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Chapter 1

Introduction

This thesis is based on [AH] and [AHMW].

Tilting theory was introduced by Brenner—Butler [BB] to compare the structure of
two module categories, and was developed by Keller and Rickard to study the equiv-
alence of derived categories [K, Ricl]. In tilting theory, tilting objects play a cen-
tral role because tilting objects control the derived equivalence and the ¢-structure.
Hence, several authors have studied tilting mutation to obtain many tilting objects
[HU, O, Ric2, RS]. Tilting mutation is an operation to replace some direct summands
of a given tilting objects to get a new one, but unfortunately some assumptions are
required. Assumptions were taken away by extending tilting objects to silting objects,
that is, silting mutation is always possible [AI].

Silting objects were introduced for the study of ¢-structures [HKM, KV]. In fact,
Koenig and Yang [KY] constructed a bijection among (1) silting objects, (2) simple-
minded collections, (3) co-t-structures and (4) t-structures with length heart .

One of the most crucial purposes in my research is to clarify the whole picture of
silting objects. To realize the goal, we first discuss when a triangulated category is
silting-discrete. Silting-discreteness is a finiteness condition, namely, a silting-discrete
triangulated category admits only finitely many silting objects in any interval of silting
objects [Ail]. Actually, the set of silting objects has a poset structure [AI]. In the
case, we can fully grasp the whole picture of silting objects, and such a triangulated
category has so nice structure [AMY, PMZ]. To check if a given triangulated cate-
gory is silting-discrete, an extremely powerful tool was introduced, and it is applied
to the perfect derived category of a finite dimensional algebra over a field; we know
several algebras with silting-discrete perfect derived categories, say silting-discrete al-
gebras [AAC, AK, Ail, AM, AD, EJR]. Typical examples of silting-discrete algebras
are piecewise hereditary algebras of Dynkin type and representation-finite symmetric
algebras.

On the other hand, we focus on two-term silting objects to grasp the structure
of silting objects. Two-term silting objects correspond bijectively to support 7-tilting
modules by taking 0-th cohomology and they play an important role in representation



theory of module categories. In particular, we can obtain all support 7-tilting modules
when the set of isomorphism classes of basic support 7-tilting modules is a finite set,
that is, an algebra is 7-tilting finite. So our aim is to understand the structure of
silting objects, we will classify silting-discrete triangulated categories and 7-tilting finite
algebras.

The thesis is organized as follows: In Chapter 2, we discuss two subjects on the
finiteness of silting objects. First, we discuss the most special case of silting-discrete
triangulated categories that is the number of silting objects is zero. For example,
the bounded derived category D°(mod A) over a finite dimensional algebra A has no
non-zero silting object if and only if A has infinite global dimension. When A is non-
semisimple selfinjective, its stable module category mod A admits no silting object (see
[Al]). Inspired by these two cases, we ask if the singularity category Dgg(A) of A has no
non-zero silting object. We give the following theorem as an answer to this question.

Theorem 1 (Theorem 2.1 and Corollary 2.3). Ds(A) admits no non-zero silting object
if inj.dim Ay < co. In particular, the stable category of the Cohen—Macaulay category
over an Iwanaga—Gorenstein algebra has no non-zero silting object.

Next we construct a new silting-discrete algebra from a given one. We denote
by silt A the set of isomorphism classes of basic silting objects of the perfect derived
category for A. The following is the second main theorem.

Theorem 2 (Theorem 2.4). Let R be a finite dimensional local K-algebra and put
I' .= R®k A. If A is silting-discrete, then we have a poset isomorphism silt A — silt .
In particular, T' is also silting-discrete.

As an example of Theorem 2, the n x n (upper) triaﬁular matrix algebra T,,(R)
over a local algebra R is actually isomorphic to R ®x K A,. So, we get a corollary of
this theorem (Proposition 3.6(1)).

In the context of triangular matriz algebras T,,(A) over an algebra A (not necessarily
local), it seems to be difficult to understand when T,,(A) is silting-discrete. In Chapter 3,
let us turn our attention to two-term silting objects, that is, support 7-tilting modules.
As an analogue of Auslander—Reiten’s results in [AR], we have the following theorem.

Theorem 3 (Theorem 3.1). Assume that A is representation-finite. Then we have:
(1) If the Auslander algebra of A is T-tilting finite, then so is To(A).
(2) If A is simply-connected, then the converse of (1) holds.

We give sufficient conditions for algebras to be 7-tilting infinite. In particular, the
converse of Theorem 3(1) is not necessarily true (see Example 3.4) . Moreover, we
classify algebras A with T,,(A) 7-tilting finite.



Theorem 4 (Theorem 3.8 and Theorem 3.10). Let A be a finite dimensional nonlocal
algebra over an algebraically closed field whose Gabriel quiver has no loop and n > 3.
Then the following are equivalent:

(1) T, (A) is T-tilting finite;
(2) One of the following cases holds:

(a) n =4 and A is the path algebra of type As;
(b) n =3 and A is a Nakayama algebra with precisely 2 simple modules;

(¢) n=3 and A is a Nakayama algebra with radical square zero.

This theorem tells us the fact that for a simply-connected algebra A and n > 3,
T, (A) is T-tilting finite if and only if it is representation-finite (Corollary 3.11).

In Chapter 4, we give two new classes of 7-tilting finite algebras. One is the class of
weakly symmetric algebras of tubular type with non-singular Cartan matriz [BS1, BHS].
The other is the class of non-standard selfinjective algebras which are socle equivalent to
selfinjective algebras of tubular type [BS2, BHS]. Here is the main theorem of Chapter
4. See Figures 4.1 and 4.2 for the notation of A;’s and A;’s.

Theorem 5 (Theorem 4.1, Corollary 4.2 and Theorem 4.3). (1) Any weakly sym-
metric algebra A; of tubular type with non-singular Cartan matrixz is T-tilting
finite. In particular, we have the number of support T-tilting modules:

AN | AN | Ay | Ay | As | Ag | Ar | Ag
24 6 |192|132| 8 | 8 | 108 | 100

AQ AlO All A12 A13 A14 A15 A16
108 | 116 | 100 | 32 | 28 | 32 | 30 | 30

(2) Non-standard selfinjective algebras Ay, ..., Ng (without A1g) which is socle equiv-
alent to a selfinjective algebra of tubular type are T-tilting finite. In particular, we
have the number of support T-tilting modules:

Av | Ap | Ag(N) | Ay | As | Ag | A7 | As | Ao | Ay
8 | 8 6 | 32]28)|32]30]| 30| 192 | >500

(3) Ewery algebra as in (1) and (2) (without Ayg) is tilting-discrete.

