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Abstract

The aim of this thesis is to develop efficient approximation algorithms for solving the Steiner
tree problem in graphs. Given an undirected weighted graph G = (V, E,w) and T', where V
is a set of vertices, E is a set of edges, w is a weight function, and 7" C V| a Steiner tree
is defined as a tree that spans T. A vertex in 7T is called a terminal. The weight of the
Steiner tree is the sum of the weights of the edges in the Steiner tree. Then, the Steiner tree
problem in graphs is to find a minimum weight Steiner tree of a given graph. The Steiner
tree problem in graphs is applied to real-world problems, such as design of communication
networks, road networks, and pipelines. However, approximation algorithms that can quickly
find good solutions are still required because the Steiner tree problem in graphs is NP-hard.

There are two types of approximation methods for solving combinatorial optimization
problems, such as the Steiner tree problem in graphs: construction and improvement. The
construction method focuses on finding a solution as quickly as possible, whereas the improve-
ment method focuses on finding the most appropriate solution. In this thesis, we propose an
efficient construction method, which uses network centrality, and an efficient improvement
method, which uses chaotic neurodynamics, to solve the Steiner tree problem in graphs.

In the construction method for solving the Steiner tree problem in graphs, shortest paths
or a minimum spanning tree are typically used. However, previous construction methods
sometimes find large-weight solutions because they ignore the overlaps of the shortest paths
between terminals. From this viewpoint, we propose to use network centralities to overlap
the shortest paths between terminals. The results of numerical experiments revealed that
our proposed method improves the average gaps by approximately 3% compared to previous
methods, with a slight increase in computation time.

As for the improvement method for solving the Steiner tree problem in graphs, we propose
to use the chaotic search. The chaotic search is known as an efficient meta-heuristic for
solving the traveling salesman problem, quadratic assignment problem, and vehicle routing
problem. The local search for these combinatorial optimization problems always finds feasible
neighborhood solutions. On the other hand, the local search for the Steiner tree problem
in graphs finds not only feasible solutions but also infeasible solutions. Thus, we temporary
ignore neurons that correspond to infeasible solutions. We compare the performance of the
chaotic search with that of the tabu search, which is one of the popular methods to solve



the Steiner tree problem in graphs. The results of numerical experiments revealed that the
chaotic search finds smaller weight solutions than several conventional methods such as the
genetic algorithm, greedy randomized adaptive search procedure, and the tabu search with
appropriate parameters.

In this thesis, we firstly propose to use network centralities for distinguish vertices and
edges that are important to find a small-weight Steiner tree. The results of numerical ex-
periments indicate that using network centralities, especially vertex betweenness centrality
is effective to find a small-weight Steiner tree. This trend is the same for three popular
construction methods to solve the Steiner tree problem in graphs. Secondly, we propose to
how to apply the chaotic search to solve the Steiner tree problem in graphs. The results of
numerical experiments indicate that the chaotic search also shows good performance to solve
the Steiner tree problem in graphs. From these results, we found that using network central-
ity contributes to find good solution and using the chaotic search shows good performance
to solve the Steiner tree problem in graphs.
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Chapter 1

Introduction

1.1 Background

The combinatorial optimization problem is one of the recent and most actively researched
fields of applied mathematics. It is solved using various techniques such as algorithm theory,
combinatorics, complexity theory, data structure, and linear programming. This problem
is derived from a wide range of application fields such as designing very large-scale inte-
gration [2], multicast tree [3], and pipeline [4]. For example, in the case of designing very
large-scale integration, its objective may be minimization of the total length of wires, the to-
tal areas of placing electronic components, the production costs, and so on. Various methods
have been proposed to solve these combinatorial optimization problems. These combinatorial
optimization problems are very difficult to solve exactly in practical time because these are
NP-hard. Most of the real-world applications require not only the exact optimum solutions
but also approximate solutions that are very close to the exact optimum solutions. Hence, it
is very important to develop efficient approximation algorithms for solving these problems.

