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Nomenclatures

Br Bradshaw number, S/(S + 1)

Cf skin friction coefficient

Cη laminar solution of skin friction coefficient for aPf

d gap between inner and outer radius for aPf, ro − ri [m]

d gap between two paralle plates for pPf and pCf [m]

D pipe diameter [m]

Eii one-dimensional energy spectra [m2/s2]

Fi roughness shape function

Ft turbulent fraction

h roughness height [m]

H high-pass filter

II ′ second invariant of the deformation tensor

k turbulent kinetic energy [m2/s2]

ki wave-number in i-direction [1/m]

L low-pass filter

Li calculation domain size in the i-direction [m]

mi spectram mode in i-direction [1/m]

Ni number of grid points in the i-direction

P pressure [Pa]

ri inner radius [m]

ro outer radius [m]

Re Reynolds number

Reg critical Reynolds number for global instability

Rel critical Reynolds number for linear instability

Rem bulk Reynolds number, umD/ν for cPf

Rem bulk Reynolds number, umd/ν for aPf, pPf, and pCf

Ret critical Reynolds number for featureless turbulence

Rew wall Reynolds number, uwd/ν

Reτ friction Reynolds number, uτd/2ν for aPf and uτδ/ν for pPf and pCf

Reτi friction Reynolds number on the inner cylinder, uτid/2ν for aPf

Reτo friction Reynolds number on the outer cylinder, uτod/2ν for aPf

Rom bulk Rotation number, 2Ωh/um

Roτ friction Rotation number, 2Ωδ/uτ

iii



iv

S ratio of rotation- and shear flow-induced vorticity, −2Ω/(du/dy)

t time [s]

ui velocity component, ux(u), uy(v), uz(w) in Cartesian coordinate [m/s]

ui velocity component, ux, ur, uθ in cylindrical coordinate [m/s]

ũi velocity component of small-scale-flow, ũi = Hu′
i [m/s]

Ui velocity component of large-scale-flow, Ui = Lu′
i [m/s]

UT mean streamwise turbulent intensity of each azimuthal mode

WT mean azimuthal turbulent intensity of each azimuthal mode

um bulk mean velocity [m/s]

uw velocity difference between the wall [m/s]

uτ friction velocity,
√

τw/ρ [m/s]

uτi friction velocity on the inner cylinder,
√

τi/ρ [m/s]

uτo friction velocity on the outer cylinder,
√

τo/ρ [m/s]

uτs friction velocity at stable side,
√

τs/ρ [m/s]

uτp friction velocity at unstable side,
√

τp/ρ [m/s]

ûi velocity component of each mode [m/s]

úi non-dimensional turbulent intensity of each mode

x1, x streamwise direction [m]

x2, y or r wall-normal or radial direction, y = r − ri for aPf [m]

x3, z or θ spanwise or azimuthal direction, z = rθ for aPf [m]

Δxi mesh size [m]

Greek

αi roughness factor, density of roughness elements [1/m]

δ channel half width [m]

ε Levi-Civita symbol

η radius ratio, ri/ro

η(h) roughness height as the mean height of the profile [m]

λi wave-length in i-direction [m]

ν kinematic viscosity [m2/s]

ρ density [kg/m3]

τw statistically averaged wall shear stress [Pa]

Ω angular velocity [rad/s]

τi statistically averaged wall shear stress on the inner cylinder [Pa]

τo statistically averaged wall shear stress on the outer cylinder [Pa]

τs statistically averaged wall shear stress at stable side [Pa]

τu statistically averaged wall shear stress at unstable side [Pa]

τt statistically averaged total shear stress [Pa]



v

Superscripts

( )∗ normalized by inner variables, e.g. uw, d

( )+ normalized by outer variables, e.g. uτ , ν

( )′ fluctuation component

( ) statistically averaged

Subscripts

( )|max maximum value

( )|min minimum value

( )rms root mean square

Abbreviation

aPf annular Poiseuille flow

cPf cylindrical Poiseuille flow

DNS direct numerical simulation

pCf plane Couette flow

PDF probability density function

pPf plane Poiseuille flow

SSP self sustaining process
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Introduction and objective

1.1 Transition scenario in wall-bounded shear flows

The flow property in nature and engineering applications is mostly classified into two

different types of regime depending on Reynolds number (Re) defined by the rate of inertial

and viscous forces. One is the laminar flow where Re is low and viscous forces are dominant.

The other is turbulent flow where Re is relatively high and the flow is dominated by inertial

forces. The laminar flow travels smoothly or in regular paths and the transfer of fluids is

energetically efficient because the friction losses are lower. The turbulent fluid motion is

an irregular condition of flow in which the various quantities show a random variation

with time and space, and enhances the energy, momentum, and heat transfers. These

two different flow regimes that are turbulent and laminar flows cannot be classified by the

determined critical point as critical Re in most situations and there is overlapping region

as transition regime that smoothly or discretely connects laminar and turbulent regimes.

Prediction and control of turbulent transition phenomena are one of the most important

issues in the thermofluid dynamics because the flow characteristics significantly change

through the transition. Moreover, investigating and understanding the transitional flow

regime depending on Re, flow geometry, and external forces, would be the guideline of

designing the applications for different purposes in accordance to the use.

Transition to turbulence in most wall-bounded shear flows is subcritical as it features a

competition between a linearly stable laminar regime and the turbulent regime (Kerswell,

2011; Manneville, 2015). The cylindrical Poiseuille flow (cPf), plane Couette flow (pCf)

and plane Poiseuille flow (pPf) fall into this category and have puzzled researchers and

engineers for a long time. This is also the case with the counter-rotating Taylor-Couette

flow with large radius ratio, and with zero-pressure gradient flat plate boundary-layer flows

with or without wall suction. The laminar-turbulent transition state has been studied by

a number of researchers since the first pioneering experiment on the cPf was carried out

by Reynolds (1883). Both the cPf and the pCf are considered linearly stable for any Re.

However, experimental studies have demonstrated that both the cPf and the pCf cannot

1



1 Introduction and objective 2

maintain these laminar states at high Reynolds numbers, no matter how well the experi-

ment is conducted (Pfenniger, 1961), because unpreventable finite-amplitude disturbances

trigger a subcritical bypass transition. As for the pPf, the base flow is linearly unstable

only for values of Re far above the first values where turbulence can be sustained in exper-

iments (Schmid and Henningson, 2001). Transition in these flows is hence characterized

by sensitivity to finite-amplitude perturbations only, and thus by hysteresis between the

critical Reynolds number for global (Reg) and linear instability (Rel). The lowest end of the

transitional range features intermittent coherent structures referred to as ‘puffs’ in the cPf

(Wygnanski and Champagnem, 1973; Wygnanski et al., 1975) and ‘oblique stripe patterns’

in the pPf (Tsukahara et al., 2005) and the pCf (Prigent and Dauchot, 2002; Duguet et al.,

2010). A typical property of such an intermittent structure observed in a transitional flow

is the spatial coexistence of two stable states of laminar and turbulence in a flow, giving

rise to alternation of the localized turbulence and the background laminar flow with respect

to a homogeneous direction. In the case of the cPf, the geometry makes this alternation

essentially one-dimensional, and a critical Reynolds number has been predicted (Avila et

al., 2011) in the thermodynamic limit of infinitely long domain and observation times. This

special point statistically delimitates the regime of transient localized turbulence from that

of spatial turbulence proliferation. This suggests that the dynamics of isolated turbulent

structures represent the key to the statistical characterization of the laminar-turbulent

transition. Compared to the cPf, planar shear flows such as the pCf and the pPf show

spatial extension in one additional (spanwise) direction. This gives rise to complex large-

scale flows involved in the formation of the oblique stripe patterns (Duguet and Schlatter,

2013) around Reg. The stripe pattern is inclined with respect to the streamwise direction.

Many questions remain open regarding their growth mechanisms, robustness and lifetime

(Manneville, 2015). There has been no direct determination of the global Reynolds num-

ber threshold for transition to sustained turbulence using the method proposed for the cPf

(Avila et al., 2011), despite recent success in adapting this approach to one-dimensional

periodic representations of Couette flows (Shi et al., 2013). In addition, the determination

of Reg value generally demands a massive flow channel (in experiments) or computational

resources (in simulations), because of the presence and large-scale patterning of localized

turbulence.

1.2 Annular Poiseuille flow

The pressure driven flow between two concentric cylinders (annular Poiseuille flow; aPf)

is also in the subcritical scenario. This set-up is used in many industrial situations, such as

heat exchangers, and cooling of nuclear plants. The aPf is one of the simplest incompress-

ible flow systems featuring a skewed velocity profiles. In addition to its merit of being a

closed system in the spanwise (azimuthal) direction, the aPf may be an ideal flow system
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to understand canonical wall-bounded shear flows in a comprehensive manner based on the

radius ratio, denoted by η = ri/ro (where ri and ro are the inner and outer radii, respec-

tively). The limit η → 1 corresponds to the pPf. The limit η ≈ 0 has sometimes been

regarded in the literature as a modified cPf (Mott and Joseph, 1968). Both geometries

differ strongly, even in the limit η → 0, because of the presence of the inner rod in the aPf.

Laminar profiles in the aPf are known to be linearly unstable for all η (0 < η ≤ 1) above a

critical Reynolds number Rel(η) (Cotrell and Pearlstein, 2006; Heaton, 2008). Despite the

relatively high values for the linear instability thresholds, there is experimental evidence

that an actual transition to turbulence can occur for Re � Rel (Walker et al., 1957),

i.e. the transition is of a subcritical type. Together with the common one-dimensional

extension and symmetries, this justifies why the cPf can be expected to display the same

transition phenomenology as the aPf in the limit η → 0. For η = 1, the critical Reynolds

number coincides exactly with that for the pPf, whereas for η → 0, Rel diverges as η−1 log η,

inducing linear stability as in the cPf (Heaton, 2008).

High-Re turbulent statistics have previously been reported in simulations and experi-

ments for different radius ratios (see e.g. Chung et al., 2002; Chung et and Sung, 2003;

Rodriguez et al., 2014). Surprisingly little is known yet about the transitional regime. Pa-

tel & Head (1969) measured the skin friction coefficient to examine the transition regime

and how turbulence can be sustained in the cPf and the pPf, both of which are the limiting

cases of the aPf. They found that Reg occurred at Rem|cPf = umD/ν ≈ 2000 for the cPf

and at Rem|pPf = 2umδ/ν ≈ 1350 for the pPf (where um denotes the bulk mean velocity;

D the pipe diameter). Recently, Samanta et al. (2011) considered the dependence of the

friction factor on initial conditions in the cPf focusing on localized structures of puff and

spot. Their data provided a well-defined connection between the laminar and turbulence

laws and predicted well the upper limiti of the transitional regime. Since the aPf is widely

used in engineering applications, several previous studies examined the friction factor as

typified by Rothfus’s group (Rothfus et al., 1950; Walker et al., 1957; Croop and Rothfus,

1962). Those studies suggested the critical Reynolds numbers of the onset and end of

the transitional regime (Walker et al., 1957), which were defined by a slight progressive

departure from the theoretical analysis and the empirical equation of the cPf (applied for

aPf using the hydraulic diameter), respectively. The obtained onset Reynolds numbers of

transition for η = 0 and 1 almost agree with those obtained by the recent studies for the

global instability of the cPf (Avila et al., 2011) and the pPf (Patel and Head, 1969).

Hanks and Bonner (1971) employed a theoretical analysis to suggest that the first tran-

sition occurs near the inner cylinder and the second transition that occurs near the outer

cylinder follows the first one. A smaller radius ratio η led to larger differences in the value

of the critical Reynolds number between the first and second transitions. Moreover, due

to the existence of singularity (inner cylinder), the first critical Reynolds number indicated

that the flow was always unstable for any Reynolds number as η approached zero. In

contrast, there was no difference between the first and second critical Reynolds numbers



1 Introduction and objective 4

at η = 1. Their result also suggested that the dual flow regime consisting of laminar and

turbulent flows near the outer and inner cylinders, respectively, separated at the radial

position of maximum velocity, and this typically occurred between the first and the second

critical Reynolds numbers. The second critical Reynolds number (on the outer cylinder

side) obtained by experiment (Walker et al., 1957) and theoretically (Hanks and Bonner,

1971) was similar to that in the pPf, although they did not exactly correspond. The second

critical Reynolds number for the aPf was indicated to connect between the cPf and the pPf

with the variance of η. Hanks and Peterson (1982) also performed an experimental study

to verify the theoretical analysis, measured the flow rate using the oscilloscope traces at a

low radius ratio (η = 0.0416), and observed the first and the second transitions. Despite

the occurrence of the first transition, no oscillation was observed in the dual-flow regime

where oscillations were expected to exist, while disturbed oscillations were detected for the

second transition.

1.3 Plane Couette flow with roughness

Many incompressible shear flows can undergo transition to turbulence even in the absence

of a linear instability of the laminar regime as discussed in the previous sections. This is

also the case for the pCf, the flow between two parallel plates moving at different velocities,

where the laminar base flow features homogeneous shear and a zero pressure gradient. A

striking consequence of this competition between laminar and turbulent regimes is the

possible spatial coexistence of a laminar flow with turbulent patches. Turbulent patches

usually possess well-defined streamiwse lengths (Manneville, 2016). For instance, most

turbulent puffs in the cPf have a stremwise length of about 20 pipe diameters. Their

equivalent in the pCf consists of turbulent band oblique to the mean flow, forming patterns

whose streamwise wavelength is approximately 20 to 30 gap widths (Prigent, 2001; Duguet

et al., 2010). Investigation of such regimes becomes demanding near the onset in Reynolds

number Reg where the fraction of turbulent flow becomes small (Avila et al., 2011; Lemoult

et al., 2016; Sano and Tamai, 2016) and the flow shows strong intermittency both in space

and time. For high enough Reynolds number turbulence in turn, turbulent motion fills

all the space available. Between these two extremes, a relatively wide range of Reynolds

number exists in which turbulence (once initiated) can only be found in the form of a regular

alternation of laminar and turbulent zones (Moxey and Barkley, 2010). The Reynolds

number in the pCf can be defined as Rew = uwd/ν where uw is the velocity difference

between the plates separated by a gap d. The onset in Rew is known from experiments and

large-scale simulations to be near Reg = 1300 ± 20, while laminar-turbulent patterns have

been reported in the range 1320–1600, and featureless turbulence, is found only for Rew ≥
Ret = 1600. The mean turbulent fraction increases monotonously from a finite value at Reg

(at least within a finite domain) to ≈ 100%. These approximate threshold values can be
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dramatically augmented by the addition of a damping force. Laminar-turbulent patterns in

the pCf have for instance been identified for values of Re as high as 8×104 (using the above

definition) in the presence of cyclonic spanwise rotation or stable stratification (Brethouwer

et al., 2012, Deusebio et al., 2014, 2015). Despite recent progress in interpretation (Barkley,

2011), the physical reasons for the laminar-turbulent coexistence, its self-organization and

dynamics, remain to be better understood and quantified.

Most of these experimental shear flow studies were performed with carefully designed

smooth walls. Moreover, numerical simulations have focused so far on perfectly smooth

walls. However, most solid surfaces in nature and in technological applications show some

degree of irregularity describable as roughness. Hence, it is natural to wonder how robust

the laminar-turbulent coexistence is to the presence of wall roughness. A quantitative study

is justified in many regards: from a fundamental point of view, it is desirable to assess

whether the phenomenon of shear flow intermittency is only of academic interest. From an

engineering perspective, the large energetic fluctuations associated with intermittency can

be seen as a nuisance and hence need to be well characterized in order to be avoided. This

task involves producing clear cartography of the region of existence of laminar-turbulent

patterns in a suitably chosen parameter space including parametrization of the roughness.

Moreover, many large-scale atmospheric or oceanic boundary layer flows can be described,

as a first approximation, as shear flows over a rough background. Understanding whether

the observations of high-Re in Brethouwer et al. (2012) and Deusebio et al (2014, 2015)

can be used to understand the often intermittent nature of geophysical flows constitutes a

major challenge.

Experimental studies addressing roughness date back to the seminal works of Nikuradze

(1931) in the cPf. They measured statistical quantities such as the friction factor vs. Re in

a pipe with sand covered walls. Their study indicates that the turbulent flow becomes inde-

pendent of viscosity for sufficiently large roughness height. However, few pipe flow studies

so far have reported on the influence of roughness on the localized turbulent structures

occurring in the so-called transitional regime [Reg : Ret]. The case of planar shear flows,

with their large-scale patterns delimited by oblique laminar-turbulent interfaces, remains

even less explored to this date.

1.4 Rotating plane Poiseuille flow

The onset of a laminar-turbulent patterning that we called the ‘stripe pattern’ was first

demonstrated by Tsukahara et al. (2005) in the pPf. The typical structure of stripe pattern,

which is characterized by regular turbulent bands oblique to the streamwise direction,

and by spanwise secondary flow, was described by direct numerical simulation (DNS) and

experimental studies on the transitional pPf (Tsukahara et al., 2006; Hashimoto et al.,

2009) and on the pCf (Prigent, 2001; Duguet et al., 2013) as also described in the previous
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subsection. Tsukahara et al. (2010a) reported the streamwise- and spanwise-wavelengths

of stripe pattern as λ+
x = λx(uτ/ν) ≈ 5000 and λ+

z ≈ 2000, respectively, in the pPf

at Reτ = uτδ/ν = 80 (where uτ , the friction velocity; and δ, half the channel width).

When the Reynolds number decreases from a high Reynolds number to a value in the

transitional regime, the appearance of the stripe pattern delays the reverse transition (from

fully turbulence to a laminar), and the flow maintains momentum and scalar transfers as

great as the corresponding turbulent flow (Tsukahara et al., 2006 and 2010a). Therefore,

the onset of the stripe pattern is an important issue to consider in order to understand the

fluid dynamics related to the subcritical transition.

Tsukahara et al. (2010b) and Brethouwer et al. (2012) demonstrated the onset of the

stripe pattern in rotating plane Couette flows, an open channel flow, and a magnetohy-

drodynamic flow, all of which were subjected to external stabilizing forces of the Coriolis,

buoyancy, or Lorentz forces. Their results imply that, under stable stratification due to

an external force, the fully-developed wall turbulence at a high Reynolds number would

provide a stripe pattern. However, until recently, there was no study reporting on the

stripe pattern in the rotating plane Poiseuille flow subjected to spanwise system rotation.

This may be because streamwise-oriented roll cells due to the Coriolis instability would

dominate the flow in terms of turbulent structures. Actually, the turbulent pPf with span-

wise system rotation involving roll cells has been investigated experimentally (Johnston et

al., 1972; Tafti and Vanka, 1991; Matsson and Alfredsson, 1994; Lamballais et al., 1996)

and numerically (Kristoffersen and Andersson, 1993; Iida et al., 2010), and no footprint of

a stripe pattern could be found in the flow even at low Reynolds numbers.

The pPf with spanwise system rotation is known to consist of a pressure side and a suction

side (Johnston et al., 1972; Kristoffersen et al., 1993; Matsson et al., 1994). On the suction

side of the channel, where the system rotation has the same direction as the vorticity of the

mean shear, the flow becomes stable, thereby promoting the tendency of flow separation

from the wall surface. Even for fully-turbulent states, stable stratification would attenuate

the turbulent motion in this region. On the pressure side, the flow becomes unstable, and

longitudinal roll cells may occur at an initial stage of laminar-turbulent transition and

survive even with a turbulent background at a high Reynolds number due to the Coriolis

force instability. The structure of roll cells involves an array of large-scale longitudinal

vortices aligning in the spanwise direction with regularity.

As discussed above, the pPf with spanwise system rotation is a complicated flow field

consisting of a suction side and a pressure side. Bradshaw (1969) and Lezius and Johnston

(1976) determined the stability by Bradshaw number (Br), or the Richardson number:

Br = S(S + 1), (1.1)

where

S = − 2Ω

du/dy
. (1.2)
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In the equation, Ω is denoted as the system rotation vector. The flow should be stabilized

or destabilized depending on Br: the effect of rotation is destabilizing when Br < 0, while

stabilization of the flow may be expected when Br > 0.

Moreover, the Coriolis force has two major effects: a linear effect and a scrambling effect

(Cambon et al., 1997; Morinishi et al., 2001). The scrambling effect is due to the nonlinear

interaction among the velocity components of the rotating turbulence. This nonlinear

interaction inhibits the energy cascade and delays the decay of turbulence. As for the

linear effect, if we consider the channel flow with a system rotation with respect to the

spanwise axis, the Coriolis force would act as the energy exchange between u′u′ and v′v′

(here, u′, streamwise velocity fluctuation; v′, wall-normal velocity fluctuation) through the

Reynolds shear stress (−u′v′). Each transport equation of the Reynolds stresses has been

described in the literature: for instance, see (Johnston et al., 1972). In the case that Ω and

du/dy have the same sign (as is the case for the pressure side), turbulent energy will be

transferred from u′u′ to v′v′. On the other hand, the opposite rotation will give a reverse

transfer to u′u′ and a decrease in v′v′. The wall-normal component v′v′ is important for

turbulence production since it directly influences u′v′. Then, the suction side will lead to

decreases in u′v′ and also in the production of turbulent energy. In the pPf with spanwise

system rotation, these energy redistributions through the Coriolis term would lead to an

equalization and a differentiation of the two components (u′u′ and v′v′) on the pressure

and suction sides, respectively. However, it is not obvious what the overall result would

be on the turbulence or the intermittent structures in transitional flows. Moreover, it is

interesting to discuss the effects of the Coriolis force on the spanwise velocity component,

because the spanwise secondary flow must play an important role in the pattern (or the

oblique band) formation in the static system.

1.5 Objective

The subcritical transition phenomena particularly including the cPf, have been explained

through the greatly efforts of researchers in recent years. The formation of the laminar-

turbulent pattern depends on the flow geometry and there are two types of the pattern.

One is the streamwise localized structure that is turbulent puff observed in the cPf and

the other is the stripe pattern that has the oblique laminar-turbulent interface observed

in the pPf and pCf. The turbulent puff has temporal dynamics that are self-replication,

merging, decaying events, whereas stripe pattern is steady or is not well understood the

dynamics. These differences of the pattern may be characterized by spanwise confinement

of the geometry. In addition, any pattern has not been organized in the suction boundary

layer because of the wall-normal freedom of the flow (Khapko et al., 2016). These various

types of flow systems, such as the cPf and the pPf, have been treated individually, and

also the discussion of similarity and connection between flow systems has been extremely
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limited. Several additional forces effect on the stripe pattern have been considered in

recent years. However, most studies of external forces have evaluated the flow stabilization

that attenuates turbulent motion. Although destabilizing effects on the stripe pattern has

been studied, the effect always induces large-scale vortical motion that is roll cell and

the influence on the coherent turbulent motion has not been discussed. To address the

above points, we consider three different kinds of flow geometries, namely the aPf, the pCf

with roughness, and the pPf with spanwise system rotation. The universality of laminar-

turbulent patterning with respect to the flow system and the robustness of the patterning

to external forces are discussed to elucidate the sustaining mechanism of the pattern by

means of numerical experiment.

The main issue in this study is the universality of laminar-turbulent patterning. We

consider the aPf to puzzle out this issue. This study is the first investigation to evaluate

a possible connection between the different canonical geometries with/without spanwise

confinement. As described in the previous subsection, the limiting system of the aPf could

be treated as the cPf (η → 0) and the pPf (η → 1). The transitional regime of the aPf

for varying η, which would bridge together the limiting cases of the cPf and the pPf is

analyzed to evaluate a possible connection between the different canonical geometries. In

the transitional regime, the puff in the cPf and the stripe pattern in the pPf are found and

often reported in the literature. However, in the aPf, the occurrence of the coexistence

has not been reported. Therefore, the first issue of the subcritical transition in the aPf

is whether a transitional structure like a puff or the stripe pattern occurs in the limiting

system of the aPf. The second issue is how to connect or change these structures depending

on η. Comparing with the recent results about cPf, the study about the turbulent transition

in pPf still has a lot of problems. Therefore, studying the subcritical transition regime of

the aPf is expected to be useful for puzzling out that of the pPf by connecting with the

transition regimes of the cPf. Moreover, how the transitional structure affects the friction

factor and the low-dimensional statistical property are described.

The second main issue is the robustness of laminar-turbulent patterning. To address this

issue, we analyze the characteristics of the flow between two parallel plates that manifest

transitional states in terms of the Reynolds number, the roughness height, and the rotation

number. We consider the rotating plane Poiseuille flow that consists of stabilized and

destabilized sides in the wall-normal direction. In addition, pCf with roughness that has

wall-normal freedom of the flow and induces instability without large-scale vortical motion

is examined. The present thesis particularly discusses how the roughness and the rotation

affects the laminar-turbulent patterning, in particular the stripe pattern observed in the

transitional flow.
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This thesis is organized as follows: Chapter 2 describes numerical methods and parameters

for DNS of the aPf, the pCf with roughness, and the pPf with spanwise system rotation.

Chapters 3 to 5 consist of investigations of each flow system. In Chapter 3, the universality

of turbulent transition independent of flow systems is discussed by considering the aPf

with a varying radius ratio. In Chapters 4 and 5, the influence of destabilized systems

on laminar-turbulent patterning is discussed by scrutinizing the pCf with roughness and

the pPf with spanwise system rotation. In Chapter 6, the robustness and universality

of laminar-turbulent patterning in wall-bounded shear flows are thoroughly discussed by

summarizing the investigations in Chapters 3 to 5. Finally, the study is concluded in

Chapter 7.



2

Numerical procedures

2.1 Annular Poiseuille flow

We consider here the axial flow between two co-axial cylinders, driven by a constant and

uniform pressure gradient dp/dx = −(2/d)(τo + ητi)/(1 + η) in the axial direction denoted

by x. Here d = ro − ri is the gap between the inner and outer cylinders, τi and τo are the

mean wall shear rate at the outer and inner wall, respectively. We adopt the conventional

cylindrical coordinate system (r, θ, x) and define y = r − ri as the wall-normal distance

measured from the inner wall and z = 2πrθ as azimuthal length are additionally defined.

The periodic boundary condition is imposed in the x and θ directions. The non-slip

condition is applied on the walls. The working fluid is incompressible Newtonian fluid.

The friction velocities on the inner and outer cylinder are, respectively, defined as

uτi =

√
τi

ρ
, and uτo =

√
τo

ρ
. (2.1)

The averaged friction velocity is defined by

uτ =

√
τo + ητi

ρ (1 + η)
. (2.2)

The fundamental equation for the velocity u = (ux, ur, uθ) and the pressure p are following:

the equation of continuity

∇ · u+ = 0, (2.3)

(a)

d
r

�
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x

(b) 0 10

0.5
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η = 0.8
η = 0.5
η = 0.3
η = 0.1

η = 10-2

η = 10-3

η = 10-5

ux/umax

y/
d

Fig. 2.1 Schematic diagram (a) and laminar velocity profiles (b) of annular Poiseuille flow.