In Chapter 5, we discuss when 7-tilting finiteness implies representation-finiteness.
This is a natural question because a representation-finite algebra is 7-tilting finite but



the converse does not necessarily hold. A typical example is the hereditary case; that is,
T-tilting finite hereditary algebras are representation-finite. For more examples, it was
proved that 7-tilting finite cycle-finite algebras are representation-finite [MS]. Recently,
the gentle case was verified; 7-tilting finite gentle algebras are representation-finite [P].
Now, we give new classes of algebras which satisfy this property.

Theorem 6 (Corollary 5.2, 5.3, Theorem 5.8 and 5.11). The following algebras are
representation-finite if they are T-tilting finite:

(1

quasitilted algebras;

2) algebras satisfying the separation condition;

)
(2)
(3) the trivial extensions of tree quiver algebras with radical square zero;
(4)

4) locally hereditary algebras.

Throughout this paper, algebras are always assumed to be finite dimensional over
an algebraically closed field K. Modules are finite dimensional and right modules. For
an algebra A, we denote by mod A (proj A) the category of (projective) modules over A.
The perfect derived category of A is denoted by KP(projA).



Chapter 2

The finiteness of silting objects

In this chapter, we consider the existence and the finiteness of silting objects. First,
we consider a triangulated category which has no non-zero silting object in Section 2.1.
And in Section 2.2, we construct a new silting-discrete algebra from a given silting-
discrete algebra.

Throughout this chapter, 7 denotes a Krull-Schmidt triangulated category which
is K-linear and Hom-finite. For example, it is the bounded derived category DP(mod A)
or the perfect derived category KP(proj A) over an algebra A.

Let us recall the definition of silting objects of 7. We say that an object T is silting
if it satisfies Hom (7, T'[i]) = 0 for any ¢ > 0 and 7 = thick 7. Here, thick 7" stands
for the smallest thick subcategory of T containing T'. It is known that the set silt T of
isomorphism classes of basic silting objects of 7 has a partial order > and actions p*
of silting mutation; see [Al] for details.

2.1. The existence of silting objects

In this section, we explore when a triangulated category has no silting object. A
typical example of silting objects is the stalk complex A (and its shifts) in KP(proj A). If
we can find even one silting object, silting mutation produces infinitely many ones [Al].
However, we know triangulated categories with no silting object [Al, Example 2.5].

Let A be an algebra. We denote by Dsg(A) the singularity category of A; that is,
it is the Verdier quotient of DP(mod A) by KP(projA). Here is the main result of this
section.

Theorem 2.1. Dy (A) has no non-zero silting object if inj.dim Ay < oo.

To prove this theorem, silting reduction [Al, IY] plays a crucial role.
In the rest, fix a presilting object 7" of T and define a subset silty T of silt T by

silty T :={P €silt T | T is a direct summand of P}.
Moreover, one puts S := thick 7. The Verdier quotient of 7 by S is denoted by 7/S.
Then, silting reduction [IY, Theorem 3.7] says:
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Theorem 2.2. [IY, Theorem 3.7] The canonical functor T — T /S induces a bijection
silty T — silt 7/S if any object X of T satisfies Homy (T, X[¢]) = 0 = Hom (X, T[(])
for > 0.

For example, this is the case where 7 has a silting object [AI, Proposition 2.4].
Now, we are ready to show our main theorem of this section.

Proof of Theorem 2.1. We will apply silting reduction to 7 = D®(mod A) and T = A;
in this setting, S = thick A = K(proj A) and 7 /S = Dg(A). To do that, we check that
the conditions Homy (A, X[¢]) = 0 = Homy (X, A[¢]) are satisfied for any object X and
¢ > 0. The first equality holds evidently. Let us show that the second equality holds
true. Since A has finite right selfinjective dimension, it can be regarded as a complex in
KP(inj A), which is obtained by applying the Nakayama functor v := — ®@% DA to some
complex P in KP(projA). Then we get isomorphisms

HOIDT(X, A[ED = Home(mod A) (Xa VPM]) ~D Home(modA)(P[Z]a X)

As the complex X is bounded, the last above is zero for sufficiently large ¢. Thus,
silting reduction brings us a bijection silty D?(mod A) — silt Dgg(A). It follows from [AT,
Example 2.5(1)] that the LHS of the bijection is {A} if A has finite global dimension,
and is otherwise empty. Hence, we conclude that D (A) admits no non-zero silting
object. O

An algebra A is said to be Iwanaga—Gorenstein if it has finite right and left selfinjec-
tive dimension. In that case, the singularity category Dz (A) is triangle equivalent to the
stable category CM A of the full subcategory of mod A consisting of Cohen—Macaulay
modules M; i.e. Ext)(M,A) = 0 for i > 0. So, we immediately obtain the following
corollary:.

Corollary 2.3. CM A has no non-zero silting object if A is Twanaga—Gorenstein.

2.2. A new example of silting-discrete algebras

In this section, we give a new construction of silting-discrete algebras.

A triangulated category T is said to be silting-discrete if it admits a silting object
T, and for any n > 0 there are only finitely many (basic) silting objects U satisfying
T > U > T[n]. We obtain from [Ail, Corollary 3.9] that if 7 is silting-discrete, then
the Hasse quiver of the poset silt T is connected; namely, it is silting-connected.

When T = KP(projA) for an algebra A, we write silt 7 by silt A and say that A is
silting-discrete if T is silting-discrete. The following theorem gives us a new way of
constructing the silting-discrete algebra.

Theorem 2.4. Let R be a local algebra and A a silting-discrete algebra. Put T’ :=
R ®k A. Then we have a poset isomorphism sit A — siltI'. In particular, " is also
silting-discrete.



Proof. Let us consider the triangle functor — @ R : KP(projA) — KP(projT'). Then
we have an isomorphism Homgs(poiry(X @k R,Y @k R) =~ Homyepoa) (X, Y) @k R;
see [Zim] for example. This leads to the fact that — ® 5 R keeps the indecomposability
of objects; in fact, if E is a local algebra, then so is £ @k R since K is algebraically
closed. We also observe that — ®x R induces an injection silt A — silt I preserving the
partial order.

