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Chapter 1

Introduction

This thesis is based on [23] and [22].

Let p be a prime number and (K, O, k) a p-modular system such that k is algebraically
closed. Throughout this thesis, RG-modules mean finitely generated RG-lattices, for R €
{O, k}. In the modular representation theory of finite groups, the following philosophy exists
such as the local-global principle : Representations of a finite group are controlled by represen-
tations of p-local subgroups of the group. One of the specific formulations of this philosophy is
known to be the following Broué’s conjecture.

Conjecture (Broué’s conjecture). Let G be a finite group, b a block of RG with a defect group
P, and c¢ the Brauer correspondent of b in RNg(P). If P is abelian, then the block algebras
RGb and RNg(P)c are derived equivalent.

This conjecture is one of the most important problems and has been studied by many re-
searchers, in the modular representation theory of finite groups. It is known that the conjecture
holds in many blocks(see [18, 5.2.2]). In many cases, Okuyama’s method, introduced in [17],
played an important role. It is a method of constructing a derived equivalence from a stable
equivalence of Morita type. The details of the method may be found in [17]. From the method,
constructing a stable equivalence of Morita type between the block algebras RGb and RN¢(P)c
can be used to prove Broué’s conjecture. We review the gluing principle of constructing stable
equivalences of Morita type for principal blocks and general blocks.

First, we consider the case where b is the principal block of RG. In this case, M. Broué
introduced the following method which is useful for constructing a stable equivalence of Morita

type.

Theorem 1.0.1 (Broué’s gluing principle [6, 6.3. Theorem)). Let G and H be finite groups
having a common Sylow p-subgroup P such that Fp(G) = Fp(H). Let b and c be the principal
blocks of RG and RH, respectively. For any subgroup @) of P, let bg and cg be the principal
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blocks of kCq(Q) and kCy(Q), respectively, and M = S(G x H, AP) the Scott R(G x H)-module
with vertex AP. Then the following are equivalent.

(i) The bimodule M and its dual M* induce a stable equivarence of Morita type between RGbD
and RHc.

(ii) For each non-trivial subgroup @Q of P, the bimodule Brg(M) and its dual Brg(M)* induce
a Morita equivalence between kCq(Q)bg and kCrH(Q)cq.

In [11], R. Kessar, N. Kunugi, and N. Mitsuhashi introduced the notation of Brauer inde-
composability, which plays a key role when we apply the principle to principal blocks.

Definition 1.0.2 ([11]). Let M be an indecomposable RG-module. We say that M is Brauer

indecomposable if Resggggg)c/gQ(BrQ(M )) is indecomposable or 0, for any p-subgroup @ of G.

In [9], H. Ishioka and N. Kunugi gave an equivalent condition for Scott modules to be Brauer
indecomposable.

Theorem 1.0.3 ([9, Theorem 1.3]). Let G be a finite group and P a p-subgroup of G. Let
M = S(G, P) and suppose that F = Fp(G) is saturated. Then the following conditions are
equivalent.

(i) M is Brauer indecomposable.

(i1) Resgggég)(S(Ng(Q), Np(Q))) is indecomposable, for each fully F-normalized subgroup Q
of

If one of the equivalent conditions is satisfied, then Brg(M) = S(Ng(Q), Np(Q)) for each fully
F-normalized subgroup Q) of P.

Next, we consider the case where b is a general block of RG. M. Linckelmann generalized
Broué’s gluing principle to general blocks.

Theorem 1.0.4 (Linckelmann’s gluing principle [14, Theorem 1.2]). Let G and H be finite
groups and b and ¢ blocks of RG and RH, respectively, with a common defect group P. Let
i € (RGb)AF and j € (RH)AY be almost source idempotents. For any subgroup Q of P, denote
by eq and fq the unique blocks of kC(Q) and kCy(Q), respectively, satisfying Brag(i)eq # 0
and Brag(j)fo # 0. Denote by éqg and fQ the unique blocks of OCq(Q) and OCH(Q) lifting eq
and fq, respectively. Suppose that F(pe,y(G,b) = ‘F(P,fp)(I—L c), and write F = F(pep)(G,b).
Let V' be an F-stable indecomposable endo-permutation RP-module with vertex P, viewed as
an RAP-module through the canonical isomorphism AP = P. Let M be an indecomposable
direct summand of the RGb-RH c-bimodule

RGi @pp Indy 5P (V) @gp jRH.
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Suppose that M has AP as a vertex as an R[G x Hl|-module. Then for any non-trivial sub-
group Q of P, there is a canonical kCq(Q)eqg-kCu(Q) fo-module My satisfying End,(Mg) =
BrAQ(EndR(éQMfQ)). Moreover, if for all non-trivial subgroups Q@ of P the bimodule Mg in-
duces a Morita equivalence between kCq(Q)eq and kCy(Q) fo, then M and its dual M* induce
a stable equivalence of Morita type between RGb and RHc.

In [7], E. C. Dade introduced slash constructions for endo-permutation modules. In [3], E.
Biland defined Brauer-friendly modules and generalized slash constructions to slash functors for
Brauer-friendly modules. Brauer-friendly modules are generalizations of (endo-)p-permutation
modules. The module M which appears in the theorem above is a Brauer-friendly module, and
the module My which appears in the theorem can be represented as S l( AQéo® fQ)(M ) by using

a (AQ,ég ® fQ)—slash functor S, AQréo®fa)" For Brauer-friendly modules, the slash indecom-
posability can be defined in a similar way as Brauer indecomposability (For Frobenius-friendly
modules (i.e. endo-p-permutation modules), the slash indecomposability has been defined by
Feng-Li [8]). The slash indecomposability plays an important role in Linckelmann’s gluing
principle.

Our first result is that we generalize Ishioka-Kunugi’s equivalent condition to an equivalent
condition for Brauer-friendly modules to be slash indecomposable.

We have the following relation:

OgMOd

rkeMod roMod

where 4Mod is the category of all A-modules. In general, the functor on the right side is not
essentially surjective. There exist kG-modules which have corresponding OG-modules. These
modules are said to be liftable, i.c. a kG-module M is said to be liftable if there exists an OG-
module M such that k ®o M = M. In this situation, M is called a lift of M. Liftability is one
of the properties that we want to be satisfied in order to study the structure of a kG-module.
If a module is liftable, then we can construct the ordinary character corresponding to a lift of
the module, from the above relation. Then we can examine the structure of the module using
the ordinary character. Therefore, in the modular representation theory of finite groups, it
is important to find a class of liftable modules. A few classes of liftable modules are known.
For example, any p-permutation kG-module is liftable, in particular, any projective kG-module
is liftable. Moreover, they lift to a p-permutation OG-module and a projective OG-module,
respectively. In addition, any endo-permutation kG-module is liftable to an endo-permutation
OG-module. More details on these examples may be found in [13, 1. Introduction]. In [21], J.-M.
Urfer introduced endo-p-permutation modules, which are generalizations of endo-permutation



modules. In [13], C. Lassueur and J. Thévenaz proved that any endo-p-permutation kG-module
is liftable to an endo-p-permutation OG-module.

Theorem 1.0.5 ([13, Theorem 4.2]). Let M be an indecomposable endo-p-permutation kG-
module and P a vertex of M. Then there exists an indecomposable endo-p-permutation OG-
module M with vertex P such that M /pM = M.

