[2(ua+s) iy

(Ko +1)™HQ|

<
“m+1

and similarly

t " R m—1 1 -
/o {/Q (/0 Sle+e) d§> dx] dt < m+H(K0+1) Q| Ty,

we can show that

2m 2

(m+ 1)

a m+1
Vo (ue + )"

1 m
- + StV (e + )" ey < e

L2(0,;L2(92))

for all ¢ € (0,7p), where

1 Am wm
== T, To + —— (Ko + D)™ QT + —— (Ko + )™ Q| T,
C7 206+C305 0+t ca 0+m—|—1< o+ 1) | |o+m+/€( o+ 1) Q2T

Thus we have that

2

9 mt1
\/ga(ug + 5)

2m

1 m
(m+1)2 +5 osup [[ViV(u + )" ||Taq) < o

LQ(O,T();LQ(Q)) 2 te(0,70)
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From this inequality it follows that for any € € (0, 1),

2

a m
[Vige

+ sup ||\/%VU?(’5)||%2(Q)
L2(0,To;L2(R))  t€(0,To)

2
m—+1

0
< H\/Ea(us +€> 2

12
< <m+2> .
2m

which concludes the proof. Il

+ sup H\/¥V(u€+6)m||iz(ﬂ)
L2(0,To;L2())  t€(0,To)

Finally we shall establish convergence of approximate solutions (u.,v.).

Lemma 5.2.7. Let m > 1, x > 0, a > 1, A > 0, p > 0, k > 1 and ¢ > 0.
Moreover, assume that there exist Ty € (0,00) and Ky > 0 such that (5.2.10) holds for
any € € (0,1). Then there exist subsequences {u.,}, {v:, } (ex — 0 as k — o0) and
nonnegative functions u, v such that

o ue L=(0,Ty; L>=(R)), u™ € L*(0,Ty; H(Q)),
o v e L0, To; WHe(Q)),
and as k — oo,
U, — u  weakly” in L=(0,Ty; L>(Q)),
u., —u  strongly in C°([8, To]; LP(Q))  for all 6 € (0,Ty) and p € [1,00),
V(ue, +¢)™ — Vu™ weakly in L*(0,Ty; L*(Q2)),
V., — Vv weakly” in L>(0,Ty; L=(2)).

0.2.16
5.2.17
5.2.18

(
(
(
(5.2.19

)
)
)
)

Proof. Applying the elliptic regularity theory to the second equation in (5.2.1), from
(5.2.10) and the Sobolev embedding theorem we obtain ¢; > 0 and ¢y > 0 such that

@)z < e1 and  [|[Voe(t) || =0y < c2

for all t € (0,7). Therefore we can show that there exist a subsequence {v., } and a
function v € L>®(0, Tp; WH*°(Q)) satisfying (5.2.19). Moreover, thanks to Lemmas 5.2.5
and 5.2.6, as in the proof of [19, Lemma 5.3] we can extract a subsequence {u,, } and a
function u € L>(0, Ty; L>(Q)) with v™ € L*(0,Ty; H'(2)) such that (5.2.16)—(5.2.18)
holds. [l
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5.2.3. Moment inequality for approximate solutions

In this subsection we will derive the moment inequality for (u.,v.). To this end,
introducing r := |z|, we denote by (u.,v.) = (us(r,t),v.(r,t)) the radially symmetric
local solution of (5.2.1) on [0, 7;). Also, we define the function w. and the moment-type
functional ¢. for the approximate solution u. as

3=

we(s,t) == / p" tu(p,t)dp for s € [0, R"] and t € [0,T.)
0
and s
o(t) == / s 7(sg — s)we(s,t)ds fort e [0,T;).
0

Here we know that ¢. € C°([0,7.)) N C*((0,T:)).

Now we state a proposition on the moment inequality for approximate solutions.