We show that — @i R preserves approximations. Let ) be a full subcategory of
KP(projA) and f: X — Y be a left Y-approximation of X in K®(projA). For an object
Z of Y, the above isomorphism makes a commutative diagram:

Homgo ooy (Y @k R, Z @k R) o) Homyo o5y (X @k R, Z @k R)

Ni lN

Home(proj A) (Ya Z) Rk R Home(proj A) <X7 Z) ®r R

(—of)®R

Since — o f is surjective and — ® R is (right) exact, we see that the two horizontal
arrows are surjections, whence f ® R is a left ) ®x R approximation of X ®x R.

Thus, it turns out that any arrow in silt A is also an arrow in silt I' under the injection
— ®g R :silt A — siltI'. Conversely, we obtain that all paths from/to I' in siltT" come
from those from/to A in silt A, because K®(proj A) and K®(projI') have the same rank of
the Grothendieck group.

Assume that there is a silting object U of K(projI') with I' > U which is out of the
image of the functor —®x R. By [Al, Proposition 2.36], we have a path I' =: Uy — U; —
cov = Up— -+ insiltT" with U; > U for any ¢, which admits an infinite length, contrary
to the assumption of A being silting-discrete. Therefore, all silting objects of K®(projI")
smaller than I" come from those of A. Then, we derive from [AM, Theorem 2.4] that
I' is silting-discrete. Moreover, one obtains that the map — ®x R : silt A — siltI" is a
bijection.

Finally, we see that the following are equivalent for any T, U € silt A:

i) T >U;
(ii) there exists a path of finite length from T to U;
(iii) there is a path of finite length from T"®x R to U Q@ R;
(iv) T®x R > U ®k R.
This implies that the map — ®x R is a poset isomorphism. O

We apply Theorem 2.4 to trivial extension algebras. The trivial extension of an
algebra A by a (A, A)-bimodule M is defined to be A® M as a (A, A)-bimodule in which
the composition of elements (a, m) and (b, n) is given by (a,m) - (b,n) := (ab, an +mb).
Since the trivial extension of A by itself is isomorphic to K [z]/(2?)®x A, we immediately
obtain the following corollary from Theorem 2.4.



Corollary 2.5. The trivial extension of A by itself is silting-discrete if A is so.

Remark 2.6. The trivial extension of A by its K-dual is often called the trivial ex-
tenston of A. Applying it frequently destroys the silting-discreteness of algebras. For
instance, the algebra given by the quiver e ——e with radical square zero is silting-
discrete, but its trivial extension is neither silting-discrete nor even silting-connected

[AGI].
We give a slight generalization of [EJR, Theorem 15].

Corollary 2.7. Let p be the characteristic of K and suppose p # 0. Then every p-group
15 contained in the defect group of a nonlocal silting-discrete block of a group algebra.

Proof. Let P be a p-group and G a finite group. Let A be a block of the group algebra
KG with defect group D. As is well-known, K P is a local algebra and K P ®x A is
a block of the group algebra K [P x G] whose defect group is P x D. Thus, we apply
Theorem 2.4 to get the desired block; for example, if D is cyclic, dihedral, semidihedral
or quaternion, then A is silting-discrete, whence so is K P ®f A. O]



Chapter 3

T-tilting finite triangular matrix
algebras

In this chapter, we discuss the 7-tilting finiteness of triangular matrix algebras. First,
we modify the representation-finiteness of second triangular matrix algebras in [AR] to
the 7-tilting finiteness in Section 3.1. Next, we classify 7-tilting finite triangular matrix
algebras T,,(A) (n > 3) in Section 3.2.

We start with recalling important facts on 7-tilting finite algebras. We call a module
M over A a support T-tilting module provided it is the Oth cohomology of a silting object
T in KP(projA) with 7% = 0 unless i = 0, —1 (see [AIR] for more details). Our interest
in this paper is when an algebra A has only finitely many support 7-tilting modules;
so-called, A is 7-tilting finite. Evidently, if A is silting-discrete, then it is 7-tilting finite.
We also know that any factor algebra of a 7-tilting finite algebra is also 7-tilting finite
[DIRRT, Theorem 5.12(d)]. A module M is said to be brick if End, (M) is isomorphic
to K. It was shown that A is 7-tilting finite iff there are only finitely many bricks of A
[D1J, Theorem 4.2].

3.1. Second triangular matrix algebras

The first aim of this section is to develop the Auslander—Reiten’s results in [AR] to
the 7-tilting finiteness.

A main algebra we study here is the n x n upper triangular matrix algebra T,,(A),
which is isomorphic to A ®x K fn Here, A_>n denotes the linearly oriented A,-quiver
1 2 n . As is well-known, we can identify the category modT5(A)
with the category of homomorphisms in mod A; that is, the objects are triples (M, N, f)
of A-modules M, N and a A-homomorphism f: M — N. A morphism (M, Ny, f1) —
(Ms, N3, f5) is a pair (a, ) of A-homomorphisms « : M; — My and 5 : Ny — N
satisfying fo o = S o f.

For an additive category C, we denote by modC the full subcategory of the functor
category of C consisting of finitely generated functors.
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Inspired by [AR, Theorem 1.1], we have the second main result of this paper.
Theorem 3.1. Assume that A is representation-finite. Then the following hold:
(1) If the Auslander algebra of A is T-tilting finite, then so is To(A).

(2) If A is simply-connected, then To(A) is T-tilting finite if and only if it is
representation-finite. In particular, the converse of (1) holds.

Proof. Let us first recall an argument in [AR, Theorem 1.1]. It was shown that the func-
tor ® : mod73(A) — mod(mod A) sending (M, N, f) to Coker Homy (—, f) is full and
dense. Denote by D the full subcategory of mod75(A) consisting of modules without
indecomposable summands of the forms (M, M,id) and (M, 0,0), where M is an inde-
composable module over A. Then the restriction of ® is full and dense (not faithful!),
and a morphism o in D with ®(o) isomorphic is an isomorphism.

We show the assertion (1) holds true. As above, any brick over T5(A) lying in D is
sent to some brick in mod(mod A) by the functor ® and the correspondence is objectively
injective. Therefore, T5(A) inherits the finiteness of bricks from the Auslander algebra
of A, whence the assertion follows from [DLJ, Theorem 4.2].