By [21, Theorem 1.5], any endo-p-permutation RG-module has a G-stable endo-permutati-
on source. Hence, in [13, Remark 4.3], C. Lassueur and J. Thévenaz raised the question of
whether or not kG-modules with an endo-permutation source which is not necessarily G-stable
are liftable. In [3], E. Biland introduced Brauer-friendly modules, which are generalizations
of endo-p-permutation modules. Any Brauer-friendly module has an endo-permutation source.
From the question and since Brauer-friendly modules may induce a stable equivalence of Morita
type between OGb and O Hc by Linckelmann’s gluing principle, we want to know the liftability
of Brauer-friendly modules.

Our second result is that we show that any indecomposable Brauer-friendly module sat-
isfying certain condition is liftable to an indecomposable Brauer-friendly module, which is a
generalization of the main theorem of [13].



Chapter 2

Preliminary

2.1 Notation

Throughout this thesis, we use the following notation and terminology.

Let p be a prime number, O a complete discrete valuation ring with algebraically closed
residue field k of characteristic p, and set p = J(O) and R € {O, k}. Throughout this paper,
blocks mean block idempotents. We fix a finite group G and a block b of RG. For any
x € OG, we denote by T its image by the natural map OG — kG. By the lifting theorem of
idempotents, for a primitive idempotent ¢ € kG, there exists a primitive idempotent i € OG
such that 7 = i. We only use the symbol — to satisfy the property, for primitive idempotents.
We denote by reMod the category of all RG-modules. We set AG = {(g,9) | g € G}. We
write No(H) = Ng(H)/H for a subgroup H of G. For any G-set X and any subgroup H of
G, weset X ={zx € X |h-2=2h € H}. For any indecomposable RG-module M, we
denote by vtx(M) a vertex of M. For any two RG-modules M and N, we write M | N if
M is isomorphic to a direct summand of N. For any RG-module M and any subgroup H of
G, the relative trace map Tr% : M# — MY is defined by Tr%(m) = > weq/u T - m. For any
RG-module M and any p-subgroup P of G, the Brauer construction of M with respect to P is
the kNg(P)-module defined by

Brp(M) = M" /(Y Trp(M®) + J(R)M").
Q<P

We denote by br¥ : M¥ — Brp(M) the natural map and we call this map the Brauer
morphism of M with respect to P. In particular, we write brp = brI@G. For any f €
Hompg(L, M), kNg(P)-homomorphism Brp(f) € Homyg, p)(Bre(L), Brp(M)) is naturally

determined. Hence, Brp induces a functor

Brp: RgMOd — kﬁg(P)MOd'
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We recall the definition of subpairs. A subpair of G is a pair (P,bp) consisting of a p-
subgroup P of G and a block bp of OCg(P). We call the subpair (P,bp) a (G, b)-subpair if
bpbrp(b) # 0. For (G, b)-subpair (P,bp), the block bp is also a block of OH for a subgroup H
such that C(P) < H < Ng(P,bp). The set of (G, b)-subpairs is a poset, and the group G acts
on the set by conjugation.

We recall the definition of the Brauer functor with respect to (G, b)-subpair. Let (P, bp) be
a (G, b)-subpair, M an RGb-module. The Brauer construction of M with respect to the subpair
(P,bp) is the kN (P, bp)bp-module defined by Br(py,)(M) = Brp(bpM), here we identify the
block bp of kNg(P,bp) with an idempotent of kN (P, bp). The kNg(P, bp)-epimorphism

bribypy : MY — Bripy,) (M)
is defined by m — br’?M (bpM). For any f € Homoey(L, M), we define

Br(pyp) (f) = Brp(bpfbp) € Honyg, (ppppp (Br(pos) (L), Brippp) (M)).
So Br(py,) induces a functor
Br(P,bp) : RGbMOd — kNG(P,bP)EPMOd'

We recall the definitions of Brauer categories and fusion systems. The Brauer category
Br(G,b) is defined as follows: the objects of Br(G,b) are the (G, b)-subpairs, and for any two
objects (P,bp), (Q,bg), the morphism set Hompyc ) ((P,bp), (Q,bg)) is the set of all group
homomorphisms ¢ : P — @ such that there exists ¢ € G satisfying 9(P,bp) < (Q,bg) and
¢(x) =9z for any x € P. Let (P,bp) be a (G,b)-subpair. Let (P,bp) be a (G,b)-subpair. The
fusion system F(py,)(G,b) is defined as follows: the objects of F(ps,)(G,b) are the subgroup
of P, and for any two objects @ and R, the morphism set Hompg P’bp)(gyb)(Q, R) is the set of all
group homomorphisms ¢ : () — R such that there exists g € G satisfying 9(Q,bg) < (R, bg)
for (Q,bg), (R,br) < (P,bp) and ¢(z) = 9x for any x € (). The Frobenius category Fr(G) is
defined as follows: the objects of Fr(G) are all p-subgroups of G and for any two objects P, @,
the morphism set Hompy () (P, Q) is the set of all group homomorphisms ¢ : P — @ such that
there exists g € G satisfying ¢(z) = 9« for any z € P, and 9P < Q.

We review the definition of vertex subpairs and source triples from [3]. Let M be an
indecomposable RGb-module. A (G,b)-subpair (P,bp) is called a vertex subpair of M if for
some indecomposable RP-module V|, M | bRGbp @rp V and P <g vtx(M) hold. For such V,
it is called a source of M with respect to the vertex subpair (P, bp). A triple (P,bp, V') is called
a source triple of M if V' is a source of M with respect to the vertex subpair (P, bp). If M has
a source triple (P, bp, V'), then a vertex of M is P and a source of M is V| from [3, Lemma 1].

We can consider the Green correspondence with respect to source triple.



Theorem 2.1.1 ([3, Lemma 1, Definition 2]). Let (P,bp) be a (G,b)-subpair. If M is an inde-
composable OGb-module with source triple (P,bp, V'), then there exists a unique indecomposable
ONg(P, bp)-direct summand f{ (M) of bpM with source triple (P,bp, V). Then f} induces
a one-to-one correspondence between the isomorphism classes of indecomposable OGb-modules
with source triple (P, bp, V') and the isomorphism classes of indecomposable O Ng (P, bp)-modules
with source triple (P,bp, V).

The f, is called the Green correspondence with respect to (P, bp).

2.2 Definitions and Properties of (p-)permutation mod-
ules and endo-(p-)permutation modules

We recall the definitions of (p-)permutation modules and endo-(p-)permutation modules.

Definition 2.2.1 (Permutation modules and p-Permutation modules). Let M be an RG-
module. We call M a permutation RG-module if M = @,_,., Ind{j (Ry,) for some sub-
groups H; of G. Also, we call M a p-permutation RG-module if M | N for some permutation
RG-module N.

Remark 2.2.2. We see that M is a permutation RG-module if and only if M has a G-invariant
R-basis. Moreover, M is a p-permutation RG-module if and only if for any p-subgroup P of
G, Res%(M) has a P-invariant R-basis.

Definition 2.2.3 (Endo-permutation modules and Endo-p-permutation modules). Let M be
an RG-module. We call M an endo-permutation RG-module if Endg(M) is a permutation RG-
module. Also, we call M an endo-p-permutation RG-module if Endg(M) is a p-permutation
RG-module.

Remark 2.2.4. Let G be a p-group. Then permutation RG-modules are just p-permutation
RG-modules. Similarly, endo-permutation RG-modules are just endo-p-permutation RG-
modules.

In the following, we review some important properties and propositions for (endo-p-)permu-
tation modules. The next lemma follows from the definition immediately.