Many combinatorial optimization problems are defined on graphs. The graph theory is
the study of graphs, which are mathematical structures used to model pairwise relations
between objects. The paper written by Leonhard Euler on the Seven Bridges of Konigsberg
and published in 1736 is regarded as the first paper in the history of the graph theory [5].
The purpose of the graph theory is to determine the properties of graphs. In 1998, Watts
and Strogatz investigated the common features of complex graphs in real-world problems,
such as the synchronization of the blinking of fireflies, singing of crickets, co-star relationship
between actors, power grids, and neural network of C. elegans [6]. This research led to the
emergence of a new field of science, which is now called the complex network theory.

In this thesis, we propose to use network centralities to solve the Steiner tree problem
in graphs. The Steiner tree problem in graphs is the problem of finding the Steiner tree
with the minimum weight. The Steiner tree is a tree that spans special vertices called
terminals, and the weight of the Steiner tree is the sum of the edge weights included in it.



The network centralities measure the importance of vertices and edges in a network and it
is one of the most important topics in the complex network theory. It is expected that the
important vertices and edges are also important to find small-weight Steiner trees. Various
network centralities have been proposed from different aspects [7]. For example, the degree
centrality [8] evaluates vertices with a large degree as important, the eigenvector centrality [9]
evaluates vertices adjacent to important vertices, the closeness centrality [10] measures how
close a vertex is to all the other vertices, and the betweenness centrality [8] detects central
vertices or edges in the network using the shortest path information.

Meanwhile, an effective meta-heuristic that uses the chaotic neurodynamics [11] was pro-
posed by Hasegawa, Tkeguchi, and Aihara in 1997 [12]. This method is novel and revolutionary
in that it drives local search by chaotic neurodynamics. They used this method to solve the
traveling salesman problems, and they demonstrate that it shows better performance than
the random method. This method can be applied to solve other combinatorial optimiza-
tion problems by changing local search. Thus, this method is applied to various N P-hard
combinatorial optimization problems such as the traveling salesman problem [12, 13, 14, 15],
quadratic assignment problem [16, 17, 18], vehicle routing problem [19, 20], packet routing
problem [21, 22, 23, 24, 25, 26, 27, 28], and motif extraction problem [29, 30]. This method
also shows good performance for these problems. Therefore, we also apply chaotic search to
solve the Steiner tree problem in graphs.

In addition, we also investigate the number of optimal solutions found during the search.
When solving real-world problems, the optimum solutions are usually unknown. Therefore,
the high frequency of good solutions is one of the practical indicator of goodness. The
algorithms that can frequently find good solutions during the search are considered to have
better performance than the algorithms that do not. From this viewpoint, we also compare
the number of optimal solutions found during the search.

The rest of this chapter is organized as follows. We describe the terms of graph theory
used in this thesis in Sec. 1.2. Then, we describe the computational complexity that one of
the aspects to evaluate the performance of algorithms and the classification of difficulty of
problems in Sec 1.3. Then, we refer to the previous research of the combinations of the com-
binatorial optimization and network centrality in Sec. 1.4, and the one of the combinatorial
optimization and chaotic neurodynamics in Sec. 1.5. Finally, this chapter has concluded the
outline of this thesis.



1.2 Graph and algorithm

In mathematics, various real-world problems are treated as graphs. A graph consists of
vertices and edges, and it represents their relationships. For example, if we assume vertices
to be stations and edges to be rails, this graph represents a train network. If we assume
vertices to be intersections and edges to be roads, this graph represents a road network.
Each edge is incident to two vertices, and these connected vertices are called adjacent. The
number of edges that are incident to a vertex is called the degree. We can also consider the
direction of edges. A graph whose edges have directions is called a directed graph, whereas
a graph whose edges do not have directions is called an undirected graph.