10
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and the Navier-Stokes equation

∂tu
+ +

(
u+ · ∇)

u+ = −∇p+ +
1

Reτ

∇2u+. (2.4)

Note that, the superscript of + indicates the quantities normalized by the wall unit (i.e.,

the friction velocity uτ , and/or the kinematic viscosity ν).

A sketch of the geometry is shown in Fig. 2.1 (a). Velocity profiles of the laminar

solutions are reported for values of η ranging from 1 to 10−5 in Fig. 2.1(b). The finite

difference method was adopted for the spatial discretization. The fourth-order central

scheme was employed in both x and θ with uniform grids, while the second-order one was

in r with non-uniform grids. The non-uniform spacing in the wall-normal direction was

given in a similar way to Moin and Kim (1982). Further information about the numerical

method employed here can be found in Abe et al. (2001).

We analyzed several values of Reτ = uτd/ν = 46–150 and chose five different values of

η = 0.1, 0.2, 0.3, 0.4, 0.5, and 0.8. We begin by simulating fully turbulent flow at Reτ =

150 for each value of η. Reτ is then decreased in small discrete steps down to the target

value. Tables 2.1–2.5 summarize the simulation parameters. We set up long streamwise

domains of Lx = 51.2d–166.0d to capture the intermittent structures with long streamwise

extents. The full azimuthal extent depends on η, e.g. (Lzi, Lzo) = (2πri, 2πro) = (6.28d,

12.56d) at η = 0.5. Statistically steady states were achieved in all cases after transients

shorter than our minimum observation time of tu2
τ/ν ≈ 9000 (approximatively 900d/um).

Finally, the mean bulk Reynolds number Rem = umd/ν and its instantaneous fluctuations

are estimated only in the statistically steady regime, where um is the bulk velocity. To

satisfy the energy conservation near the inner wall especially for low η (= 0.1), we make

discrete time step smaller. Our DNS code has been validated comparing with the data by

Chung et al. (2002) at high Reτ = 150 for η = 0.1 and 0.5.

2.2 Plane Couette flow with roughness

Two generic approaches dominate numerical studies of rough turbulent flows: direct

numerical simulation involving accurate description of specific roughness elements, or sim-

ulation of the flow including specific modelling of the expected influence of the roughness.

Even in the second case, modelling can enter directly the governing equations or concern

the boundary conditions only. The large wavelengths of the patterns imply the use of

extended numerical domains, and make brute force simulation of several types of rough-

ness distributions very costly. The modelling approach is still numerically demanding but

is more tractable. Yet the difficulty is to select a well-sorted parametric model for the

rough walls. The majority of roughness models are dedicated to higher-Re wall turbu-

lence, where most efforts concern an accurate reproduction of the mean velocity statistics
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Table 2.1 Numerical conditions for DNS of annular Poiseuille flow for η = 0.8 and 0.5:

Reτ = (uτd/2ν) the friction Reynolds number; Rem = (umd/ν) the bulk Reynolds number;

Lx and Lz are the streamwise and azimuthal lengths (Lzi = 2πri and Lzo = 2πro); Nx, Ny,

and Nz the corresponding grid numbers (y = r − ri, z = rθ); Δxi the resolutions.

η 0.8 0.5
Reτ 52 56 64 72 80 150 52 56 64 80 150
Rem 1460 1590 1820 2060 2310 4630 1460 1530 1770 2300 4640
Lx/d 80.0 74.0 64.0 57.0 51.2 51.2 80.0 74.0 64.0 51.2 51.2

Lzi(η)/d, Lzo(η)/d 25.1, 31.4 6.28, 12.6
Nx 2048
Ny 128
Nz 1024 512

Δxuτ/ν 4.0 7.5 4.0 7.5
Δyminuτ/ν 0.13 0.14 0.16 0.18 0.20 0.38 0.13 0.14 0.16 0.20 0.38
Δymaxuτ/ν 1.65 1.77 2.02 2.28 2.53 4.75 1.64 1.77 2.02 2.53 4.75
Δziuτ/ν 2.56 2.75 3.14 3.53 3.93 7.36 1.28 1.37 1.57 1.96 3.68
Δzouτ/ν 3.19 3.44 3.93 4.42 4.91 9.20 2.55 2.75 3.14 3.93 7.36

as a function of the distance to the wall. In particular, a quantitatively correct estima-

tion of the roughness function, i.e., the modification to the logarithmic law of the wall in

the form of an additive offset, is the main requirement for a roughness model to perform

well (Jimenez, 2004). However, the parameter regime concerned in this investigation does

not require such a fine representation of the velocity profile, mainly since Re (and hence

the friction Reynolds number Reτ ) is too low to justify the usual description in terms of

viscous sublayer, buffer and outer layer, even in the so-called turbulent parts of the flow.

The desired model should yet be able to capture phenomenologic expectrations about the

motion inside the laminar-turbulent interfaces, such as its dimensions, obliqueness, prop-

erties, etc ... as well as capture realistic energetic criteria such as the friction factor Cf .

We opt here for the parametric roughness model suggested by Busse and Sandham (2012),

in which an additive forcing term mimicking the additional pressure drag induced by the

roughness elements is included in the Navier-Stokes equations. The Busse-Sandham model

is easy to be implement in a simulation code, and generate no additional computational

cost compared to smooth case. They reproduced very well velocity statistics in the case of

fully-developed channel flow turbulence with rough walls. This model contains two main

parameters: the streamwise density of roughness elements and their statistical height, be-

sides it contains a parametrization of the shape of the roughness elements encoded into

a scalar function. Similar to additive forcing terms in the Navier-Stokes equations have

been used, e.g., in large-eddy simulations in the context of atmospheric boundary layers, to

model the influence of vegetation and forests (Su et al., 1998; Finnigan et al., 2009). This

approach is therefore useful to investigate transition in other flows as well, for instance,

atmospheric flows are known to become intermittent under the influence of a strong strat-
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Table 2.2 Numerical conditions for DNS of annular Poiseuille flow for η = 0.4.

η 0.4
Reτ 52 56 64 80
Rem 1520 1570 1780 2290
Lx/d 160.0 148.0 128.0 102.4

Lzi(η)/d, Lzo(η)/d 4.19, 10.5
Nx 4096
Ny 128
Nz 512

Δxuτ/ν 4.0
Δyminuτ/ν 0.13 0.14 0.16 0.20
Δymaxuτ/ν 1.65 1.77 2.02 2.53
Δziuτ/ν 0.85 0.91 1.05 1.31
Δzouτ/ν 2.13 2.30 2.63 3.28

Table 2.3 Numerical conditions for DNS of annular Poiseuille flow for η = 0.3.

η 0.3
Reτ 50 52 54 56 60 64 80 150
Rem 1700 1590 1590 1600 1670 1800 2280 4650
Lx/d 166.0 160.0 154.0 148.0 128.0 64.0 51.2 51.2

Lzi(η)/d, Lzo(η)/d 8.98, 2.69
Nx 4096 2048
Ny 128
Nz 512

Δxuτ/ν 4.0 7.5
Δyminuτ/ν 0.13 0.13 0.14 0.14 0.15 0.16 0.20 0.38
Δymaxuτ/ν 1.58 1.65 1.71 1.77 1.90 2.02 2.53 4.75
Δziuτ/ν 0.53 0.55 0.57 0.59 0.63 0.67 0.84 1.58
Δzouτ/ν 1.75 1.82 1.89 1.96 2.10 2.24 2.80 5.26

ification (Mahrt, 2014). In the present investigation, we make direct use of this model

adapted to the case of pCf, by selecting two generic shapes of roughness elements and

varying the other parameters, including the Reynolds number Rew. For each case the

parameter regions of sustenance of the laminar-turbulent patterns are determined numer-

ically. The data obtained using this procedure eventually sheds light on the mechanisms

allowing for turbulence localization.

Plane Couette flow (pCf) is the fluid flow sheared between two parallel plates of different

velocities U1 and U2 = U1 + uw in the streamwise direction x, separated by a gap d in the

wall-normal direction y as shown in Fig. 2.2. The spanwise direction is denoted z. The

three-dimensional flow is governed by the incompressible Navier–Stokes equations with no-

slip boundary conditions at both walls. Velocities, space and time are non-dimensionalised

by uw, d and duw, respectively. The governing equations are discretized using fourth-

order finite differences in both the streamwise and spanwise directions with uniform grids
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Table 2.4 Numerical conditions for DNS of annular Poiseuille flow for η = 0.2.

η 0.2
Reτ 50 52 56 64 80 150
Rem 1730 1665 1660 1790 2273 4630
Lx/d 166.0 160.0 148.0 128.0 102.4 102.4

Lzi(η)/d, Lzo(η)/d 1.25, 0.25
Nx 4096
Ny 128
Nz 256

Δxuτ/ν 4.0 7.5
Δyminuτ/ν 0.13 0.13 0.14 0.16 0.20 0.38
Δymaxuτ/ν 1.58 1.64 1.772 2.02 2.53 4.75
Δziuτ/ν 3.07 3.20 3.44 3.93 0.98 1.84
Δzouτ/ν 0.62 0.64 0.69 0.79 4.90 9.20

Table 2.5 Numerical conditions for DNS of annular Poiseuille flow for η = 0.1.

η 0.1
Reτ 46 48 50 52 54 56 60 64 80 150
Rem 1520 1540 1570 1600 1660 1650 1710 1790 2260 4635
Lx/d 180.0 173.0 166.0 160.0 154.0 148.0 138.0 64.0 51.2 51.2

Lzi(η)/d, Lzo(η)/d 6.98, 0.70
Nx 4096 2048
Ny 128
Nz 256

Δxuτ/ν 4.0 7.5
Δyminuτ/ν 0.12 0.12 0.13 0.13 0.14 0.14 0.15 0.16 0.20 0.38
Δymaxuτ/ν 1.46 1.52 1.58 1.65 1.71 1.77 1.90 2.03 2.53 4.75
Δziuτ/ν 0.25 0.26 0.27 0.28 0.29 0.31 0.33 0.35 0.44 0.82
Δzouτ/ν 2.51 2.62 2.73 2.84 2.95 3.05 3,33 3.49 4.36 8.18

Nx × Nz, while the second-order one in wall-normal direction with non-uniform grids Ny.

Time integration is carried out using a combination of second-order Crank-Nicolson and

Adams-Bashforth schemes. Periodicity is enforced in both in-plane directions, with the

associated wavelengths denoted Lx and Lz, respectively. The pCf is a convenient prototype

for the study of subcritical transition since the associated base flow has a simple analytical

expression Ul(y) = U1 + yΔuw/d (with y the wall-normal coordinate ranging from 0 to

d), and is furthermore linearly stable for all values of the Reynolds number (Romanov,

1973). Roughness effects are incorporated in the simulation code without any change in

the boundary conditions but using additional force term in the incompressible Navier-

Stokes equations. This term models the pressure drag induced by all roughness elements
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Fig. 2.2 Flow configuration of plane Couette flow with or without roughness.

together. The modified Navier-Stokes equations read

∂u∗
i

∂t∗
+ u∗

j

∂u∗
i

∂x∗
j

= −∂p∗

∂x∗
i

+
1

Rew

∂2u∗
i

∂x∗
j∂x∗

j

− α∗
i Fi(y)u∗

i |u∗
i |,

∂u∗
i

∂x∗
i

= 0. (2.5)

where, ui are the full velocity components (including the base flow) and p the hydrodynamic

pressure. Note that * indicates the quantity normalized by the outer scale unit (i.e., d and

uw).

In the drag term −αiFi(y, hi)ui|ui|, αi is the roughness factor and Fi the roughness shape

function, using the same terminology of Busse and Sandham (2012). An extra force term is

added to the Navier-Stokes equations to account for the additional pressure drag induced

by the roughness elements, without having to resolve the details of the surface. Because we

focus on the pattern formation in the roughness free-area, the explicit roughness element has

not been treated and study the effect on the roughness free-area induced by the all roughness

elements together. The term was chosen quadratic in the respective velocity component

in order to model form drag effects, because the flow is separating from the roughness

elements and so the dominant drag is form drag which would scale with the dynamic

pressure (i.e., quadratic in velocity). This model enables us to assume the roughness region

as assemblage of infinitesimal roughness elements that has very small element size and

interval compared to the viscous length. This model can correspond the explicit roughness

elements by selecting the parameters (α, F , h). Busse and Sandham (2012) adapt the best

suited roughness parameter to compare the result with the study for transverse square

roughness element in pPf by means of DNS (Ashrafian et al., 2004), and confirm that

turbulent statistics are good agreement with the explicit study in the roughness free area.

Therefore, this indicates that selecting the explicit roughness element is also possible based

on the results obtained by roughness model. Note that several numerical investigations of

atmospheric boundary layer flows over plant canopies and forests (Su et al., 1998; Finnigan

et al., 2009) have included a drag term of the form ∝ −|ui|ui. Busse and Sandham (2012)

noted that roughness elements near a wall differ signficantly from free-stream cases. To

obtain a better outer layer similarity they suggested the drag term ∝ −|ui|ui used in

the present study. This form also ensures that this term always has a damping effect on

near-wall velocities. The roughness factor, αi, is meant to account for the density of the

roughness elements with higher values implying more densely spaced elements. We refer to
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the original study of Busse and Sandham (2012) for an extensive discussion on the shape

factor and study of its influence on the velocity statistics. In principle, both αi and Fi can

be direction-dependent, however, in this more generic study we restrict ourselves to cases

whereby both are independent of the direction: that is, αx = αy = αz = α. Furthermore,

we take αi = 1 which corresponds to mildly dense roughness elements (Busse and Sandham,

2012). Finally, we will only consider two roughness shapes: (i) a rectangular profile

F (y) =

{
1 if y ≤ η(h)

0 if y > η(h)
(2.6)

and (ii) a Gaussian profile

F (y) = exp

(
− y2

η(h)2

)
(2.7)

Besides that we consider varying roughness heights. The roughness height h can be defined

in different ways, but here we use the suggestion by Busse and Sandham

h =

∫ d/2

0
F (y)ydz∫ d/2

0
F (y)dz

(2.8)

The quantity η(h) is chosen as η(h) = 2h for the rectangular profile i) and η(h) = h
√

π

for the Gaussian profile ii). The current model has been implemented in our DNS code,

and validated successfully versus Busse & Sandham’s data for the case of pressure-driven

plane Poiseuille flow with Reτ = 180, for equivalent numerical resolution and domain size.

Since the roughness model used does not account for e.g., turbulence produced by vortex

shedding behind roughness elements, it cannot be expected to give a good representation

of the small-scale turbulence inside the roughness sublayer (Busse & Sandham, 2012).

However, if the roughness elements are sufficiently small we can expect that this vortex

shedding effect is fairly limited and local and does not affect the turbulence outside the

roughness sublayer in an important way. Other important effects of roughness, such as the

slowing down of the mean flow and the damping of larger-scale turbulent motions in the

roughness sublayer, are however well captured by the model. The list of parameters used

for both smooth and rough cases can be found in Tables 2.6–2.8.

Table 2.6 Numerical conditions for plane Couette flow with smooth walls.

Wall smooth wall
Rew 1200, 1300, 1400, 1500, 1600, 2000

Lx × Ly × Lz 68d × d × 34d

Nx × Ny × Nz 512 × 96 × 256
Δx × Δz 0.13d, 0.13d

Δymin,Δymax 0.11×10−2d, 2.44×10−2d
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Table 2.7 Numerical conditions for plane Couette flow with two rough walls.

Wall two rough walls
Roughness shape rectangular profile Gaussian profile

Rew 600, 700, 800, 900, 1000, 1100, 1300
1200, 1300, 1400, 1500, 1600

αiδ 0.5
h/d 0.025, 0.05, 0.075, 0.1, 0.125 0.025, 0.05, 0.075, 0.1

Lx × Ly × Lz 68d × d × 34d

Nx × Ny × Nz 512 × 96 × 256
Δx × Δz 0.13d, 0.13d

Δymin, Δymax 0.11×10−2d, 2.44×10−2d

Table 2.8 Numerical conditions for plane Couette flow with one rough wall.

Wall one rough wall
Roughness shape rectangular profile Gaussian profile

Rew 700, 800, 900, 1000, 1100, 1300
1200, 1300, 1400, 1500, 1600

αiδ 0.5
h/d 0.05, 0.075, 0.1, 0.15, 0.2, 0.25 0.05, 0.075, 0.1, 0.125, 0.15, 0.175

Lx × Ly × Lz 68d × d × 34d

Nx × Ny × Nz 512 × 96 × 256
Δx × Δz 0.13d, 0.13d

Δymin,Δymax 0.11×10−2, 2.44×10−2

2.3 Rotating plane Poiseuille flow

The plane Poiseuille flow we consider here is driven by a uniform pressure gradient

in the x direction and is subjected to a system rotation about the z axis with angular

velocity Ω (≥ 0): see Fig 2.3. In this case, we confirmed the coexistence of the stabilized

and destabilized sides in a channel. They are classified as halves of the channel (i.e., the

pressure and suction sides are the bottom and top sides, respectively).

Lx

Ly = h = 2�

Lz

S u c t i o n  s i d e

P r e s s u r e  s i d e

y

x�

z

Fig. 2.3 Configuration of plane Poiseuille flow with spanwise system rotation.

In the numerical simulation, the fully-developed state between infinite parallel planes

was assumed by the periodic boundary conditions imposed in the horizontal (x and z)
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directions. Hence, the ensemble-averaged flow of interest is composed of a unidirectional

shear flow having velocity u = u(y) in the x direction of a Cartesian reference frame rotating

with Ω.

The fundamental equations to be computed are the following:

the equation of continuity

∂u+
i

∂x∗
i

= 0 (2.9)

and the Navier-Stokes equation

∂u+
i

∂t∗
+ u+

j

∂u+
i

∂x∗
j

= −∂p+

∂x∗
i

+
1

Reτ

∂2u+
i

∂x∗
j∂x∗

j

− Roτ εi3ku
+
k . (2.10)

Note that the superscripts of + and ∗ indicate the quantities normalized by the wall unit

and the outer-scale unit (i.e., half the channel width, δ), respectively, and εijk represents

the Levi-Civita symbol (or Eddington’s epsilon). The non-slip condition was applied on

the wall surface. The reference velocity of the wall unit, or the friction velocity, is defined

as uτ =
√

(dp/dx∗)/ρ. In the channel flow subject to spanwise system rotation, such

defined friction velocity is not identical to the local friction velocity at each wall in terms

of the alternate definition of
√

ν|du/dy|y∗=±1, where ν is the kinematic viscosity. The

local friction velocities are also different between the pressure-side and suction-side walls.

Accordingly, we use uτp, which denotes the local friction velocity based on the wall shear

stress at y∗ = −1:

u2
τp ≡ u2

τ

du+

dy+

∣∣∣∣
y∗=−1

. (2.11)

Note again that u+ = u/uτ and y+ = yuτ/ν. Correspondingly, uτs is also given by the wall

shear stress at y∗ = 1.

u2
τs ≡ −u2

τ

du+

dy+

∣∣∣∣
y∗=1

. (2.12)

In the fully-developed state, u2
τ is equal to (u2

τp + u2
τs)/2.

The finite difference method was adopted for the spatial discretization. The fourth-order

central scheme was employed in both the streamwise and spanwise directions with uni-

form grids, while the second-order one was employed for the wall-normal direction with

non-uniform grids. For the time integration, the second-order Crank-Nicolson and Adams-

Bashforth schemes were used for the wall-normal viscous term and the other terms, respec-

tively.

We performed DNS at three Reynolds numbers of Reτ = uτδ/ν = 54, 64, and 80, which

are in the transitional regime between laminar and fully turbulent regimes and are known

to exhibit spatially-intermittent turbulent flows in the static system (Tsukahara et al.,

2005; Tsukahara et al., 2010a). As for a control parameter of the system rotation, several
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Table 2.9 Numerical conditions for rotating plane Poiseuille flow.

Reτ 54 64

Roτ 0.0, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5

Lx × Ly × Lz 102.4δ × 2δ × 51.2δ

Nx × Ny × Nz 2048 × 192 × 1024

L+
x , L+

z 5530, 2765 6554, 3277

Δx+, Δz+ 2.70, 2.70 3.20, 3.20

Δy+
min–Δy+

max 0.027–0.66 0.032–0.78

Reτ 80

Roτ 0.0, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1.0, 1.5

Lx × Ly × Lz 102.4δ × 2δ × 51.2δ

Nx × Ny × Nz 2048 × 192 × 1024

L+
x , L+

z 8192, 4096

Δx+, Δz+ 4.00, 4.00

Δy+
min–Δy+

max 0.040–0.98

rotation numbers of Roτ = 2Ωδ/uτ = 0.01–1.5 were tested to investigate the transitional

process from a static to a rotating system in terms of structures including stripe pattern

and roll cells. In the present study, we have not investigated the flow subjected to a strong

system rotation for Roτ > 1.5 because the high Roτ may give rise to flows dominated by

roll cells or a quasi-laminar flow with weak/no contribution of turbulence (Kristoffersen et

al., 1993; Iida et al., 2010; Brethouwer et al., 2011).

Table 2.9 summarizes the simulation parameters. We employed a large computational

domain to capture several bands of localized turbulence in the flow state of stripe pattern.

According to earlier DNS of the static channel flow (Tsukahara et al., 2010a), we expected

to capture one or two turbulent band(s) of stripe pattern under the numerical condition

described above. As for roll cells, the computational domain was larger than the expected

structure dimensions, allowing us to neglect undesirable influences of the periodic boundary.

We compare the results at relatively high Reτ = 80 with that obtained by Iida et al. (2010)

using Spectral code, and our DNS results have been validated.



3

Investigations of laminar-turbulent

pattern in annular geometry

3.1 Transitional structures depending on radius ratio

In order to demonstrate laminar-turbulent coexistence in the aPf, we begin by displaying

in Fig. 3.1 the turbulent fraction Ft, parametrized by η. Its time-averaged value < Ft >

is plotted as a function of the mean bulk Reynolds number Rem for easier comparison

with other shear flows. Ft measures the instantaneous amount of turbulence in the flow.

If Ft = 0 the flow is laminar everywhere, whereas when Ft ∼ 1 the flow is considered

fully turbulent. In practice Ft is computed from velocity data on the x-θ cylinder at mid-

gap. Laminar regions are identified by monitoring whether |ur/uτ | < 0.25 at each (θ, x)

position independently of Re, with no significant qualitative dependence on the threshold

value. Standard deviations of Ft is displayed as error bars in Fig. 3.1. In order to test the

dependence on the wall-normal direction y, the statistics of Ft were also computed closer

to the inner and outer cylinders. Again, despite slight shifts of the mean values of Ft the

picture remains qualitatively unchanged, therefore we omit these results here.

Whereas Ft is close to unity for Rem ≥ 2250, in the range 1750 ≤ Rem ≤ 2000 it fluctuates

around a mean value smaller than 0.8, indicating sustained laminar-turbulent coexistence.

Moreover, the non-vanishing fluctuations suggest spatiotemporal intermittency. Whereas

the results differ quantitatively little among values of η ≥ 0.3, the time-averages of Ft –as

well as its fluctuations– stand out in the case of low η = 0.1: Ft takes high values ≥ 0.8

even for Rem as low as 1800, and continuously drops to zero over a very narrow interval of

values of Rem ≈ 1500 − 1700. Note that the amount of statistics and the computational

power needed for an accurate determination of the critical values of Rem(η) is several orders

of magnitude beyond the present computational capability. This is mainly due to the very

large domains needed to accommodate a large number of interacting localized patches near

onset, as well as to the huge timescales involved Avila et al. (2011). < Ft > should therefore

not be interpreted as an order parameter, as in non-equilibrium phase transitions, because

20
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Fig. 3.1 Turbulent fraction as a function of the mean bulk Reynolds number Rem for

each value of η. Laminar and turbulent regions are sorted according to |ur/uτ | (laminar

< 0.25 < turbulent). Error bars correspond to the standard mean deviations of Ft over the

observation times considered here.

the thermodynamic limit becomes harder to reach as Reg is approached from above. In

the following, we classify large-scale coherent structures typical of each value of η, estimate

visually whether they resemble the puffs and stripes of the cPf and the pPf, and show how

they are connected to each other through variations of η.

3.1.1 Helical turbulence for η = 0.8 and η = 0.5

The typical equilibrium structures observed in the aPf for high η = 0.8 are first described

here. A three-dimensional visualization of instantaneous streamwise velocity fluctuations

at Reτ = 72 (Rem = 2060) is shown in Fig. 3.2(a). Figure 3.2(b) displays two-dimensional

contours of wall-normal velocity in an x-θ cylinder at mid-gap. We use z = rθ as a

modified coordinate unfolding the pipe geometry in Fig. 3.2 and the figures hereafter. We

also display in Fig. 3.2(b) the large-scale flow at the same locations using vectors, computed

using a low-pass spectral filter selecting all azimuthal and axial wave numbers smaller than

4. For η = 0.8, we found a spatially periodic arrangement of oblique turbulent regions.

Visualizations of turbulent fluctuations closer to the inner or outer wall show negligible

differences since Lzi ≈ Lzo and curvature effects are small. These bands have a well-

defined pitch angle of about 24 ± 4◦ with the streamwise direction, depending on the y

location at which it is measured. As in Duguet and Schlatter (2013), the large-scale flow

evaluated at mid-gap points in a direction almost parallel to the turbulent bands. The

pattern is very reminiscent of the laminar-turbulent stripe patterns arising in the pPf or

from the barber-pole turbulent structures found in TCf for higher η (Coles, 1965; Prigent

and Dauchot, 2002). This pattern wraps endlessly around the inner cylinder because of the

azimuthal periodicity. We call this structure a ‘helical turbulence’ in order to distinguish it

from the stripe pattern in the pPf and pCf. The large-scale flow possesses both streamwise
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Fig. 3.2 Instantaneous visualization for Reτ = 72 and η = 0.8. (a) Three-dimensional

visualization of streamwise velocity fluctuations (red, u′
x > 3; blue, u′

x < −3); (b) two-

dimensional contours of instantaneous u′
r at mid-gap. In all figures, the main flow is from

left to right. The corresponding large-scale flow around helical turbulence are visualized

using arrows in (b).

and spanwise velocity components. From Fig. 3.2(b) it is clear that this large-scale flow

also satisfies an approximate helical symmetry, and the corresponding (signed) helix angle

can be used to characterize the chirality of the turbulent pattern. For Reτ = 72, the

streamwise and azimuthal extents of the turbulent intervals can be evaluated to 25d and

12d, respectively. Such dimensions are directly comparable to those in the pPf (Tsukahara

et al., 2010). For Reτ < 72, the extent of the turbulent region stays unchanged whereas the

laminar intervals between the turbulent regions expand in the streamwise direction, again

echoing most observations in the pPf.