Proposition 5.2.8. Letn e N, m > 1, x >0, a>1, A >0, up >0, Kk > 1 and
¢ > 0. Assume that (5.1.3) is satisfied. Then for all My > 0 there exist ny € (0, My)
and ry € (0, R) which satisfy the following property: If ug satisfies (5.1.4)—(5.1.6), then
there exist Ty € (0,00) and Ko > 0 such that (5.2.9) holds. Moreover, one can find
K =K(R,m,x,a, kL) >0 and ey € (0,1) such that for any ¢ € (0,&y),

P (t) — ¢.(0) > K/O oo () dr (5.2.20)

for all t € (0,Ty).

As to the proof of Proposition 5.2.8, we apply arguments of Lemmas 4.3.4—4.3.10
to the approximate solution. To this end, we first confirm that fQ ue dx is bounded
and that u. is nonincreasing with respect to |z|.

Lemma 5.2.9. Assume that uy satisfies (5.1.4). Then for any ¢ € (0, 1),

/Qua(l',t) dx < M, := max {/QUO(:[;) de, (2|Q|H_1)K11}

for allt € (0,1%).

_1
Proof. As in the proof of Lemma 4.2.2 we have [, u. < max { [, uo-, (ﬁ]m”_l) =1l
which together with the relation fQ Upe < fQ ug implies this lemma. O
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Lemma 5.2.10. Assume that ug satisfies (5.1.4). Then for any € € (0,1),
(ue)r(r;t) <0
for allr € (0,R) and t € (0,T%), that is,
(We)ss <0
for all s € (0,R") and t € (0,T).

Proof. By virtue of (5.1.4) and the definition of ., we see that ug. is also nonincreasing
with respect to |z|. Therefore the claim can be proved by an argument similar to that
in the proof of [59, Lemma 2.2 or [2, Lemma 5.1]. O

/UOES/UO
Q Q

and ug. — up in L'(Q) as € — 0, we can pick & > 0 so small and find some ¢y € (0,1)
such that for any ¢ € (0,¢9),

/Quo—go < /QUOE < /Quo. (5.2.21)

Next we take Tj € (0,00) and Ky > 0 fulfilling (5.2.9) and define the set Sy_ as

Invoking that

S¢E = {t € (O,To)

¢ (t) > (1]%07; éo__j)zn sgv} , (5.2.22)

where My > 0. We next show the lower estimate for wg(%‘), t).

Lemma 5.2.11. Assume that ug satisfies (5.1.4) and let sy € (0, R") and vy € (—o0, 1).
Then for any e € (0,¢€p),

M, —
W, (ﬁ,t) > % forallt € Sy,

Wn

where
4(M, — My + & + o)

273 —7)
Proof. The proof of this lemma is based on that of [59, Lemma 3.1]. We only consider
the case that My > dp. Assuming that there exists ¢ € S,_ such that

We (@ﬂf) < —M* — 50,
2 Wn,

50 =
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we will derive a contradiction. Thanks to the monotonicity of w.(-,t), we see that
we(s,t) < MZJ—:‘SO for all s € (0,%). Moreover, Lemma 5.2.9 yields

M.
e(s,t) <
wilst) < 2
for all s € (0, R"). Thus we obtain
—& (7 M, [*
o:(t) < 0 / ’ s 7(sp—s)ds + — s (sp — s)ds
wn J0
M Bl
T(sg — s)ds — % s (so— s)ds
wWn Jo
_ g VB o
(1 - 7)(2 = 7)wn AL =) (2 = 7)wn

Mo—fo—So

= Sg_’y
(1 =7)(2 = 7)wn
By virtue of the definition of Sy_, this inequality leads to the contradiction. Thus we
complete the proof. O

We next establish the estimate for M, ().