An alternate arrangement of vertices and edges is called a path. Given an undirected
graph G = (V| E), the weight function corresponds to the edges w : E — R, and a vertex
pair ¢ and j, the shortest path problem requires a path from ¢ to j with the minimum value of
the sum of the edge weights included in the path. Here, V' is the set of vertices, F is the set
of edges, and w : F — R is a map from an edge set to a non-negative whole real number. An
example of this problem is shown in Fig. 1.1 (a). In Fig. 1.1 (a), circles indicate vertices, lines
indicate edges, and numerals indicate edge weights. In particular, the red circles indicate
the vertices that must be connected, and the bold lines indicate the edges included in the
shortest path. This problem can be solved easily by using the Dijkstra algorithm [31], which
is named after the person who proposed this algorithm. This algorithm produces an optimal
solution of this problem.

Moreover, a path starts from a vertex and return to the same vertex is called a loop. In
addition, a graph is connected when there is a path between all the vertices. A connected
graph without any loops is called a tree. In particular, a tree that connects all the vertices
is called a spanning tree. We can consider the following problem by using the definition of a
spanning tree: given an undirected graph G = (V, E') and weight function corresponding to
the edges w : E — R, a spanning tree that minimizes the sum of the edge weights included
in the spanning tree is required. An example of this problem is shown in Fig. 1.1 (b). This
problem is called the minimum spanning tree problem, and it can be solved easily by using
the Kruskal algorithm [32], which is named after a person who proposed this algorithm. This
algorithm produces an optimal solution of this problem.

The shortest path problem is the problem of finding a subgraph that connects two selected
vertices with the minimum weight. Similarly, the minimum spanning tree problem is the
problem of finding a subgraph that connects all the vertices with the minimum weight. On
the other hand, what about the problem of finding a subgraph that connects some selected
vertices with the minimum weight? An example of this problem is shown in Fig. 1.1 (c).
This problem is called the Steiner tree problem, which is named after Jakob Steiner who
investigated this problem first. This problem is known to be very hard to solve or N'P-
hard [33]. However, this problem appears in various engineering fields, such as designing



very large-scale integration, multicast tree, and pipelines. From this viewpoint, we aim to
develop an efficient method to solve this problem.

Figure 1.1: Example of (a) the shortest path, (b) a minimum spanning tree, and (c) a Steiner
tree. Circles indicate vertices, lines indicate edges, and numerals indicate edge weights. In
particular, the red circles indicate the vertices that must be connected, and the bold lines
indicate the edges included in (a) the shortest path, (b) the minimum spanning tree, and (c)
the Steiner tree.



1.3 Combinatorial optimization problem

Lawler [34] defined the combinatorial optimization problem as follows: combinatorial opti-
mization is the mathematical study of finding an optimal arrangement, grouping, ordering,
or selection of discrete objects, which are usually finite in numbers. There are many al-
gorithms for solving combinatorial optimization problems. If these algorithms can find the
same solution, the fastest one has the best performance. The computation cost indicates the
computational complexity of algorithms. In general, the parameters that represent the size
of a problem is called the input size, and the computation cost of an algorithm is expressed as
a function of the input size. For example, in the case of the shortest path problem, its input
size is the number of vertices |V| and the number of edges |E|. Therefore, the computation
cost of the Dijkstra algorithm is O(|V|?) in the simple implementation. An algorithm whose
computation cost is a polynomial function of the input size is called a polynomial time algo-
rithm. The polynomial time algorithm is one of the efficient algorithms. Table 1.1 shows the
approximate computation times of algorithms that have different computation costs. The
approximate computation time is calculated by assuming a 100 MIPS (million instructions
per second) computer. The first three columns in Table 1.1 show the calculation time of var-
ious polynomial time (n, n?, n?) algorithms. From Table 1.1, it can be seen that polynomial
time algorithms up to n® are sufficiently practical for large input sizes.

On the other hand, an algorithm whose computation cost is an exponential function of
the input size is called an exponential time algorithm. The exponential time algorithm is
an inefficient algorithm. The last three columns in Table 1.1 show the calculation times of
various exponential time (2", 3", n!) algorithms. From Table 1.1, n! needs a non-practical
time of at most n = 30. Additionally, in the case of the slowest one 2", it is not practical at
n = 100.