Figure 3.3(a) now shows a three-dimensional visualisation of azimuthal velocity for η =

0.5 at Reτ = 56 (Rem = 1530). This confirms that helical turbulence is robust and can

be observed even for stronger wall curvatures. The velocity contours at mid-gap, shown

in Fig. 3.3(b), reveal a turbulent helix with a pitch of 15 ± 3◦ steeper compared to the

cases η = 0.8 and 1. For comparison, earlier studies of the pPf have reported a regular

turbulent stripe pattern with a spanwise spacing of at least 12d and an inclination angle

of 21 − 25◦ (Tsukahara et al., 2005; Tsukahara et al., 2010a; Tuckerman et al., 2014). For

further comparison, we note that for η = 0.5 outer and inner circumferences are (Lzi, Lzo)

= (6.28d, 12.56d). Comparable spanwise dimensions would not be large enough to sustain

stripes in the planar case. This suggests that the annular geometry and the wall curvature

make helical turbulence patterns more robust, at the price of steeper angles never reported

in the planar case.
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Fig. 3.3 Instantaneous visualization for Reτ = 56 and η = 0.5. (a) Three-dimensional

visualisation of azimuthal velocity fluctuations (red, u′
θ > 1; blue, u′

θ < −1); (b) two-

dimensional contours of instantaneous u′
r at mid-gap. Same color coding as in Fig. 3.2

(b).

3.1.2 Helical puff for η = 0.3

We consider now the aPf with a lower radius ratio η = 0.3, for which (Lzi, Lzo) =

(2.7d, 9.0d). Flow visualizations for Reτ = 80 show almost featureless turbulence on the

inner wall while the flow appears intermittent on the outer wall. Further decrease of Reτ

to 64 leads again to a clear stripe pattern, now characterized by stronger intermittency

judging from the temporal fluctuations of Ft. The interesting regime occurs for Reτ = 56

(Rem = 1600). Flow visualisation in Fig. 3.4 for Reτ = 56 (Rem = 1600) shows, for all

velocity components, that the helical structure is still recognizable with a pitch of 9 ± 3◦,
but it is now localized in the streamwise direction. Despite its evident chirality, the helical

structure is thus closer to a puff-like shape. The streamwise length of this new localized

structure, approximatively half the periodic domain length Lx = 74d, fluctuates little

with time and the localization is robust (Figs. 3.4(a, d)). Analysis of the large-scale flow

suggests that the helical puff rotates azimuthally around the inner rod as it propagates

downstream (see Figs. 3.4(b, e)). Velocity profiles that are not averaged in the azimuthal

direction show two actives zones of turbulent fluctuations. Azimuthally-averaged radial

velocity profiles show in turn a singly connected zone of turbulent fluctuations, again

occupying in average half the domain length (Figs. 3.4(c, f)). From such profiles one could

deduce that the upstream front is not sharper than the downstream one, hence violating

the upstream/downstream asymmetry typical of turbulent puffs found in the cPf and in

the aPf for η = 0.1. We however note from Figs. 3.4(b, e) that the large-scale flow is

at all times strongest near the upstream front, but only in a narrow range of azimuthal

angles. Hence the helical puff displays a more subtle upstream/downstream asymmetry
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Fig. 3.4 Instantaneous visualizations for Reτ = 56 and η = 0.3: (a) and (d), three-

dimensional visualization of instantaneous u′
θ; (b) and (e), contours of instantaneous u′

r

and vector at mid-gap same as Fig. 3.2(d); and, (c) and (f), azimuthally-averaged wall-

normal velocity along the x axis. The time lapse between (d)–(f) and (a)–(c) is 88.7d/um.

partially hidden by its chiral shape. At the downstream front, the large-scale velocity field

on the mid-gap cylinder shows that fluid both enters the puff and exits it depending on the

azimuthal coordinate, implying a non-trivial mass balance at the interface. For Reτ < 56

this helical puff was observed to relaminarize after less than 103 time units (in units of

d/um). Such coherent structures have never been observed before in annular geometries.

In particular, the present computation suggests that helical puffs are marginally low-Re

structures and represent the simplest form of turbulence for this geometry. Oblique stripes

of finite extent have been reported in the pPf, also at marginally low values of Re (Xiong

et al., 2015) but it is not clear whether they are robust isolated structures or transients.

They do not possess chirality, hence the different parts of the turbulent region do not

interact with each other as is the case for the helical case. We note that localized helical

structures have not been observed in the present computations for higher η. The exact

range of existence and the lifetimes of these helical puffs, both as function Re and in η,

deserve further investigation and we will discuss them following sections.

3.1.3 Turbulent puff for η = 0.1

We consider eventually the case of smaller η and analyze a few simulations of the aPf

for η = 0.1 as Reτ is gradually decreased. Despite the presence of a rigid rod at the
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Fig. 3.5 Instantaneous visualizations for Reτ = 52 and η = 0.1: (a) and (d), three-

dimensional visualization of instantaneous u′
x; (b) and (e), contours of instantaneous u′

r

at mid-gap with the same color range as Fig. 3.2(b); and, (c) and (f), azimuthally-

averaged streamwise velocity along the x axis. The time lapse between (a)–(c) and (d)–(f)

is 197d/um.

axis, the present phenomenology is very close to that reported in investigations of the

cPf (Moxey and Barkley 2010), confirming early speculation. For Reτ ≥ 80, the whole

flow is turbulent. However, the time-averaged value of Ft for Reτ = 64 (Rem = 1800)

is 0.8, indicating that short localized laminar pockets occur intermittently (Avila et al.,

2013). Reducing Reτ further to 56 (Rem = 1650), we recognize the classical intermittent

sequences of turbulent puffs with sharp upstream fronts. The temporal dynamics of this

train of turbulent puffs is complex despite the mild fluctuations of the observable Ft.

This steady flow regime shows recurring sequences of instabilities (self-replications) and

recombinations (merging) of individual localized puffs. In agreement with experimental

observations of pipe flow by Samanta et al. (2011), the term ‘pattern’ is here no longer

justified as no clear wavelength emerges, as opposed to the higher-η cases. Further decrease

to Reτ = 52 displays relaminarization or replication events (over longer timescales) but no

merging events, see Figure 3.5(a–f).

This dynamics featuring only individual puffs is identical to the regime just above the

critical point in the cPf (Avila et al., 2011; Shimizu et al., 2014). Further decrease of Reτ

to 48 shows only puffs with finite lifetimes, but no replication events, suggesting (in the

thermodynamic limit) that Reτ lies here below the critical point. The original streamwise

extent of each puff before its possible relaminarization is around 20d. Because of the finite

domain used in simulations, the disappearance of a single puff causes a typical fluctuation
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Fig. 3.6 Two-dimensional xz-plane contours of wall-normal velocity fluctuations u′
r at Reτ

= (a) 80, (b) 64, (c) 56, and (d) 52 for η = 0.5. The mean flow direction is from left to

right.

downwards of Ft. Besides, the lifetimes of individual turbulent puffs in this regime is known

to increase very rapidly (typically as double exponential) with Re (Avila et al., 2011). It is

hence expected that simulations over observation times several orders of magnitude longer

would, for the lowest values of Reτ , lead to fully laminar flow with Ft = 0. The values of

〈Ft〉 ≈ 0.1 − 0.2 indicated in Fig. 3.1 for the lowest values of Reτ can hence be expected

to converge to zero with increasing simulation time, making the Re-dependence of 〈Ft〉
sharper at onset.

3.2 Friction factor and flow statistics influenced by

the patterns

3.2.1 Flow regime

The alternations of dominant transitional structures depending on η and Reτ are dis-

cussed in this subsection. Firstly, we would show rather simpler transition processes for

high and low η, where observed structures are reminiscent of well-known transition scenar-

ios in the pPf and the cPf. Then, we describe the transition process for intermediate η =

0.3, which seems to combine features of the transitional structures for lower and higher η,

as an anomalous case of the aPf.

As a typical flow regime describing transitional structures, Figs. 3.6–3.8 show the two-

dimensional contours of wall-normal velocity fluctuations in the x-z plane for different

values of η ( = 0.5, 0.3, and 0.1).

Firstly, let us focus on the case of a rather high η of 0.5. As visualized in Fig. 3.6(a),

featureless turbulence was observed at Reτ ≥ 80 despite the occasional appearance of

small laminar patches with wispy obliqueness at Reτ = 80. Helical turbulence represented

by robust oblique laminar-turbulent patterns emerged at Reτ = 64 and 56. This helical

turbulence corresponded to a stripe pattern observed in the plane channel flows (pCf and

pPf). The laminar region expanded with a decrease in Reτ , and the helical turbulence
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Fig. 3.7 Two-dimensional xz-plane contours of wall-normal velocity fluctuations u′
r at Reτ

= (a) 80, (b) 64, (c) 60 (d) 56, (e) 54, (f) 52, (g) 50, and (h) 48 for η = 0.1. The color

range is the same as that in Fig 3.6.
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Fig. 3.8 Two-dimensional xz-plane contours of wall-normal velocity fluctuations u′
r at Reτ

= (a) 80, (b) 64, (c) 56, (d) 54, and (e) 52 for η = 0.3. The color range is the same as that

in Fig 3.6.

was marginally modulated and collapsed at Reτ = 52, as shown in Fig. 3.6(d). Therefore,

several helical puffs (with finite streamwise lengths) and turbulent spots were observed for

a very low and narrow Reynolds-number range near Reg. Whereas the previous section

suggested that the helical puff occurred only for η = 0.3, we newly observed the helical puff

even for high η = 0.5. Xiong et al. (2015) also reported similar observations in the pPf at

very low Reynolds numbers, demonstrating the occurrence of a localized oblique pattern

around Reg even for the pPf (η → 1). The transition process for η = 0.8 was similar to

that for η = 0.5. Therefore, clear helical turbulence can be observed for η ≥ 0.5.

A small radius ratio must be expected to reveal transitional states similar to those in the

cPf. Figure 3.7 shows the flow fields at η = 0.1. The featureless turbulence without any

laminar patch was confirmed at Reτ = 150 and 80. Even at Reτ = 64, almost the whole

field is dominated by the turbulent region and sometimes small laminar patches occur, as

given in Fig. 3.7(b), although helical turbulence emerges for high η. A streamwise localized

laminar-turbulent pattern corresponding to the puff in the cPf was found below Reτ = 60.

Even for small η of 0.1, oblique interfaces between turbulent and laminar region were

rarely observed at slightly high values of Reτ = 60 and 56. As Reτ decreased from 60 to

48, the number of puffs or streamwise length of the puff were decreased. The puff in the

aPf exhibited splitting, decaying, and combining processes, which were similar to those of



3 Investigations of laminar-turbulent pattern in annular geometry 28

the puff in the cPf (Moxeyet al., 2010; Shimizu et al., 2014). At low Reτ , the combining

process could not be detected and the probability of splitting decayed analogous to the

previous study (Shimizu et al., 2014). Although the puffs split, one of the separated puffs

immediately decayed in the aPf at Reτ = 52 and 50. At Reτ = 48, any puff splitting was

not observed, the streamwise size of the puff changed slightly and increased/decreased with

time. The flow relaminarized at Reτ = 46.

As well as the other cases shown above, the intermediate η of 0.3 resulted in the flow state

of featureless turbulence at Reτ ≥ 80: see Fig. 3.8(a). At Reτ = 64, the helical turbulence

similar to that observed for η ≥ 0.5 occurred, as shown in Fig. 3.8(b). There was a breaking

off point of helical turbulence, and streamwise localized helical turbulence (called helical

puff) was observed at Reτ = 60. Figure 3.8(c) shows the flow field at Reτ = 56, where mixed

helical and straight puffs can be observed. The obliqueness of the helical puff decayed, the

straight puff infrequently occurred at lower Reτ , and the probability of occurrence of a

straight puff was increased compared to that of the helical puff, with decreasing Reτ . At

Reτ = 50, the transitional structure immediately decays and the flow becomes laminar.

This complex transition process was also found for η = 0.2. The occurrence ratio of

straight puff increases more compared to η = 0.3. Additionally, helical turbulence could

not be recognized for η = 0.2 even at high values of Reτ . Following subsections will discuss

the separation of these complex transition processes based on values of both η and Reτ .

3.2.2 Friction factor

The friction factor, denoted by Cf , is defined by following equation as shown in Fig. 3.9.

Cf =
2τw

u2
m

(3.1)

The Blasius’ empirical friction law in the turbulent regime is also shown for a comparison.

The laminar solution depends on η. In the laminar solution of Cf = 8Cη/Rem, the definition

of Cη is as follows:

Cη =
1 − 2η + η2

1 + η2 + 1−η2

ln η

(3.2)

With respect to the cPf and the pPf as the limiting cases of the aPf, Cη values are 1.0 and

1.5, respectively. In order to facilitate an easy understanding of the transition process, the

product RemCf as a function of Rem is also plotted in Fig 3.9 (b) and (c). The friction factor

at the high Reynolds numbers are in agreement with the empirical function. Furthermore,

Cf maintained high value even at lower Reynolds numbers in the transitional regime, when

the flow is accompanied by the helical turbulence (for η = 0.5 and 0.8). However, given

the localization of helical turbulence in the x direction and the emergence of a helical puff,

Cf deviated from the empirical function towards a laminar solution, as seen at Reτ = 52
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Fig. 3.9 (a) Friction factor Cf , (b) product of RemCf , and (c) extended figure of RemCf

around the transitional regime.

(Rem = 1460) for η = 0.5. With respect to intermediate η of 0.2–0.3, Cf maintained a

high value similar to that for high η. This must be also because of the presence of helical

turbulence or helical puff. A further decrease in Reτ induces a sudden drop of Cf , retaining

the same values of Rem and gradually approaches a laminar solution. It should be noted

again that the present flow system is driven by a fixed mean pressure gradient and Rem

depends on the flow state. Under such a condition, once a relaminarization occurs, the

bulk Reynolds number Rem should increase significantly with a fixed Reτ and lowered Cf .

In this sense, there exists an overlapping region around Reg for η = 0.2 and 0.3. This must

be caused by the alternations of transitional structures from helical turbulence to puffs

through helical puff, due to decreases in Reτ for moderate η. With respect to η = 0.1,

Cf gradually decreased with the Reynolds number after the occurrence of the straight

puff. There is no overlapping region, unlike that observed for intermediate η (η = 0.2 and

0.3) because the transitional structure does not change from straight puff at any Reynolds

number for η = 0.1.

As described above, Cf in the transitional regime considerably depends on the form of

transitional structure. Similar aspects can be confirmed from the turbulent fraction that is

given in Fig. 3.1. Both Cf and Ft would maintain magnitudes as high as those of featureless
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Fig. 3.10 (a) Friction velocity on the inner and outer cylinders (uτi and uτo) as a function of

Rem. (b) Comparison of the friction Reynolds number based on the inner friction velocity

versus the friction Reynolds number based on the outer friction velocity. If η = 1, it should

be Reτi = Reτo.

turbulence, if the transitional structures forms helical pattern. Such an enhancement of

turbulence contributions is weakened in the following order: helical turbulence → helical

puff → straight puff.

Figure 3.10 shows the local friction velocities at the inner and outer cylinders (denoted

by uτi and uτo, respectively) and the ratio of the friction Reynolds number on the inner

and outer cylinders (denoted by Reτi and Reτo, respectively). The difference between uτi

and uτo increases at low Reτ and small η when compared to the difference at high Reτ

and large η. Specifically, the difference enlarges noticeably when Reτ = 80 → 64, which

corresponds to a shift of the regime from the featureless turbulence to a transitional state

of helical/straight puff. On the outer-cylinder side, uτo does not depend much on both

η and Reτ , and it is approximate to the global friction velocity uτ . In contrast, uτi is

significantly different from uτ and dependent on η and Reτ . The distribution of the ratios

of the friction Reynolds number for all values of η was almost a linear distribution, as

shown in Fig. 3.10(b). This implies a less dependency of the ratio Reτi/Reτo on the global

Reynolds number (Reτ ).

Here, let us briefly describe a background mechanism of the high friction velocity, i.e.,

the large velocity gradient, on the inner-cylinder wall, which can be seen in Figs. 3.10(a)

and 3.11. In the aPf, the inner cylinder should be associated with a large number of

intensive sweep and ejection events that can be attributed to the transverse curvature

effect (Liu et al., 2004). In addition, elongated streaky structures near the inner wall are

more active than those along the outer wall. The turbulent motions on the outer wall are

similar to those near the wall of the cPf and the pPf. These phenomena have also been

studied by Satake & Kawamura (1995). They discovered that a high-speed fluid impinging

against and across the inner rod would form a wake-like region behind the rod and a large-
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Fig. 3.11 Mean streamwise velocity profiles. The line types indicate different η, and the

colors correspond to different values of Reτ . The inner-cylinder wall corresponds to y/d = 0,

while the outer one is at y/d = 1.

scale wall-normal motion in the large low-pressure region. This distinctive turbulent event

increases the friction Reynolds number on the inner cylinder, and this phenomenon leads

an asymmetric profile especially for low η. The asymmetric properties are discussed also

in the following sections.

3.2.3 Mean flow statistics

The mean velocity profiles are presented in Fig. 3.11. In the figure, the profiles of ux are

slightly tilted toward the inner cylinder (y/d = 0) showing asymmetric distributions with

respect to the gap center. For large values of η, the distributions are rather symmetric at

any Reτ , and similar to the mean velocity profile in the pPf. The peak position shifts to the

inner cylinder side, in particular, for low η. As for the Reynolds-number effect, the peak

of ux does not move so much when Reτ decreases from 56 to 52, but both the peak value

and the bulk velocity (normalized by uτ ) increase noticeably. This is because those flows

are already in the intermittent state and a decrease in the Reynolds number would expand

laminar regions. In terms of transitional structures among the helical turbulence and

the helical/straight puffs, any significant difference cannot be observed in the ux profiles.

However, with respect to the decreasing Reτ from 80 to 56, the peak position of ux moved

towards the gap center (y/d = 0.5) and the asymmetric property is suppressed particularly

for low η = 0.1. This implies that the asymmetric property of the core region would be

moderated in the transitional regime accompanied by large-scale intermittent structures,

while featureless turbulence at a high Reynolds number reveals an asymmetric ux profile

due to the aPf geometry. Because of this, the ux profile in the transitional aPf even for

η = 0.1 is more dissimilar to the cPf, in which ux has a peak at y/d = 1 and decreases

monotonically with y/d → 1. However, both flows exhibit straight puffs, as shown in

Fig. 3.7(f–h). It is interesting to note that the flow statistics including the mean velocity

profile in the subcritical regime were dissimilar to the cPf, although the flow structure is
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Fig. 3.12 Root-mean-square values of (a) streamwise, (b) wall-normal, abd (c) azimuthal

velocity fluctuations.

analogous in both flows.

Figure 3.12 shows the root-mean-square value of each fluctuating velocity component. In

(a), the streamwise turbulent intensity u′
xrms shows asymmetric distributions with two clear

peaks near the inner and outer cylinders. The difference between the two peaks increases

with smaller values of η, and the peak near the inner cylinder is larger than that near the

outer cylinder. It should be noted that, if scaled with each friction velocity (either uτi

or uτo), the inner peak of u′
xrms/uτi is much lower than the outer one of u′

xrms/uτo. In a

manner dissimilar to the ux, the asymmetricity in a profile is increased at low values of

Reτ as well as η. The two near-wall peaks for the high Reτ of 80 exhibit the almost same

magnitude. At this Reynolds number, the fully-turbulent state might reduce the intensity

gap between both sides and, as a result, three curves with different η are roughly matched.

This aspect can be similarly seen in the other components. An interesting distribution of

u′
xrms is observed at Reτ = 52 for η = 0.1 and 0.3, and a third peak is observed around

the gap center. This centerline peak must be attributed to localized (straight) puffs with

very-large laminar regions, as shown in Figs. 3.7(f) and 3.8(e).

In Fig. 3.12(b) and (c), u′
rrms and u′

θrms indicate skewed profiles with higher peaks near

the outer cylinder at a high value of Reτ = 80. Given decreases in Reτ , the difference

between the peaks near the inner and outer cylinder of u′
rrms decreases and an almost

plateau region is observed around the gap center. With respect to this plateau region, we

found that the cases in the presence of helical turbulence always provide large u′
rrms and



3 Investigations of laminar-turbulent pattern in annular geometry 33

0 0.2 0.4 0.6 0.8 10

1

2

3

4

y/d

η = 0.5
η = 0.3
η = 0.1

k/
u τ

2

 Reτ=80
 Reτ=56
 Reτ=52

Fig. 3.13 Turbulent energy.

u′
θrms compared to the cases of puff. For instance, u′

θrms for η = 0.5 is 10–20% larger than

that for η ≤ 0.3, as given in Fig. 3.12(c). These results suggesting an enhanced turbulent

intensity in the helical turbulence are in consistency with the above-mentioned high Cf in

the transitional regime. A high value distribution of u′
θrms near the inner cylinder is the

same trend with that of u′
xrms for low η.

Figure 3.12(d) shows the Reynolds shear stress (−u′
xu

′
r). The radial position of the zero

Reynolds shear stress moves slightly towards the inner cylinder for low values of η, while

the zero value for the pPf should be located at the center of the gap. The zero position

shifted to the channel center with a decrease in the value of Reτ from 80 to 56, as does the

peak position of ux (Fig. 3.11). The zero position approaches the center of the gap even for

low values of η with decreases in the Reτ . With respect to the magnitude of Reynolds shear

stress, we may detect tendencies similar to those in the turbulent intensity: the larger peak

near the inner cylinder for low η, the weakening due to decay from featureless turbulence,

and the enhancement by a presence of helical turbulence.

Figure 3.13 shows the turbulent energy, denoted by k = (u2
x + u2

r + u2
θ)/2. As widely

known, turbulent motion is vigorous near the wall. With respect to the aPf, the turbulence

is more activated near the inner cylinder than near the outer cylinder. In contrast, the

peak of k near the outer cylinder is slightly higher only at the high value of Reτ = 80.

Therefore, this enhanced turbulent fluctuation near the inner cylinder was prominent when

the transitional structure occurred. Note again that, in terms of normalization by each wall

units, the magnitude of k becomes lower on the inner cylinder side than on the outer side.

It may implies that the near-wall coherent structure common to plane-wall turbulence

may tend to be absent near the inner cylinder, in particular, under the transitional state.

Hanks et al. (1971) proposed a picture of the dual flow, i.e., the first transition from the

inner-cylinder side, in the aPf. In contrast, our DNS have demonstrated no dual flow and

shown a less active turbulence near the outer cylinder wall. For η = 0.1, the streamwise

localized puff with a large laminar regime led to high fluctuations around the gap center,

as discussed in the distribution of ux.
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3.3 Transition between straight and helical puff

Up to this section, transitional structures depending on radius ratio and effects of tran-

sitional structures on the flow statistics have been described. We find that the transitional

structures in the aPf bridge the structures in two different flow systems of the cPf and the

pPf. In this section, the connection between the straight puff and helical puff is considered

quantitatively. Firstly, the flow regime of the straight puff and helical puff is reintroduced

by showing the time development of structures and flow visualizations. Then, we consider

the effect of azimuthal length and the difference between the straight puff and the helical

puff, scrutinized using the probability density function of an azimuthal large-scale flow.

3.3.1 Temporal dynamics of localised turbulent structures

The temporal dynamics of the straight and the helical puff is described using a space

time diagram of azimuthal-averaged streamwise velocity (〈ux〉|θ =
∫ 2π

0
uxdθ) at the center

of the gap in Figs. 3.14, 3.16, and 3.18 for η = 0.1, 0.2, and 0.3. The horizontal axis shows

the streamwise distance (of a moving frame of reference) and the vertical axis is time. In

the space time diagram, the red and blue regions correspond to turbulent and laminar

state. Figures 3.15, 3.17, and 3.19 show two-dimensional contours of wall-normal velocity

fluctuations at the gap center in the x-θ plane at an arbitrary time of Reτ = 52 for each

η = 0.1, 0.2, and 0.3.

For η = 0.1, the classical intermittent sequences of turbulent puffs are recognized, as in

Figure 3.15. The interaction between localized puffs is best understood from (x, t) diagrams

in Fig 3.14.

For Reτ = 56, the flow consists of a train of four to five several puffs dynamics interacting

via sequences of replication and merging events. At Reτ = 52 and 50, the number of puffs

interacting drops to two or three, with relaminarisation or replication (“splitting”) events

occuring on longer timescales and no merging event. For Reτ = 48, a single isolated

puff survives over the whole observation time, though at several occasions its internal

fluctuations bring it close to splitting or to collapsing. For Reτ = 46, the isolated puff is

tempted to split into two parts that collapse both after less than 5d/uτ . This decription

is completely consistent with that of turbulent puffs in circular pipe flow in Moxey and

Barkley, (2010), Avila et al. (2011), and Shimizu et al. (2014). This suggests that the

transition is continuous, with the critical point Reτ for this value of η lying around 48± 1.

The spatiotemporal diagrams for η = 0.2 at Reτ = 56, 52, and 50 in Fig. 3.16(a-c) do not

differ much from those for η = 0.1, except perhaps at Reτ = 56 where the turbulent flow

exhibits a stronger tendency toward patterning (emergence of a well-defined streamwise

wavelength) than for lower η. For η = 0.2, the puff sustaining at Reτ = 52 may split and

avoid its decay, while the puff at Reτ = 50 decays completely. This suggests a critical point

around Reτ = 51±1. The spatial fluctuations of u′
r(x, z) at mid-gap in Fig. 3.17 show a
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Fig. 3.14 Space-time diagram of azimuthally-averaged streamwise velocity at mid-gap for

η = 0.1 and different Reτ = (a)56, (b)52, (c)50, (d)48 and (e)46. Colormap of (〈ux/uτ 〉θ|tur,

〈ux/uτ 〉θ|lam) : (a) (18, 22), (b) (19, 24), (c) (20, 25), (d) (21, 25), and (e) (21, 25).

surprising property: some of the laminar-turbulent interfaces identified display obliqueness

with respect to the streamwise direction while other do not.

Similar data for η = 0.3 confirms above-mentioned trend, with an even stronger pattern-

ing property and the same critical value: Fig. 3.18(c) provides a particular eveidence that,

for Reτ = 50, three puffs separated by a comparable wavelength collapse in synchrony. The

occurrence of oblique laminar-turbulent interfaces appears also more pronounced, judging

from the fluctuations of u′
r shown in Fig. 3.19.