Lemma 2.2.5. Let V, W be (p-)permutation RG-modules. Then VoW,V @g W, V*, and
Hompg(V, W) are (p-)permutation RG-modules.

Definition 2.2.6 (Capped endo-permutation module). Let P be a p-group and V an endo-
permutation RP-module. We say that V' is capped if it has an indecomposable direct summand
W of V' with vertex P.



Lemma 2.2.7 ([7, PROPOSITION 2.2|). Let P be a p-group. Let V., W (capped) endo-
permutation RP-module. Then V®@g W, V*, and Homg(V, W) are (capped) endo-permutation
RP-modules.

Definition 2.2.8 (Compatible for endo-permutation modules). Let P be a p-group and let V'
and W be endo-permutation RP-modules. We say that V' and W are compatible if V & W is
an endo-permutation RP-module.

Lemma 2.2.9 ([7, PROPOSITION 2.3]). Let P be a p-group and V, W endo-permutation RP-
modules. The module V' and W are compatible if and only if Homg(V, W) ( or Homr(W,V')) is

a permutation RP-module.

Proposition 2.2.10 ([7, THEOREM 3.8]). Let P be a p-group. Let V., W capped indecom-
posable endo-permutation RP-modules. Then V and W are compatible if and only if they are
RP-isomorphic.

By Proposition 2.2.10, any two indecomposable direct summands with vertex P of capped
endo-permutation RP-module V' are isomorphic. We denote by Cap(V') any RP-module iso-
morphic to one of those summands.

Brauer-friendly modules defined in the next section have fusion-stable endo-permutation
modules as sources. We recall the definition of fusion-stable endo-permutation modules.

Definition 2.2.11 ([15, Definition 9.9.1]). Let (P, bp) be a (G, b)-subpair, V' an endo-permutati-
on RP-module, and set F = F(py,)(G,b). We say that V is F-stable if the endo-permutation
OQ-modules Resf (V) and Resy (V) = Resg, (?V) are compatible for any subgroup @ of P

and any ¢,-1 € Homz(Q, P). We call the triple (P,bp,V) a fusion-stable endo-permutation
source triple if V' is an F-stable capped indecomposable endo-permutation RP-module.

Remark 2.2.12. In particular, we say that V' is G-stable if V' is Fr(G)-stable.

Every endo-p-permutation RG-module has a G-stable endo-permutation source, from the
following theorem.

Theorem 2.2.13 ([21, Theorem 1.5]). Let M be an indecomposable RG-module with vertex
P and source S. Then M is an endo-p-permutation RG-module if and only if S is a G-stable
endo-permutation source.
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Chapter 3

Brauer-friendly modules and slash
functors

In this chapter, we review the definitions of Brauer-friendly modules and slash functors
defined by E. Biland in [3]. This Biland’s slash functors are generalizations of Dade’s slash
functors.

3.1 Definition of Brauer-friendly modules

Definition 3.1.1 ([3, Definition 6]). Let (P, b1, V1) and (P, by, V) be fusion-stable endo-
permutation source triples in (G,b). We say that (Py, by, V1) and (P, b, Va) are compatible
if the endo-permutation O@Q-modules Resg, (V1) and Resg,(Va) are compatible for any (G, b)-
subpair (@, bg) and any morphism ¢; € Homp, () ((Q, bo), (B, bp,)) for i € {1,2}.

Definition 3.1.2 ([3, Definition 8]). Let M be an OGb-module which admits the decomposition
M = @, M; of M, where each M, is indecomposable OGb-module with source triple
(P, bp,, V;). We say that OGb-module M is Brauer-friendly if (P;,bp,,V;) is a fusion-stable
endo-permutation source triple for any 7 € {1,...,n}, and, (F;,bp,,V;) and (P}, bp,,V;) are
compatible for every i,j € {1,...,n}.

Definition 3.1.3 ([3, Definition 8|). Let L and M be Brauer-friendly OGb-modules. We say
that L and M are compatible if L & M is a Brauer-friendly OGb-module.

Definition 3.1.4 ([3, Definition 15]). Let pgyM be a subcategory of the category ngyMod.
We say that pg,M is Brauer-friendly if any object of oM is a Brauer-friendly OGb-module,
and any two objects of ngM are compatible.
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Definition 3.1.5. Let (P,bp, V) be a fusion-stable endo-permutation source triples in (G, b).
We say that a Brauer-friendly category is big enough with respect to (P,bp,V) if any finite
direct sum of indecomposable OGb-modules with source triple (P, bp, V') belongs to the Brauer-
friendly category. Let & be a set of compatible source triples of G. Also we define big enough
with respect to S.

Remark 3.1.6. In the case of b is the principal block of RG, Brauer-friendly RGb-modules
and endo-p-permutation RGb-modules are equal class. In general, indecomposable endo-p-
permutation RGb-modules are indecomposable Brauer-friendly RGb-modules but the converse
is not true(see [3, The sentences under Definition 8]). Hence we have the following relation.

permutation mod. C endo-permutation mod.
N N
Scott mod. C p-permutation mod. C endo-p-permutation mod.

N

Brauer-friendly mod.

3.2 Definition and Properties of slash functors

E. C. Dade in [7] defined slash constructions and slash functors for endo-permutation mod-
ules over p-groups.

Theorem 3.2.1 ([7, THEOREM 4.15 and COROLLARY 4.17] and [3, Beginning of Section 4]).
Let P be a p-group, Q) a subgroup of P and V an endo-permutation OP-module. There exists
an endo-permutation kNp(Q)/Q-module V[Q)] such that there is an isomorphism of Np(Q)/Q-
algebra Brag(Endep(V)) = Endy,(V[Q]). The module V[Q)] is unique up to isomorphism.

We call the module V[Q] the @-slashed module relative to V.
In [3], E. Biland generalized slash constructions to slash functors for Brauer-friendly modules
as follows.

Definition 3.2.2 ([3, Definition 14]). Let G be a finite group, b a block of OG, and oM a
subcategory of the category ngsMod of all OGb-modules. Let (P,bp) be a (G, b)-subpair, and
H a subgroup of G such that PCq(P) < H < Ng(P,bp). We write H = H/P. An additive
functor SI : oM — 773, Mod defined by the following data is called a (P, bp)-slash functor :

e for each L, M € oM, there exists a map
Si-M: Homep(L, M) — Homy(SI(L), SI(M))

satisfying the following conditions.
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— for any M € oM, SMM (1gnap ) = Lend,(s100));

— for any L, M, N € oM, and any f € Homep(L, M), any g € Hompp(M, N),
SttN(go f) = SN (g) o SIMM(f);

— for any L, M € oM, there exists a k(Cg(P) x Cg(P))AH-isomorphism
fL,M . BIAP(HOIH()(pr, bpM))) — HOHlk(Sl(L), SZ(M))

such that the following diagram is commutative.

SZL"M

Homepp(L, M) Homy,(SIU(L), SI(M))

me %

B B o p(Home (bp L, bpM)))
Biland proved that there exists a slash functor for Brauer-friendly categories in [3].

Theorem 3.2.3 ([3, Theorem 18]). Let b be a block of OG and pgpyM a Brauer-friendly category
of OGb-modules. Let (P,bp) be a (G, b)-subpair, H a subgroup of G such that PCs(P) < H <
Ng(P,bp), and we write Cq(P) = PCg(P)/P. Then the following statements hold.

(i) There exists a (P,bp)-slash functor Slipy,) : ocsM — 1775, Mod.