We can always find the optimum solution by enumerating all the solutions and selecting
the best one because the solution space of a combinatorial optimization problem is finite.
The objective of the Steiner tree problem in graphs is to find a tree that minimizes the sum
of the edge weights included in the tree and spans all terminals. The optimum solution of
the Steiner tree problem in graphs is equal to the minimum spanning tree of the induced
subgraph of the vertex set of optimum solutions. An induced subgraph is a subgraph of
another graph, formed from a subset of the vertices of the graph and all the edges connecting
pairs of vertices in that subset. From this viewpoint, the solutions of the Steiner tree problem
in graphs can be represented as a set of vertices. Thus, the number of candidate solutions of
the Steiner tree problem in graphs is 2". Therefore, the enumeration method for the Steiner
tree problem in graphs is an exponential time algorithm.

The combinatorial optimization problems that have polynomial-time algorithms are con-
sidered easy to solve. For example, the shortest path problem and the minimum spanning
tree problem are easy to solve because these problems have polynomial-time algorithms.



Table 1.1: Example of the computation time of polynomial-time (first three columns) and
exponential time (last three columns) algorithms. In this table, s represents second, h rep-
resents hour, d represents day, y represents year, and hyphen represents more than 2,000

years [1].
computation time
the input size n n? n3 2m 3" n!
10 1x1077[s] 1x107%s] 1x107°[s] | 2.1x1075[s] 5.9x107%[s] 0.036 [s]
20 2x 1077 [s] 4 x107° [s] 8x107° [s] | 1.05 x 1072 [s] 34.9x107*[s] 771 [y]
30 3x1077[s]  9x107C[s] 2.7x107% ] 10 [s] 23.8 [d -
40 4x1077[s] 1.6x1075[s] 6.4 x107* [3] 3.05 [h] - -
50 5x 1077 [s] 25x1075[s] 1.25x 1073 [3] 130 [d - -
100 1 x 1076 [s] 1 x 1074 [s] 0.01 [s] - - -
1000 1x107°[s]  1x1072[s] 10 [s] - - -
10000 1x 1074 [s] 1[s] 2.78 [h] - - -
These problems are classified as polynomial-time solvable and it is abbreviated P.  To

prove whether a given problem is in a class P or not, it is sufficient to find at least one
polynomial-time algorithm. However, it is not easy to prove that a given problem does not
have any polynomial-time algorithm. For example, a polynomial-time algorithm to solve the
Steiner tree problem in graphs has not yet been found despite the efforts of many excellent
researchers. However, this does not confirm that there is no polynomial-time algorithm to
solve the Steiner tree problem in graphs.

To solve this problem, we introduce a new class of problems. We consider the problem
of determining whether the optimal objective function value of the Steiner tree problem in
graphs is smaller than a given value C'. The answer is either yes or no. A question whose
answer is either yes or no is called a decision problem. When the evidence that the answer to
a decision problem is yes is constrained by the input size polynomial, the decision problem
falls into the class NP. Here, NP is an acronym for Non-deterministic Polynomial. This
means that NP problems can be solved in polynomial-time by using a nondeterministic
computer. From another perspective, problems in which the height of the enumeration tree
is at most a polynomial of the input size belong to the class N'P. For example, the height of
the enumeration tree of the Steiner tree problem in graphs is at most the number of vertices.
Thus, the deterministic Steiner tree problem in graphs is an AP problem. The proof of the
answer yes in the solution of the deterministic Steiner tree problem in graphs is a Steiner
tree having an objective function value smaller than C.

On the other hand, the proof of the answer no in the solution of the deterministic Steiner
tree problem in graphs is not easy to find. Hence, enumerating all the solutions and showing
that each solution has an objective function value larger than C' become the proof. However,



this process requires an exponential time of the input size. Researchers in computational
complexity theory have proven that if a deterministic Steiner tree problem in graphs can be
solved efficiently, then all the other problems in class NP can be solved efficiently. This idea
strongly suggests that there is no efficient algorithm for the Steiner tree problem in graphs.