Lemma 5.2.12. Assume that ug satisfies (5.1.4) and let sy € (0, £~] and v € (—o0, 1).
Then for any ¢ € (0,¢y),

- — 1 s
My.(t) <L+ — [n(ws)s(a, t)}eda for all s € (0,s0) and t € Sy,  (5.2.23)

2s
T.— (2”50)£.
WnSo

Proof. The proof is similar to that of [59, Lemma 3.2]. By means of Lemma 5.2.11,

w, <@t> > M- %
2 Wn,

for all t € Sy.. Moreover, we recall that

where

we have

M.,
we(s,t) < o

for all s € (0, R") and t € Sy,_. Therefore it follows that

we (80, ) — we (%O,t) < 200
~ wWpSo

|8
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On the other hand, aided by Lemma 5.2.10, we can observe from the concavity of w(-, t)

that
we (S0, 1) — we (%O,t)

So
2

2 (w5)3(807t> 2 (w5)8(87t>

for all s € (sg, R™). Hence we infer that for all s € (so, R"),

200
) .2.24
(we)s(s,1) < s (5.2.24)
Now we note that
1 50 ‘ né R™ ¢
M, (t) = ﬁ/ [n(w.)s(o,t)] do+ ﬁ/ [(w.)s(0,1)] do. (5.2.25)
0 S0

As to the second term on the right-hand side of (5.2.25), the relation (5.2.24) and ¢ > 0
imply that

nt [* ¢ R"™ — s 2ndo ¢ 2ndo £
n (o) do < . < -T. 5.2.26
[ o) ir < T () < (22) (5.2.26)
Regarding the first term on the right-hand side of (5.2.25), we see that
1 S0 1 s 1 S0
— [ [nw)uo, )] do = — | [n(we)u(o, )] do+ — [ [n(w.)s(o,)] do
R™ J, R™ J, R~ J,

for all s € (0, s0). Invoking that (w.)s(+,?) is nonincreasing, we derive that

/ [n(w.)s(o,8)] do > s[n(w.)(s, 1))’
0
and
1 [
R,
for all s € (0,s9). These two inequalities ensure that

%Oﬂm%@me%AWmm@Ww+%wwﬁﬂf

[n(w.)s(o,t)] do < R—i[n(we)s(s,tﬂ

< % 08 [n(wg)s(a, t)}eda + ]:2925 /OS [n(wg)s(a, t)}eda

for all s € (0, s0). In light of sy € (0, %}, we can estimate that % < 41_3 and 2 < ﬁ
for all s € (0, sp), which lead to obtain

1 S0 ¢ 1 s

) [n(w.)s(o,t)] do < %/0 [n(w.)s(o,1)]
for all s € (0,50). A combination of (5.2.26) and (5.2.27) with (5.2.25) yields (5.2.23),
which concludes the proof of this lemma. O

‘do (5.2.27)
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Now we prove Proposition 5.2.8.

Proof of Proposition 5.2.8. We first show (5.2.20). By means of Lemma 5.2.4, for
any initial data uy with the properties (5.1.4) and (5.1.5), we can find Tj € (0, 00) and
Ky > 0 satisfying (5.2.9). Now let { > 0 and ¢y € (0,1) fulfill (5.2.21). In view of
Lemmas 5.2.10-5.2.12, we can observe from an argument similar to that in the proof
of Lemma 4.3.4 that

¢

’ n

— E/OSO s17(sg — 5) (n(we)s + &) (w.), ds

/080 s (s — 8) (n(we)s + €)a_1 (w.) " ds

s0 )
s [ s = ) () 4 )" ) s
0

—n /OSO s 7(sp — 5) {/Oso(wa)gda} ds (5.2.28)

for all sy € (0, %] and t € Sy . Since we can apply Lemmas 4.3.4-4.3.10 with Sy
replaced by Sy to (5.2.28), there are v € (—o0,1) and ¢; = ¢1(R, m, X, &, pt, k, ,y) >0
as well as ¢y = co( R, m, X, a, i, k, £,y) > 0 such that

2 a+L

qb;(t) > 0188(3—7)(a+€—1)¢?+€(t) o 02837772'04%7771 (5229>

for all sg € (07 %} and t € Sy . Here we note from Remark 4.3.1 that ¢; and ¢, are
independent of €. We fix sy > 0 such that