(i) If SZEP,bp) toasM = 13, Mod is another (P, bp)-slash functor, then there exists a linear

character x : H/Cg(P) — k* such that there exists an isomorphism x.Slpyp) = Slppp
of functors.

Example 3.2.4. We denote by ogpPerm the category of all p-permutation OGb-modules. Then
ocpPerm is a Brauer-friendly category. Moreover, the slash functor on ogyPerm is the Brauer
functor which is unique up to twisting by a linear character.

For Brauer-friendly modules, the slash indecomposability can be defined as well as the
Brauer indecomposability as follows (For Frobenius-friendly modules (i.e. endo-p-permutation
modules), the slash indecomposability was defined in [8, Definition 5.1]).

Definition 3.2.5. Let og,M be a Brauer-friendly category of OGb-modules, Sl(q ) : ocsM —
N6 (Qbo)ieMod a (Q, bg)-slash functor for each (G, b)-subpair (@, bg), and M € oM. We say
that M is slash indecomposable if for every (G, b)-subpair (Q,bg), Resggg%g;‘?/)ch(Sl(beQ)(M))
is indecomposable or zero.

Remark 3.2.6. The definition of the slash indecomposability is independent of the choice of
Brauer-friendly categories and slash functors.
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The following theorem is a generalization of [5, (3.2) THEOREM. (3)].

Theorem 3.2.7 ([3, Theorem 23]). Let b be a block of OG, (P,bp,V) a fusion-stable endo-
permutation source triple, oy M a Brauer-friendly category of OGb-modules that is big enough
with respect to (P, bp, V'), and Slippp) : 066M = ywapopyseMod a (P, bp)-slash functor. Then
Slppp) induces a one-to-one correspondence between the isomorphism classes of indecomposable

OGb-modules with source triple (P,bp, V) and the isomorphism classes of projective indecom-
posable k[N (P, bp)|bp-modules.

By this theorem, Brauer-friendly modules can be presented as follows.

Definition 3.2.8. With the same notation as in Theorem 3.2.7, let M € oM be an inde-
composable OGb-module with source triple (P, bp, V). Then, by Theorem 3.2.7, there is up
to isomorphism a unique simple k[N¢(P,bp)lbp-module S such that Slpy, (M) = P(S). We
denote the module M by B(b, (P,bp,V), Slippy), S). In particular, if S = k. popyop » then we
denote the module M by BS(b, (P,bp,V), Sl(pp,)). We call this module the Brauer-friendly
Scott OGb-module with respect to (P,bp, V).

Remark 3.2.9. (i) The above presentation of Brauer-friendly modules is unique up to twist-
ed by a linear character.

(ii) The Scott OG-module S(G, P) is presented by
S(G, P) - BS(b, (P, bp, Op), Sl(P7bP))

where b is the principal block of OG.
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Chapter 4

Slash indecomposability of
Brauer-friendly modules

In this chapter, we give an equivalent condition for Brauer-friendly modules to be slash
indecomposable.

4.1 Lemmas

In this section, we give lemmas for Brauer-friendly modules, Brauer-friendly Scott modules,
and slash functors, which are analogies of lemmas for p-permutation modules, Scott modules,
and Brauer functors respectively, which are used to prove the main theorem in [9].

Notation. Let M be a Brauer-friendly module and &), be the set of source triples of any
indecomposable summand of M. Hereinafter, we assume that M belongs to some Brauer-
friendly categories that is big enough with respect to Sy;. Moreover, when we apply a slash
functor to the Brauer-friendly module M, we assume that the domain of the slash functor is
big enough with respect to Sy,.

Lemma 4.1.1. Let (P,bp) be a (G,b)-subpair, H a subgroup of G such that PCg(P) <
H < Ng(P,bp), M a Brauer-friendly OGb-module, and Slipy,) a (P,bp)-slash functor. By
[3, Lemma 10 (1)], we get a decomposition bpM = L @ L', where L is a Brauer-friendly
OHbp-module and L' is a direct sum of indecomposable O Hbp-modules with vertices that do
not contain P. Then there exists an isomorphism

Res™ @) (Sl (M) 2 Sl (L)
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of kHbp-modules for some (P,bp)-slash functor Slipy,y- In particular, if H = Ng(P,bp) and
M has the source triple (P,bp, V'), then there exists an isomorphism

Slipppy (M) = SlERbP)(fI?P(M))

of kHbp-modules, where fbbp is the Green correspondence with respect to (P,bp).

Proof. Write Ng = Ng(P,bp). We have isomorphisms of Cy(P)-interior H-algebras

Endy,(Resy® (Sl ppp)(M))) = Resy® (Brap(Endo(bpM)))
>~ Brap(Endp(bpRes$(M)))
= Brap(Endp(L))
= Endy,(Sl{py, (L)),

where Res is a restriction to H as algebras and Sl/p;, ) is a (P, bp)-slash functor. By [4, Lemma

3 (ii)], there exists a linear character y : H/PCpy(P) — k* such that bpRespC (Sl(pp,)(M)) =
X*SlE’RbP)(L). Hence, setting SZZP,IJP) = X*Sll(lp,bp)a we obtain

bpResy® (Slppe)(M)) = Slipy, (L),

The rest follows from bpM = fbbP(M )@ Z, where Z is a direct sum of indecomposable O Ngbp-
modules with vertices that do not contain P. O

The following lemma is an analogy of [5, (3.2) THEOREM. (1)].

Lemma 4.1.2 ([2, Corollary 3.17]). Let M be an indecomposable Brauer-friendly OGb-module
with source triple (P,bp, V'), (Q,bq) a (G,b)-subpair, and Slqu,) a (Q,bq)-slash functor. Then
SZ(QJ,Q)(M) 7é 0 Zf and only Zf (Q, bQ) SG (P, bp)

We define the conjugation of slash functors by an element of a group.

Definition 4.1.3. Let (P, bp) be a (G,b)-subpair and Slpy,) : 0ctM = 1w, (pops,Mod a
(P, bp)-slash functor. For each g € G, we denote by 9(—) the conjugation functor by g, also
we denote the functor 9(—) o Slipp,) : 0csM — kﬁc(gﬁgbp)ggpl\/lod by ¢.Sl(pp,)- Then, by [3,
Lemma 22 (ii)], the functor g,Slipy,) is a (P, bp)-slash functor.

Lemma 4.1.4. Let (P,bp) be a (G,b)-subpair. For each element g € G, we have an isomor-
phism
B(b, (P, bp, V), Sl(PybP% S) = B(b, (gP, gbp, gV), g*Sl(pVbP), gS)

of OG-modules.
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Proof. Set X = B(b, (9P, %p,?V), 9.Sl(ppp),?S). Then X also has the source triple (P, bp, V)
and we have 9(Sl(pp,) (X)) = g.Sl(ppp)(X) = 9P(S). Thus Slpp,y(X) = P(S). Hence we
obtain

B(b, (P, bp, V), Sl(P,bp)) S) = B(b, (gP, gbp, gV), g*Sl(PybP% gS)

]

Lemma 4.1.5. Let (P,bp) be a (G, b)-subpair and ffp the Green correspondence with respect to
(P, bp). Then there exists a (P,bp)-slash functor Slip, ., such that there exists an isomorphism

fl?p(B(bu (P7 be V)a Sl(P,bP)a S)) = B(bP7 (P7 bP7 V), SZEP,bp)? S)
of ONg(P,bp)bp-modules. In particular, we have an isomorphism

Jon(BS(b, (P,bp, V), Slipp,y)) = BS(bp, (P,bp, V), Slipy,)-
Proof. Set M = B(b,(P,bp,V),Slpp,y,S). Then, by Lemma 4.1.1, there exists a (P, bp)-slash
functor S1/ such that there exists an isomorphism

(vap)
Sl pppy (fon (M) = Slipy) (M) = P(S)

of kN¢(P,bp)bp-modules. O

The following lemma is an analogy of [16, Chapter 4, Theorem 8.6 (ii)] for Brauer-friendly
modules.