The resulting intermittent regime for η=0.2 and 0.3 appears hence as a mixture of both

classical straight puffs analogous to those found for η = 0.1, and helical puffs as idendified

in the previous section in shorter domains. We insist on the coexistence in space as in time

x/d

z/
d

x/d

z/
d

x/d

z/
d

Fig. 3.15 Two-dimensional contours of instantaneous u′
r/uτ at mid-gap for η = 0.1 at

Reτ = 52 at different time. Contours range from −0.5 (blue) to 0.5 (red).
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Fig. 3.16 Space-time diagram of azimuthally-averaged streamwise velocity at mid-gap

for η = 0.2 and different Reτ = (a)56, (b)52, and (c)50. Colormap of (〈ux/uτ 〉θ|tur,
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Fig. 3.17 Two-dimensional contours of instantaneous u′
r/uτ at mid-gap for η = 0.2 at

Reτ = 52 at different time. Contours range from −0.5 (blue) to 0.5 (red).

and for a given set of parameters, of both types of structures. This immediately suggests

that the transition from (straight) puffs to (oblique/helical) stripes cannot be treated as

deterministic, but rather requires a statistical treatment. Some statistical analysis to be

presented in following subsections are based on the probablitiy density function of large-

scale azimuthal velocity that is related to the obliqueness of pattern.

3.3.2 Azimuthal length depending on radius ratio

Bifurcations from one turbulent regime to another one are difficult to investigate be-

cause, unlike for bifurcations of exact steady/periodic states, the presence of turbulent

fluctuations both in time and space makes the choice of a well-defined bifurcation param-
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Fig. 3.18 Space-time diagram of azimuthally-veraged streamwise velocity at mid-gap for
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eter non obvious. Moreover, we intend here to characterize the bifurcation of the shape of

coherent structures, where no particularly obvious Eulerian indicator emerges to describe

for instance the obliqueness of the interfaces. We suggest to link the present study to

the limiting planar case η → 1, which has been already discussed in Duguet and Schlat-

ter (2013), and to generalize it to curved geometries corresponding to 0 < η < 1. This

represents an opportunity to test the limitations of the planar theory in the presence of

finite curvature. Moreover, we keep in mind the observation that both types of structures,

straight or helical, have been detected for the same parameters at intermediate values of

η. The relevant bifurcation parameter chosen should hence be quantified in a probabilistic

manner, with statistics carried out, for each set of parameters η and Reτ , over both time
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Fig. 3.19 Two-dimensional contours of instantaneous u′
r/uτ at mid-gap for η = 0.3 at

Reτ = 52 at different time. Contours range from −0.5 (blue) to 0.5 (red).
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Fig. 3.20 Pre-multiplied energy spectra for u′
x and u′

θ as a function of either wavelength

λx/d or λz/d at mid-gap: (a) streamwise spectra of u′
x, (b) spanwise spectra of u′

x, (c)

streamwise spectra of u′
θ, and (d) spanwise spectra of u′

θ. The streamwise and azimuthal

wavenumbers are defined as kx = 2π/λx and kz = 2π/λz, respectively. The specta are

normalized by an ensemble-averaged value of u′
iu

′
i at mid-gap

and space.

For planar flows, it was suggested in Duguet and Schlatter (2013) that the obliqueness

of interfaces could be explained qualitatively by the existence of large-scale flows. In

the presence of a sufficiently marked scale separation between small scales (the turbulent

fluctuations) and large scales, it was shown analytically that large scales advect the small

scales of weakest amplitude. Interfaces between laminar and turbulent motion correspond

precisely to the zones where the fluctuations decay from their turbulent amplitude towards

zero. It is thus expected that the planar orientation of the interface corresponds precisely

to the orientation of the large-scale flow advecting the small scales at the edges of the

turbulent patches. In particular the global angle of the periodic stripe patterns corresponds

accurately to the angle of the large-scale flow: a non-zero angle is linked with the existence

of a spanwise component for the large scales.

In order to evaluate which large-scale components are present here, time-averaged pre-

multiplied energy spectra evaluated at gap center are shown in Fig. 3.20 for Reτ = 56

(for which all flows are spatially intermittent) and different values of η from 0.1 to 0.8.

Careful analysis of Fig. 3.20 reveals robust features. Small scales associated with tur-

bulent fluctuations are present around λx/d ≈ 2–3 and λz/d ≈ 1 in all directions for all
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components. The situation is different for large-scale velocity components: out of the four

figures, only ux as a function of x displays large scales for all value of η. These large scales

do not appear strongly separated from the smaller ones, and are located at λx/d ≈ 15–70.

Neither uθ as a function of either x or θ, nor ux as a function of θ, possesses such a ro-

bust large-scale component. As η exceeds 0.3, well-separated peaks at similar large scales

emerge in each spectrum. Important informations can be deduced from these spectra.

First, should large-scales be found, the corresponding cut-off can be located safely in the

intervals λx/d ≈ 10–20 and λz/d ≈ 2–5. Secondly, by construction the wavelengths in the

spectra are limited by the box dimensions Lx and Lz. A clear difference emerges between

Figs. 3.20(a, c) on one hand (showing the λx dependence), and Figs. 3.20(b, d) on the other

hand (showing the λz dependence). In other words, the spanwise large-scale component

is present only for sufficient azimuthal extent, whereas streamwise large-scale modulations

are always present as long as the flow features spatial intermittency. We emphasize here

that the azimuthal extent should be measured in units of d = ro − ri, since streaks and

streamwise vortices (forming the small scales) scale with the gap size d rather than with

any of the two radii ro or ri. (The wall unit is another candidate, but large-scale structures

of interest should be generally scaled with outer units.) Our hypothesis here is that the

occurrence of azimuthal large-scale flows depends on the azimuthal extent Lz/d, itself a

function of η.

The quantity Lz however depends on the value of r. It is simpler to focus on the inner

and outer azimuthal extents Lzi and Lzo, given respectively by

Lzi = 2πd
η

1 − η
(3.3)

Lzo = 2πd
1

1 − η
. (3.4)

Both quantities (expressed in units of d) are plotted as functions of the radius ratio η

in Fig. 3.21. Let us fix rather arbitrarily a cut-off value of λz. The intersection of the

horizontal line Lz = λz with the curves Lzo(η) and Lzi(η) in Fig. 3.21 defines two values

of η, respectively η1 and η2. This leads to three distinct ranges of values for η :

• for 0 < η ≤ η1, there is no space for large scales in the azimuthal direction, neither

at the inner not at the outer wall.

• for η2 ≤ η ≤ 1, azimuthal large scales can form at both inner and outer walls. The

situation is then analogous to the planar case.

• for η1 ≤ η ≤ η2, the situation is mixed: azimuthal large scale flows cannot be accom-

modated at all locations in the cross-section. A probabilistic approach is required.

For instance, choosing a cut-off value λz = 3π leads to η1 = 1/3 and η2 = 3/5, which is

consistent with our observations. While the classification above is not useful in practice to

predict accurately the transition thresholds η1 and η2 (mainly because of the difficulty to
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Fig. 3.21 Azimuthal length as a function of radius ratio.

define a unique cut-off value λz(Reτ )), it captures the main physical idea: the presence of

confinement in the azimuthal direction defines the two extreme regimes of straight interfaces

(associated with puffs) or oblique interfaces (associated with oblique stripes), and there is a

range of value of η for which there is a probability to observe both types of interfaces (and

hence both puffs and stripes) in the same flow at different times and/or different positions.

It can be useful to investigate cross-sections of the flow in the different regime to un-

derstand the implications of the previous hypothesis. The two-dimensional contours of u′
x

and u′
θ in arbitrary chosen r-θ cross-sections are shown in Figs. 3.22 and 3.23 for different

values of η.

The isocontours of u′
x in Fig. 3.22 allow one to count the numbers of streaks present in

the vicinity of each wall. Each of these streaks has a radial and azimuthal extent ≈ /2d,

and the analysis of the spectra in Fig. 3.20 also suggests that their streamwise extent is

approximatively 2d. In principle one would expect the streak size to scale in inner units

ν/uτ , however the range of values of Reτ investigated here is relatively narrow and we

prefer to report the dimensions of the streaks in (outer) units of d, as the relation λz ≈ d

emphasizes their quasi-circular cross-section. In the case of the straight puffs found for η

= 0.1, u′
x is almost axisymmetrically distributed, and two or six high-speed streaks can

be found in the azimuthal direction. With increasing η, the number of streaks increases

as the azimuthal extent increases, a supplementary confirmation that the relevant length-

scale here is d rather than ro or ri. For η = 0.4, 0.5 and 0.8 (Fig. 3.22(d, e, f)), the

non-axisymmetric modulation of u′
x is the direct signature of the helix-shaped turbulence.

To a lesser degree, such a modulation can also be visually detected for η = 0.2 and 0.3

(Fig. 3.22(b, c)). Similar conclusions can be drawn from the isocontours of u′
θ in Fig. 3.23

as well.
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Fig. 3.22 Two-dimensional cross-sections (r, θ) of instantaneous u′
x for η = (a) 0.1, (b) 0.2,

(c) 0.3, (d) 0.4, (e) 0.5, and (f) 0.8 at Reτ = 52. Colourmap from −3.0uτ (blue) to +3.0uτ

(red).

3.3.3 Probability density function of azimuthal velocity

This section is now devoted to a quantitative investigation of the orientation of the large-

scale flow near the interfaces for varying radius ratio η. We begin by describing in more

detail how data from the previous direct numerical simulations is post-processed. Based

on the apparent scale separation in the spectra from Fig. 3.20, we consider a low-pass filter

L whose kernel in spectral (kx, kθ) space reads

|kx| ≤ 2π

20d
, |kz| ≤ 2π

2d
(3.5)

The original velocity fields ui(r, θ, x, t) are transformed via L into filtered fields Ui(r, θ, x, t).

The two-dimensional wall-integrated large-scale flow (U θ) is then computed using the fol-

lowing definition.

Uθ =

∫ ro

ri

Uθdθ. (3.6)

Statistics of U θ have been gathered for all parameters over the numerical grid (xi, zj)

and over different times. Since we are mainly interested in the values of U θ at the laminar-

turbulent interfaces, we exclude from the statistics fully laminar portions of the flow which

would overestimate the statistical weight of the U θ ≈ 0 contribution. This is achieved

by conditioning all statistics by the additional constraint |u′
r|/uτ > 0.2 (which is never

fulfilled in laminar zones where u′
r ≈ 0). Probability distribution function (PDF) for |Uθ|

is obtained by considering bins of width ΔU θ = 0.025.
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Fig. 3.23 Two-dimensional cross-sections (r, θ) of instantaneous ru′
θ for η = (a) 0.1, (b) 0.2,

(c) 0.3, (d) 0.4, (e) 0.5, and (f) 0.8 at Reτ = 52. Colourmap from −1.0uτ (blue) to +1.0uτ

(red): the positive direction of θ is clockwise in the plots.

We first describe the PDF of |U θ| (normalised by uτ ) obtained for several values of η and

parametrised by Reτ , shown in Fig. 3.24.

For η = 0.1 and above, the PDF looks reasonably Gaussian in the fully turbulent regime

at Reτ = 150. For η = 0.1 and 0.2, decreasing Reτ into the intermittent regime reveals a

flatter Gaussian profile for the PDF, still centered at zero. For increasingly high values of

η ≥ 0.3, the tendency for the PDF to flatten away from zero becomes stronger, thereby

enlarging the range of values of |Uθ|. For η = 0.4, a new peak has emerged in the PDF

from the former tail in the range U θ = 0.2–0.3uτ , and this peak overweighs the U θ = 0

contribution. This shows how increasing η beyond 0.4 leads with increasing probability

to the emergence of a transverse large-scale flow component, interpreted as responsible for

the oblique interfaces observed. Focusing on the lowest values of Reτ = 52 and 56 where

intermittency has been observed, we plot PDF of |U θ|/uτ parametrised by η in the range

0.1–0.8.

The standard mean deviation σ of
∣∣Uθ

∣∣ /uτ is defined by

σ2 =

∫ ∞

0

(
∣∣Uθ

∣∣ /uτ )
2PDF

(∣∣Uθ

∣∣ /uτ

)
d(|Uθ|/uτ ), (3.7)

and is plotted for different values of η and Reτ in Fig. 3.25. The widening of the distribution

with increasing η appears as a general trend for all values of Reτ , except for Reτ = 150

which corresponds to fully turbulent flow without intermittency (and hence does not feature

any sustained laminar-turbulent interface). All other cases illustrate well the general idea:

as η increases in the intermittent regime, the azimuthal confinement is reduced, allowing
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Fig. 3.24 Probability density function for η = (a) 0.8, (b) 0.5, (c) 0.4, (d) 0.3, (e) 0.2, and

(f) 0.1. The radius ratio dependency is shown in (g).

for larger fluctuations in the orientation of the large-scale flows. When Lzi exceeds the

natural cut-off of λz, large-scale flows with a genuine transverse component U θ �= 0 emerge

and stabilize the oblique patterns. As η is decreased, a probabilistic transition from a well-
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Fig. 3.25 Standard variance of the PDF(Uθ/uτ ).

ordered stripe pattern to a disordered sequences of straight puffs featuring occasionally

helical puffs. Further reduction of η below 0.2 towards zero is accompanied by a narrowing

of the PDF of U θ, corresponding to a increasingly exclusive selection of straight puffs at

the expense of the helical ones.

3.4 Modal analysis for laminar-turbulent patterning

Transitional structures in incompressible pressure-driven flows in annulus were inves-

tigated and we found various transitional structures, namely straight/helical puffs and

helical turbulence. In the previous section, the probability density function of azimuthal

velocity was analyzed to determine the transition from straight puff to helical puff. In

this section, we consider a new method to obtain the whole transition process in the aPf

quantitatively. To this end, mode analysis is performed to extract the dominant mode of

streamwise localization, helix, and turbulence (streaks), and classify them by possession of

each mode.

3.4.1 Methods (e.g. η = 0.5)

As an example, we first consider the helical turbulence in the aPf for η = 0.5. For

η = 0.5, helical turbulence is time independent and is the robust structure at Reτ =

56 and 64. Therefore, it is very useful to start with this parameter when applying a

new method. Figure 3.26 shows two-dimensional contours of streamwise and azimuthal

velocity fluctuations (u′
x and u′

θ) in the x-θ plane for η = 0.5 of Reτ = 56 at the gap

center. Clear oblique turbulent-laminar interfaces are observed as positive and negative u′
x

and u′
θ. Firstly, we extract each velocity component of all modes û′

i(mx, r,mθ, t) through

wavenumber space by Fourier transform from u′
i(x, r, θ, t). For instance, û′

i of (mx, y,mθ)
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Fig. 3.26 Two-dimensional contours of instantaneous (a) streamwise and (b) azimuthal

velocity fluctuations for η = 0.5 of Reτ = 56 at the gap center. Color ranges are (a)

(u′
x|min/uτ , u′

x|max/uτ ) = (−3, 3) and (b) (u′
θ|min/uτ , u′

θ|max/uτ ) = (−1.5, 1.5).
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Fig. 3.27 Two-dimensional contours of instantaneous (a) streamwise and (b) azimuthal

mode velocity for η = 0.5 of Reτ = 56 at the gap center. Modes are (mx, mθ) = (i) (1, 1)

and (ii) (2, 2). (û′
i|min/uτ , û′

i|max/uτ ) are (a-i) (−0.35, 0.35), (b-i) (−0.015, 0.015), (a-ii)

(−0.2, 0.2), (b-ii) (−0.045, 0.045).

= (1, d/2, 1) and (2, d/2, 2) at the same time in Fig. 3.26 are displayed in Fig. 3.27. The

mode (mx, mθ) displays a wavenumber.

Second, to obtain the dominant mode, the mean turbulent intensity of each mode is

calculated by following equations (Eqs. (3.8) and (3.9)).

úx(mx, mθ) =

∫ ∫ ro

ri

û′2
x (mx, r,mθ, t)rdrdt (3.8)

úθ(mx,mθ) =

∫ ∫ ro

ri

û′2
θ (mx, r,mθ, t)

u2
τ

drdt (3.9)

Figure 3.28 shows two dimensional contours of úx and úθ in the mx-mθ plane for η = 0.5.

At high Reτ = 150, the intensity is broadly distributed. However, a clear peak at (mx,mθ)

= (2, 1) is observed at Reτ = 80 and 56, and this point may clarify the helical mode

irrespective of Reτ for η = 0.5 although the streamwise mode mx depends on the numerical

domain. To confirm the reliability of the dominant mode, (mx,mθ) = (2, 1) is only extracted

from the instant flow field at the same time in Fig. 3.26. Figure 3.29 shows (a) wall-

normal velocity fluctuations u′
r, vectors of wall-normal averaged (b) instantaneous velocity
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Fig. 3.28 Two-dimensional contours of mean (a) streamwisw and (b) azimuthal turbulent

intensity (úx and úθ) of each mode for η = 0.5 at Reτ = (i) 150, (ii) 80 and (iii) 56.

(úi|max/uτ ) are (a-i) (0.01), (b-i) (0.001), (a-ii) (0.45), (b-ii) (0.046), (a-ii) (1.3), and (b-ii)

(0.1).

(
∫ ro

ri
u′

x(x, r, θ)rdr,
∫ ro

ri
u′

θ(x, r, θ)dr), and (c) mode extracted velocity (
∫ ro

ri
û′

x(2, r, 1)rdr,∫ ro

ri
û′

θ(2, r, 1)dr). The row data (b) shows small scale fluctuations observed in and around

the turbulent region. In contrast, the extracted data displays only the large-scale flow along

the turbulent region corresponding to helical turbulence (c). Therefore, this dominant mode

(mx,mθ) = (2, 1) can clearly clarify helical mode.

Thirdly, the turbulent intensity of each mode úx(mx,mθ) is averaged along mx (Eq. (3.10)

and (3.11)) because azimuthal mode mθ is more important than streamwise mode mx for
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Fig. 3.29 Two-dimensional contours of instantaneous (a) wall-normal velocity fluctuation at

the gap center, (b) r-averaged streamwise and azimuthal velocity fluctuations as a vector,

and (c) r-averaged streamwise and azimuthal mode velocity of (mx, mθ) = (2, 1) as a

vector for η = 0.5 at Reτ = 56. Color ranges (a) (u′
r|min/uτ , u′

r|max/uτ ) = (−1, 1).

obtaining the helical mode.

UT (mθ) =

∫
úx(mx,mθ)dmx (3.10)

WT (mθ) =

∫
úθ(mx,mθ)dmx (3.11)

As shown in Fig. 3.30, a discontinuous peak of UT and WT is located at mθ = 1 corre-

sponding to the helical mode. Similar distributions of UT and Wt are observed for η = 0.4

and 0.8 as shown in Fig 3.31 By adopting these methods, the dominant modes for each

structure are analyzed in the following subsections.
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Fig. 3.30 Mean turbulent (a) streamwise and (b) azimuthal intensity of each mode

úx(mx,mθ) averaged along mx for η = 0.5.
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Fig. 3.31 Mean turbulent (a) streamwise and (b) azimuthal intensity of each mode

úx(mx,mθ) averaged along mx for η = (i) 0.4, (ii) 0.8.

3.4.2 Dominant modes for η = 0.1

The same methods are used for all η. As for considering the puff mode, we investigate

úx(mx,mθ) and úθ(mx,mθ) in the mx-mθ plane for η = 0.1 (Fig. 3.32). Compared to η =

0.5, we cannot observe the peak at mθ = 1 but a clear peak is at mθ = 0 for úx especially

at low Reτ . Unlike the helical mode, úθ does not show any peaks and high úθ with a very

broad base with respect to the azimuthal mode is observed.

Figure 3.33 presents (a) instantaneous wall-normal velocity fluctuations u′
r and wall-

normal averaged streamwise velocity extracted at (mx,mθ) = (1, 0) at Reτ = 48. This

extracted mode velocity can separate turbulent and laminar regions of a straight puff.

Because a straight puff is a streamwise localized structure without any azimuthal secondary

flow, this mode (mθ = 0) is determined as a straight puff to differentiate it from the helical

mode.

As for quantitative value, UT (mθ) and WT (mθ) are also displayed in Fig. 3.34. At low

Reτ ≤ 52, the peak of UT is at mθ = 0 showing the puff mode. However, at Reτ = 56,

UT of mθ = 1 and 2 are also dominant because the flow regime is turbulence with some

laminar spot taking the form of a wispy oblique interface. As for WT , there is clear peak

at mθ = 1 similar to high η. However, compared to η = 0.5, this peak does not show a

discontinuous value and smoothly decrease with increasing mθ. Then, the meaning of the

high WT of mθ = 1 differs from the helical mode and this continuous distribution shows

the difficulty of separating large- and small-scale flows.
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Fig. 3.32 Two-dimensional contours of mean (a) streamwisw and (b) azimuthal turbulent

intensity of each mode for η = 0.1 at Reτ = (i) 80, (ii) 56, (iii) 52, and (iv) 48. (úi|max/uτ )

are (a-i) (0.028), (b-i) (0.0017), (a-ii) (0.066), (b-ii) (0.001), (a-iii) (0.28), (b-iii) (0.00046),

(a-iv) (0.14), and (b-iv) (0.00012).
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Fig. 3.33 Two-dimensional contours of instantaneous (a) wall-normal velocity fluctuation at

the gap center, (b) r-averaged streamwise mode velocity of (mx, mθ) = (1, 0) for η = 0.1 at

Reτ = 48. Color ranges (a)(u′
r|min/uτ , u′

r|max/uτ ) = (−1, 1) and (b) (û′
r|min/uτ , û′

r|max/uτ )

= (−0.0027, 0.0027).
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Fig. 3.34 Mean turbulent (a) streamwise and (b) azimuthal intensity of each mode

úx(mx,mθ) averaged along mx for η = 0.1.

3.4.3 Dominant modes for η = 0.2 and 0.3

As for intermediate radius ratios, úx(mx,mθ) and úθ(mx,mθ) in the mx-mθ plane for η

= 0.2 and 0.3 are shown in Figs. 3.35 and 3.36.

For η = 0.2 and 0.3 at high Reτ = 80, úx(mx,mθ) and úθ(mx,mθ) are broadly distributed

and no peak is observed. However, at Reτ = 64 for η = 0.2, the peak at (mx,mθ) =

(3, 1) corresponding to the helical mode is observed although some intermediate values

representing small scale structures are also distributed. A similar distribution is obtained

at Reτ = 56 for η = 0.3. In contrast, a lower Reτ of 52 for η = 0.2 and 0.3 where turbulence

is sustained, the helical mode disappears but the puff mode of (mx,mθ) = (1, 0) appears.

At the intermediate Reτ = 56 for η = 0.2, although the most dominant mode is at (mx,mθ)

= (1, 0), there are high intensity region around mθ = 1 with small mx. As for η = 0.3,

a similar trend is observed at Reτ = 54 and the turbulent intensity of (mx,mθ) = (3, 1)

is higher than that of (1, 0). This change of dominant mode with Reτ explains why the

dominant structure of turbulence does not change only by η but also by Reτ .

These two different dominant modes of (mx,mθ) = (3, 1) and (1, 0) characterize heli-

cal and straight modes, respectively. Therefore, as for mode analysis, the helical puff is
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Fig. 3.35 Two-dimensional contours of mean (a) streamwisw and (b) azimuthal turbulent

intensity of each mode for η = 0.2 at Reτ = (i) 80, (ii) 64, (iii) 56, and (iv) 52. (úi|max/uτ )

are (a-i) (0.017), (b-i) (0.001), (a-ii) (0.064), (b-ii) (0.003), (a-iii) (0.13), (b-iii) (0.0014),

(a-iv) (0.42), and (b-iv) (0.0005).
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Fig. 3.36 Two-dimensional contours of mean (a) streamwisw and (b) azimuthal turbulent

intensity of each mode for η = 0.3 at Reτ = (i) 80, (ii) 56, (iii) 54, and (iv) 52. (úi|max/uτ )

are (a-i) (0.03), (b-i) (0.0025), (a-ii) (0.15), (b-ii) (0.003), (a-iii) (0.1), (b-iii) (0.0023), (a-iv)

(0.39), and (b-iv) (0.0014).
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Fig. 3.37 Mean turbulent (a) streamwise and (b) azimuthal intensity of each mode

úx(mx,mθ) averaged along mx for (i) η = 0.2 and (ii) η = 0.3.

characterized by the equilibrium state of two different modes of (mx,mθ) = (1, 0) as the

straight puff and of (3, 1) as the helical mode. Then, we predict the equilibrium puff would

be seen when the intensity at (mx,mθ) = (3, 1) and (1, 0) is the same.

UT (mθ) and WT (mθ) for η = 0.2 and 0.3 are also shown in Fig. 3.37. As described above,

the dominance of mθ for UT is changed with Reτ . Although it is not very clear compared

to high η, WT displays discontinuous distribution at low Reτ especially for η = 0.3.

3.4.4 Possession of dominant modes

Based on the mode analysis as noted above, the dominant mode of the straight puff and

helix are obtained at mθ = 0 and 1 of UT , respectively. Therefore, possessions of dominant

mode is analyzed by the following equations.

γ0 =
UT (0)

UT (0) + UT (1)
× 100 (3.12)

γ1 =
UT (1)

UT (0) + UT (1)
× 100 (3.13)

γ0 and γ1 correspond to a percentage of the puff mode and helical mode. As shown in Fig.

3.37, γ0 and γ1 are clearly classified. However, this method cannot differentiate helical and

turbulence (streaks) mode especially for low η and for high Reτ . There is not discontinuous

peak at mθ = 1 for the fully turbulent regime and a clear difference between turbulence

and helical mode for low η is recognized since the helical and turbulence modes are at the



3 Investigations of laminar-turbulent pattern in annular geometry 54

(a) 60 80 100 120 1400

20

40

60

80

100

γ 0
,γ

1

Reτ

γ0: closed symbol
γ1: open symbol

η = 0.1
η = 0.2

η = 0.3
η = 0.4
η = 0.5

(b) 50 60 70 800

20

40

60

80

100

γ 0
,γ

1

Reτ

γ0: closed symbol
γ1: open symbol

η = 0.1
η = 0.2
η = 0.3
η = 0.4
η = 0.5

Fig. 3.38 Percentages based on mean turbulent intensity of mθ = 0 and 1. Extended figure

of (a) around low Reτ is shown in (b).
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Fig. 3.39 Conceptual bifurcation diagram for three different regime of η (a) ≤ 0.1, (b) ≥
0.5, and (c) = 0.2 ans 0.3. Black and blue lines correspond to γ0 and γ1, respectively.

same mθ. This is caused by the narrow azimuthal length (Lz) for small η and few streaks

could only be in the azimuthal domain as shown in the previous section. Therefore, γ1 is

higher than γ0 in the high Reτ region. With decreasing Reτ , γ1 increases for high η. This

reveals that fully-developed turbulence changes helical turbulence. To ignore the criterion

of helical and fully-developed turbulence, we only consider the low Reτ region as shown in

Fig. 3.38(b). The dominance of γ0 and γ1 switches with decreasing Reτ for η = 0.2 and

0.3. This crossing point may indicate the occurrence of the equilibrium helical puff. In

contrast, there is only one clear dominant peak of γ1 for high η = 0.5. In addition, γ0 for

low η = 0.1 is dominant in the low Reτ region. A conceptual bifurcation diagram for the

three different regimes is shown in Fig 3.39.