. [ R" My—&
< — 5.2.30
S0 < mln{ YR } ( )
and
N o Mo — a+/l
Sé +Z)(1 a+lfm) S &( 0 60 ) ) (5231>
2¢2 \2(1 = 7)(2 = 7)wy
We additionally pick 79 € (0, %) so small and take s, € (0, so) satisfying
My — & — 50 My — & —
0—& — o / (50— 5) ds > 0 —& — %o 2.
Wn o (1 =72 —7)wn

1
Moreover, in the following we suppose that ug fulfills (5.1.4)—(5.1.6) with r, := s;. In
order to derive (5.2.20) we define the set

Ma — &0 —
q _07) éo_ 78)(; 277 forallte [O,T]}.
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Here we can see that gg is not empty for sufficiently small €. Indeed, from the second
condition of (5.1.6) and up. — ug in L'(Q2) as € — 0, we can observe that

/ Upe dx > My — & — o
By, (0)

for all ¢ € (0,e0). This inequality yields that w.(s,0) > w.(s4,0) > %:*”0 for all
s € (s4,S0). Hence we obtain

¢6(0) > /SO 8_V<S() - 8)108(8, 0) ds

My—& —np [
Z M/ 877(50 — S) dS

Wn
My — & — so 2—
> sg 7,
(1=72=7wn

which together with the continuity of ¢. implies that S. is not empty for any ¢ € (0, ).
Now let T. := sup S. € (0,7p]. Then from (5.2.22) we can confirm that (0,7.) C S,..
Thanks to (5.2.29)—(5.2.31), as in the proof of Theorem 4.1.2, we have

gb;(t) > %85(3—7)(a+5—1)¢?+€(t) >0

for all € € (0,0) and ¢ € (0,7.). This ensures that 7. = Tp. Choosing an arbitrary
t € (0,7p) and integrating the above inequality over (0,t), we attain (5.2.20). ]

5.2.4. Proof of Proposition 5.2.1

We establish local existence of moment solutions to the system (5.1.1) by virtue of
the passage to the limit as ¢ — 0 in (5.2.20).

Proof of Proposition 5.2.1. Let M, > 0 and let 7y € (0, My) and r, € (0, R) given
by Proposition 5.2.8. Also, we pick v fulfilling (5.1.4)-(5.1.6). Then, thanks to Lemma

5.2.2 and Proposition 5.2.8, we can obtain the approximate solution (u.,v.) of (5.2.1)
and find Tj € (0,00) and Ky > 0 such that (5.2.9) holds, and we have

@@—@@ZKA¢?%MT (5.2.32)

for all ¢t € (0,7y) with some K > 0. By virtue of (5.2.9), we can apply Lemma 5.2.7.
Hence there exist {u.,}, {ve, } (ex — 0 as k — o0) and nonnegative functions u, v
such that (u,v) = limy_,o(ue,,ve, ) satisfies (i), (ii) and (iv) in Definition 5.1.1. We
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next show (iii) in Definition 5.1.1. Let us pick ¢» € L'(Q2). Then for all £ > 0 there is
Yy € C.(R2) such that

[ — ol 1) <& (5.2.33)

Moreover, noting from (5.2.17) that v € C°([6, To]; L*(Q)) for all 6 € (0,Tp), we see
that for all to > 0,

/u(t)v,bo dr — / u(to)odr ast — to, (5.2.34)
Q Q

and from (5.2.16) it follows that
[l oo 0,15;200 () < T [Jue [| oo 0,1;000 ) < 00 (5.2.35)

In light of (5.2.33)-(5.2.35) we can verify that u € C°_,((0,Tp); L>(£2)). Furthermore,
by relying on the fact that u., € C°(Q x [0,Tp)) and u., — ugp in L(Q) as k — oo,
it follows that v € C°_ ([0, Tp); L°°(€2)), that is, (iii) holds. Next we make sure that
the moment inequality (5.1.2) holds. Invoking ug., — ug in L'(Q2) as k — oo, we can
confirm that

b, (0) = ¢(0) as k — oo.