Lemma 4.1.6. Let P be a p-subgroup of G, H a subgroup of G such that PCq(P) < H, V' a
block of OH, and (P,bp) a (G,b)-subpair. We assume that (P,bp) is an (H,V')-subpair, and
(P,bp, V) is a fusion-stable endo-permutation source triple. Then there exist t € Ng(P,bp), a
(P, bp)-slash functor Slfp, ), and a simple k[N g (P,bp)bp-module S" such that

B, (P,bp,'V), Sllpy,): S') | Resi(B(b, (P,bp, V), Slipyy). S))-
In particular, we have
BS(U',(P,bp,"'V), Sl{py,) | Resi(BS(b, (P, bp, V), Slipp,)))-
To prove Lemma 4.1.6, we need the following lemma.

Lemma 4.1.7 (Burry [16, Chapter 4, Theorem 4.8 (i)]). Let H be a subgroup of G containing
PCg(P), V' a block of OH, and (P,bp) a (G,b)-subpair. We assume that (P,bp) is an (H,b')-
subpair. Let ffp and fé); be the Green correspondences with respect to (P,bp). Then, for
any indecomposable OGb-module V' with vertex subpair (P,bp) and any indecomposable OHUV' -
module W with vertex subpair (P,bp), the following conditions are equivalent.

17



(i) W | Res$ (V).
(ii) fL,(W) | Resyc () (f2,(V)).

Proof. (Proof of Lemma 4.1.6) We prove Lemma 4.1.6 in a similar way as the proof of [16,
Chapter 4, Theorem 8.6 (ii)]. Set Ng = Ng(P,bp) and Ny = Ng(P,bp). By Lemma 4.1.7, it
is sufficient to show the following:

fli;(Ba)/v (P7 bp,tV),Sl’(leP )) ’ Res (fbp( ( (Pa bPaV)asl(P,bp)ﬁs)))'

Also, by Lemma 4.1.5, this statement is equivalent to the following:
B(bPa (P> bp, tv)a SZI(IIID,bp)a S/) ’ Res%i(B(bFU (Pv bp, V)a SlzP,bp)a S))

Set Bg = B(b, (P,bp, V), Sl(ppy,S). It is equivalent to show that there exist an element ¢ €
Ng, a (P, bp)-slash functor S l”l’D bp): & simple kN gbp-module S’, and an indecomposable direct

summand X of bpRes} S (f{,(Bg)) such that X has a source triple (P,bp,'V’) and Slipppy (X) =

P(S"). By [3, Lemma 10 (i)], we get a decomposition bpResy ¢(f¢,(Bg)) = L® L', where L is
a Brauer-friendly ONgbp-module and L' is a direct sum of mdecomposable ONgbp-modules
with vertices that do not contain P. Since f{ (Bg) = B(bp, (P,bp,V), Slipypy,S), we obtain

f2.(Be) | Ind¥¢ (V). The Mackey formula gives the relation

L|Res\o(fp.(Ba)) | € Indpr('V).

teNy\N¢g/P

Let L = ®;erL; be a decomposition of L as a direct sum of indecomposable O Ngbp-modules.
Then each L; has the vertex subpair (P, bp). Hence for each i € I, there exists t; € Ng such
that s(L;) = “V. By Lemma 4.1.1, there exists a (P, bp)-slash functor Sl{py, such that

ResNS (S py,) (o, (Be))) = Sl (L)

There exists a simple kN ybp-module S! such that S Wby (Li) = P(S5;), by the above argument
and Theorem 3.2.7. This shows

L; = B(bp, (P,bp,'V), Sl ). S).

In particular, if S = kg, then P(ky, ;) | Res]Nvi(Sl’(P’bp)(flf’P(B(;))) Thus there exists ¢ € 1
such that SUf, ) (Li) = P(ks,;,). This shows L; = BS(bp, (P,bp,"V), Sl{p4,)- O
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Lemma 4.1.8 (Burry-Carlson, Puig). Let (P,bp) be a (G,b)-subpair, H := Ng(P,bp), f¢,
the Green correspondence with respect to (P,bp), V' an indecomposable OGb-module, and W
an indecomposable summand of bpRes$ (V). Then the following condition (i) implies (ii) and

(V) =W.
(i) W has a vartex subpair (P,bp).
(ii) V has a vartex subpair (P,bp).

The following lemma is a generalization of H. Kawai [10, Theorem 1.7] for Brauer-friendly
modules. We prove the lemma with a similar argument as [10, Theorem 1.7].

Lemma 4.1.9. Let (P,bp) be a (G,b)-subpair, (Q,bg) <¢ (P,bp), and set H = N (Q,bg)
and Bg = B(b, (P,bp,V),Slipp,),S). If R=9PNH is a mazimal element of {'PNH | i€
G,(Q,bg) <“(P,bp)}, then there exist an (R,bg)-slash functor Sligpy,, an element z € G, and
a simple k[N (R, bg)|br-module S’ such that

B(bg, (R, br, Cap(Resy (*V))), Slrpn)s S') | Res%(Bg),
where br is the unique block satisfying (R,bg) < 9(P,bp).

Proof. We prove this by induction on |P|/|R)|.

If |P|/|R| = 1, i.e. 9P = R, then 9(P,bp) is a (G,b)-subpair. By (Q,bg) < (R,br),
(R,br) =9(P,bp) is an (H,bg)-subpair. Hence, by Lemma 4.1.4 and Lemma 4.1.6, there exist
an (R, bg)-slash functor Slipp,) and an element z € Ng(R, br) such that

B(bQ, (R, bR, ZV), Sl(R,bR)a S/) | Resg(B(b, (gP, gbp, V), g*Sl(ijP), gS),
and
Resf (B(b, (P, %p, V), g.Slppp), ?S) = Res(Bg).

In this case, the statement follows.

Now suppose that |P|/|R| > 1, i.e. R <g P. We set Hy = Ng(R,bg) and Q = {{PN H,|i €
G, (R,br) < Y(P,bp)}. From (R,br) < 9(P,bp), we see Q # (. Let Ry be a maximal element
of Q. Then H; and (Ry,bg,) satisfy the condition of the lemma. Therefore, by induction
hypothesis, there exist an (Ry,bg,)-slash functor Sl(Rybg,), an element x € G, and a simple

k[N, (R, bg,)]bg,-module Sg, such that
B(bg, (R1,br,, Cap(Resy ("V))), Sliz, 5, ) Sr,) | Res§y, (Be).