At high Reτ , γ1 is dominant and the flow regime is fully-turbulent for η ≤ 0.1 (Fig

3.39(a)). The dominance of γ0 and γ1 switches at the critical point with decreasing Reτ

and γ0 as the puff mode increases. Below lower critical Re, the flow relaminarizes. For high

η ≤ 0.4, γ1 is higher than γ0 in all Reτ ranges (Fig 3.39(b)). Helical turbulence occurs at

the critical point although it is difficult to separate the helical and turbulence modes by

this analysis. For intermediate η = 0.2 and 0.3, the boundary between helical turbulence
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and fully-turbulence is similar to that for η = 0.8 (Fig 3.39(c)). In addition, the switching

point of γ0 and γ1 is the same as that for η = 0.1. Differing from the point for η = 0.1, the

switching point for η = 0.2 and 0.3 delimits the puff and helical modes. Then, as discussed

above, the crossing point for η = 0.2 and 0.3 may correspond to the occurrence of the

equilibrium helical puff.

Because the classification of γ cannot separate the helical and turbulent modes, we

consider another mode as fully-turbulence (streaks) for new separation. For this object,

we consider three UT (mθ), which are UT (0) as puff, UT (1) as helical, and Max(UT (w/o 0

and 1)) as streak modes. Possessions of the dominant mode is analyzed by the following

equations.

Γ 0 =
UT (0)

UT (0) + UT (1) + Max(UT (w/o 0 and1))
× 100 (3.14)

Γ1 =
UT (1)

UT (0) + UT (1) + Max(UT (w/o 0 and 1))
× 100 (3.15)

Γw/o 0 and 1 =
Max(UT (w/o 0 and 1))

UT (0) + UT (1) + Max(UT (w/o 0 and 1))
× 100 (3.16)

Compared to γ, Γ can classify helical and turbulence modes as shown in Fig 3.40. A

conceptual bifurcation diagram for the three different regime is also shown in Fig 3.41.

Γ0 shows low values and the crossing point of Γ1 and Γw/o0and1 exists for η = 0.5. There-

fore, this new analysis can separate the helical and turbulent mode differing from γ. As

for η = 0.1, the distribution of Γ are similar to that of γ. The value of Γ1 and Γw/o0and1

is almost same because the mode at mθ = 1 and 2 (as w/o 0 and 1) represents turbulence

(streaks). For very low η, mθ = 1 represents turbulence not the helical mode since Lz is

too narrow to sustain many streaks. For intermediate η of 0.2 and 0.3, with increasing

Reτ , the dominant value changes from Γ0 to Γw/o0and1 through Γ1. As discussed in γ, the

crossing point of Γ0 and Γ1 indicates an equilibrium helical puff and Γw/o0and1 increases

with increasing Reτ . With increasing Γw/o0and1, the turbulent region expands and some

laminar spots occur. Because a laminar spot has obliqueness, Γ1 still has high value, but

the laminar region disappear and only Γ0 is dominant at high Reτ .

3.5 Summary

Laminar turbulent coexistence corresponding to localized turbulent structures of the

transitional aPf have been investigated. Robust and clear helical turbulence similar to the

pPf have been identified for η = 0.8 and 0.5. However, the laminar region expands with

decreasing Re and helical turbulence is marginally modulated and collapsed at the lowest

Reτ = 52 for η = 0.5. Therefore, even for such a high η, helical puffs emerged in a very

narrow range of Reynolds number around Reg.
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Fig. 3.40 Percentages of percentage based on mean turbulent intensity of mθ = 0 and 1,

and on maximum mean turbulent intensity without mθ = 0 and 1. Figures (b–e) show

percentages for each radius ratio separated from (a).

At a lower radius ratio, η = 0.3, sustained turbulence appears first in the form of helical

stripe patterns with stronger fluctuations similar to higher η = 0.5 and 0.8. The pitch angle

of such patterns decreases with decreasing η. For η = 0.3, at marginally low Re, the flow

relaminarizes partly and helical puff emerges. This indicates a possible change towards

a new phenomenology as η will be further decreased. This complex transition process is

also obtained for η = 0.2. However, compared to η = 0.3, helical turbulence has not been

recognized for η = 0.2 even at high Reτ . For these middle radius ratio of 0.2 and 0.3, the

streamwise localized structure without obliqueness is also recognized at very low Reτ and

the ratio of the straight puff increases with decreasing η.

For smaller η (0.1 and probably also below), the large-scale flow becomes axisymmetric,

and the turbulent fluctuations occur in finite-length turbulent patches similar to equilibrium

puffs in the cPf. However, at high Reτ for η = 0.1, when a laminar spot occurs in the

turbulent regime or when the straight puff is first observed, misty oblique interfaces between

the turbulent and laminar region are observed, although the azimuthal length is too narrow

to maintain the azimuthal secondary flow. This similarity can be surprising, because the

presence of the inner rod makes the geometry of the aPf quite different from that of the
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Fig. 3.41 Conceptual bifurcation diagram for three different regime of η (a) ≤ 0.1, (b) ≥
0.5, and (c) = 0.2 and 0.3. Black, blue, and red lines correspond to γ0, γ1, and γw/o0,

respectively

cPf: boundary layers are present near the inner rod. Moreover, the laminar base flows

display few quantitative differences between the cases η = 1 and η = 0.1: the maximum

streamwise velocity occurs respectively at y/d = 0.5 and 0.4 (and 0.2 for η as low as 10−5).

The geometry of the aPf hence definitely differs from that of the cPf but the transitional

phenomenology is similar.

As discussed above, the results indicated that the transition process for the aPf depended

both on Reτ and η. To obtain the whole transitional scenario for the aPf which bridge the

cPf and the pPf, two different and new analyses are performed. One is of the azimuthal

length depending on radius ratio to reveal the occurrence of helical shapes caused by the

azimuthal large-scale flow. The other is a modal analysis to classify the dominant mode cor-

responding to straight/helical puffs, helical turbulence, and fully-turbulence. The analysis

of the PDF of azimuthal velocity can determine the difference between helical turbulence

and helical/straight puff. In addition, modal analysis clearly classifies the transitional

structures. Three dominant modes corresponding to straight puff, helical shape, and tur-

bulence are determined and the whole transition process for the aPf is obtained. For high

η ≥ 0.5, the helical mode is always dominant in the transitional regime. In contrast, the

puff mode is dominant for small η = 0.1. For intermediate η of 0.2 and 0.3, with increasing

Reτ , the dominant mode changes from puff to turbulence through the helical mode. The

crossing Reynolds number (Reehp) of the puff and helical modes is predicted by this new

analysis. This reveals that the equilibrium helical puff is only observed at Reehp and there

is competition between a straight puff and a helical puff at Re < Reehp or a helical puff

and helical turbulence Reehp < Re.

The occurrence of the transition structures considerably influence the friction factor Cf

and turbulent fraction Ft. When the flow regime corresponds to helical turbulence, the
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friction factor and turbulent fraction maintain a high value that is similar to that for a

fully turbulent regime. However, the friction factor immediately decreases, once the tran-

sitional structure is localized in the streamwise direction and formed the helical/straight

puff. For low η ≤ 0.1, only the straight puff is organized independently of Reτ , and Cf

decreases towards the laminar solution monotonically. In contrast with this monotonic

trend, an overlapping region exists around Reg for intermediate η = 0.2 and 0.3. These

non-monotonic trends of Cf and Ft must be caused by the alternations of transitional struc-

tures. As mentioned above, the shape of the transitional structure depends not only on η

but also on Reτ . For η = 0.3, helical turbulence is sustained only in a small range of high

Reτ , where the intermittent regime occurs. With decreases in Reτ , the helical turbulence

changes into the straight puff through the helical puff. Attributed to these alternations of

transitional structures for a fixed intermediate η, both Cf and Ft follow two different paths

of the helical turbulence and the straight puff.

The turbulence statistics in the aPf corresponds to asymmetric distributions with respect

to the gap center. With respect to the streamwise mean velocity ux profile, the asymmetric-

ity is strong when Reτ is high and η was small. Even for low values of η (η = 0.1), the

distributions become symmetric, once the transition from featureless to intermittent tur-

bulence occurs. The transitional structure for low η is a puff (similar to that in the cPf

but different from the oblique pattern in the pPf). Hence, in the subcritical regime, it is

interesting to note that ux exhibites dissimilarity with the cPf, although the flow structure

is analogous for both flows. In contrast, the distributions and magnitude of turbulent in-

tensities exhibites complex behaviors. The turbulent intensities display strong peaks near

the inner cylinder with decreases in Reτ , whereas the peak near the outer cylinder is higher

at high Reτ . This is due to the difference in the local friction velocity between the outer

and inner cylinder, which becomes significantly large after a shift from featureless turbu-

lence to the transitional regime. With respect to the transitional regime, the turbulent

intensities were enhanced, in particular, when the helical turbulence occurred. The third

peak appeared around the gap center, when the straight puffs existed, among which large

laminar regions emerged.



4

Investigations of roughness effect on

laminar-turbulent pattern

4.1 Quasi-linear stability analysis

A necessary condition for laminar-turbulent coexistence is the stability of the laminar

regime to infinitesimal disturbances, which is an established mathematical property of

smooth pCf (Romanov, 1973). The issue of the robustness of laminar-turbulent patterns

to wall roughness must hence start with the following question: can roughness elements

render the (modified) laminar flow regime linearly unstable? We first note that the purely

laminar solution is valid only for smooth walls (i.e. αd = 0 or hd = 0), while in the presence

of finite roughness the new laminar solution mimics a linear function of y only sufficiently

away from the roughness elements. This can be seen in Fig. 4.1 for simulations performed

at relatively low Rew = 700. The α- and h-dependence of the laminar solution renders

modal linear stability analysis of the laminar solution, usually based on modified Orr-

Sommerfeld equations (Floryan, 2007), relatively tedious. Besides modal linear stability

analysis is often poorly adapted to shear flows because of the non-normal nature of the

linearized operator. Non-modal stability approach (Schmid and Henningson, 2001; Floryan,

2006) is then traditionally used to investigate the receptivity properties of the flow to finite-

amplitude disturbances. We circumvent all these elegant tools in favor of a more pragmatic

approach based on a small set of fully nonlinear computations: the laminar flow is first

simulated at low enough Rew (in the presence of non-vanishing roughness), and it is later

used as an initial condition for a new nonlinear simulation for different parameters, both in

the absence and in the presence of computationally added finite-amplitude disturbances.

The parameters tested are (Rew, h/d) = (700, 0.125) for one rough wall and (1100, 0.25)

for two rough walls, while several different finite values of the roughness density parameter

αd have been tested from 0.25 to 2, without any clear influence on the stability results.

The other parameters for the simulations are Lx × Lz = 17d × 8.5d, and Nx × Ny × Nz

= 27 × 96 × 26. The various initial perturbations considered here are a) no disturbance,
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Fig. 4.1 Streamwise mean velocity for laminar and turbulent flows of the pCf with one/two

rough walls for rectangular profiles at Rew = 700, h/d = 0.125, and αd = 0.5.
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Fig. 4.2 Time evolution of turbulent energy k(t) with or without disturbance in the pCf

with one/two rough walls for rectangular profiles with αd = 0.5. The Reynolds number

and roughness height for one- and two-rough wall cases are (Rew, h/d) = (700, 0.125) and

(1100, 0.25), respectively. See text for details on cases a, b and c.

b) a vortex pair similar to that used in (Lundbladh and Johansson, 1991; Duguet et al.,

2009), and c) delocalized finite-amplitude noise (the disturbances in cases b and c were

added after a time of 200d/uw). The arbitrariness in choosing these disturbances ensures

that for each set of parameters, a return to the laminar flow (not followed by any departure

again) implies its linear stability. This is indeed the case here for all parameters tested, as

can be seen in Fig. 4.2, where the kinetic energy k(t) = (u′
x
2 + u′

y
2 + u′

z
2)/2 is monitored

versus time (prime denotes here root-mean-square deviation with respect to the spatial xz-

average) despite case b for the pCf with one rough wall. The laminar flow remains hence

linearly stable a priori for most roughness cases, making laminar-turbulent coexistence and

patterning possible. The rest of the paper is devoted to numerical evidence (or not) of such

regimes depending on the parameters Rew and h/d, with αd fixed to 1.0. Note that in the

literature, the notion of ‘hydraulically active roughness’ can have several meanings. The

usually accepted meaning is that roughness is ‘active’ (or ‘fully rough’) if the mean flow

does not depend on viscosity (i.e., on the Reynolds number) any longer (Schlichting, 1968).
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Fig. 4.3 Two dimensional contours of u′
x in x(horizontal: Lx)-z(vertical: Lz) plane at mid-

gap (the channel center of y = 0.5d) in the pCf with smooth walls at Rew = (a) 2000, (b)

1600, (c) 1400, and (d) 1300. Contours range from blue to red are from −0.25 to 0.25.

Floryan (2007) instead defines it by the property that the (rough) laminar flow is linearly

unstable. Our stability assessments suggest that the present roughness in the pCf does not

qualify as active in the stability sense, whereas the rest of the paper will confirm that the

considered roughness can actually not be qualified as active in any of the meanings above.

4.2 Plane Couette flow with two smooth walls

Before addressing the effect of finite roughness on the system, it is useful to address the

reference case of the pCf with smooth walls, using exactly the same computation domain

with the same numerical resolution. In this case the only free parameter is the Reynolds

number Rew. The computational strategy used in both smooth and rough cases is similar

to the ‘adiabatic decrease’ considered in Philip and Manneville(2010): a turbulent flow

is realized at a sufficient high Rew, and then Rew is discrete in discrete steps (of about

100 in Rew) until statistical equilibrium is reached (judging from temporal fluctuations of

the spatial averages). Rew is decreased until full relaminarization occurs. The adiabatic

procedure ensures that the smallest value of Rew for which turbulence is found sustained,

approximates the onset Reg of turbulence in the present finite-size system. Note that in

principle Reg is expected to depend on the roughness parameters. The list of parameters

used both for the smooth and rough cases can be found in Tab. 2.6.

For the smooth case, the computations were initiated at Rew = 2000, where the turbulent

flow features mainly elongated streamwise streaks and no laminar part. Results of the

adiabatic decrease in the smooth case are reported in Fig. 4.3 using two-dimensional

contours of the streamwise velocity fluctuations at mid-gap. From Rew = 1600 down to
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Fig. 4.4 Flow regimes of the pCf with two rough walls and rectangular-shaped roughness :

patternless turbulence (red/diamonds); laminar (blue/squares); laminar-turbulent stripes

(gray/circles).

1300, an oblique large-scale turbulent stripe emerges while quasi-laminar zones appear. The

area occupied by turbulence monotonously drops from 100% down to a finite value at Rew

= 1300. The flow relaminarizes between Rew=1300 and 1200, suggesting the approximate

value of Reg ≈ 1300, in good agreement with larger-size experiments and simulations

(Prigent, 2001; Duguet et al., 2010).

4.3 Plane Couette flow with two rough walls

We now consider the case of two rough walls modelled using the Busse-Sandham ap-

proach. We focus more extensively on the case with rectangular-shaped roughness ele-

ments. The roughness density parameter αd is fixed to unity, so that the parametric study

reduces to two parameters: the Reynolds number Rew and the roughness height h/d varied

here from 0 (smooth wall) to 0.25 (strong roughness). The computational strategy is again

the adiabatic decrease procedure described in the preceding subsection.

4.3.1 Rectangular-shaped roughness elements

A bifurcation diagram for the different flow regimes is shown in Fig. 4.4. It reveals

that a) the apparent value of Reg decreases monotonically with increasing h/d, at least

for h/d > 0.05; b) stripe patterns are robust for h/d = 0.025 in the range Rew ∈ [1300 :

1600], as well as for h/d = 0.05 for [1300 : 1400], and they are no longer encountered

for h/d ≥ 0.075. This leads to the immediate interesting (perhaps expected) conclusion

that laminar-turbulent patterns are indeed robust to the presence of roughness elements

(at least with αd = 1), except for too large values of the roughness height. In order to

appreciate how stripe patterns get destroyed by high enough roughness elements, we fix
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Fig. 4.5 Two dimensional contours for u′
x in x(horizontal: Lx/d)-z(vertical: Lz/d) plane at

channel center in the pCf with two rough walls and a rectangular-shaped roughness profile

for Rew = 1300 and for h/d = (a) 0, (b)0.025, (c) 0.05 and (d) 0.075. Contours range from

−0.25 (blue) to 0.25 (red).

Rew to 1300 (where stripe patterns can be found even with smooth walls), and increase h/d

in discrete steps of 0.025. Two-dimensional contours of instantaneous streamwise velocity

u′
x are displayed at mid-gap in Fig. 4.5. Increasing h/d leads to the slight widening of

the turbulent stripe in the streamwise direction, making higher h/d cases resemble visually

the smooth simulations at higher Rew. The flow appears patternless for all h/d ≥ 0.075.

The mean streamwise velocity profiles are shown in Fig. 4.6 (a) for Rew=1300 and varying

h/d, along with its y-derivative in Fig. 4.6 (b). The sharpness of the rectangular-shaped

function F is reflected in the gradients of the mean velocity profile as a singularity, except

for the patternless turbulent cases at high h/d. This suggests the possibility for inflectional

instabilities providing continuous disturbances into the flow.

The friction factor is classically defined as Cf = 2τt/(ρu2
m), where τt is the total mean

shear stress needed to drive the walls at the desired velocities. The normalization involves

the bulk mean velocity um = 1
d

∫ d

y=0
uxdy, where the over line denotes the temporal and

spatial average at the walls. Since our model has flat walls and considers the effect of

roughness indirectly through the roughness term −α|ui|uiF (y, h), τt differs from the usual

wall shear stress τw = 1/2(μ∂u/∂y|y=0 + μ∂u/∂y|y=d) (where μ = ρν is the dynamic

viscosity). However the presence of the roughness term with F �= 0 for y < η makes the

computational value of ∂u/∂y at the walls not directly relevant for the estimation of the

total drag τt.

To circumvent this issue we apply the conservation of mean streamwise momentum across
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Fig. 4.6 (a) Streamwise mean velocity u(y) and (b) mean velocity gradient du/dy at Rew

= 1300 depending on h/d in the pCf with two rough walls of a box profile.
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Fig. 4.7 Friction factor of two-rough-walls pCf with rectangular-shaped roughness elements.

a zero-pressure gradient channel (Pope, 2000) to the full model:

d

dy

(
u′

xu
′
y(y) − ν

∂ux

∂y
(y)

)
+ α|ux|uxFx(y) = 0. (4.1)

This expression allows one to evaluate τw directly from the knowledge of the flow field for

any y > η(h) (where F (y) can be neglected), via:

τw := μ
∂ux

∂y
− ρu′

xu
′
y − ρα

∫ η(h)

0

|ux|uxFxdy′, y ≥ η(h). (4.2)

The total mean shear stress τt contains both the usual mean shear stress at the flat wall and

the contribution of the roughness term, such as τt = τw + ρα
∫ η(h)

0
|ux|uxFxdy for y ≥ η(h),

thus

τt = μ
∂ux

∂y
− ρu′

xu
′
y, y ≥ η(h), (4.3)
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Fig. 4.8 Streamwise mean velocity (left) and mean velocity gradient (right) at Rew = 1300

for varying h/d in the pCf with two rough walls. Gaussian roughness profile.

which is the usual expression for an arbitrary wall geometry in the absence of roughness

modelling. In the present case, τt and thus Cf are evaluated at mid-gap. It was carefully

verified that u′
xu

′
y−ν∂yux is a conserved quantity for each value of h/d away from the walls,

i.e. for η(h) ≤ y/d ≤ 1− η(h); however, this constant value depends strongly on h/d. The

resulting equivalent Moody diagram, expressing the friction factor as a function of the wall

Reynolds number Rew, is shown in Fig. 4.7, in comparison with the usual laminar and

turbulent asymptotes for smooth pCf. The signature of the higher roughness cases is the

high drag found in the range 700 ≤ Rew ≤ 1600. It is striking that Cf (Rew) displays

an overshoot in this transitional range, with the overshoot appearing more pronounced

with stronger h/d. Such effects have been also frequently reported for cylindrical Poiseuille

flows.

4.3.2 Gaussian-shaped roughness elements

The previous analysis is repeated for the case of another roughness distribution F (y),

considered now as a Gaussian-shaped profile of width η(h). Note that this case is numer-

ically less steep than the rectangular-shaped roughness case since the profile of F (y) is

smoother.

The parametric study was restrained here to the parameter values αd = 1 and Rew=1300,

leaving the roughness height h/d as the only free parameter. The mean streamwise velocity

profiles and streamwise velocity gradients are shown in Fig. 4.8 (respectively left and right),

while instantaneous mid-gap contours of u′
x are displayed in Fig. 4.9 for increasing h/d.

The mean velocity gradients display now smoother and more realistic profiles, as shown

in Fig. 4.8. The sequence of flow fields visualized in Fig. 4.9 is qualitatively similar to

the rectangular-shaped case: the oblique stripe patterns adapt to the increasing roughness
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Fig. 4.9 Two-dimensional contours of u′
x at mid-gap in the pCf with two rough walls and a

Gaussian-shaped roughness profile for Rew = 1300 and h/d = (a) 0.025, (b) 0.05, (c) 0.075,

and (d) 0.1. Contours range from −0.25 (blue) to 0.25 (red).

by widening their turbulent part until it fills the whole domain. Note that the turbulent

region for h/d=0.05 appears, for the same parameters, wider than in the rectangular-shaped

case. Besides, in analogy with the results in (Busse and Sandham, 2012) obtained for six

different roughness distributions at higher Rew, it is tempting to speculate that the current

phenomenology does not strongly depend, for fixed αd, on the exact shape of F .

4.4 Plane Couette flow with one rough wall

We focus now on the situation where only one of the two walls is rough, the other being

smooth. By convention the rough wall is located at y/d = 0 whereas the smooth wall

is at y/d = 1. There are several reasons for considering this case: firstly the set-up is

asymmetric, which is an opportunity to test a more difficult case. Secondly, we believe

that one-rough wall geometries lend themselves better to experimental verification in the

case of the pCf. The reason is that most the pCf experiments so far (with the exception of

Aydin and Leutheusser (1991)) relied on the use of endless elastic belts, either one belt or

two depending on whether mean advection is introduced or not. In either case, engineering

roughness elements on an elastic belt is technologically difficult. Considering a smooth belt

while the other wall is static with roughness, seems a more promising set-up in practice.

The present section is devoted to the analysis of this case using the Busse-Sandham model.

As in this section, a parametric and energetic study is shown for the case of rectangular-

shaped elements, and it is verified within a reduced parameter range that the results also

hold for Gaussian roughness elements.
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Fig. 4.10 Flow regimes of the pCf with one rough wall and rectangular-shaped roughness

: patternless turbulence (red diamond); laminar flow (blue square); oblique stripe pattern

(gray circle); laminar spot in turbulent environment (green triangle); turbulent spot in

laminar environment (purple inverted triangle); staggered vortex pattern (orange cross).

4.4.1 Rectangular-shaped roughness elements

The parametric study with one rough wall, and rectangular-shaped roughness elements,

has again been conducted with αd = 1 and with two free parameters Rew and h/d, following

the same adiabatic decrease procedure. The zoology of regimes encountered is listed in Fig.

4.10. For relatively small roughness heights (h/d ≤ 0.05 and to some extent ≤ 0.1), the

situation is unchanged compared to the smooth case. This is also verified in Fig. 4.11

by visualizing the flow patterns at fixed Rew=1300 for increasing h/d: the plot is similar

to Fig. 4.5 for two rough walls in that the width of the turbulent zone increases with

increasing h/d. Note that in contrast with Fig. 4.5, the current asymmetry does not

allow to make meaningful comparisons at the exact mid-gap value of y = 0.5. Instead the

velocity contours are plotted at the ’apparent’ mid-gap value defined by the minimum of

ux(y) in the non-rough region y ≥ η(h). For h/d = 0.1, Fig. 4.10 alone suggests that the

range of existence of the oblique laminar turbulent pattern shifts down to lower values of

≈ [1100 : 1300]. In particular, the stripe pattern is maintained for Rew=1100 and 1200,

whereas the pCf relaminarizes both in the smooth case and the two-roughness case. One-

wall roughness seems hence able to shift down Reg, whereas Reg was reported as insensitive

to h/d for two rough walls. This trend actually continues for increasing values of h/d : Reg

is approximatively 900 for h/d = 0.2 and 800 for h/d = 0.25.

New interesting regimes departing from the results of the previous section emerge however

for h/d ≥ 0.15 inside the range Rew ∈ [Reg(h):1000]. These regimes do neither correspond

to standard oblique laminar-turbulent stripe patterns nor to anything ever reported in

the pCf. We will describe each of them, keeping in mind that they are outputs from a

specific model and thus require experimental validation. Surprisingly, we will see that the

appearance of those new exotic flow regimes, even within the frame of the current roughness
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Fig. 4.11 Contours of u′
x near mid-gap for one rough wall and rectangular-shaped profile

for Rew = 1300 and h/d = (a) 0 (b) 0.05, (c) 0.075, (d) 0.1. Contours range from −0.25

(blue) to 0.25 (red). The wall-normal position corresponds to the minimum of the mean

velocity gradient outside the rough region.

model, can shed light on the mechanisms ruling laminar-turbulent patterns.

The first regime to be described is shown in Fig. 4.12 using the same planar represen-

tation as in Fig. 4.11. The flow feature shown in Fig. 4.12 corresponds to stripe patterns

found for Rew below the reference value of Reg(h = 0) ≈ 1300. In the smooth case, such

patterns would in principle be reported as transients, with mean lifetimes decreasing fast

for smaller Rew, see Manneville (2011). Identifying a sustained stripe pattern at Rew=1100

and 900, i.e. respectively 15% and 30% below Reg(h = 0), suggests that strong roughness

on one wall can prevent the pattern from breaking up and from subsequently relaminariz-

ing: the additional force mimicking the drag induced by roughness elements also triggers

instability mechanisms able to continuously force the stripe pattern. Note that the pattern

identified for Rew= 900 displays wavelengths of approximately half their usual size. Given

that the wavelength of the pattern is expected to scale as d. This phenomenon is at least

consistent with the decrease of the effective gap deff(h) = d − η(h) seen by the turbulent

structures away from the rough layer. The exact factor 1/2 observed here is most likely

linked to the periodicity constraint that prevents the wavelength from varying continuously

as a function of η or h.