To prove the assertion (2), we assume that A is simply-connected and T5(A) is
7-tilting finite. Then, T5(A) does not contain a finite convex subcategory which is
concealed of extended Dynkin type. The simple-connectedness of A (i.e. A=Ain
the sense of [LS1]) implies that T5(A) is representation-finite by [LS1, Theorem 4].
Moreover, we deduce from [AR, Theorem 1.1] that the Auslander algebra of A is also
representation-finite, and so it is 7-tilting finite. n

Let A be an algebra whose Gabriel quiver is (). The separated quiver QP of A is
defined as follows: The set of vertices consists of the vertices 41,--- 1, of @ and their
copies i}, - ,i; we say that ¢ and i’ are the same character. We draw an arrow i — k
if 7 is a vertex of @, k = j' for some vertex j of  and if there is an arrow ¢ — j in )
(see [ARS]). Observing the separated quiver, we can infer the representation-finiteness
and 7-tilting finiteness of a radical-square-zero algebra [ARS, A1]; we use their results
freely.

We know from [AR, Proposition 3.1] that if the separated quiver of an algebra A has
a connected component which is not of type A, then T5(A) is representation-infinite.
Here is a modification to 7-tilting finiteness.

Theorem 3.2. Let A be an algebra given by a quiver without loop. If the separated
quiver of A has a connected component which is not of type A,, then Ty(A) is T-tilting
infinite.

Proof. Let C be a connected component of the separated quiver of A.
Suppose that C is of type A,. If all vertices of C have distinct characters from each
other, then A is 7-tilting infinite by Adachi’s theorem [A1l, Theorem 3.1]. If C admits
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the same character 7 and 7', then the vertex i of the (Gabriel) quiver @ of A is a source
of precisely two arrows and a sink of exactly two arrows, which leads to the fact that
the separated quiver of Ty(A) contains a subquiver of type 55 with distinct characters.
Hence, it turns out that T5(A)/rad To(A), and so T3(A), are not 7-tilting finite.

Thus, we can assume that C is neither of type A, nor of type Z:l This means that
C has a vertex v of degree at least 3; it does not matter if v is the original or the copy
of a vertex of (). We may suppose that () possesses no multiple arrow. As ) admits
no loop, it is seen that the 4 points around v (including also v) are distinct characters
in C. Therefore, we obtain that the separated quiver of T5(A) contains the diagram of
type E; whose vertices are distinct characters, whence T5(A) is not 7-tilting finite. [

The converse of Theorem 3.2 does not necessarily hold.

Example 3.3 (See also Theorem 3.1(2)). Let A := Kf?n. Observe that Th(A) is
the commutative ladder of degree n; see [AHMW, EH, LS1|. Then the following are
equivalent: (i) n <4; (ii) T5(A) is representation-finite; (iii) it is 7-tilting finite.
Combining this observation and Theorem 3.1(1), we recover [IX, Corollary 4.8];
that is, the following are equivalent: (i) n < 4; (ii) the Auslander algebra of A is
representation-finite; (iii) it is 7-tilting finite.
We give an example which says that the converse of Theorem 3.1(1) does not neces-

sarily hold and that the assumption of A having no loop as in Theorem 3.2 is required.

Example 3.4. Let A be the radical-square-zero algebra presented by the quiver:

)

2<—1—=3

(i) The separated quiver of A consists of three connected components; one Dynkin
quiver of type D, and two isolated points. So, A is representation-finite.

(ii) Let us show that T5(A) is 7-tilting finite. We consider the algebra A presented by
the quiver 2<——1——3. Since T5(A) is derived equivalent to the path algebra
of Dynkin type Eg [La], it is seen that T(A) is silting-discrete. By Theorem 2.4,
we obtain that Ty(A) ®@x K|x]/(2?) is silting-discrete; in particular, it is 7-tilting
finite. As there is an algebra epimorphism Ty(A) @ Klz]/(2?) — Ta(A), we
deduce that the target To(A) is 7-tilting finite.

(iii) However, the Auslander algebra I' of A is not 7-tilting finite. This is deduced by
observing the Auslander—Reiten quiver of A (it gives a quiver presentation of T'):

\/\/
/\/\/
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Here, the vertex (® coincides. Factoring by an ideal, we find the factor algebra I'y
of T" presented by the quiver

AN

%

with a zero relation; the sum of the three paths of length 2 is zero. Truncating 'y
by idempotents, we get the Kronecker algebra, which implies that I'y, and so T,
are 7-tilting infinite.

3.2. Higher triangulated matrix algebras

In this section, we focus on the 7-tilting finiteness of T5*(A) and T,,(A) (n > 2).

In the paper [AR], it was also discussed that the third triangular matrix algebra
T5*(A) over an algebra A is not representation-finite [AR, Theorem 3.4]. To see this,
we consider the triangular matrix algebra T5°(A/rad A). It is because this is a fac-
tor algebra of T5*(A), since Ty(A)/I ~ Ty(A/radA). Here, I stands for the ideal

(ragA iZj ﬁ) As Ty*(A/rad A) is the direct product of some copies of T5*(K), the

next step is to observe T5°(K). We see that Ty*(K) is presented by the quiver

I

/
,:'5 o />6

1

/

34

;,

7 ——38

whose separated quiver contains the connected component:

/ 2 \
3 e 5 6’

This implies that T5*(K)/ rad® Ty*(K) is representation-infinite. Consequently, it turns
out that T5*(A) is of infinite representation type.
We can apply this argument to obtain the following result.

4/
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Proposition 3.5. (1) The triangular matriz algebra Ty*(A) is T-tilting infinite.
(2) For nonlocal algebras A,T" and X, A @i I’ Qg 3 is T-tilting infinite.

Proof. (1) Combine the argument above and Adachi’s theorem [A1, Theorem 3.&
2) By aiumption, there is an algebra epimorphism from A ®x I' Q¥ to KAy @k
KAy ®x KAy ~ Ty*(K). Then apply (1). O

We expect that there is an upper bound of n such that the n x n triangular matrix
algebra over a nonsemisimple algebra is 7-tilting finite; cf. [LS1, Theorem 6.1].

Proposition 3.6. (1) Let n > 0. If A is local, then T, (A) is silting-discrete. Hence,
it 1s T-tilting finite.

(2) Assume that A is nonlocal. If T,,(A) is T-tilting finite, then we have n < 4.

%
Proof. (1) The algebra T,,(A) is isomorphic to A®x K A,,, and then apply Theorem 2.4.
(2)_>Let n > _5> As A is nonlocal, we obtain algebra epimorphisms 7T,(A) —
T5(K Ag) ~ TH(K As). The target is not 7-tilting finite by Example 3.3, whence neither
is T,(A). O

In the rest of this section, we explore when T),(A) is 7-tilting finite for n > 3.
First, we treat radical-square-zero Nakayama algebras, which play a role in our goal.