Furthermore, due to (5.2.17) it follows that u., — w in C°((0,Tp); L*(2)) as k — oo,
which ensures that
O, (1) = o(t) as k — oo

for all ¢ € (0,Tp). Additionally, noticing that

K|
we, (s,t) < o
we can observe that
o+t
957 (t) < ( Mol 0)
(1 =2 —=7)wn

for all ¢t € (0,75). In view of the Lebesgue dominated convergence theorem, we infer
that

t t
/ qﬁ?}jE(T) dr — / ¢ THr)dr  as k — oo
0 0

for all t € (0,7), and so letting k — oo in (5.2.32), we see that (v) in Definition 5.1.1
holds. This implies the end of the proof. m
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5.3. Finite-time blow-up

In this section we prove finite-time blow-up of maximal moment solutions to (5.1.1).
Before proceeding to the proof, we confirm the following equivalence.

Lemma 5.3.1. Let T € (0,00). Assume that a pair (u,v) of nonnegative functions
defined on Q2 x (0,T) satisfies

u € L0, T; L>(Q)), u™veLl*0,T;H (Q), ueC® ([0,T);L®(Q)). (5.3.1)
Then the following two conditions are equivalent.

(a) For all p € L*(0,T; HY(Q)) N Wh1(0,T; L*()) with supp ¢ C [0,T),

T
/ /(Vum -V —xu*Vu - Vo — (Au — pu”)p — upy) dedt
o Ja

— [ uol0)

Q
T T, T
/ /Vv-Vgodxdt—i—/ <Mg(t)/g0dw> dt—/ /uggoda:dt:O;
o Jao 0 Q o Ja

(b) w, € L*(0,T; (H*())*), and for all p € H*(Q),
/ wp de = — / (Vu™ - Vip — xu*Vu - Vi) — (Au — pu™)) de, (5.3.2)
Q Q
— . B
/QVU-V@Z)dx+Mg(t)/Q@Z)dx—/Quwdx—O (5.3.3)

for a.a. t € [0,T) with u(0) = wy.

Proof. Let (u,v) satisfy (a). Then, (5.3.1) implies that for all p € C(Q x (0,7)),

T
/ / UPy dxdt‘
0 Jo

T
/ /(Vum — xu*Vv) - Vo dxdt' +
o Jo

<

T
/ /()\u — pu”)p dxdt‘
o Ja

< [”VUmHLQ(O,T;LZ(Q)) + XNl 7o 0.7:100 @) I VI 220,732 (02))

K 1.1
+ (Mlull o= 0,732 (0 + MHU\ILoo(o,T;Loo(m))|Q|2T2] ol 20, ),
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which implies that u; € L?(0,T; (H'(Q))*). Also, choosing ¢ in (a) as ¢ = @ - ¢ with
@ € C%[0,T)) and ¥ € H'(Q2), we have

T
/ {/ (Vu™ - Vip — xuVo - Vo — (Au — pu”)) de| odt
o LJa

:iATLLuwd4QZﬁ%:LuMWM'5m)

By taking ¢ with ¢(0) = 0, this yields (5.3.2). Moreover, from this identity and
(5.3.2) we can confirm that [, u(0)ydz = [, upy dz for all ¢ € H'(Q), which entails
that u(0) = ug. Similarly, (5.3.3) can be obtained. Thus (b) holds. Conversely, if
(b) is satisfied, then for a.a. t € [0,7T), uy = Au™ — xV - (u*Vv) + Au — pu”™ and
0 = Av — My(t) + u* in (H*(Q))*, and thereby from these identities together with
(5.3.1) and u; € L*(0,T; (H'(Q))*), we infer that (a) holds. O

We finally prove Theorem 5.1.1.