Set N = B(bg, (Rl,le,Cap(Res;Ij(‘”V))),Sl(thRl),SRl), T = Ng(R,bg). By [3, Lemma 10
()], we get a decomposition brResi' (N) = L @ L/, where L is a Brauer-friendly OTbg-module
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and L' is a direct sum of indecomposable OTbr-modules with vertices that do not contain R.
Let L = @®;c1L; be a decomposition of L as a direct sum of indecomposable OTbg-modules.
Then, for any ¢ € I, there exists a vertex of L; which contains R. Here, the Mackey formula
gives the relation

@ L; |Res (Indf;;1 (Cap(ReSj{If(”:V))))

i€l

h x T
>~ P Indly,p(Res, - .("(Cap(Resy; (*V)))))

heT\H1/R1
o EB Indg(Res?_zR1 (h(Cap(ReSZR}f(xV)))))>
heT\H1/R:

where R = "Ry NT, for any element h € H,. Hence, for any i € I, we have vtx(L;) = R.
Therefore, for any i € I, we can take a vertex subpair of L; as (R,bg). We may assume that

L | Indji(Res ™ (" (Cap(Resp, (V).
for some element h; € Hy. Let Res;;Rl(hi(Cap(ResxRIf(IV)))) = D,c; Z; be a decomposition as

a direct sum of indecomposable O R-modules. Then, there exists an element j € J such that
s(L;) = Z;. Since we can take a vertex of Z; as R, we have

Z; 2 Cap(Res, ™ (" (Cap(Res,,. (*V))))).
Moreover, we see that
Cap(Res};Rl(h"(Cap(ResxRIf(xV))))) = Cap(Res?P(h’“V)).

From the above, for any ¢ € I, there exist an (R, bg)-slash functor Slrp,) and a simple

E[N7(R,bg)]br-module S such that
Li = B(bg, (R, bg, Cap(Resy, " (" V))), Slipny: S').
We choose i € I and set h = h;, S'" = S., z = hax € G. Then we have
B(bg, (R,br, Cap(Resy; (*V))), Slrup), S') | Rest (Res§;(Bg)).
Therefore there exists a direct summand U of Res%(Bg) such that

B(bg, (R, br, Cap(Resy (*V))), Slrop), S") | Rest (U).
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By Lemma 4.1.8 and [3, Theorem 4], the module U has a vertex subpair (R, bg) and lies in the
block b of OH and

Jo2(U) = B(bg, (R, br, Cap(Res (*V))), Slirp, S).
Hence, by Lemma 4.1.5, we have
U = B(bg, (R,br, Cap(Res,; (*V))), Slirpp), S')-
From the above, it follows that
B(bg, (R,br, Cap(Resy (*V)), Sl ) | Resi (Ba).
O

The following lemma is a generalization of J. Thévenaz [19, Exercises (27.4)] for Brauer-
friendly modules.

Lemma 4.1.10. Let (P,bp) be a (G,b)-subpair and set M = B(b,(P,bp,V),Slipp,),S) and
Q <g P and set H = Ng(Q,bg). By [3, Lemma 10 (i)], we get a decomposition bgRes% (M) =
L& L', where L is a Brauer-friendly OHbg-module and L' is a direct sum of indecomposable
OHbg-modules with vertices that do not contain ). Let L = @®;erL; be a decomposition of L
as a direct sum of indecomposable O Hbg-modules and we set Z; = vtx(L;). Then, for each
1 <i<n and any (Q,bq)-slash functor Slq,), there exist an element g; € G and a simple
k[N (Z;,bz,)|bz,-module S; such that

SlQug)(Li) = B(bq, (Zi,bz,, Cap(Resz” (“V)) Q). Sliz.6,,) @Xu

where X; j is an indecomposable Brauer-friendly kHbg-module with source triple

(VEx(Xi5), boex(x,,)> $(Xij))

such that

(Q bQ) (VtX(X )7bvtx(Xi,j)> < (ZwaZ)
and |

5(Xi5) | Resly x,  (Cap(Resy” (%)) [Q).
Therefore, we have

Sl(vaQ)(M) = Sl(vaQ)<L)
= @ (B(bQ, (Zi,bZi,Cap(ResZ_P(giV))[Q]) Sl (Zibz,) @ij

1<i<n

21



Remark 4.1.11. If Sl(q;,)(L;) is indecomposable, then we have

Sl(Q,bQ)(Li) = B(bQ’ (Zi’ bz,, Cap(ReSZP@iV))[Q])a Sl(zi,bZi)7 Sl)

Proof. By Lemma 4.1.1, we have

SlQuo)(M) 2 Sliguo)(L) = €D Slquy (L)

1<i<n

First, we determine the structure of each L;. By [3, Theorem 4], we see that there exists
an element ¢g; € G such that (Q,bg) < (Z;,bz) < 9%(P,bp) and s(L;) = Cap(ReSZP(giV)).
Therefore, there exist an element ¢g; € G, a (Z;, by, )-slash functor Sl(HbQ,Zi,bzi)’ and a simple
k[N (Z;,bz,))bz-module S; such that

L; = B(bq, (Zi, bz,, Cap(Res . (“V))), Sliz,5,,), S:)-

Next, we determine the structure of Sl(gs,)(Ls). Since we have (Q,bq) < (Z;, bz,) by [2, Lemma
3.16 ( )], we see
i)

(L
Thus, there exists the unique direct summand X; of Sligs,)(L;) such that Siiz bz) (Xi)
P(S;). From [4, Lemma 3 (iii)] and Lemma 4.1.2, we see vtx(X;) = vtx(L;) and’ s(X)
Cap(Resy " (%V))[Q]. Hence, we get

P(S;) 2 Sliz,0,)(Li) = Slizp,) © SlQuo)

X = B(bQ’ (Zi7 wa Cap(ReSgZiiP(giv))[Q])’ Sl(Zi:bZi)? SZ)

Let Sli@ug)(Li) = Xi @ (D; Xi;) be a decomposition of Slqp,)(L:) as a direct sum of inde-
composable OHbg-modules. By [4, Lemma 3 (iii)], we have (Q,bq) < (vtx(Xi;), bux(x,,)) <
(Z;,bz,) and .

5(Xi5) | Reslyy x, ) (Cap(Resy” (%)) [Q).

From the above, we have

Sl(vaQ) (M) = Sl(vaQ) (L)
P (B(bg, (Zi,bz,, Cap(Resy,” (“V))[Q)), Sliz,,,) EBXH

1<i<n

1%

]

The following lemma is the subpair version of [9, Lemma 3.1]. It can be proved in a similar
way as the proof of [9, Lemma 3.1].
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Lemma 4.1.12. Let (P,bp) be a (G,b)-subpair and Q a fully Fpp,)(G,b)-normalized subgroup
of G. Assume that (Q,bg) < (P,bp). Then, Np(Q) is a maximal element of

{"P N Na(Q.bg) | g € G.(Q,bg) < (P, bp)}.
The following lemma is the subpair version of [9, Lemma 3.2].

Lemma 4.1.13. Let (P,bp) be a (G,b)-subpair and set F = Fpp,)(G,b). If Q is a fully
F-automized and F-receptive subgroup of P, then we have Nqp(Q) SNe(Q,bg) Np(Q), for any
element g € G such that (Q,bg) < (P,%p).

Proof. Assume that (Q,bg) < (9P,9%p) for some element g € G. Then 97'Q and Q are F-
conjugate. Therefore, by [1, I, Lemma 2.6 (c)], there exists ¢, € Homzs(Np(¢ ' Q), Np(Q))
such that ¢,[,-1, € Isor(? ' Q,Q). Thus zg~" € Ng(Q,bg) and

Nop(Q) = INp(?' Q) =nu@ne) ™ Np(® Q) =*Np(* 'Q) < Np(Q).