Leana 3.7. Let A be a nonlocal Nakayama algebra with radical square zero. If A #
K As, then Ty(A) is T-tilting infinite.

Proof. Assume that A is linear Nakayama with at least 3 simple modules. Since Ty(A) is
strongly simply-connected and representation-infinite by [L.S1, Theorem 6.2], we obtain
from [W, Theorem 2.6] that it is 7-tilting infinite.

If A is cyclic Nakayama with at least 3 simple modules, then th_e>re is an a_lgebra
epimorphism A — I', which induces Ty(A) — Ty(T'). Here, I' := K A3/rad® KA3. As
above, this implies that T;(A) is 7-tilting infinite.

We show that Ty(A) is not 7-tilting finite if A is a radical-square-zero cyclic
Nakayama algebra with precisely 2 simple modules. Then one sees from the Happel—-
Vossieck List [HV] that it has a tame concealed factor algebra of type E; as follows:

R

Hence, it turns out that T4(A) is not 7-tilting finite. O

—_— ) ———>

We solve the problem for the case that given algebras have at least 3 simple modules.
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Theorem 3.8. Let A be an algebra given by a quiver () which has no loops and at least
3 vertices. Let n > 3. Then the following are equivalent:

(1) T.(A) is T-tilting finite,
(2) It is representation-finite;
(3) n =3 and A is a Nakayama algebra with radical square zero.

Proof. 1t is trivial that (2) implies (1). It follows from [LS1, Theorem 6.1] that the
implications (2)<(3) hold true.

We show that (1) implies (3). One may suppose that @) admits no multiple arrow.
Assume that Q has e<—e——=e or e ——e<—e as a subquiver. Then, we see
that there is an algebra epimorphism 7),(A) — T3(A), where A is the path algebra of
e<~—e¢——>e or «——>e~—e. By the Happel-Vossieck List [HV], we observe
that a tame concealed algebra of type E; appears as a factor algebra of T3(A), which
is 7-tilting infinite, and hence, so is T,,(A). Thus, we find out that A is a Nakayama
algebra. As a similar argument above, we deduce the fact that () does not admit
e — e —— e without zero relation, which implies that A has radical square zero.
Finally, apply Proposition 3.6(2) and Lemma 3.7 to get n = 3. [

Let us turn to the case where a given algebra has precisely 2 simple modules. We
prepare a lemma to reduce the length.

Lemma 3.9. Let A be a cyclic Nakayama algebra with precisely 2 simple modules. Then
we have a poset isomorphism st-tilt T),(A) ~ sr-tilt T},(A/rad® A).

Proof. By assumption, A is given by the quiver 1# 2. Then it is seen that z :=

xy + yx belongs to the center and the radical of A, whence zI is in those of T, (A).
Here, [ is the identity matrix. We observe that the factor algebra of T,,(A) by the ideal
generated by zI is isomorphic to 7},(A/rad® A), which completes the proof by [EJR,
Theorem 11]. O

Now, we totally realize our goal.

Theorem 3.10. Let A be an algebra whose quiver has precisely 2 vertices and no loops.
Let n > 3. Then the following are equivalent:

(1) T,.(A) is T-tilting finite,
(2) n=3 and A is a Nakayama algebra, or n =4 and A = KZ.

Proof. 1f T,,(A) is 7-tilting finite, then we observe that n < 4 by Proposition 3.6(2), and
A is also 7-tilting finite. This implies that A has no multiple arrow, so it is a Nakayama
algebra.
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Let n =4 and A # K/—l;; so A is cyclic Nakayama. By Lemma 3.9, we can suppose
that A has radical square zero, but we then obtain from Lemma 3.7 that T5(A) is not
T-tilting finite, contrary. Thus, if n = 4, then we have A = KZ;.

Let us show that the implication (2)=-(1) holds true. By Example 3.3, we have
only to check the case where n = 3 and A is cyclic Nakayama. From Lemma 3.9, one
obtains s7-tilt T3(A) ~ s7-tilt Ty(A/rad® A), which is a finite set because T5(A/rad? A)
is representation-finite by [LS1, Theorem 6.1]. Thus, we have done. O]

As a corollary of Theorems 3.8 and 3.10, we get the following.

Corollary 3.11. Let A be a simply-connected algebra and n > 3. Then T,(A) is 7-
tilting finite if and only if it is representation-finite.

Finally, we give a com_p)lete list g positive integers n and r such that T,(A) is
silting-discrete for A := KA, /rad® K A,.

Theorem 3.12. Let A be a radical-square-zero linear Nakayama algebra with r simple
modules. Then T, (A) is silting-discrete if and only if one of the following cases occurs:
(i))n=1; (ii) r=1; (iii)n=2and 1 <r <4; (iv) 1 <n <4 andr=2.

Proof. 1t is well-known that A is derived equivalent to K Z:, and so T, (A) is derived
equivalent to T, (K Z:), which is 7-tilting infinite if n > 3 and r» > 3 by Theorem 3.8.
In the case, it is not silting-discnie. R

We already know that T),(KAy) ~ TH(KA,) is not silting-discrete for n > 5; see
Example 3.3. Forn=1,2,3 agi 4, we have the ADE-chain A,, Dy, Fs and Ejy, respec-
tively. This means that T,,(K Asy) is derived equivalent to the path algebra of each type
[La], which is silting-discrete. This completes the proof. O



Chapter 4

The 7-tilting finiteness of
nondomestic polynomial growth
selfinjective algebras

In this chapter, we discuss 7-tilting finiteness of weakly symmetric algebras of tubular
type with non-singular Cartan matrix. First, we explore the 7-tilting finiteness of
these algebras in Section 4.1. Moreover, we determine the number of support 7-tilting
modules in Section 4.2.

4.1. The 7-tilting finiteness and the tilting-discreteness

Weakly symmetric algebras A; of tubular type with non-singular Cartan matrix were
completely classified up to Morita equivalence by [BS1] as the next page (Figure 4.1).
The main theorem of this section is the following.