Proof of Theorem 5.1.1. Let M, > 0 and let ny € (0, M) and r, € (0, R) given by
Proposition 5.2.8. We pick ug as in (5.1.4)—(5.1.6). Thanks to Proposition 5.2.1 and
Definition 5.1.2, there is a maximal moment solution (u,v) of (5.1.1) on [0, Tinax). We
first show that Ty, < oo by contradiction. To this end, we assume that T,., = oo.
Then we have

www@ZK[wWﬂw (5.3.4)

for all ¢ € (0, 00) with some K > 0, and put the function ¢ as

() ::/0 ¢ () dr + % for t € (0, 00).

Also, we infer that ¢ is bounded on [0,7") for all 77 < oo and continuous on [0, c0)
because u belongs to L2 (0, 00; L>(Q)) and C2_, ([0, 00); L>(2)) due to (i) and (iii).

Hence we note that ® € C°([0,00)) N C*((0,00)). From (5.3.4) we obtain
' (t) > Koo (t) for all t € (0,00),

and thereby we can derive that

1 1
_ > KO(-FK
(@t (- D15  (ati—Daerti =" !

for all t € (0,00). Thus it follows that ¢ < (Q#_I)Kai%aﬂ,l(o) for all ¢t € (0, 00), which

is a contradiction. Therefore we see that T,,,x < o0.
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Next, we prove that

lim sup ||u(t)|| Lo (@) = 00 (5.3.5)

t max

by contradiction. To this end, we assume that limsup, -7, [[u(t)| L=y < oo, that is,
u € L®(0, Thax; L(€2)). By this assumption and (i)—(iv) in Definition 5.1.1, it follows
that (5.3.1) and (a) in Lemma 5.3.1 with 7" = T}, hold. Hence, noting from (b) in
Lemma 5.3.1 that u; € L*(0, Thax; (H*(2))*), we have

1
lu(t) —u(s) |l @) < el 220, @) [E — 812

for all ¢, s € [0, Tiax), S0 that u is uniformly continuous on [0, Tyay) in (H(2))*. This
continuity provides ur,,, € (H'(Q))* such that
~ . - 1 *
ur,.. = tthrgax u(t) in (H(Q))".
Moreover, the condition (iii) in Definition 5.1.1 with 7" = T,., guarantees that ur,
belongs to L>(£2). Indeed, by virtue of the condition (iii) in Definition 5.1.1 and the
assumption limsup, -7, - [[u(t)||r=@) < oo, we see that there exist {t,} C [0, Tax)
and g € L>®(Q) such that ¢, / Thax and u(t,) — g weakly” in L>®(Q) as n — oo.
Since we observe that u(t,) — g, in (H'(Q))* as n — oo, it follows that g = urp,
in (H'(Q))*. Noting that L>(Q) C L*(Q) = (L*(Q))* € (H'(R2))*, we arrive at the
desired fact that ur,, € L*(Q2). Choosing the initial data as wug, . , by an argument
similar to those in the proofs of Lemmas 5.2.3-5.2.7, we can find T} > 0 and construct
a weak solution (u,v) on [Thax, Tmax + 71). Now, we put
o {(u,v) for a.a. t € [0, Tinax),
(w,v) =
(w,v) for a.a. t € [Tax; Tmax + 11),

and confirm that (@,7) is a weak solution of (5.1.1) on [0, Tiyax + 71). The definition
of Ur,,, implies that [, u(t)idr — [, Un, o dx as t 7 Thax for all 1y € CE(),
and u € L°°(0, Thax; L°(2)), and hence we see that v € C%_, ([0, Thax); L>®(€2)). On
the other hand, the condition corresponding to (iii) in Definition 5.1.1 tells us that
w0 € C%_ ([Tmax, Tmax + T1); L=(Q2)). Consequently, we deduce that

€ CO ([0, Tnax +T1); L®(Q)). (5.3.6)
Recalling that u; € L0, Thax; (H(2))*) and w4y € L?([Tinax, Tmax +711); (HY(2))*) with