Many researchers believe that P # ANP. In this way, the deterministic Steiner tree
problem in graphs belongs to the most difficult class in the class NP. This class is called N'P-
complete. Additionally, if non-deterministic problems are more difficult than NP-complete
problems, these problems are classified as A/P-hard.



1.4 Approximation algorithm

As a realistic approach to solve N'P-hard combinatorial optimization problems, many types
of approximation algorithms have been developed. Approximation algorithms that do not
guarantee the approximation ratio are called heuristics. Most practical applications do not
require exact optimal solutions. Finding approximate solutions within a few percent of the
exact optimal value is sufficient. These heuristic approaches find good solutions that are near
optimal within a reasonable amount of time. There are two types of methods: construction
methods and improvement methods. Construction methods directly find a solution from
the input. On the other hand, improvement methods find better solutions than the initial
solution obtained using construction methods. Thus, construction methods and improvement
methods are closely related. From this viewpoint, both approaches are important.

1.4.1 Construction method

The construction method directly finds a solution from an input. The construction method
works very fast; however, the quality of the solution is not very good. The shortest path
heuristic [35], distance network heuristic [36], and average distance heuristic [37] are com-
monly used as the construction method for solving the Steiner tree problem in graphs.

These construction methods use the shortest path between arbitrary vertex pairs and the
minimum spanning tree to find a Steiner tree. The shortest path heuristic [35] starts from
a tree that consists of an arbitrary terminal. Then, it repeats including the shortest path
between two vertices: one is a vertex included in the tree and the other is a terminal not
included in the tree. The distance network heuristic [36] starts from a complete graph of the
terminals. Then, it makes a minimum spanning tree of the complete graph. After that, it
replaces the edges of the minimum spanning tree with the shortest path between both sides
of the vertices of the edge in the input graph. The average distance heuristic [37] starts from
a forest consisting of the number of terminal trees. Each tree consists of a terminal. Then,
it repeats combining trees until it becomes a Steiner tree.

1.4.2 Improvement method

The improvement method finds a better solution than the initial solution. There are two
types of methods: local search methods and meta-heuristics. The local search methods find
better solutions than the initial solution by using gradient dynamics. On the other hand,
meta-heuristics find better solutions by controlling the local search methods. Both local
search and meta-heuristics are important.



Local search method

The simplest way to find a better solution is to repeatedly find some neighborhood solutions
and select the one that reduces the objective function value the most. The Steiner vertex
neighborhood is one of the most popular methods for making neighborhood solutions from
a current solution of the Steiner tree problem in graphs. This algorithm finds a neighbor-
hood solution by reversing the state of an arbitrarily selected non-terminal vertex; if the
selected vertex is already included in the current solution, the vertex is removed from the
neighborhood solution, and vice versa. This algorithm provides not only feasible solutions
but also infeasible solutions. Therefore, by repeatedly replacing the current solution with the
neighborhood solution when the neighborhood solution is feasible and its objective function
value is smaller than the current one, we can find a better solution than the initial solution.

Unfortunately, the above method has a problem: the obtained solution is the local optima.
One of the local optima is the global optimum; however, we can find the global optimum only
when we can luckily start from an initial solution that converges to the global optimum. The
schematic diagram of the local optima and global optimum is shown in Fig. 1.2. As shown
in Fig. 1.2, we cannot reach the global optimum when we start from an initial solution that
does not converges to the global optimum, because the local search method does not allow
uphill movement of the objective function value. Therefore, once the state is trapped in the
local minima, it can never escape from it with these dynamics.
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Figure 1.2: Local optima and global optimum.



Meta-heuristics

The local search method has a problem that it cannot escape from the local optima. There-
fore, the quality of the obtained solution is determined by the quality of the initial solution,
and it is almost impossible to find an initial solution that converges to the global optimum.
To overcome this problem, many meta-heuristics that control the application of the local
search to escape from the local optima have been proposed [38].