Theorem 4.1. Any weakly symmetric algebra of tubular type with non-singular Cartan
matrix is T-tilting finite. In particular, we have the number of support T-tilting modules:

Al()\) Ag()\) Ag A4 A5 A6 A7 Ag
24 6 192 | 132 | 8 8 108 | 100

AQ AlO All A12 A13 A14 A15 AlG

108 116 | 100 | 32 | 28 | 32 | 30 | 30

Proof. We will proove the 7-tilting finiteness. Note that A; is symmetric for all ¢ but
i = 3 [BS1, Theorem 2]. Observe that the Cartan matrix of A; has positive definite.
We then apply [EJR, Theorem 13] to deduce the conclusion that A; is 7-tilting finite
for all 7 but ¢ = 3. The algebra Ajs is just the preprojective algebra of Dynkin type Dy,
and so it is 7-tilting finite by [Mi, Theorem 2.21]. In Section 4.2, we will calculate the
numbers of support 7-tilting modules of A;’s where A; is in Figure 4.1. O]
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. List of weakly symmetric algebras of tubular type
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A selfinjective algebra is said to be tilting-discrete if for any n > 0, there are only
finitely many tilting objects of length n. Here is a corollary of Theorem 4.1.

Corollary 4.2. Any weakly symmetric algebra of tubular type with non-singular Cartan
matrix s tilting-discrete.

Proof. A weakly symmetric algebra of tubular type with non-singular Cartan matrix
is derived equivalent to one of A;’s [BHS], which is 7-tilting finite by Theorem 4.1. It
follows from [AM, Corollary 2.11] that the algebra is tilting-discrete. O

Thanks to Biatkowski-Skowroriski [BS2], we also have a complete list of Morita
equivalence classes of selfinjective algebras which are socle equivalent to selfinjective
algebras of tubular type. We focus on such algebras which are not of tubular type. The
following classes of algebras coincide [S1]:

(i) selfinjective algebras which are socle equivalent to selfinjective algebras of tubular
type but not of tubular type;

(ii) non-standard selfinjective algebras which are socle equivalent to selfinjective alge-
bras of tubular type;

(iii) non-standard non-domestic selfinjective algebras of polynomial growth;
(iv) algebras A; presented by the quivers and relations as in Figure 4.2.
Then we have a similar result as Theorem 4.1 for the algebras in (iv).

Theorem 4.3. The algebras Ay, ..., Ay (without A1) are T-tilting finite. In particular,
we have the number of support T-tilting modules:

A1 A2 A3(}\) A4 A5 A6 A7 Ag Ag A10

8 8 6 32 128 | 32 | 30 | 30 | 192 | > 500

Moreover, the algebras Ay, ..., Ay are tilting-discrete.

The proof of this theorem is by direct calculation, and we will give the numbers of
support 7-tilting modules of A; in Section 4.2.

4.2. The numbers of support 7-tilting modules over weakly sym-
metric algebras of tubular type

In this section, we give the numbers of support 7-tilting modules of A; and A; as in
Section 4.1. (see the Theorem 4.1 and Theorem 4.3 for the tables of the numbers.)
The following theorem by Fisele-Janssens-Raedschelders plays an important role.
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5
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Figure 4.2: List of non-standard selfinjective algebras which are socle equivalent to

selfinjective algebras of tubular type

Theorem 4.4. [EJR, Theorem 11] Let I be a two-sided ideal of A which is contained
in the center and the radical of A. Then we have an isomorphism of posets st-tilt A and

sT-tilt A/1.

For our algebra A, the strategy is the following.

(i) Find central elements which are in the radical.

(ii) Construct an ideal I generated by the elements as in (i).

(iii) Consider the factor algebra A/I. By Theorem 4.4, we have an isomorphism of
posets s7-tilt A and s7-tilt A/I. Then, one counts the number or draws the Hasse
quiver of sT-tilt A/I. If possible, we may find a nice algebra whose factor algebra
is isomorphic to A/l and which admits a well-known Hasse quiver of support
7-tilting modules.
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4.2.1. The number of s7-tilt A;

First, let us discuss for A;’s. In any case, we can easily check that the following elements
belong to the center.

1=1: ay+~vya and fo + of; 1=2: a+ G

1=3: - 1 =4: fa— 0 — & and adyf;

i =5 af + fa; i =6: a? and Bary;

1="T af+ Pa+ 6+ &e; 1=8: aff + fa;

1=9: fo+ey+op, 1 =10: aff + £ + £d7y;

i=11: aff + ~¢&; i =12: ayfB + Bary and yB0Sa;

i =13: 2,08 and Bay; 1= 14: adyp, 0vBa,vBad and Ba + viv9;
i =15: a?, Bad and vBo; i =16: o, daf and caf.

Let I; be the ideal of A; generated by the elements above and the socle, and A; := A, Yo
In the following, we feel free to utilize Theorem 4.4 and refer to [Mi] for support

T-tilting modules over preprojective algebras of Dynkin type.

i=1

It is seen that A; is isomorphic to the factor algebra of the preprojective algebra of

Dynkin type As by the intersection of the center and the radical. This implies that A,

has 24 support 7-tilting modules.

=2

Observe that A, is the Nakayama algebra presented by the quiver o % e with rela-

tions xy = 0 = yx, whence there are 6 support 7-tilting modules of A,.
i=3
Ajs is the preprojective algebra of type Dy, which has 192 support 7-tilting modules.

1=25,6

It is obvious that A; and Ag are isomorphic, which are furthermore isomorphic to
R(2AB) in Table 2 of [EJR]. Hence, A5 and Ag have 8 support 7-tilting modules.

1=17

By Theorem 4.4, we have an isomorphism of posets sr-tilt A; ~ sr-tilt A;. Moreover,
one observes that A; is isomorphic to the factor algebra of the preprojective algebra I'
of type A4 by the central elements in the radical, and the socle. However, the socle of
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I' is not contained in the center, and so we can not apply Theorem 4.4 to obtain the
Hasse quiver of support 7-tilting modules.

Now, let us apply Adachi’s method [A2]. We fix the numbering of the vertices of A4
by 1 2 3 4 and let T be the factor algebra of I' by the central elements in
the radical. We can still apply Theorem 4.4 to get an isomorphism s7-tilt I' ~ sr-tilt T".
Let P be the indecomposable projective module of I' corresponding to the vertex 1 and
define a subset N of sr-tilt " by

N :={N € srtilt (T'/soc P) | P/socP € add N and Homp(N, P) = 0}.