4.2 Main theorem

Notation. Let (P,bp) be a (G, b)-subpair, set F = F(pp,)(G,b), let @ be a fully F-normalized
subgroup of P, and M = B(b,(P,bp,V),Slpp,),S) a Brauer-friendly OGb-module. Then,
from Lemma 4.1.12, the subgroup Np(Q) is a maximal element of

{"P N Na(Q,bg) | g € G, (Q,bq) < (P, bp)}.

Therefore, by Lemma 4.1.9, there exist an element n € G, an (Np(Q), by, ())-slash functor
SZ(NP(Q)vbNP(Q))’ and a simple k[N ngQ.60)(NP(Q), bnp(@))]0ns(@)-module Sg such that

B(bg, (Np(Q), bnp(@)» Wa)s SUne(@) bx o) 5@) | ResTg @0 (M),

where Wg = Cap(Resy\,I;(Q) ("V)). Also, by Lemma 4.1.10, for any (Q, bg)-slash functor Sl ),
we have

B(bq, (Np(Q), bnp(@)> VQ) SIvp(@ by 5@) | Sligug) (M),
where Vg = Wg|[Q)]. In this section, we set
Bq = B(bg, (NP(Q), bnp(@): Va), SIne(@) bwp@): S@)-

The following theorem is the main theorem in this chapter, which is a generalization of [9,
Theorem 1.3].
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Theorem 4.2.1. Let G be a finite group, b a block of OG, and (P,bp) a (G,b)-subpair. We
set M = B(b, (P, bp, V), Slippp), S), F = Fippp (G, b), Ng = Na(Q,bg), and Ho = Np(Q) for
Q < P. Suppose that F is saturated and Resggc(P)(S) is a simple OPCq(P)-module. Then
the following conditions are equivalent.

(i) M is slash indecomposable.

(1) ResggG(Q)(BQ) is indecomposable for each fully F-normalized subgroup @ of P.

If these conditions are satisfied, then for each fully F-normalized subgroup Q) of P and any
(Q,bq)-slash functor Sl(q ), we have

Sli@ug)(M) = Bo.

4.3 Proof of Theorem 4.2.1

In this section, we prove Theorem 4.2.1.

Proof. (Proof of Theorem 4.2.1) If (i) holds, i.e. ResggG(Q)(Sl(Q,bQ)(M)) is indecomposable,
for each fully F-normalized subgroup @ of P and any (Q,bg)-slash functor Slq,), then by
the definition of By, we have

N, ~ N,
Resyd o) (Ba) = Respd o) (Sl@uig) (M)

Hence, Resgga(Q)(BQ) is indecomposable. This shows (ii). Moreover, the module Sl(q ) (M)

is also indecomposable, since ResggG(Q)(Sl(QbQ)(M )) is indecomposable. Therefore, we get

Sl@bg) (M) = Bg.

Conversely, suppose that (ii) holds. It is sufficient to prove that ResggG(Q)(Sl(QﬁQ)(M ) is
indecomposable, for each @@ < P. We prove this by induction on |P : @Q)|.

If |P: Q| = 1, then this case is similar to the proof of [11, Lemma 4.3 (ii)], by the assumption
of the theorem.

Now consider the case that |P : Q| > 1. For some element g € G, 9Q < P and Q) is fully
F-normalized. We see that for any (7Q, bsq)-slash functor Slqp,),

N, ~ Ng
I(Respi (@) (Sl@be) (M) = Res, o8 w0y (Sle@ubg) (M)

Therefore, it is sufficient to prove that ReséVQggG(gQ)(Sl(gQﬁg o)(M)) is indecomposable. Hence,
without loss of generality, we may assume that () is fully F-normalized.

24



We set Ny = Bg. Let Sligp,) (M) = @ N; bea decomposition of Slqs,)(M) as a direct

1<i<r
sum of indecomposable kNgbg-modules. Then, by Lemma 4.1.10 and its proof, for NN;, there

exists a direct summand L; | Res o (M) and an element g; € G such that

(Q,bq) < (R,br) < (Vtx(L;), buix(r,)) < ¥ (P, bp).

where R = vtx(N;). By Lemma 4.1.2, Slgy,)(N;) # 0. Since @ is fully F-normalized, @ is
fully F-automized and F-receptive, and hence Ny, p(Q) < No Hg, from Lemma 4.1.13. Thus

R<%PnN NQ = Ngip(Q) SNQ HQ
and Sl(ppy) (N1) # 0. Now we have
Slrpr)(N1) @ Slr ) (Ni) | Slirpg) (Sli@pe)(M)) = Resyt, (Slir ) (M)

Thus Res%ﬁmNQ (Slppr)(M)) is decomposable and ResggG(R)(Sl(RﬁbR)(M)) is decomposable,
since RC(R) < NN Ng. If Q = R, then we see P = @ from [4, Lemma 5] and Lemma
4.1.8. This is a contradiction. Hence @ ¢ R holds and we have that |P : Q| > |P : R|. By the
induction hypothesis, the module Res%ﬁﬁ No (Sl(rpr)(M)) is indecomposable. Hence r = 1, and
we have that

SlQig) (M) = N1 = Bq.

Hence, Resggg(Q)(Nl) is indecomposable, and ResggG(Q)(Sl(QﬁQ)(M )) is also indecomposable,
by our hypothesis, . [

The following lemma can be proved in a similar way as [9, Lemma 4.3].

Lemma 4.3.1. Let (P,bp) be a (G,b)-subpair, F := Fpp,)(G,b), and Q a fully F-automized
subgroup of P. If there exists Np(Q) < Hg < N¢(Q,bg) such that |[N¢(Q,bg) : Hg| = p* (a >
O), then Ng(Q, bQ) = Cg(Q)HQ

The following proposition is a special analogy of [9, Theorem 1.4].

Proposition 4.3.2. Let (P,bp) be a (G,b)-subpair and Q a fully F(pp,\(G,b)-normalized sub-
group of P. Suppose that F = F(pp,) (G, b) is saturated. Moreover, we assume that the following
two conditions:

(i) INa(Q,bq) : Np(Q)] = p* (a = 0).

(i1) ResQCG e (Va) is indecomposable.

Then Res QCS)Q)(BQ) is indecomposable.
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Proof. We set Ng = N¢(Q,bg). Since F is saturated, @ is a fully F-automized subgroup of
P. From the Mackey formula, Lemma 4.3.1, and the condition (i), we have

N, N, ~ QCa(Q) Np(Q)
Resgd, o) (NS o (Vo)) = TndSee (@) o) (Resgietn vy (Va)):

Hence', 'Resgg @ (Ind No(@) (Vo)) is indecomposable, by the condition (ii) and Green’s indecom-
posability theorem, so

N,
Resglgie)(Ba) = Respé, g (Indie o) (Vo))
is indecomposable. O
The following corollary is a consequence of Theorem 4.2.1 and Proposition 4.3.2.

Corollary 4.3.3. Let (P,bp) be a (G,b)-subpair, B(b, (P,bp,V),Slippp),S) a Brauer-friendly
OGb-module, and suppose that F(py,\(G,b) is saturated. If for every fully Fpp,) (G, b)-normali-
zed subgroup @ of P, the subgroup Np(Q) and the module Vi satisfy the conditions of Propo-
sition 4.5.2, then the module B(b, (P,bp, V'), Slippy),S) is slash indecomposable.

The following example is a generalization of [20, Lemma 2.2] to Brauer-friendly modules.