Another interesting regime is shown in Fig. 4.13 and is marked with green triangles

in Fig. 4.10. The flow exhibit one or several laminar spots evolving in a turbulent envi-

ronment. These laminar regions have finite lifetimes but recurrently regenerate from the

fluctuating turbulent environment (Duguet eat al., 2010). They also display the usual

oblique laminar-turbulent interface. Such regimes are encountered in the smooth case for

Re ≈ Ret, where Ret > Reg (despite the genuine difficulty in defining Ret) marks the
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Fig. 4.12 Contours of u′
x near mid-gap for one rough wall and rectangular-shaped profile

for (Rew, h/d) = (a) (900, 0.25) and (b) (1100, 0.1). Contours range from −0.25 (blue)

to 0.25 (red). Wall-normal position where mean velocity gradient is minimal outside the

roughness region.
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Fig. 4.13 Contours of u′
x near mid-gap for one rough wall and rectangular-shaped profile

for (Rew, h/d) = (a) (1000, 0.2) and (b) (1000, 0.25). Contours range from blue to red are

from −0.25 to 0.25. Wall-normal position where mean velocity gradient is minimal outside

the roughness region.

boundary between stripe patterns and patternless turbulence. Taking into account that

high roughness shifts the whole pattern regime (including the value of Ret) down in Rew,

it is a-posteriori not surprising to identify stripe patterns for Rew < Reg(h = 0) as soon

as Ret(h �= 0) < Reg(h = 0). The parameter corresponding to our observations, namely

Rew=1000, indeed verifies the hypothesis Ret(h �= 0) < Reg(h = 0) (see Fig. 4.10).

The next interesting regime has this time no strict equivalent in smooth pCf. This

regime occurs for (Rew, h/d) = (900, 0.2) and (1000, 0.15), which are marked with purple

inverted triangles in Fig. 4.10. The flows are visualized in Fig. 4.14(a-b) and corresponds

to a turbulent zone localized in the streamwise direction only. Perhaps even more is the

quasi-absence of oblique laminar-turbulent interface. In order to verify that this regime

is not influenced by periodic boundary conditions, another simulation has been performed

in a numerical domain with doubled Lx and Lz for (Rew, h/d) = (900, 0.2) . Figure 4.14

demonstrates that the regime is robust to the domain change and is not a numerical artifact

due to boundary conditions. Duguet and Schlatter (2013) justified the usual presence of

oblique interfaces in planar shear flows by invoking continuity to resolve the mismatch of

streamwise flow rates at any laminar-turbulent interface. This unavoidable mismatch is

resolved by the presence of a large-scale spanwise flow advecting the interfaces obliquely.

The present situation obviously violates this mechanism, which represents an interesting
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Fig. 4.14 Contours of u′
x near mid-gap for one rough wall and rectangular-shaped profile

for (Rew, h/d) = (a) (900, 0.2) and (b) (1000, 0.15). Contours range from blue to red are

from −0.25 to 0.25. (c) Larger computational domain (Lx, Lz)=(136d, 68d) for (Rew, h/d)

= (900, 0.2).

opportunity to test its limits. The argument in Duguet and Shlatter (2013) relies on the

two-dimensionalised continuity equation

∂Ux

∂x
= −∂Uz

∂z
, (4.4)

where capital letters and ovelines denote large-scale flow and y-integration from wall to wall,

respectively. In the presence of smooth walls, y-integration makes the term ∂Uy/∂y vanish

because of the zero relative flux across the two walls. As a consequence the streamwise

acceleration/deacceleration at the laminar-turbulent interface is compensated by a large-

scale spanwise flow. The situation is less clear in the present of roughness, since the

non-rough region y ∈ [η(h) : d] is not characterized by a genuinely zero wall-normal flux:

fluid can be ejected inwards or outwards from the rough region [0 : η(h)]. This yields a

non-zero ∂Uy/∂y in the roughness-free area of η(h) < y < d− η(h) and, thereby, Eq. (4.4)

must be replaced by

∂Ux

∂x
= −∂Uy

∂y
− ∂Uz

∂z
. (4.5)

The main consequence of Eq. 4.5 is that streamwise mean flow modifications can either be

compensated by spanwise or wall-normal transport, or by a combination of both. Depend-

ing on the ratio between the spanwise and the wall-normal flow rates, the in-plane angle

of the laminar-turbulent interface with the streamwise direction can vary from finite to 0
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Fig. 4.15 Two dimensional contours for u′
x in x(horizontal: Lx/d)-z(vertical: Lz/d) plane

in the pCf with one rough wall of a box profile at Rew = 800 and h/d = 0.25. Contours

range from blue to red are from −0.025 to 0.025. Wall-normal position is at where mean

velocity gradient is minimum value without roughness region.
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Fig. 4.16 Friction factor of one-rough-wall pCf with rectangular-shaped roughness elements.

(or 90 degrees) if Uy dominates over Uz. This is apparently the situation occurring here

for high h/d and low Rew, justifying the observed non-obliqueness of the laminar-turbulent

interfaces. Note that a similar mechanism has been advanced to explain the lack of oblique

interfaces in a boundary layer flow with suction (Khapko et al., 2016).

The last non-trivial regime detected was found for (Rew, h/d) = (800, 0.2), i.e., the lowest

value of Rew and the largest value of h/d we tested, which is marked with an orange cross

in Fig. 4.10. It consists of an almost regular staggered array of vortical structures (see Fig.

4.15) sustained in time, with velocity magnitudes of one order magnitude than those in the

previous cases. This flow hardly features any coherent structure like ‘elongated streamwise

streaks’. Note that the same pattern was also identified transiently during relaminarization

for neighboring parameters sets (Rew, h/d) = (800, 0.2) and (700, 0.25). It remains to be

investigated how spurious such structures are, and whether they have an experimental

counterpart.

The friction factor Cf , defined again as Cf = 2τt/(ρu2
m) is shown in Fig. 4.16. Differences

from the two-rough wall case are minor except for the lowest values of Rew, at which one

rough wall clearly displays less friction than with two rough walls.
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Fig. 4.17 Contours of u′
x near mid-gap for one rough wall and Gaussian-shaped profile for

Rew = 1300 and at h/d = (a) 0.025, (b) 0.05, (c) 0.075 and (d) 0.1. Contours range from

−0.25 (blue) to 0.25 (red).

4.4.2 Gaussian-shaped roughness elements

In order to test the robustness of the results in the presence of a single rough wall, a re-

strained set of simulations of the model is conducted with Gaussian rather than rectangular-

shaped roughness elements. The value of Rew is held fixed at 1300 (close to Reg(h = 0))

and the roughness height is increased in steps of 0.5. The results with Gaussian and

rectangular-shaped roughness elements are hardly indistinguishable (see Fig. 4.17 and

compare with Fig. 4.11) : the turbulent fraction slowly grows with increasing h/d until

the patterns are destroyed. As similarly to the two-rough wall case, the Gaussian-shaped

roughness provides rather enhanced fluctuations, or wider bands of localized turbulence.

4.5 Summary

The robustness of laminar-turbulent patterns in plane Couette flow to wall roughness

has been investigated numerically using direct numerical simulation in a plane geometry

coupled with the Busse-Sandham model. The roughness density was fixed to αd = 1 and a

parametric study was performed using two free parameters: the Reynolds number Rew and

the mean roughness height h/d, for either one or two rough walls. It was demonstrated

that oblique stripe patterns are typically robust for small roughness h/d ≤ 10%, at the

price of a wider turbulent region. This is consistent with their observation in experiments

where the walls possess small but finite roughness. No oblique pattern was detected for

larger values of h/d but laminar-turbulent coexistence could be maintained in some form

(oblique or not) for h/d up to 20% in the cases with one rough wall. The onset Reynolds

number Reg for the sustenance of such oblique patterns was found to be robust (≈ 1300)
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Fig. 4.18 Friction Reynolds number Reτ vs. bulk Reynolds number Rem for all cases

discussed in Sections 3 and 4.

for two rough walls but typically decreases with increasing h/d for the cases with one rough

wall only.

The energetic efficiency of rough plane Couette flow has been compared to that of smooth

plane Couette flow using the friction factor plots Cf (Rew) analogous to a Moody diagram for

cylindrical pipe flow (Figs. 4.7 and 4.16). The determination of Cf involves an estimation

of the total shear stress τt (involving the roughness term) rather than the sole term τw

that measures the drag at the flat wall. Similarly, a friction Reynolds number Reτ can be

defined using τt (rather than τw) by

Reτ =
uτd

ν
, uτ =

√
τt

ρ
. (4.6)

The quantity of Reτ is plotted in Fig. 4.18 as a function of the usual Reynolds number

Rew. Not surprisingly, the effect of wall roughness predicted by the model is an increase in

Reτ , quantitatively stronger for two rough walls than for one rough wall. This expresses the

deterioration of the energetic efficiency of the systems with increasing roughness height.

Interestingly, assessing why and how laminar-turbulent patterns break down in the pres-

ence of roughness is a subtle way to interrogate the physical mechanisms by which they are

usually sustained. The dynamic sustenance of non-trivial flow motion can be investigated

in two different ways: a local approach, concerned with the local regeneration of stream-

wise streaks, or a global approach that considers localized turbulent structures as a global

entity.

We first address here the local sustenance mechanisms in the light of the self-sustained

process (SSP) suggested by Waleffe (1997). This nonlinear process considers, in the ab-

sence of roughness, that decaying streamwise vorticity first advects streamwise velocity to

create streamwise streaks by the lift-up effect. These streaks then undergo an inflectional

instability generating three-dimensional vorticity, some of which reinforces the streamwise



4 Investigations of roughness effect on laminar-turbulent pattern 74

vorticity. If that feedback is strong enough, it prevents the original streamwise vorticity

from decaying, which sustains the streaky motion. Both the lift-up effect and the nonlinear

feedback are enhanced for higher Reynolds numbers. The whole SSP loop implies a quasi-

cyclic regeneration of the streamwise vorticity and streaks as long as Re ≥ Reg. Below

Reg, the contribution of streak instability to the vorticity is too weak to prevent it from

eventually decaying. Physically, we expect roughness elements, independently from their

location, density and height, to contribute spontaneously to the generation of vorticity (in-

cluding the streamwise vorticity component) via shedding or inflectional instabilities. The

introduction of parametric roughness allows the nonlinear feedback stage to be by-passed

since streamwise vorticity can be regenerated by the contribution of the roughness elements

rather than from the streak instability (Bottin et al., 1998). In other words each roughness

element acts as a vortex generator. The onset Reg can hence be lowered in the presence of

roughness because the local SSP is by-passed by the introduction of new vorticity sources.

It is natural to expect that higher roughness h, or equivalently larger density α, allows for

further reduction of Reg. This reduction of Reg with h is indeed observed here in Figs.

4.4 and 4.10, though the dependence of Reg on h differs in both cases and is more marked

with one rough wall only. This picture suggests to distinguish, independently of h and α,

between self-sustained and forced turbulence, both occurring for Rew respectively above

and below Reg(h = 0). Forced turbulence is defined by the property that it would decay

rapidly if the roughness would suddenly be turned off. In practice the distinction between

the two types of dynamics is not crucial. Fig. 4.19 shows two realizations of turbulence

in the presence of high roughness on two walls, visualized by the iso-contours of stream-

wise velocity at mid-gap. Fig. 4.19(b) corresponds to forced turbulence since Rew=700

< Reg(h = 0), whereas Fig. 4.19(a) has Rew=1300 ≈ Reg(h = 0) and corresponds to

self-sustained turbulence. Both examples display an array of elongated streamwise streaks

with similar velocity levels and comparable wavelengths (the spanwise wavelength is known

to scale in inner units that shrink slightly with increasing Rew). The occurrence of streak

breakdown events (noticeable in these instantaneous flow states by the loss of neat spanwise

periodicity and by smaller-scale fluctuations) is however visually much more pronounced

for the self-sustained case than for the forced case.

The global approach to sustained shear flow turbulence addresses the stability of local-

ized turbulent patches seen as fully coherent structures rather than as juxtapositions of

independent and local SSP processes. This point of view is better suited to the investiga-

tion of the self-organization of turbulence into laminar-turbulent patterns. The argument

of Duguet and Schlatter (2013) justifies the obliqueness of the laminar-turbulent interfaces

provided there is i) streamwise localization and ii) absence of large-scale wall-normal trans-

port. The absence of strong large-scale wall-normal transport is expected for low-Re wall

turbulence. Though it is established for smooth walls and small h/d, this hypothesis was

invalidated in the case of one rough wall for high roughness elements h/d > 15% and Rew ≤
1000. The main consequence in the latter case is the lack of obliqueness of the interfaces for
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Fig. 4.19 Contours of u′
x at mid-gap with two rough walls and rectangular-shaped roughness

elements: (a) h/d = 0.125 and Rew = 1300; (b) h/d = 0.25 and Rew = 700. Contours

range from −0.25 (blue) to 0.25 (red).

streamwise localized turbulent spots. The underlying physical mechanism is expected to

be observable in experiments with one rough wall only: high roughness elements strongly

break the top-down anti-symmetry of the flow, resulting in different streamwise flow rates

at the two sides. By continuity, this sustains strong wall-normal currents at large scales

which breaks the interface obliqueness. The property of streamwise localization of tur-

bulent patches remains, in turn, the most crucial but the least understood properties or

low-Re turbulent flows. Barkley (2016) justifies it, for the companion problem of smooth

pipe flow, by a recovery property of the mean velocity profile. The mean profile distortion

due to some localized turbulent fluctuations prevents the sustenance of new fluctuations

immediately downstream of itself, implying streamwise localization of turbulence—at least

at low Re. The transition from patterned to patternless turbulence occurring at Ret is

attributed in this picture to an excitability-bistability transition blurred by the stochastic

nature of the fluctuations.



5

Investigations of rotation effect on

laminar-turbulent pattern

5.1 Large-scale structure alternation

5.1.1 Coriolis effects on the transitional regime

In order to demonstrate the switch of dominant large-scale structure in the flow, three-

dimensional visualizations of turbulent vortexes are shown in Fig. 5.1. The second invariant

of the deformation tensor, defined as

II ′ =
∂u′

i

∂xj

· ∂u′
j

∂xi

, (5.1)

is used for the identification of the vortex region that exhibits either a circular or spiral

motion (but not a simple shear motion). Also shown in the figures are contours of the

streamwise velocity fluctuation in y-z planes at several locations. Note that each figure

shows different typical flow states: Fig. 5.1 (a) is obtained at very low Roτ and reveals

a spatially intermittent turbulence with two localized turbulent bands (stripe pattern);

Fig. 5.1 (b) shows dominating roll cell as the only characteristic structure, observed at

high Roτ ; and Fig. 5.1 (c) shows a transitional state with the coexistence of turbulent

bands and large-scale longitudinal vortexes (roll cells). To describe the structures further,

we also present the x-z contours of the instantaneous streamwise velocity fluctuation in the

buffer layers on the pressure side and on the suction side in Fig. 5.2. Here, let us categorize

flow states into the following three, based on large-scale structures:

• SP state, where the stripe pattern occurs without any roll cell,

• Tr state, which is a transition state between the SP and RC states,

• RC state, where the roll cells are dominant in the whole area.

76
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Fig. 5.1 Visualization of instantaneous flow field at Reτ = 80 and Roτ = (a)0.01, where the

stripe pattern occurs clearly, (b) 1.5, where the longitudinal roll cells are evenly distributed,

and (c) 0.05, where the flow includes both the stripe pattern and roll cells. Green iso-

surfaces indicate regions of II+ = u′
i,ju

′
j,i < −0.025 and are equivalent to the vortical

position. Contours in arbitrary y-z planes show u′+. Black iso-surfaces indicate low-speed

regions (u′+ < −3.0). The mean flow moves from bottom-left to top-right.

As observed in Fig. 5.1(a), the structure of stripe pattern is clearly found in the range of

0 ≤ Roτ ≤ 0.02, on both the pressure and suction sides. Its characteristic features are the

spatial alternation of the quasi-laminar region and the turbulent band (in which fine-scale
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Fig. 5.2 Contours of instantaneous u′+ in the x-z plane at (a, c, and e) y∗ = −0.86 (the

pressure side) and at (b, d, and f) y∗ = 0.86 (the suction side) for different rotation

numbers, showing different flow states: (a and b) stripe pattern at Roτ = 0.01, (c and d)

transition states from stripe pattern to roll cell at Roτ = 0.05, and (e and f) roll cell at

Roτ = 1.5. The friction Reynolds number is fixed at Reτ = 80. The mean flow moves from

left to right. The whole area of the computational domain is visualized: 102.4δ × 51.2δ in

x and z.

eddies are clustered) and the inclined pattern against both the streamwise and spanwise

directions with a certain angle. The densely gathering eddies may give rise to locally

large frictional drag in the turbulent region and then the high and low-speed streaks are

induced in the upstream and downstream regions of the turbulent region, respectively: cf.

(Tsukahara et al., 2006 and 2010a). As seen in Figs. 5.2(a) and (b), positive and negative

u′ are observed intermittently and unevenly distributed. One may find large-scale motions

in the form of oblique patterns inclining with respect to x at 25◦–30◦. Other regions apart

from the turbulent bands are close to the laminar state accompanied by relatively small

velocity fluctuations, and the turbulent eddies are not observed so much (Fig. 5.1 (a)). A

difference of flow states between the two side is almost absent in the state of stripe pattern.
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In addition, we found somewhat enhanced stripe pattern features at Roτ = 0.01.

As shown in Figs. 5.2 (c) and (d), we found a structure involving the coexistence of stripe

pattern and roll cells in an intermediate region between (a, b) and (e, f) of the figures. We

can observe a turbulent-laminar banded pattern, similar to the state of stripe pattern,

although the organization pattern may be vague compared to that visualized in Figs. 5.2

(a) and (b). In Fig. 5.2 (c), the stripe pattern on the pressure side is somewhat fuzzier

than that on the suction side in Fig. 5.2 (d), where one may recognize the appearance

of inclined bands of assembled high-speed streaks (positive u′) with a streamwise interval

of Δx ≈ (50δ) and a spanwise interval of Δz ≈ (20δ), similar to the observed stripe

pattern in the literature (Tsukahara et al., 2010a). A comparison between Figs. 5.2 (a)

and (c) reveals a difference in the typical length of low-speed streaky structures, which

extends from finite to infinite in x as the state changes from SP to Tr. The infinitely-long

streamwise streaks caused by the roll cells simultaneously exist with a stripe patterns in

the Tr state, especially, on the pressure side. Indeed, the distribution of visualized eddies

in Fig. 5.1 (c) implies longitudinally-clustering structures as well as the spatially large-scale

intermittency of turbulence. The elongated cluster of eddies in the streamwise direction is

attributed to the longitudinal vortexes of roll cells, and it appears mainly on the pressure

side. We consider that this coexistent state occurs in the process of disappearance of stripe

pattern and the development of roll cells on the pressure side. In the structure of stripe

pattern, the wall-normal turbulent intensity v′v′ is not strong because stripe pattern is

accompanied by the spanwise secondary flow along the turbulent bands, but does not have

a large wall-normal component (Tsukahara et al., 2006). In contrast, roll cells have an

intense wall-normal component, since roll cells involve large-scale vortical motions. The

turbulent intensity of each direction should be significantly affected by the Coriolis effect

and thereby the large-scale structures are altered.

Figure 5.1 (b) allows us to confirm the dominance of roll cells, showing elongated streaky

structures along the streamwise direction. We can identify neither the occurrence nor the

effect of stripe pattern in the roll cells state. The low- and high-speed streaks coexist on

the pressure side (see Fig. 5.2 (e)), whereas only high-speed streaks seem to dominate on

the suction side at high Roτ (Fig. 5.2 (f)). In the literature, the dependence on the rotation

number of the presence or absence of roll cells was reported (Johnston et al., 1972; Iida

et al., 2010) and the instability of roll cells (Kristoffersen et al., 1993; Tafti et al., 1991)

has been investigated well. In this study, the dependence of roll cells is found to basically

agree with the existing results. The structure of roll cells on the pressure side is unstable

so that its vortical motion would affect the flow on the suction side, where the roll cells are

essentially not triggered. Therefore, the influence of the elongated streamwise streaks due

to roll cells is observed not only on the pressure side but also on the suction side. From

the results of Fig. 5.1 (b), the fine-scale eddies are found on the pressure side, especially

around the low-speed streaks.



5 Investigations of rotation effect on laminar-turbulent pattern 80

(a)
10-2 10-1 100

50

60

70

80

90

Roτ

R
e τ

(b)
10-2 10-1 100

50

60

70

80

90

Roτ

R
e τ

Fig. 5.3 Flow maps for each side of the channel: •, stripe pattern (SP); ◦, transitional state

(TR) between SP and RC; ♦, roll cells (RC); �, roll cells (RC2, high- or low-speed streaks

is prominent). (a) pressure side, (b) suction side.

On the basis of the flow visualizations, we have summarized various turbulent states in

flow maps for each side, as given in Fig. 5.3. As just described above, the SP state occurs

at only very low Roτ and, as consistent with previous reports, roll cells become dominant

with the increase of Roτ . We determined transition states, labeled as Tr, from a static- to

a rotating-system, where both stripe pattern and roll cells can stably coexist. Although

the Reynolds-number dependency is still not elucidated clearly from the flow map, the

SP state seems to widely occur for the lower Reynolds numbers. Further investigation is

needed to discuss the variations of the transitional Reynolds number regime that might

be changed depending on the rotation number. The effect of strong spanwise rotation

at substantially-higher Reynolds numbers than those used in earlier studies was recently

investigated by Brethouwer et al. (2011) through DNS at Rom up to 2.4. A key finding

of their DNS at high Rom and high Rem was that a strong cyclic instability similar to the

Tollmien-Schlichting wave would occur on the suction side and made the flow unstable and

it broke down into turbulence. This parameter regime for which the instability can occur

on the suction side could not be found in the presently tested parameter range.

5.1.2 Friction factor

When Ω �= 0, we confirmed the coexistence of stabilized and destabilized regions in the

rotating channel. Hereafter, those regions are discriminated according to the S criterion:

i.e., the bottom side of the channel exhibits S < 0, and is referred to as the pressure side,

while the top side (S > 0) is referred to as the suction side. In this study, we decided to

define simply the border of the two sides as the maximum-u height at which du/dy = 0.

Figure 5.4 shows the mean velocity profiles for different rotation numbers at the friction

Reynolds number fixed at 80. The profiles for low Roτ seem to be symmetric with respect

to the channel center (y = 0), which is similar to the case of the static channel.

As Roτ increases, the wall-normal height of the velocity peak shifts toward the suction
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Fig. 5.4 Mean streamwise velocity profile at Reτ = 80.

side. With increasing Roτ , the near-wall velocities in the pressure and suction sides, re-

spectively increase and decrease monotonically, whereas the core-region velocity reveals

relatively complex behavior as a function of the rotation number. In the core region

(−0.5 < y∗ < 0.5), the magnitude of u+ for Roτ ≤ 0.2 is slightly larger than that of

Roτ = 0, but for Roτ > 0.2 it decreases with increasing Roτ . This critical Roτ of 0.2 (i.e.,

a turning point of the rotation-number dependency) corresponds to the beginning of roll

cells’ dominance due to high Roτ , irrespective of the pressure and suction sides. It should

be noted that this alternation of the most dominant structure occurs when the suction-side

flow state is close to the relaminarization.

For more detailed discussion, the normalized friction velocities of uτp/uτ and uτs/uτ with

respect to each wall of the channel are shown in Fig. 5.5(a) as a function of the bulk rotation

number Rom, which is normalized by the bulk mean velocity um = 0.5
∫ 1

−1
udy∗ instead of

uτ . Here, the two rotation numbers are given as

Rom =
uτ

um

Roτ . (5.2)

Also shown in Fig. 5.5(a) for a comparative verification are the experimental result by

Nakabayashi et al. (1996) and the DNS result by Iida et al. (2010).

As in the figure, Rom (corresponding to a resultant parameter in our DNS) is applied

instead of Roτ (a control parameter), since the friction velocity uτ at each side of the

channel is generally difficult to measure precisely in experiments. The difference between

uτp and uτs can be detected even at a very low rotation number and is roughly proportional

to Rom. The increasing rate of the difference gradually slows down in Rom > 0.01 and there

is no significant change for Rom > 0.03, which is in good agreement with earlier numerical

and experimental results at other Reynolds numbers (Iida et al., 2010; Nakabayashi et al.,

1996). This plateau appears at both walls. The weak Reynolds-number dependence of the

plateau in the high Rom regime is also verified by the present DNS: the ratio of uτp/uτs is

larger at the larger Reynolds number. Our DNS study focusing on a wide range of Rom has
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Fig. 5.5 (a)Local friction velocity at each wall (uτp, pressure side; uτs, suction side) as a

function of Rom. Local skin-friction coefficient at each wall versus Roτ (b) and Rem (c).

Open and filled symbols represent the pressure-side and suction-side values, respectively.

For comparison, DNS data (Iida et al., 2010) and the relaminarization region explored

experimentally (Nakabayashi et al., 1996) are also shown. The dashed-dotted line in (b) is

an empirical correlation function for the non-rotating turbulent channel flow (Johnston et

al., 1972).

uncovered significant rotation-number dependence and less Reynolds-number dependence

in the low Rom regime.

Figures 5.5 (b) and (c) displays the variation of the skin friction coefficient at each wall:

Cf = u2
τp/2u2

m or u2
τs/2u2

m. The horizontal axis represents either Roτ or Rem. Note that

Rem = 2umδ/ν undergoes a change because of the present calculation that was performed

under the fixed Reτ (constant pressure gradient) condition.

As seen in Fig. 5.5 (b), monotonic increases of Cf with Roτ clearly appear on the pressure

side, while this is not the case for the suction side. There exists a local minimum of Cf

at Roτ = 0.2, that also results in the maximum Rem for a given Reτ . This means that

the net drag reduction can be achieved by the spanwise system rotation at relatively low
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Roτ , although the reduction rate is very small. This net drag reduction may be caused

by the suppression of turbulence on the suction side, approaching the maximum when

relaminarization occurs on this side. It can be confirmed from Fig. 5.5(b) that some points

in the Cf -Rem plot are settled in the relaminarization region, which was proposed by

Nakabayashi et al. (1996) for Roτ ≥ 0.2. The state of the turbulent structure on the

pressure side is dominated by roll cells for Roτ ≥ 0.2, and the turbulent activity is almost

attenuated on the suction side. As Roτ is increased from 0.2, the Cf values of both the

pressure and suction sides are seen to increase. This is because the wall-normal momentum

transfer is enhanced by vortical motions of roll cells and intensifies the near-wall velocity

gradient (du/dy) in both sides. As a result, the drag augmentation on both walls induces

a decrease of Rem. The above variations of the parameter dependences may be closely

related to the alternation of the dominant turbulent structure in the turbulent flow field of

each side.

5.2 Augmentation of spanwise secondary flow of the

pattern

5.2.1 Stripe pattern in weak rotation

The occurrence of turbulent stripe is found in the pPf with spanwise system rotation, as

given in Fig. 5.6, but it is limited only at Roτ lower than the previously investigated Roτ

range by existing studies on the pPf with spanwise system rotation (Kristoffersen et al.,

1993; Iida et al., 2010).