Here, soc P stands for the socle of P. We see that A has 6 elements; see [Mi] for
example. It follows from [A2, Theorem 3.3(1)] that the Hasse quiver of s7-tilt ' can
be constructed by s7-tilt (f/ soc P) and the copy of A. A similar argument works for
the indecomposable projective module P of I' at the vertex 4 instead of P. As A7 is
isomorphic to the factor algebra of I' by the socle of P and P, it turns out that A;
has precisely 12 support 7-tilting modules fewer than T, so than I". Consequently, we
obtain that A; has 108 supoort 7-tilting modules.

i=8,911

We can use ‘String Applet’ (https://www.math.uni.-bielefeld.de/~jgeuenich/
string-applet/); apply it to A;.

Remark 4.5. The applet can be also run for As.

i =4,10

We count the number of 7-tilting modules over the factor algebra by each idempotent.
Let {e1, -+ ,e,} be a complete set of primitive orthogonal idempotents of an algebra
A and I be a subset of {1,---,n} (possibly, I = (). We denote by ¢; the number of
7-tilting modules of A/(e), where e = ), e;. Here, ty means the number of 7-tilting
modules of A. Note that the number of support 7-tilting modules over A is equal to
dortr

We demonstrate the way of counting for ¢+ = 4; it similarly works for ¢ = 10. Putting
A := A4, e; denotes the primitive idempotent corresponding to the vertex i.

(i) We observe that A/(e;) is the factor algebra of the Brauer tree algebra of the
Brauer tree o o o o by some socles, and so one easily obtains

(ii) When [ has the vertex 2, A/(e) is semisimple, so t; = 1; there are 8 cases.

(iii) In the cases that I = {3} and {4}, A/(e) is the preprojective algebra of type As,
so t; = 13; see [Mi] for example.
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(iv) For I = {1,3},{1,4},{3,4}, see the case of i = 2; t; = 3.
(v) We easily get {1341 = 1.

There remains to count the number of 7-tilting modules of A. To do that, we use
the GAP-package QPA; A is representation-finite, and so all indecomposable 7-rigid
modules can be got on QPA. Then, we obtain ty = 79. Consequently, one sees that
there are 132 support 7-tilting modules of A, so of Ay.

We only put the table for Aqq.

{1,2}
oints 1,3 2.3 3
I glpaoinzs El,ﬁ %2,4{ {3’4} {1} Eﬁ @ total
{2}

tr|1(Gcases)| 2 | 1 [ 3 [10|8[72] 116

Remark 4.6. It is not difficult to draw the Hasse quivers directly, but they are too
large.

i =12,13,14,15
We directly construct the Hasse quiver of s7-tilt A; as follows.

e The Hasse quiver of s7-tilt As:

-
N2

e The Hasse quiver of s7-tilt A14:



23

S,

e The Hasse quiver of s7-tilt A;5:

- y N\
—JL5

[ ] .
Remark 4.7. Note that A is the opposite algebra of Ajs. So, it follows from [AIR,
Theorem 2.14] that there is a bijection between s7-tilt A;5 and s7-tilt Aj5. We also
remark that A;5 is not representation-finite.

4.2.2. The number of sr-tilt A;

Next, we discuss for A;’s. One gets central elements.

i=1: o+ By and Bary; i =2: o2 By and 73;

1 =3 a+ B,0v and ~o; 1 =4: yBa and fay + ayp;
1=5: pv,v8,60 and od; i =6: af and Ba + v6v9;
1="T: (6,00 and yfo; =8 —

1 =19: af,yBad, oyBa and Edve; i =10: v¢ — 6.

Let I; be the ideal of A; generated by the elements above and the socle. Putting
A; := A;/I;, we observe isomorphisms as follows.

Ay | Ay [ As | Ay | A5 | A | A7 | As | Ay
~ A_5 A_s A_z Ay | Aus A14 A15 Agp A_3

Here, A°P stands for the opposite algebra of an algebra A. Thus it turns out that A; for
every ¢ except ¢ = 10 is 7-tilting finite by Theorem 4.1. Moreover, we have the number
of support 7-tilting modules of A; as in Theorem 4.3.



Chapter 5

Representation-finiteness vs.
T-tilting finiteness

The aim of this chapter is to provide several classes of algebras whose 7-tilting finiteness
implies representation-finiteness.

5.1. When does the 7-tilting finiteness imply the representation-
finiteness

Let C' be a connected component of the Auslander—Reiten quiver of an algebra. We
say that C'is preprojective if it has no oriented cycle, and any module in C'is of the form
7" P for some non-negative integer n and some indecomposable projective module P.
Dually, define preinjective components.

We start with the following proposition, which was given in [Mo] as a remark; see
also [A1].

Proposition 5.1. A 7-tilting finite algebra with preprojective or preinjective component
is representation-finite.

We give several classes of algebras as in Proposition 5.1.

A quasitilted algebra is defined to be the endomorphism algebra of a tilting object
T over a hereditary abelian K-category H. When H = mod KA for some acyclic quiver
A, the algebra is called tilted of type A. If in addition, T" is preprojective, then the
algebra is said to be concealed. We know from [CH] that every quasitilted algebra
admits a preprojective component. This leads to the following corollary, which is a
slight generalization of Zito’s result [Zit, Theorem 3.1].

Corollary 5.2. A 7-tilting finite quasitilted algebra is representation-finite.

Let A be an algebra associated to an acyclic quiver ) and 7 a vertex of (). We write
the full subquiver of @) generated by the non-predecessors of i by Q(i). An algebra A

24
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is said to satisfy the separation condition if for any vertex i of @), all distinct indecom-
posable summands of rad P; have supports lying in different connected components of
Q(i). Here, P; denotes the indecomposable projective module corresponding to i. In
the case, A admits a preprojective component [ASS, IX, Theorem 4.5 |. So, we get the
following corollary.

Corollary 5.3. A 7-tilting-fintie algebra satisfying the separation condition is
representation-finite.

Since every tree quiver algebra satisfies the separation condition [ASS, IX, Lemma
4.3], the following is also obtained.

Corollary 5.4. A 7-tilting finite tree quiver algebra is representation-finite.

We study the nice (isomorphism) class C of algebras which are representation-finite
or have a tame concealed algebra as a factor. Such a class contains the classes of
algebras with a preprojective component [SS, XIV, Theorem 3.1], cycle-finite algebras
[MS] and loop-finite algebras [S2, Theorem 4.5]. Here is a generalization of Proposition
5.1.