U(Tax) = Ur,,,, we can show that u; € L?([0, Thax + T1); (H*(£2))*). Indeed, it follows
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from (5.3.6) that for any ¢ € H' ([0, Thax + T1); HY(Q)),

Tmax“’Tl
—/ (@(t), ee(t)) @)y, (o) di
0

Tmax Tmax+T1
= / /ugot dxdt—/ /ugpt dxdt

Tmax
_ / A To) 9 (Ton) i+ / (e (1), 9()) a1 ey
0
Tax+T1
- / U(Thnax) 2 (Tinax) v + / (Ue(t), (1)) ()=, m (o) dt
Q max

Tmax+Tl
= / (9(t), (1)) (1 ()11 (0 A,
0
where

u;  for a.a. t € [0, Thax),
g:=5_-
u;  for a.a. t € [Thax, Tmax + 11),

which means that w, = g € L*([0, Tyax + T1); (H*(2))*). Moreover, since (u,v) and
(w, ) satisfy (5.3.2), (5.3.3) for a.a. t € [0, Thay) and for a.a. ¢t € [Tax, Tinax + 11),
respectively, (u,v) fulfills (5.3.2), (5.3.3) for a.a. t € [0, Tmax + 71), and hence, by
means of Lemma 5.3.1, (@, 7) is a weak solution of (5.1.1) on [0, Tyax + 71). We shall
show that the weak solution (w,v) fulfills the moment inequality on [0, Tyax + 01) with
some oq > 0. For this purpose, defining @ and ¢ as

1

w(s,t) = / " u(p,t)dp for s € [0,R"] and t € [0, Tpax + T1)
0

and

o(t) :== /OSO s (so — s)w(s,t)ds fort e [0, Thax + T1),

we have only to prove that there exists K > 0 such that

o(t) — ¢(0) > K ¢ 7)dr  for all t € [0, Tyax + 01)- (5.3.7)
We know that
P(t) — #(0) > K / ¢ (r)dr  for all t € [0, Thax)- (5.3.8)
0

In order to construct the moment inequality beyond 7T},., we make sure that

O(Tax) — 6(0) > K /0 T ) dr (5.3.9)
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To this end, we confirm that ¢ € C°([0, Tyax + 11)). Letting t — to € [0, Thax + 1)
and noting from (5.3.6) that for any s € (0, R], w(s, -) is continuous on [0, Tax + 11)
and s (sg — s)w(s,t) < c1577(sg — $) with some ¢; > 0, we see from the Lebesgue
dominated convergence theorem that ¢(t) — ¢(ty), and so ¢ € CO([0, Toax +7T1)). Thus
the inequality (5.3.9) is derived by the passage to the limit in (5.3.8) as ¢t * Tiax. Next,
by setting

_K Tmax_
/ T)dr >0, (5.3.10)

the continuity of ¢ and fo (1) dr at t = Tyax provides o1 € (0,7T7) such that for all
te [Tmaxa Tmax + 01)7

Tmax
‘ / ¢ d - <$(Tmax) - %/Ov 50‘+£(T) dT) ’ S €K,

which together with (5.3.10) implies

3t - 5[5 myar = @,

max,)
2 Jo

for all t € [Thax, Tmax + 01), that is,

o(t) — /ng 7)dr for all t € [Tax, Tomax + 01)- (5.3.11)

On the other hand, in light of (5.3.8), (u,v) satisfies that

6(t) — 6(0) > % / ") dr for all £ € [0, Tomy).
0

Noting that ¢ = ¢ on [0, Tiuax) and combining this inequality and (5.3.11), we obtain

the moment inequality (5.3.7) on [0, Thax + 01) with K = £ which contradicts the
definition of maximal moment solutions. Therefore we conclude that the maximal
moment solution (u,v) of (5.1.1) on [0, Tyay) satisfies (5.3.5). O
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