We confirmed that, under the condition of no/weak system rotation, turbulent stripe did

not decay for a long time, at least, the averaging time of ΔT+ = 25600 (corresponding to 55

wash-out times of the bulk flow). The rotation number range, in which stripe pattern is the

dominant structure on both the pressure and suction sides, is Roτ ≤ 0.02 for Reτ = 64. A

typical snapshot of the flow field accompanied by stripe pattern under the system rotation

is shown in Fig. 5.6, where one can see a single oblique band of localized turbulence at

Reτ = 0.02. The structure of stripe pattern consists of the quasi-laminar region and the

turbulent region, and these regions stably co-exist in alternate shifts. In the turbulent

region, the vortexes densely occur between high- and low-speed streaks, and the local

centerline velocity is lower than that in the quasi-laminar region. The quasi-laminar region

exhibits fewer streaks of velocity fluctuation, and this region reveals a relatively large

velocity at the channel center, like the laminar flow. As a result, the quasi-laminar region

impinges on the turbulent region with a relatively low speed of propagation. Then, the

streamwise velocity decreases rapidly at the interface of the two regions (turbulent and

quasi-laminar regions). In the area downstream of the turbulent region, the streamwise

velocity is accelerated gently until the next downstream turbulent region occurs or until
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Fig. 5.6 Three-dimensional visualization of an instantaneous flow field at Reτ = 64 and

Roτ = 0.02, viewed from the wall-normal direction. Red isosurface, u′+ > 3; blue, u′+ <

−3; green, II ′+ = u′
i,ju

′
j,i < −0.01 (which is equivalent to the vortical position). The mean

flow moves from left to right.

it reaches the relevant laminar velocity. In consequence, local high- and low-speed regions

occur, respectively upstream and downstream of the turbulent band. Other explanations

for the large-scale flow structure formation are also given by other researchers (Duguet et

al., 2013; Fukudome and Ida, 2012, Seki and Matsubara, 2012). Fukudome and Iida (2012)

investigated how the secondary flow was persistently sustained from the viewpoint of the

vorticity equation. According to their consideration, the flow redirection from streamwise to

spanwise would generate ∂w/∂x, and the secondary flow inside the turbulent region must be

maintained in the strong interaction between streamwise and wall-normal vortexes through

the flow redirection. Seki and Matsubara (2012) showed the large-scale structure forming

about a turbulent patch and stripe pattern in the plane channel flow. They inferred that,

as a result of an upstream laminar flow hitting the decelerating turbulent patch with high

skin friction, a high-pressure region was produced at the laminar-turbulent interface and

the high pressure made the upstream laminar flow slow down. Because of the continuity

of the flow, this decelerating flow should turn to the spanwise direction, resulting in a

spanwise secondary flow around the downstream interface of the turbulent patch. Our

explanation of the mechanism of stripe pattern is similar to theirs (Seki and Matsubara,

2012). Recently, Duguet et al. (2013) suggested a mechanism to explain the obliqueness

of stripe pattern in the plane Couette flow. They indicated that a forming stripe pattern

should be seen as a growing turbulent spot made of streaks of finite streamwise extent.

The local orientation of y-dependent advection velocity would determine the direction in

which the turbulent patch elongates and creates new streaks.

Figures 5.7 show each component of the velocity fluctuations at two different rotation

numbers. It is clearly observed in (a) in the figures that streamwise streaky structures are
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Fig. 5.7 Three-dimensional visualization of an instantaneous flow field at Roτ = (i) 0.015

and (ii) 0.03, viewed from the wall-normal direction: (a) u′, (b) v′, and (c) w′. The mean

flow moves from left to right.

not evenly distributed and seem to form bands or clusters. According to the distributions

of the wall-normal velocity fluctuation (v′+), one can clearly observe spatially-localized

turbulence. The intermittent stripe pattern can be determined in Fig. 5.7(b-i), and stripe

pattern contains two-way inclination with respect to the streamwise direction. In the

figure, one of the oblique bands is relatively thick and elongated in the same direction as

that observed in Fig. 5.6, i.e., the direction with about −26◦ against the x axis. In addition,

two finite bands elongated in a different direction to +26◦ are observed in Fig. 5.7(b-i).

It may be interesting to note that the rather short interval between these finite bands is

equivalent to the stripe pattern neutral wavelengths in the static system, while the intervals

of the thicker bands are twice the size of the neutral wavelengths. This implies that the

flow field at Roτ = 0.015 (given in Fig. 5.7 (i)) is a transitional state, in which stripe

pattern occurs with a mixture of the neutral wavelength and a widened wavelength due

to the system rotation. This widening of the stripe pattern wavelength will be discussed
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Fig. 5.8 Pre-multiplied energy spectra for (a) u′ and (b) w′, as a function of streamwise

wavelength λx (= 2π/kx) at y+ = 63 (y ≈ δ).

further with energy spectra later.

As for the spanwise velocity fluctuation, somewhat coherent structures are clearly seen

to emerge around the turbulent regions, as shown in Fig. 5.7(c-i). In common with the

streamwise component u′, either a positive or negative fluctuation of w′ dominantly appears

in the upstream area of the turbulent region, while w′ with the opposite sign dominates

the downstream area. This phenomenon is the spanwise secondary flow of interest.

As seen in Fig. 5.7 (ii) (Reτ = 0.03), the regular pattern of stripe pattern becomes

unstable with increasing Roτ . The streamwise streaky structure is much elongated longitu-

dinally. This transformation is attributed to the onset of roll cells in a moderate rotation.

The turbulent region is scattered about the horizontal direction, then the streaks around

the turbulent region gather and grow in clusters. Around a fragment of stripe pattern, the

spanwise secondary flow still exists along the turbulent region.

In order to estimate the effect of the rotation on the structure of stripe pattern quanti-

tatively, the streamwise and spanwise pre-multiplied energy spectra are shown in Figs. 5.8

(a) and (b). Their spectra at the channel center are presented in the form of kiEuu(ki)

versus log λ+
i , where ki is the wave number, on the basis of the formula:∫ ∞

0

kxEuu(kx) d log kx =

∫ ∞

0

kzEuu(kz) d log kz = u′u′. (5.3)

In this plot, a peak wavelength is named as ‘Most Energetic Wavelength’ (MEW) and

represents the size of the most dominant structure. In distributions of kxEuu, kxEww, and

kzEww, MEW appear at λ+
x = 6500 and λ+

z = 3300, which correspond to the streamwise

and spanwise sizes of stripe pattern. Under the system rotation (Roτ = 0.01, 0.02), those

MEW exhibit higher peaks than those in the static system (Roτ = 0). This augmentation

of MEW represents the increase in the contained energy of stripe pattern. Another peak

in short wavelengths, which is relevant to inherent fine-scale structures of wall turbulence,

is almost unchanged for Roτ ≤ 0.05. It is well known that the spanwise spacing of the

near-wall streaky structure is λ+
z = 100 and that of the large-scale structure of turbulence
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Fig. 5.9 Pre-multiplied energy spectra of (a) u′ and (b) w′, as a function of spanwise

wavelength λz (= 2π/kz) at y+ = 63 (y ≈ δ).

is λ∗
z = (λz/δ) ≈ 1.3–1.6 (Abe et al., 2004). These inner and outer structures in wall

turbulence would be measured well by the viscous length scale ν/uτ and the outer scale

δ, respectively. For low Reynolds numbers, however, the difference in size between the

near-wall structure and the large-scale structure should be small. Therefore, it is difficult

to determine whether the wavelength (λ+
z = 150) of the MEW in the short wavelength

regime is caused by the near-wall streaks or the large-scale structure. The other MEW of

interest can be found in the long wavelength regime. As for kzEuu, MEW of λ+
z = 1600 at

Roτ = 0.0 moves to the longer wavelength of λ+
z = 3300 in the rotating system. This shift

of MEW may prove that the spatial quasi-laminar region becomes wider in the spanwise

direction. (It should be note that the inclination angle of stripe pattern with respect to the

streamwise direction does not change from ±26◦, as given in Figs. 5.6 and 5.7 (i), whereas

MEW becomes a longer wavelength.) According to these results, at the very low Roτ ,

stripe pattern contains more energy compared to the static case (Roτ = 0), whereas the

quasi-laminar region becomes wider. The augmentation of spanwise turbulent energy is

also directly related to that of the spanwise secondary flow.

The above-mentioned widening of the stripe pattern wavelength may be interpreted as

due to competition among different modes. Rolland and Manneville (2011) explained the

orientation of stripe pattern in the plane Couette flow by decomposing several modes m =

(mx, mz) = (kxLx/2π, kzLz/2π). To quote their discussion, the thicker and thinner bands

do not have the same wavelength: the averaged wavelengths are results of competition

between (1,±1) and (2,±2). The present results show that the low wave-number mode

of (1,±1) becomes dominant as Roτ = 0 → 0.02, and then the size of stripe pattern is

expanded by very low rotation. However, it should be noted that the exact wavelength and

angle of stripe pattern under a negligibly small effect of the periodic boundary cannot be

determined by the present DNS. Although the spatial size of structures (stripe pattern and

roll cells) relies more-or-less on the computational domain, the alternation of the stripe

pattern dominant mode (in the competition between (1,±1) and (2,±2) by the rotation)
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Fig. 5.10 (a) Mean spanwise velocity profiles and (b) skewness factor of w′ for various

rotation numbers.

is a result of interest.

For Roτ higher than 0.05, we observe no footprint of stripe pattern in the visualized

flow and also no spike in long wavelengths of the pre-multiplied energy spectra, as shown

in Figs. 5.8 (a) and (b). Instead of stripe pattern, other spikes relating to roll cells are

displayed in λ+
z = 128–256 (corresponding to 2–4δ) at Roτ = 0.5: see Figs. 5.8 (b). Iida

et al. (2010) also indicated the disappearance of stripe pattern when a moderate system

rotation was imposed. The disappearance of stripe pattern can be detected also from the

spanwise-velocity statistics, to be given later.

5.2.2 Spanwise secondary flow

In this section, we present several statistics related to the spanwise velocity component,

which characterizes stripe pattern, and discuss the augmentation/diminution of stripe pat-

tern.

Figure 5.10 (a) shows the mean spanwise velocity profile, w+. It is known that this

averaged value should be zero in the turbulent or the laminar channel flow. w+ is about

zero in high-Roτ , because of the dominance of roll cells without stripe pattern. However,

in the flow accompanied by stripe pattern (for Roτ ≤ 0.05), w+ has significant magnitude,

because of the asymmetricity of the spanwise secondary flow along each inclined turbulent

band of stripe pattern. The spanwise secondary flow is induced by the impingement of

the quasi-laminar and turbulent regions. The impingement causes a flow redirection from

the streamwise to the spanwise direction, and then stripe pattern has spanwise velocity

fluctuation of strong magnitude and asymmetricity. Hence, the asymmetric feature of the

spanwise velocity component would dissolve when stripe pattern disappeared. As seen in

Fig 5.10 (a), Roτ = 0 reveals a non-zero value of w+ throughout the channel because of

the occurrence of stripe pattern. It is interesting to note that, at Roτ = 0.01 and 0.02,

w+ significantly increases compared to the non-rotating case. Under the spanwise system
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Fig. 5.11 Variation of statistical values corresponding to the magnitude of spanwise sec-

ondary flow as a function of the rotation number.

rotation, the Coriolis instability would not directly affect the spanwise velocity component.

Figure 5.10 (b) shows the skewness factor S(w′) ≡ w′3/w′
rms

3, where w′
rms represents the

root-mean-square (RMS) value of w′.
The skewness factor of w′ is a measure of the asymmetric distribution of w′. Similar

to w, S(w′) should be zero in the channel flow, according to the reflection symmetry of

the solutions of the fundamental equations. It should be noted that the selection of either

a positive or negative value of S(w′) would depend on the inclination direction of stripe

pattern. If the inclination is inverse against our obtained flow field, S(w′) would show

opposite signs. In Fig. 5.10 (b), S(w′) deviates from the normal distribution (S(w′) = 0)

and it has significant magnitudes near the wall and at the channel center in the case

accompanied by stripe pattern. This indicates intermittently-intensified fluctuations along

with the asymmetricity. It is interesting to note that, for Roτ ≤ 0.02, the non-zero S(w′)
is significantly enhanced compared to that at Roτ = 0.

The maximum of w+ and S(w′) appear at the channel center and in the vicinity of

the wall, respectively. Figure 5.11 shows the Roτ -dependency of these maxima of w+ and

S(w′). As for S(w′)|max, two values are determined on the pressure and suction sides. It is

obvious that these values are increased by the system rotation and achieve a peak around

Roτ = 0.01–0.02. Although there is non-monotonicity at Roτ = 0.015, this is probably a

trivial issue. To obtain a more precise curve, it would be necessary to perform a simulation

with longer period of time averaging and a much larger computational domain. However, at

least, it can be concluded that a very low system rotation enhances the characteristic flow

of stripe pattern. Although both w+|rms and S(w′)|rms decrease significantly at Roτ = 0.03–

0.05, the footprint of stripe pattern still remains. As Roτ is larger than 0.1, both w+ and

S(w′) become zero and stripe pattern disappears.
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Fig. 5.12 Root-mean-square of the spanwise velocity fluctuation.
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Fig. 5.13 Wall-normal profiles of the Reynolds shear stress of (a) −v′+w′+ and (b) −w′+u′+.

The discussion only of the spanwise mean velocity would not necessarily give adequate

support to the augmentation of the spanwise secondary flow, because the spatial average ne-

glects the variation in the streamwise position. However, the augmentation of the spanwise

secondary flow is determined by RMS of the spanwise velocity fluctuation. The spanwise

turbulence intensity (RMS of the spanwise velocity fluctuation) is shown in Fig. 5.12.

The very low rotation numbers, at which the secondary flow is enhanced, are observed to

induce an increase in w′
rms throughout the channel. On the other hand, w′

rms monotonically

decreases, especially on the suction side with increasing Roτ (for Roτ ≥ 0.03).

The Reynolds shear stresses of −v′+w′+ and −w′+u′+ for different Roτ levels are given

in Figs. 5.13 (a) and (b). Generally, in unidirectional flows such as the present flow con-

figuration, those mean components should be zero in turbulence and laminar flow. With

the occurrence of stripe pattern, they become non-negligible values. Only at Roτ = 0.01

and 0.02, are those magnitudes higher than that at Roτ = 0. Under the spanwise system

rotation, the Coriolis instability would not affect directly the spanwise velocity component,

but would give rise to the longitudinal vortices (of roll cells) on the pressure side. The en-

hancement of the shear stresses including w′ occurs in the whole channel (irrespective of the

pressure and suction side). This implies the augmentation of the stripe pattern structure,
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which is practically uniform in the wall-normal direction from the viewpoint flow state.

Finally, we discuss the high rotation number regime. As Roτ increases, the peak values

of several statistics relating to w and w′ decrease: see Figs. 5.10, 5.12, and 5.13. This

reduction is caused by the development of roll cells and the diminution of stripe pattern.

The structure of roll cells consists of large-scale longitudinal vortices and causes variation

of the wall-normal velocity component. In contrast, stripe pattern does not contain an

intensive wall-normal velocity component. The wall-normal turbulence intensity increases

in contrast to the spanwise component, with the development of roll cells and the stripe

pattern disappearance occurring in the background.

5.3 Summary

The alternations of large-scale structures in the rotating channel flow with emphasis

on the turbulent stripe and roll cells are investigated to illuminate robustness of laminar-

turbulent pattern to rotation.

The stripe pattern is a localized equilibrium turbulence that can be observed in the

transitional Reynolds-number regime. The roll cell is the array of longitudinal vortexes

caused by the Coriolis instability, and exerts several significant variations in the momentum

transfer. The transitional channel flow subject to relatively weak spanwise system rotation

involves these two large-scale structures with the turbulent background. Alternations of

large-scale structures occur as a function of the friction rotation number: (i) the occurrence

of turbulent stripe is limited only to very low Roτ (≤ 0.02), (ii) the intermediate region

between (i) and (iii) shows the coexistence of turbulent stripe and roll cells, and (iii) only

roll cells is dominant at Roτ ≥ 0.2. The Reynolds number dependency with respect to

these threshold Roτ values is not particularly noticeable.

Because of the relaminalization and disappearance of stripe pattern, the contribution of

turbulence to the wall shear stress on the suction side becomes minimum at Roτ = 0.02,

which is not a high enough value to activate roll cells. As a result, a net drag reduction

can be achieved in this condition, although it is very small. Once the pressure-side flow

is dominated by roll cells, the net drag is increased (i.e., the flow rate decreases) with

increasing Roτ , similar to the results for high Reynolds numbers. The asymmetric character

of turbulent stripe is enhanced at very low Roτ (= 0.01) by the Coriolis effect, although

its mechanism is still unclear. The disappearance of turbulent stripe and the development

of roll cells are caused by the intense wall-normal component of the velocity fluctuation,

which is related to the direct Coriolis effect.

In addition, the effects of spanwise system rotation on the structure of the turbulent stripe

pattern is evaluated. The stripe pattern occurs only in flows with weak or no spanwise

system rotation in both the pressure and suction sides, as discussed above. The very low

rotation (Roτ as low as 0.01–0.02) enhances the structure of stripe pattern. In the very
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low Roτ , the wavelength corresponding to stripe pattern contains more energy than in the

static system, whereas the quasi-laminar region is wider. A spanwise secondary flow occurs

along each turbulent band of stripe pattern. In addition, the spanwise velocity component

relevant to the secondary flow is enhanced by weak rotation with the occurrence of stripe

pattern on both the pressure and suction sides. When Roτ is further increased to the level

of the roll cells occurrence, w and the Reynolds shear stresses including w′ decrease as a

result of the disappearance of stripe pattern.

The flow map reported herein offers many opportunities and benefits to study the effect of

rotation on transition and turbulence in shear flows, allowing us to find the parameter range

where a specific flow state occurs. The occurrence of stripe pattern and its augmentation by

system rotation are important phenomena from the viewpoint of mass and scalar transport

in the spanwise direction, because the spanwise velocity component has a distinguished

value. The present study successfully demonstrated that the system rotation, even with

very low Roτ , gives rise to non-zero mean spanwise velocity. This may be favorable for

engineering applications that require the efficient mass/scalar transfer even at transitional

Reynolds-number flows.



6

Discussion

We comprehensively discuss the universality of laminar-turbulent patterning to the an-

nular geometry of Poiseuille flows and the robustness of the patterning to roughness and

rotation by scrutinizing the sustaining process of the patterning in this section.

As discussed in previous sections of the investigation, a large-scale intermittent structure

(laminar-turbulent pattern) consisting of laminar and turbulent regions spatially occurs in

alternate shifts at transitional Reynolds number. Well known specific size of the turbulent

structure is introduced by Jimenez and Moin (1991) and scaled by the inner unit (uτ/ν).

The mean streak spacing zuτ/ν of streaks and the streamwise length xuτ/ν of vortices

near a wall is approximately 100 and 250–350, respectively. The internal structure of the

laminar-turbulent pattern is also scaled by the specific size of turbulent structures that

are streaks and vortices corresponding to a small-scale structure. In contrast, streamwise

and spanwise (azimuthal) lengths of laminar-turbulent pattern are characterized by very

large-scale rather than small-scale structures. The laminar-turbulent pattern is mostly

classified into a streamwise localized structure such as puff in pipe flow and the stripe

pattern in planer channel flows. Whereas the puff is a spatially one-dimensional structure,

the stripe pattern is a two-dimensional structure accompanied with spanwise secondary

flow with an oblique interface. These large-scale structures are scaled by the outer unit

and the streamwise length of the puff is about 20 pipe diameter (Eckhard et al., 2007).

In the planer channel flows, the streamwise and spanwise lengths of stripe pattern are

approximately 30 and 15 channel width, respectively (Duguet et al., 2010 and Tsukahara

et al., 2010b). Therefore, we were able to divide instantaneous velocity into large-scale

flow (Ui = Lui) and small-scale flow (ũi = Hui) because the specific size of small and

large-scale structures is obviously different. For scale separation, L and H as low- and

high-pass filters, respectively, are considered as described in previous sections. The clear

scale separation between large and small scales is a key assumption when analyzing the

sustaining mechanism of the laminar-turbulent pattern which we will describe below.

Firstly, we re-introduce the streamwise velocity distribution along the streamwise direc-

tion in the case of the laminar-turbulent pattern. As seen in Fig. 6.1, streamwise velocity in

93
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Fig. 6.1 Streamwise velocity in the streamwise direction of the laminar-turbulent pattern.

the laminar region is higher compared to that in the turbulent region because a small-scale

structure densely occurs in the turbulent region. Therefore, a velocity difference along the

laminar-turbulent interface occurs and the laminar region impinges on the turbulent region.

Then, the streamwise velocity decreases rapidly at the interface. In addition, the stream-

wise velocity increases towards the laminar region along the interface in the downstream

area of the turbulent region.

The continuity equation for a large-scale flow in Cartesian and cylindrical coordinates is

as follows.

∂Ux

∂x
+

∂Uy

∂y
+

∂Uz

∂z
= 0 (6.1)

∂Ux

∂x
+

1

r

∂rUr

∂r
+

1

r

∂Uθ

∂θ
= 0 (6.2)

∂Ux/∂x caused by the mismatch of streamwise flow rates at the interface should balance

with ∂Uy/∂y + ∂Uz/∂z or 1/r(∂rUr/∂r + ∂Uθ/∂θ). When we consider laminar-turbulent

patterning with obliqueness, because the pattern is almost spatially homogeneous in the

wall-normal direction, the continuity equation for a large scale flow is integrated in the

wall-normal direction and we obtain the following equation.∫ d

0

∂Ux

∂x
dy +

∫ d

0

∂Uy

∂y
dy +

∫ d

0

∂Uz

∂z
dy = 0 (6.3)∫ ro

ri

∂Ux

∂x
dr +

∫ ro

ri

1

r

∂rUr

∂r
dr +

∫ ro

ri

1

r

∂Uθ

∂θ
dr = 0 (6.4)

Here, wall-normal-integration makes the term
∫ d

0
∂Uy/∂ydy and

∫ ro

ri
1/r(∂rUr/∂r)dr van-

ish because of the zero relative flux across the two walls and the following equations are

obtained.∫ d

0

∂Ux

∂x
dy +

∫ d

0

∂Uz

∂z
dy = 0 (6.5)∫ ro

ri

∂Ux

∂x
dr +

∫ ro

ri

1

r

∂Uθ

∂θ
dr = 0 (6.6)
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Fig. 6.2 Conceptual diagram of oblique formation of the pattern.

If the spanwise length of the domain is sufficiently long (Fig. 6.2(a)), the laminar flow

impinges upon the turbulent region 1© and the spanwise redirection of the flow occurs at

the interface 2© to satisfy the wall-normal integrated conservation law (Eq . 6.6). Then,

the redirected flow is advected in the streamwise direction by the laminar flow again and

impinges upon the turbulent region 3©. These sequences continuously occur and finally

a laminar-turbulent pattern with obliqueness associated with large-scale flow (Ux, Uz(θ)) is

sustained as shown in Fig. 6.2(b).

As for the aPf for high η, the azimuthal spacing (Lz) where the large-scale flow can

proceed is large. Therefore scale separation of small- and large-scale flow is workable. A

non-zero peak of the probability of an azimuthal large scale flow is observed as shown

in Figs. 3.24 and 3.25. Therefore, helical turbulence emerges by the same sustaining

mechanism of laminar-turbulent patterning with obliqueness in the pPf as discussed above.

However, in the aPf for small η, spanwise length is insufficient to maintain a spanwise

large-scale flow (Fig. 6.3(a)) and applying the scale separation between small- and large-

scale flows is difficult because the scale difference of small- and large-scale flow decreases.

In practice, if a spanwise large-scale flow is obtained by using a low-pass filter selecting all

spanwise wavelengths smaller than 2d that corresponds the mean streak spacing as a small-

scale flow, the probability of a spanwise large-scale flow is mostly zero, as shown in Fig. 3.24

and 3.25. This proves that there is no spanwise large-scale flow and the scale of spanwise

flow is smaller than 2d. Therefore, the flow could be redirected both into wall-normal and

spanwise directions (Fig. 6.3 2© of (a) and (b) ) because the scale order of the spanwise

flow becomes similar to that of the wall-normal flow (Lz ≈ d). Because of the redirection

process, a large-scale flow with spanwise secondary flow cannot be formed and a straight

puff as a one-dimensional structure or as a streamwise localized structure is constructed

and sustained. As described above, because of the attenuation of the azimuthal large-

scale flow, helical turbulence changes straight puff with decreasing η through the helical



6 Discussion 96

(a)
x

z

T: turbulent region
L: laminar region

LT�

� narrow
 

dom
ain

flow direction

(b)

T

T
x

r �

�

�

�

L

L
flow direction

Fig. 6.3 Formation of secondary flow of the laminar-turbulent pattern without obliqueness

in the aPf.

puff. Although a spanwise large-scale flow is not enough to maintain the obliqueness of the

pattern, a spanwise large-scale flow cannot be ignored in contrast to that in a straight puff.

Therefore, the equilibrium helical puff is not a stable state and is rarely observed because

it should have two different features of stable patterns, such as helical turbulence and a

straight puff.

So far, radius ratio dependency of laminar-turbulent patterning of the aPf has been ex-

amined. However, the formation of the pattern also depends on the Reynolds number. For

high η, helical turbulence is localized in the streamwise direction and a helical puff is formed

around Reg in the narrow Reynolds number range. This alternation is caused by the scale

transition and the SSP of the small scale structures. As described above, mean spanwise

spacing of streaks is scaled by the inner unit and approximately zuτ/ν = 100. When the

specific scale is converted from inner (zuτ/ν) to the outer scale (2z/d = (zuτ/ν)/Reτ ),

the mean spanwise spacing of streaks scaled by the outer unit increases with decreasing

Reτ . Therefore, the maximum spanwise spacing (Lz) of annular geometry by the view-

point of a small-scale flow narrows with a decrease in Reτ and the boundary between

small- and large-scale flows becomes unclear compared to moderate Reτ in the transition

regime. These allows the change of laminar-turbulent patterning with the same process

depending on η; helical turbulence cannot be maintained and changes the helical puff.

However, the Reynolds number range for the occurrence of a helical puff becomes nar-

rower around Reg with increasing Reτ . Moreover, for intermediate η, a complex transition

process with decreasing Reτ is observed and the transitional structure is varied, including

helical turbulence, the helical puff, and the straight puff following the Reτ dependency

process. The other approach to explain the laminar-turbulent patterning with Reτ is the

SSP suggested by Waleffe (1997) that describes the sustenance mechanism of streaks and

streamwise vorticity. As seen in Fig. 6.4, the streamwise vorticity advects streamwise ve-

locity to create streaks. These streaks then undergo an inflectional instability and generate

three-dimensional vorticity by the nonlinear self-interaction. When the Reynolds number

is high enough, the feedback process of nonlinear interaction is enhanced and this prevents

the original streamwise vorticity from decaying, which sustains the streaky motion. At
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Fig. 6.4 Self-sustaining-process for (a) low and (b) high Reynolds number.

high Reynolds number, the contribution of streak instability to the vorticity is too weak

to prevent it from eventually decaying at low Reynolds number around Reg. Therefore, a

small-scale structure around Reg cannot be activated and preserve a certain amount of the

turbulent region whereas turbulence can be enhanced at a high Reynolds number. Then,

even for high η, the helical puff is sustained with a sequence of expansion and diminution,

and the helical puff cannot be developed into helical turbulence at low Reτ . This sequence

is also observed in the case of the straight puff with fixed streamwise length in the cPf

and the aPf with low η. As discussed above, the shape of the laminar-turbulent pattern

changes, depending both on Reτ and η by the combination of large and small-scale flow

motions and the space scale of the flow.