Proposition 5.5. A 7-tilting finite algebra in C is representation-finite.
Proof. Combine Corollary 5.2 and [DIRRT, Theorem 5.12(d)]. O

A commutative ladder of degree n is an algebra presented by the quiver

1 2 n
iL/ 2i/ i/

with all possible commutative relations, which is isomorphic to K ,K; ® K A—,: Here, E
stands for the linearly oriented quiver of type A,. By [EH, Theorem 3|, a commutative
ladder of degree n is representation-finite if and only if n < 4. We derive a corollary
from Proposition 5.5.

Corollary 5.6. A 7-tilting finite commutative ladder is representation-finite.

Proof. Let A be a commutative ladder of degree 5. As the Happel-Vossieck list [HV]
(see also [Rin]), the factor algebra of A by the idempotents corresponding to the vertices
1 and 5 is a tame concealed algebra of type E;. Observe that a commutative ladder

of degree > 5 has A as a factor. Thus the class of commutative ladders is contained in
C. O

We can also deduce Corollary 5.6 from Corollary 5.3; this is because a commuta-
tive ladder satisfies the separation condition, since all indecomposable projectives have
indecomposable radicals.
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Remark 5.7. Inspired by this work, the fourth named author of this paper showed
that any 7-tilting finite strongly simply-connected algebra is representation-finite [W,
Theorem 2.6], which generalizes Corollary 5.4 and 5.6.

Let us discuss algebras with radical square zero. To do that, we first recall the
definition of separated quivers.
For a quiver ), we construct a new quiver )° as follows:

e the vertices of Q° are those of () and their copies; we donote by i’ the copy of a
vertex ¢ of Q.

e an arrow a — b of ()° are drawn whenever a is a vertex i of @), b is the copy of a
vertex j of (), and @) has an arrow ¢ — j.

We call the acyclic quiver Q° the separated quiver of Q). As is well-known, a radical
square zero algebra presented by a quiver () is stable equivalent to the hereditary algebra
K@Q* [ARS, X, Theorem 2.4]. A full subquiver of a separated quiver @* is said to be
single if it has at most one of vertices i and ¢’ for each vertex ¢ of (). Then an algebra
given by a quiver () with radical square zero is 7-tilting finite if and only if every single
subquiver of @° is a disjoint union of Dynkin quivers [A1, Theorem 3.1].

Thanks to these results, we show the following result.

Theorem 5.8. Let A be an algebra presented by a tree quiver with radical square zero.
(1) If A is T-tilting finite, then it is representation-finite.
(2) If the trivial extension of A is T-tilting finite, then it is representation-finite.

Proof. (1) This is due to Corollary 5.4, but we give another proof here, in which we use
combinatorial discussion.

As the quiver of A is tree, we observe that every connected component R of the
separated quiver has no same latter ¢ and ¢/. Then we can apply [Al, Theorem 3.1]
for R to deduce the fact that R is of Dynkin type, since A is 7-tilting finite. Hence, it
follows from [ARS, X, Theorem 2.6 that A is representation-finite.

(2) If the trivial extension T'(A) of A is 7-tilting finite, then so is A by [DIRRT,
Theorem 5.12(d)], and hence A is representation-finite by (1). We observe that A is
simply-connected and has the quadratic form of positive definite, which implies that
it is an iterated tilted algebra of Dynkin type [AS, Proposition 5.1]. (see also [H].) It
follows from [AHR, Theorem 3.1] that T'(A) is representation-finite. ]

Theorem 5.8 does not necessarily hold if A is given by a non-tree acyclic quiver.
Example 5.9. (1) Let A be an algebra presented by the quiver

1——=2

I\

3——=4
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with radical square zero. Then the separated quiver is the following:

/INL/

Observe that it contains the extended Dynkin diagram ]T)Tr, as an underlying graph,
whence A is 7-tilting finite by [A1] but not representation-finite by [ARS].

3 4

v 2/

(2) Let us consider the algebra presented by the quiver

14\:3

with radical square zero. Then the trivial extension is the Brauer graph algebra

This is 7-tilting finite by [AAC, Theorem 6.7] but not representation-finite.

given by the Brauer graph

Let @ be a quiver. The double quiver of Q, denoted by Q¢, is constructed from Q
by adding the inverse arrow of every arrow in (). Here is an easy observation.

Proposition 5.10. Let () be a tree quiver and I an admissible ideal of KQY. Put
A= KQI. If A is T-tilting finite, then Q is of Dynkin type.

Proof. By assumtion, it follows from [DIRRT] that A/rad® A is 7-tilting finite. We
observe that the separated quiver of Q¢ is the disjoint union of two quivers R; and Rs
which satisfy ¢ € R; < ' € R; (j = 1,2) and whose underlying graphs coincide with
that of ). We apply [A1] to deduce the fact that Ry, Ry, and hence @, are of Dynkin
type. [

Let us discuss the locally hereditary case. An algebra is said to be locally hered-
itary provided every homomorphism between indecomposable projective modules is a
monomorphism or zero; see [B, LS1, MV]. We know that such an algebra is presented
by an acyclic quiver and the relations contain no monomials. We show the following
theorem.

Theorem 5.11. A 7-tilting finite locally hereditary algebra is representation-finite.
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Proof. Let A be a 7-tilting finite locally hereditary algebra. As is easy to see, the local
hereditariness yields that A has no monomial relation and the quiver @) is acyclic. The
7-tilting finiteness implies that () does not contain a subquiver of extended Dynkin
type, whence A admits all possible commutative relations. Then, we figure out that
A is strongly simply-connected; see [Le] for example. The assertion follows from [W,
Theorem 2.6]. O

5.2. Inclusion relationships of classes

We close this chapter by giving an interesting observation. Denote by A the class
of algebras in which 7-tilting finiteness implies representation-finiteness; we put a hier-
archy of classes contained in A:

alg. which are rep.-fin. | | triv. ext. of

. strongly
local. hered. gentle‘ or have tame conceal. t'ree qu;ver simply-conn.
as a factor with rad® =0

; with a preprojective/ :
cycle—ﬁnlte‘ preinjective component loop —ﬁmte‘

satisfying the

quasitilted ‘ separation cond.

[hereditary | [comm. ladd.| [tree quiver|

Proposition 5.12. The class A is closed under taking factors by ideals contained in
the center and the radical.

Proof. Let A bein A and put I' := A/I, where [ is an ideal of A contained in the center
and the radical. By [EJR, Theorem 11] , these algebras have the same poset of support
7-tilting modules. Therefore, if I' is 7-tilting finite, then so is A. By assumption, it
turns out that A is representation-finite, so is I'. m
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