Example 4.3.4. Let G be a p-group, (P,1c,p)) a (G, 1g)-subpair, and suppose that F =
Fp(G) is saturated. Set M = BS(lg, (P, bP,V),Sl(PJCG(P))). Moreover, we assume that

Resggffég)mvp(@(v@) is indecomposable, for any fully F-normalized subgroup @ of P. From

Corollary 4.3.3, M 1s slash indecomposable.
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Chapter 5

Liftability of Brauer-friendly modules

In this chapter, we show that any indecomposable Brauer-friendly kGb-module satisfying
certain condition is liftable to an indecomposable Brauer-friendly OGb-module.

5.1 Main theorem

The following theorem is the main theorem in this chapter.

Theorem 5.1.1. Let G be a finite group, b a block of kG with a defect group D, and M
an indecomposable Brauer-friendly kGb-module with a source triple (P,bp,S). Suppose that
F o= ]:(pbp)(G b) is saturated. Then there exists an mdecomposable Brauer-friendly OGb-

module M with source triple (P,bp, S) such that S/pS = S and M/pM M.

5.2 Lemmas

The following lemma can be proved in the same way as the proof of [14, Proposition 3.2

(1)].

Lemma 5.2.1. Let G be a finite group, b a block of OG with a defect group D, i a source
idempotent of the block b, and P a subgroup of D. Set A = iOGi and F = Fipp,p)(G,b),
where bp is the unique block of OCq(P) such that bpbrp(i) # 0. Let V be an F-stable endo-
permutation OP-module having an indecomposable direct summand with verter P. Set U =
A®epp V. Then, as an OP-module, U is an endo-permutation module, and U has a direct
summand tsomorphic to V.

The following lemma can be proved in a similar way as the proof of [12, Lemma 8.3].
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Lemma 5.2.2. Let G be a finite group, b a block of OG with a defect group D, i a source idem-
potent of the block b, and P a subgroup of D. Set F = F(pp,)(G,b), where bp is the unique block
of OCq(P) such that bpbrp(i) # 0. Let V be an indecomposable F-stable endo-permutation
OP-module with vertex P. Set X = OGi ®pp V. The canonical algebra homomorphism

EIIdog(X) — Endkg(k XRo X)

is surjective. In particular, for any indecomposable direct summand M of k ®o X, there is an
mdecomposable direct summand M of X such that k ®e M= M.

Proof. In the proof of Lemma 5.2.2, we use Lemma 5.2.1 instead of [14, Proposition 4.1] in
the proof of [12, Lemma 8.3]. O

To prove the main theorem, we need the following lemma.

Lemma 5.2.3 ([12, Lemma 8.4|). Let P be a finite p-group and F a saturated fusion system
on P. The canonical map Do (P, F) — Di(P,F) is surjective.

The following lemmas are over k version of [3, Lemma 3 (i), (ii)] and can be proved in a
similar way as the proof of [3, Lemma 3 (i), (ii)].

Lemma 5.2.4 ([3, Lemma 3 (i)]). Let M be an indecomposable kGb-module with a source triple
(P,bp, V). There exists a primitive idempotent i of the algebra (kGb)T such that bpbrp(i) # 0
and that M is isomorphic to a direct summand of the kGb-module kGi Qip V.

Lemma 5.2.5 ([3, Lemma 3 (ii)]). Let M be an indecomposable kGb-module with a source
triple (P,bp,V'). There exists a defect group D of the block b such that P < D and there ezists
a primitive idempotent j of the algebra (kGb)P such that brp(j) # 0 and bpbrp(j) # 0, and
that M is isomorphic to a direct summand of the kGb-module kGj Qyp V.

5.3 Proof of Theorem 5.1.1

In this section, we prove Theorem 5.1.1.

Proof. (Proof of Theorem 5.1.1) By Lemma 5.2.3, there exists an indecomposable endo-
permutation @ P-module S such that S € Do(P, F) and §/p§ = S. Let bbp = i1+ --+1i, be a
decomposition of bbp into mutually orthogonal primitive idempotents in the algebra (kGb)¥'. By
Lemma 5.2.4 and its proof, for some primitive idempotent i, € (kGb)F, we have bpbrp(ig) # 0
and a following relation

M | kGiy@p S| €D (kGij @p S) = bkGbp ®pp S.

1<j<n

28



Set ¢ = iy. Also, by Lemma 5.2.5 and its proof, after suitable retake of a defect group, there
exists a source idempotent j in (kGb)P such that M | kGj @ip S and bpbrp(j) # 0, and
there exists a decomposition j = i + 2z + -+ + 2, of j into mutually orthogonal primitive
idempotents in the algebra (kGb)”, for some element x € ((/be)P )*. By the lifting theorem of

A

idempotents, there exists a decomposition bbp = i1 + - - - + 4, of bbp into mutually orthogonal
primitive idempotents in the algebra (OG(S)P . Also, by the lifting theorem of idempotents, there
exists a source idempotent j in (OGb)? and a decomposition j = T4 2 4 -+ + 2y of J into
mutually orthogonal primitive idempotents in the algebra (OG(A))P . By the lifting theorem of
idempotents, 7 := 7, and %4 are conjugate. Hence we get an isomorphism of OGb— O P-bimodule

OG =~ OG*;.

Therefore we have ) R R R A R
OGi ®pp S = (OG‘TZ Rop S) | OGJ ®epp S. (51)

By; = j and §/p§% S, we get
M | kGj @rp S =k @0 OG] Qop S.
Then by Lemma 5.2.2, there exists a direct summand M of OG) Qop S such that
k®o M= M/pM = M.
In the following, we show that the module M has a source triple (P, bp, S ). Let

OGiwopr S = P M,

1<i<m

be a decomposition of OGi Qop S as a direct sum of indecomposable OGb-modules. Then we
have an isomorphism

P (k®o M) = ko (0Gi @op S) = kGi @yp S.

1<i<m

Here by Lemma 5.2.2 and the lifting theorem of idempotents, if k ®o ]\//E' # 0, then k ®0 ]\/4:’ is
indecomposable. Therefore by the Krull-Schmidt theorem, there exists some j such that

k®o ]/\ZJ, = M.
Therefore by (4.1) and the lifting theorem of idempotents, we get
M= M| OGi ®op S | bOGHp ®op S.
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By this relation, M is relative P- projective. Also, if for some @) <4 P, M is a direct summand of
IndG(ResQ(M )) then M is a direct summand of IndG(ResQ(M ), i.e. M is relative Q-projective.
This is a contradiction. Hence, we get th(M ) = P. Since (P,bp,S) is a fusion-stable endo-

permutati-on source triple, M is an indecomposable Brauer-friendly OGb-module with a source
triple (P, bp, S) such that S/pS = S and M/pM M. O

Remark 5.3.1. 1. In general, the lifts given by Theorem 5.1.1 are not necessarily unique.
2. Our proof of Theorem 5.1.1 depends on the classification of endo-permutation modules.

Remark 5.3.2. Let G, H be finite groups and b, ¢ blocks of kG, kH with a defect group D,
respectively. In [12], Kessar and Linckelmann proved that any indecomposable kGb — kH c-
bimodule with a fusion-stable endo-permutation k£D-source which induces a Morita equivalence
(or a stable equivalence of Morita type) between kGb and kHc is liftable. Moreover, it lifts to
an indecomposable OGb — @ Hé-bimodule with a fusion-stable endo-permutation ©D-source
which induces a Morita equivalence (or a stable equivalence of Morita type) between OGb and
O¢, under the assumption that £ is a splitting field for all subgroups of G x H.
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