As discussed above, the present results have confirmed that the aPf, parametrised by

both its radius ratio η and Reτ , is a relevant candidate to track the transition from puffs to

oblique stripes. The main physical mechanism responsible for this transition is the relax-

ation of the azimuthal confinement (measured in units of the gap d) as η increases, allowing

for more freedom in the orientation of the large-scale flow occurring at the laminar-turbulent

interfaces, should they exist. Beyond a critical azimuthal extent, a neater selection of the

orientation occurs ruled by the mass conservation at the interfaces. As η increases from 0

to 1, the following turbulent regimes are encountered :

• spatio-temporal intermittency as in cPf for 0< η � 0.2

• mixed distribution of straight and helical puffs for 0.2 � η � 0.4

• regular patterns of oblique stripes, so-called helical turbulence in the aPf for η � 0.5

• disordered patterns of oblique stripes for 0.5 � η � 1.

The last item has not been verified here but is expected to match all observations in

extended planar shear flows (with weak additional effects due to the wall curvature). The

parameter space may also contain new regimes so far unexplored. A statistical analysis has

been carried out by focusing entirely on the local structure and orientation of the large-scale
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flow. When the two regimes of interest are characterised by a symmetry breaking (as is the

case here where each oblique stripe violates the Uθ = 0 symmetry), other order parameters

can be considered (see e.g. Cortet et al., 2010). In the spirit of pattern formation, the

statistics of some well-chosen spectral coefficients characteristic of the structures under

study can be helpful.

While an experimental verification of such flow regimes is called for, it is instructive

to discuss whether other shear flow geometries lend themselves easily to bifurcations be-

tween intermittently turbulent regimes. The transition from puffs to stripes corresponds

essentially, as previously shown, to a transition from one-dimensional to two-dimensional

intermittency, via the occurrence of quasi-one-dimensional stripe patterns. Other homo-

topies can be suggested by similarly tuning the confinement in the direction transverse to

the mean flow. Imposing confinement by sidewalls in an otherwise Cartesian geometry is a

possible option. A rectangular duct flow driven by a pressure gradient, with a cross-section

of dimensions Ly×Lz, can be parametrised both by a Reynolds number and an aspect ratio

A = Lz/Ly (A ≥ 1 by convention). A=1 corresponds to a square duct whereas A → ∞ is

equivalent to plane Poiseuille flow. The laminar profile is known to be linearly stable for

all values of Re of interest here. This parametric problem has been considered numerically

in Takeishi et al. (2015). Again straight puffs have been identified for A ≤ 3 whereas spots

with somewhat oblique interfaces have been visualized for A ≥ 4. The authors yet report a

peculiarity of the confinement by solid side-walls: permanent local relaminarisation at the

side walls affecting the localisation of the turbulent structure. This is consistent with the

recent experimental observations of spots in a duct flow with aspect ratio A = 7.5 (Lemoult

et al., 2014). While this system has the advantage of dealing with flat walls only, the local

relaminarisation at the sidewalls is interpreted as an additional complication obscuring the

transition from puffs to oblique stripes.

Other examples closer to the present case of the aPf share a common geometry but differ

in the way energy is injected into the flow. The Taylor-Couette system, where the two

coaxial cylinders rotate with different frequencies Ωi and Ωo in the absence of axial pressure

gradient, is such an example. It is known that for η → 1, the case of exact counter-rotation

μ = Ωo/Ωi = −1 corresponds to plane Couette flow, which has a linearly stable base flow.

It has been experimentally verified for η slightly below 1 that low-Re regimes with μ ≈ −1

feature two-dimensional intermittent arrangements of oblique stripes with both positive

and negative angles (Prigent, 2002; Borrero, 2010; Avila et al., 2013). Reducing η with

fixed μ, however leads to changes in the stability of the base flow. New regimes such as

those featuring interpenetrating spirals (Andereck, 1986) enter the bifurcation diagram and

make the continuation from stripes to puffs unlikely. It is an open question whether other

paths in an enlarged parameter space could lead to such a transition.

Finally, an interesting candidate for the continuation from stripes to puffs is the sliding

Couette flow (sCf), where the outer cylinder is fixed and the inner one moves axially with a

constant velocity (see e.g. Deguchi and Nagata, 2011). This flow is thought to be equivalent
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Fig. 6.5 (a)Self-sustaining-process influenced by roughness and (b)expansion of turbulent

region of stripe pattern, effected by roughness.

to the pCf in the η → 1 limit and again to pipe flow in the vanishing η limit. It has been

verified numerically (Kunii et al., 2016) that this system bridges puffs to spots in a way

apparently similar to the present system. Whether and how the homotopies in the sCf

and the aPf really differ remains an open question. However, the aPf shows the important

advantage of being easier to achieve experimentally as it does not include any motion of

the solid walls, only a pressure gradient imposed on a fixed geometry.

Wall roughness affects the SSP of the small-scale flow whereas it does not directly affect

the large-scale flow of the laminar-turbulent pattern. As seen in Fig. 6.5(a), wall rough-

ness promotes the process of generating streamwise vorticities induced by the transverse

vortices that are formed by the inflectional instability, acting as a vortex generator (Fig.

6.5(a)). Therefore, the turbulent region of the laminar-turbulent pattern expands and the

flow becomes fully-turbulent with increasing roughness height. In the smooth case, a sim-

ilar transition process from the laminar-turbulent pattern to fully-turbulence is observed

with increasing Reynolds number. Nonlinear instability induced by high Reynolds number

purely promotes the SSP without roughness. Although no laminar-turbulent pattern oc-

curs below Reg for smooth walls in the case of two rough walls, several modulated patterns

emerge in the case of one rough wall. A dominant turbulent structure occurs in the region

without roughness elements. Because the system is asymmetric, negligible ejection and

sweep motion occurs in the region with and without roughness elements as shown in Fig

6.6 (a) and (b), respectively. Therefore, this yields a non-zero wall-normal components of

the wall-normal averaged continuity equation in the roughness-free area as described by

the following equation.∫ d

η(h)

∂Ux

∂x
dy = −

(∫ d

η(h)

∂Uy

∂y
dy +

∫ d

η(h)

∂Uz

∂z
dy

)
(6.7)
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Fig. 6.6 (a)Skewness factor in the pCf with one rough wall (Rew, h/d) = (900, 0.2).

(b)Schematic diagram of secondary flow along turbulent region of laminar-turbulent pat-

tern without obliqueness in the pCf with roughness.

Then,
∫ d

η(h)
∂Ux/∂xdy should be balanced with

∫ d

η(h)
∂Uy/∂ydy +

∫ d

η(h)
∂Uz/∂zdy and the

laminar-turbulent pattern without obliqueness is formed as shown in Fig 6.6 (c). The

one-wall roughness affects the enhancement of ∂Uy/∂y in the roughness free-area and mass

balance becomes
∫ d

η(h)
∂Uy/∂ydy ≈ ∫ d

η(h)
∂Uz/∂zdy.

A spanwise system rotation also affects the mass balance of a large-scale flow. On the

suction side, the flow is stabilized and relaminarizes with increasing rotation number. This

leads to the disappearance of velocity fluctuations irrespective of small- and large-scale flow.

On the pressure side, the rotation induces flow instability and forms a longitudinal vortex

array called a roll cell (Fig 6.7). The roll cell is in the spanwise direction with regularity.

The roll cell is almost homogeneous in the streamwise direction and causes ∂Ux/∂x = 0. In

contrast, intensive upward- and downward-motion occurs against the wall-normal direction

(Fig 6.7(a)). In addition, a large-scale flow is balanced as ∂Uy/∂y + ∂Uz/∂z = 0 with the

scale of half channel width because the roll cell is a large-scale pair vortex in alternate shifts

(Fig 6.7(b, c)). Therefore, ∂Uy/∂y cannot be avoided and large-scale wall-normal motion

affects not only the pressure side but also the suction side where the flow relaminarizes
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Fig. 6.7 (a)Skewness factor in the rotating pPf. (b, c) Schematic diagram of roll cells.

and laminar-turbulent pattern is collapsed. In the pCf with spanwise system rotation, the

whole flow independent of the wall-normal position is stabilized or destabilized depending

on the rotation direction. Tsukahara et al (2010a) describe the whole transition process in

the pCf with spanwise system rotation. For stabilized rotation, the stripe pattern emerges

in the wider and higher Reynolds number range compared to the Reynolds number range

of the stripe pattern for the static case. In addition, the flow relaminarizes in the moderate

Reynolds number range where the stripe pattern occurs in the static case. For destabilized

rotation, various roll cells are observed and any intermittent structures does not occur. In

a recent study, Brethouwer et al. (2011) consider the pPf with spanwise system rotation at

very high Reynolds number (Rem = 10000) and rotation number. They reveal the stripe

pattern only occurs near the wall on the stabilized side and fully-turbulence without a

roll cell is on the destabilized side. Therefore, the turbulent structures in the stabilized

and destabilized regions are perfectly separated and there is no interaction at very high

Reynolds and rotation numbers. These results also prove that wall-normal large-scale flow

is the nuisance of the formation of stripe pattern consisting of streamwise and spanwise

large-scale flow.

Clear separation of small- and large-scale flows and mass balance of large-scale flow

are a key role to maintain a kind of laminar-turbulent pattern. Regardless of the pattern

shape, the occurrence of the laminar-turbulent pattern causes a difference in the streamwise

velocity between the laminar and turbulent region. This mismatch should balance with the
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wall-normal and spanwise velocity components. If spanwise length is sufficiently large, the

spanwise velocity component becomes large enough to ignore the wall-normal component

and the oblique interface is constructed as a two-dimensional structure. However, when

the spanwise length is not large or roughness/rotation affects the structure, wall-normal

and spanwise components have relatively similar values and a laminar-turbulent pattern

without an oblique interface is developed. Moreover, a strong wall-normal component

makes the pattern collapse. As for small-scale motion, intensification of the SSP leads to

the expansion of the turbulent region and the flow transitions to fully-turbulence.



7

Conclusion

The universality of laminar-turbulent patterning to the annular geometry of Poiseuille

flows and the robustness of the patterning to roughness and rotation in plane channel flows

are discussed in this thesis and we obtained the following conclusions.

The annular Poiseuille flow is firstly demonstrated to consider the universality of laminar-

turbulent patterning depending on the flow system and we determine the possible connec-

tion between two different flow systems of cylindrical and plane Poiseuille flows. Most

dominant laminar-turbulent pattern in the transitional regime of aPf changes from the

straight puff to helical turbulence with increasing radius ratio. The straight puff and heli-

cal turbulence, obtained in the aPf, is similar to the equilibrium puff in the cPf and stripe

pattern in the pPf, respectively. These transitional structures are connected by the newly

obtained structure named the helical puff although the equilibrium steady helical puff is

rarely observed. In addition, the dominant structure changes not only with radius ratio

but also with Reynolds number. At large and small radius ratios, only the straight puff

and helical turbulence dominated, respectively, in the transition regime. In contrast, there

is competition among the straight puff, helical puff, and helical turbulence for intermedi-

ate radius ratios. These results prove that laminar-turbulent patterns emerges irrespective

of the flow system of wall-bounded shear flows and laminar-turbulent patterns in different

systems are smoothly connected by changing the shape with/without a spanwise secondary

flow and by streamwise localization of the pattern. These new analyses suggest that all

canonical flow systems, such as the Taylor-Couette flow, the plane Couette flow, and their

combinations (e.g. the Couette-Poiseuille flow) should bridge each other.

The robustness of the laminar-turbulent pattern focusing on the stripe pattern is shown

by considering the roughness and rotation effects.

The effects of roughness on the stripe pattern are investigated by adopting the roughness

model. The stripe pattern is sustained until h/d = 0.075 and 0.05 in the pCf with one/two

rough walls, respectively, at fixed Rew = 1300 that is the lowest Rew sustaining stripe
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pattern in pCf without roughness. By adding roughness, especially at a high roughness

height, lower critical Reynolds numbers sustaining turbulence are obtained compared to

the smooth wall case. However, a stripe pattern is not obtained below Reg ≈ 1300 in the

pCf with two rough walls. In contrast, stripe pattern emerges below Reg in the pCf with

one rough wall. These results indicate the stripe pattern is robust and can be sustained

even with roughness. In addition, several characteristic structures are observed in pCf with

one rough wall. At an extremely high roughness height of one rough wall, the occurrence of

forced turbulence with coherent streaks and a strange laminar-turbulent pattern are found.

That is to say, a laminar-turbulent pattern is obtained not only in the ideal case but also

in actual situations when removing the roughness and obtaining a perfectly smooth wall is

difficult. In addition, if artificially roughness is created, forced turbulence can be obtained.

As for more complicated cases, the pPf with spanwise system rotations is analyzed. The

flow system is known to consist of unstable and stable side with respect to the wall-normal

direction. Differing from the results of roughness, the parameter range of the occurrence

of the stripe pattern is very narrow and the stripe pattern only can be sustained at very

low rotation numbers (Roτ ≤ 0.02). Roll cells with strong vertical transport occur in the

unstable side and roll cells influence not only the unstable side but also the stable side.

Therefore, the stripe pattern with spanwise secondary flow is collapsed by the dominance

of the roll cells that induce strong vertical transport. However, the pPf with very weak

rotation enhances the spanwise secondary flow of the stripe pattern.

Finally, we summarize the conclusion. The mechanism of laminar-turbulent patterning

is characterized by two different scales that are small- and large-scale flows, and it can be

applied all wall-bounded shear flows in subcritical transition as universal phenomena of the

turbulent transition. The small-scale flow as general turbulent motion described by a SSP

is in the turbulent region of the pattern. High Reynolds number and roughness height (or

density) promote the nonlinear process of generating vortices. The promotion expands the

turbulent region of the pattern and transition from the pattern to fully-turbulence. The

large-scale flow is sustained by the mass balance according to the large-scale flow conser-

vation law. A laminar-turbulent pattern with/without an oblique interface is organized by

the mass balance of streamwise and spanwise components. The shape of the large-scale flow

is changed by the non-negligible wall-normal velocity component caused by the insufficient

spanwise length or other large-scale motion by roll cells/one-wall roughness.

These mechanisms prove that the laminar-turbulent pattern is a universal phenomenon

changing the form of patterning with/without obliqueness depending on the wall-normal

and spanwise large-scale flow caused by the flow geometry. The pattern is not robust when

intensive wall-normal velocity exists and the SSP is promoted by additional effects, such

as rotation and wall roughness. The pattern would be obtained in several situations by

varying the shape of the pattern when the large-scale flow can be sustained.

Our study, with considering all the various factors, focusing on laminar-turbulent pattern
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in wall-bounded shear flows categorized by subcritical transition find the large- and small-

scale flow is important to sustain the pattern. In addition, the property of the pattern

is determined by the pattern shape and the patterning is characterized by the interaction

of large- and small-scale flow. When large-scale flow is sufficiently enough, the pattern

is infinite oblique pattern, whereas the angle of obliqueness decreases and streamwise lo-

calization emerges when large-scale flow cannot maintain. The infinite oblique pattern is

equilibrium state and maintain the same regime. However, there is not equilibrium state

in the case of streamwise localized structure with weak obliqueness or without obliqueness,

and splitting/merging event of the pattern appear. Although the pattern property is deter-

mined by the large-scale flow, the large-scale flow cannot maintain when small-scale flow

does not exist. Therefore, small-scale flow effects the patterning in an indirect manner.

In addition small-scale flow directly effects the amount of turbulence or laminar regime

in the flow. Attenuating small-scale flow as self-sustaining process of turbulent coherent

structures induces decaying large-scale flow and finally the pattern is collapsed. In con-

trast, small-scale flow is enhanced, the pattern expands spatially and finally transition to

fully-developed turbulence.
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Laboratory, École Polytechnique have been of great help in the study.

I also thank the members of four universities’ joint workshop for their insightful advices,

namely Professor Koji Fukagata, Department of Mechanical Engineering, Keio Univer-

sity, Associate Professor Kaoru Iwamoto, Department of Mechanical Systems Engineering,

Tokyo University of Agriculture and Technology, Associate Professor Yosuke Hasegawa,

Institute of Industrial Science, The University of Tokyo, and Assistant Professor Mamori

Hiroya, Department of Mechanical Engineering, Tokyo University of Science. I am par-

ticularly grateful for the assistance given by colleagues in the group of Professor Yasuo

Kawaguchi and Junior Associate Professor Takahiro Tsukahara at the Tokyo University of

Science.

This thesis has been reviewed by the committee in Tokyo University of Science with

Professor Yasuo Kawaguchi, Department of Mechanical Engineering, Professor Makoto

Yamamoto, Department of Mechanical Engineering, Professor Hiroshi Okada, Department

of Mechanical Engineering, Professor Yasuo Nihei, Department of Civil Engineering, Asso-

ciate Professor Akiyuki Takahashi, Department of Mechanical Engineering. I greatly thank

them valuable comments.

I have greatly benefited from a Grant-in-Aid from JSPS (Japan Society for the Promotion

of Science) Fellowship #26-7477 . I also thank SX-9 at the Cyberscience Center of Tohoku

University and on SX-ACE at the Cybermedia Center of Osaka University for obtaining

simulation results.

Last but not least, I owe my deepest gratitude to my family, Shinichi Ishida, Etsuko

Ishida, and Kanako Ishida for their continuous encouragement and support.

107



Bibilography

Abe, H., Kawamura, H., and Matsuo, Y., 2001, “Direct numerical simulation of a fully

developed turbulent channel flow with respect to the Reynolds number dependence”, J.

Fluids Eng., 123, 382–393.

Ashrafian, A., Andersson, H. I., and Manhart, M., 2004, “DNS of turbulent flow in a

rod-roughned channel”, Int. J. Heat Fluid Flow, 25, 373–383.

Avila, K., Moxey, D., de Lozar, A., Avila, M., Barkley, D., and Hof, B., 2011, “The onset

of turbulence in pipe flow”, Science, 333, 192–196.

Aydin, E. M., and Leutheusser, H. J., 1991, “Plane Couette flow between smooth and

rough wall”, Exp. Fluids, 11, 302.

Barkley, D., 2011, “Computational study of turbulent laminar patterns in Couette flow”,

Phys. Rev. E, 84, 016309.

Barkley, D., 2016, “A theoretical perspective on the route to turbulence in a pipe”, J.

Fluid Mech., 803, 192–196.

Borrero-Echeverry, D., Schatz, M. F., and Tagg, R., 2010, “Transient turbulence in

Taylor-Couette flow”, Phys. Rev. E, 81, 025301.

Bottin, S., Dauchot, O., Daviaud, F., and Manneville, P., 1998, “Experimental evidence

of streamwise vortices as finite amplitude solutions in transitional plane Couette flow”,

Phys. Fluids, 10, 2597–2607.

Bradshaw. P., 1969, “The analogy between streamline curvature and buoyancy in tur-

bulent shear flow”, J. Fluid Mech., 36, 177-191.

Brethouwer, G., Duguet, Y., and, Schlatter, P., 2012, “Turbulent-laminar coexistence in

wall flows with Coriolis, buoyancy or Lorentz forces”, J. Fluid Mech., 704, 137–172.

Busse, A. and Sandham, N. D,. 2012, “Parametric forcing approach to rough-wall tur-

bulent channel flow”, J. Fluid Mech., 712, 169–202.

Cambon, C., Mansour, N. N., and Godeferd, S. F., 1997, “Energy transfer in rotating

turbulence”, J. Fluid Mech., 337, 303–337.

Chung, S. Y., Rhee, G. H., and Sung, H. J., 2002 “Direct numerical simulation of tur-

bulent concentric annular pipe flow: Part 1: Flow field”, Int. J. Heat Fluid Flow, 23,

426–440.

108



Bibilography 109

Chung, S. Y. and Sung, H. J., 2003, “Direct numerical simulation of turbulent concentric

annular pipe flow: Part 2: Heat transfer”, Int. J. Heat Fluid Flow, 24, 399–411.

Coles, D., 1965 “Transition in circular Couette flow”, J. Fluid Mech., 21, 385–425.

Cortet, P. P., Chiffaudel, A., Daviaud, F., and Dubrulle, B. 2010, “Experimental evidence

of a phase transition in a closed turbulent flow”, Phys. Rev. Lett., 105, 2145101.

Cotrell, D. L. and Pearlstein, A. J., 2006, “Linear stability of spiral and annular Poiseuille

flow for small radius ratio”, J. Fluid Mech., 547, 1–20.

Couliou, M. and Monchaux, R., 2015, “Large-scale flows in transitional plane Couette

flow: A key ingredient of the spot growth mechanism”, Phys. Fluids, 27, 3, 034101.

Croop E. J. and Rothfus R. R., 1962, “Skin friction patterns for transitional flow in

annuli”, AIChE Journal, 8, 26–30.

Deguchi, K. and Nagata, M., 2011, “A numerical study of the stratified and unstratified

Ekman layer”, J. Fluid Mech., 678, 156–178.

Deusebio, E., Brethouwer, G., Schlatter, P., and Lindborg, E., 2014, “A numerical study

of the stratified and unstratified Ekman layer.”, J. Fluid Mech., 755, 672–704.

Deusebio, E., Caulfield, C. P., and Taylor, J. R., 2015, “The intermittency boundary in

stratified plane Couette flow.”, J. Fluid Mech., 781, 298–329.

Duguet, Y., Schlatter, P., and Henningson, D. S., 2009, “Localized edge states in plane

Couette flow”, Phys. Fluids, 21, 111701.

Duguet, Y., Schlatter, P., and Henningson, D. S., 2010, “Formation of turbulent patterns

near the onset of transition in plane Couette flow”, J. Fluid Mech., 650, 119–129.

Duguet, Y. and Schlatter, P., 2013, “Oblique laminar-turbulent interfaces in plane shear

flows”, Phys. Rev. Lett., 110, 034502.

Eckhardt, B., Schneider, T. M., Hof, B. and, Westerweel, J., 2007, “Turbulent transition

in pipe flow”, Ann. Rev. Fluid Mech., 39, 447–468.

Finnigan, J. J., Shaw, R. H., and Patton, E. G., 2009, “Turbulence structure above a

vegetation canopy”, J. Fluid Mech., 637, 387–424.

Floryan, J. M., 2007, “Three-dimensional instabilities of laminar flow in a rough channel

and the concept of hydraulically smooth walll”, Eur. J. Phys. B, 26, 3, 305–329.

Fukudome, K. and Iida, O., 2012, “Large-scale flow structure in turbulent Poiseuille

flows at low-Reynolds numbers”, J. Fluid Sci. and Tech, 7, 181–195.

Hanks, R. W. and Bonner, W. F., 1971, “Transitional flow phenomena in concentric

annuli”, Ind. Eng. Chem. Fundamen., 10, 105–113.

Hanks, R. W. and Peterson, J. M., 1982, “Complex transitional flows in concentric

annuli”, AIChE Journal, 28, 800–806.



Bibilography 110

Hashimoto, S., Hasobe, A., Tsukahara, T., Kawaguchi, Y., and Kawamura, H., 2009,

“Experimental study on turbulent stripe structure in transitional channel flow”, Proc. the

6th Int. Symp. Turbulence, Heat and Mass Transfer, pp. 193-196.

Heaton, C. J., 2008, “Linear instability of annular Poiseuille flow”, J. Fluid Mech., 610,

391–406.

Iida, O., Fukudome, K., Iwata, T., and Nagano, Y., 2010, “Low Reynolds number effects

on rotating turbulent poiseuille flow”, Phys. Fluids, 22, 085106.

Jimenez, J. and Moin, P., 1991, “The minimal flow unit in near-wall turbulence”, J.

Fluid Mech., 225, 213–240.

Jimenez, J., 2004, “Turbulent flows over rough walls”, Ann. Rev. Fluid Mech., 36, 173–

196.

Johnston, J. P., Halleen, R. M., and Lezius, D. K., 1972, “Effects of spanwise rotation on

the structure of two-dimensional fully developed turbulent channel flow”, J. Fluid Mech.,

438, 533–557.

Kerswell, R., 2011, “Transition Scenarios: Normality vs Non-Normality”, Lecture note.,

Lecture 7.

Khapko, T., Schlatter, P., Duguet, Y. and Henningson, D. S., 2016, “Turbulence collapse

in a suction boundary layer flow”, J. Fluid Mech., 795, 356–379.

Kristoffersen, R. and Andersson, H. I., 1993, “Direct simulations of low-Reynolds-number

turbulent flow in a rotating channel”, J. Fluid Mech., 256, 163–197.

Kunii, K., Ishida, T., and Tsukaharaa, T, 2016, “Helical turbulence and puff in transi-

tional sliding Couette flow”, Proc. ICTAM, Montréal, Canada.
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Tsukahara, T., Kawaguchi, Y., Kawamura, H., Tillmark, N., and Alfredsson, P. H.,

2010a, “Turbulence, instabilities and passive scalars in rotating channel flow”, Seventh

IUTAM Symposium on Laminar-Turbulent Transition, 18, 421–426.

Tsukahara, T., Tillmark, N., and Alfredsson, P. H., 2010b, “Flow regimes in a plane

Couette flow with system rotation”, J. Fluid Mech., 648, 5-33.

Tuckerman, L. S.. Kreilos, T., Schrobsdorff, H., Schneider, T. M., and Gibson, J. F.,

2014, “Turbulent-laminar patterns in plane Poiseuille flow”, Phys. Fluids, 26, 114103.

Waleffe, F., 1997, “On a self-sustaining process in shear flows”, Phys. Fluids, 9, 883–900.

Walker, J. E., Whan, G. A., and Rothfus, R. R., 1957, “Fluid friction in noncircular

ducts”, AIChE Journal, 3, 484–489.

Wygnanski, I. J., and Champagne, F. H., 1973, “On transition in a pipe. Part1. The

origin of puffs and slugs and the flow in a turbulent slug”, J. Fluid Mech., 59, 281–335.

Wygnanski, I. J., Sokolov, M., and Freidman, D., 1975, “On transition in a pipe. Part2.

The equillibum puff”, J. Fluid Mech., 69, 283–304.

Xiong, X., Tao, J., Chen, S., and Brandt, L., 2015 “Turbulent bands in plane-Poiseuille

flow at moderate Reynolds numbers”, Phys. Fluids, 27, 041702.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