To realize an efficient search, we have to consider two important aspects: intensification
and diversification of the search. Intensification means decreasing of an objective function
value to find a better solution closer to a local minimum. Diversification means a jump from
a searching region to other regions to avoid being trapped in a single local minimum. If
the effect of intensification is too strong, the algorithm is trapped at an undesirable local
optimum. On the other hand, if the effect of diversification is too strong, the algorithm
cannot search solutions with small objective function values. Namely, the balance between
them is a very important factor to search good solutions.

There are many meta-heuristics [38] that use different ideas to escape from local optima,
such as simulated annealing [39], tabu search [40, 41], and genetic algorithm [42]. Simulated
annealing [39] is one of the stochastic algorithms used to solve combinatorial optimization
problems. Its name and inspiration come from the annealing process in metallurgy. Annealing
is a process in which a metallic material is heated and then gradually cooled to grow crystals
in order to reduce defects. The heat causes the atoms to move away from their initial position
(the local minimum state where the internal energy is local) and wander to a higher energy
state. Slow cooling increases the likelihood that an atom will have a state where the internal
energy is even lower than that in the initial state.

In simulated annealing [39], whether the movement to a neighborhood solution could
occur or not is decided by the improvement of the objective function value and the parameter
temperature; a high temperature indicates strong diversification. The search starts with a
high temperature and then it gradually decreases. Thus, the effect of diversification is strong
at first and then gradually decreases. Although this algorithm is very simple, it is very useful
to be applied to various kinds of optimization problems.

Tabu search [40, 41] is one of the deterministic algorithms used to solve combinatorial
optimization problems. It uses the history of the search to escape from a local minimum.
The tabu search moves to a neighborhood solution with the smallest objective function
value. However, the movement recorded in the tabu list is inhibited. In other words, the
tabu search moves to a neighborhood solution with the smallest objective function value that
is not registered in the tabu list. The tabu list has a finite length. Thus, when adding a new
one, the oldest one is deleted. The length of the tabu list balances the intensification and
diversification of the search.

The genetic algorithm [42] is one of the stochastic algorithms used to solve combinatorial
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optimization problems. The genetic algorithm is a multi-point search algorithm that has
many solutions at the same time. In the genetic algorithm, each solution is expressed as
a chromosome, and neighborhood solutions are generated by the crossover and mutation of
the chromosome. The procedure of a genetic algorithm is as follows. First, many feasible
solutions are prepared. Then, crossover is applied to pairs in those prepared solutions for
providing new solutions (they are the children of the initially prepared solutions). Finally,
better solutions are used for the next crossover and only better solutions are preserved and
updated. This is better for searching a wide area of the search space. However, this approach
is not good for searching local optima, namely, this is not good for intensification.
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1.5 Combinatorial optimization and network centrality

Many combinatorial optimization problems are defined on graphs. It is expected that knowl-
edge in the graph theory and complex network theory is useful to solve these problems. In
particular, the complex network theory, which was born around 2000, has made remarkable
progress over the last two decades.

As another N"P-hard combinatorial optimization problem, the traveling salesman problem
has been well studied. The traveling salesman problem is defined as follows. Find the shortest
route that visits all cities only once and returns to the city visited first. The Lin-Kernighan-
Helsgaun algorithm [43] is one of the strong algorithms for solving the traveling salesman
problem. However, it has a demerit: the computational time is very long. To overcome
this issue, the partial optimization meta-heuristic under special intensification conditions
method was applied to solve the traveling salesman problem in 2019 [44]. This method limits
the candidate edges to obtain solutions, and it successfully reduces the computation time
of the Lin-Kernighan-Helsgaun algorithm while retaining its high performances. Thus, it
is expected that limiting the candidate vertices and edges also shows good performance for
solving the Steiner tree problem in graphs.

One interesting topic in the complex network theory is network centrality. Network
centrality measures the importance of vertices and edges in a network. So far, many network
centralities have been proposed, such as the degree [8], eigenvector [9], closeness [10], and
betweenness centrality [8]. Betweenness centrality is a well-known indicator that is used
to detect communities [45]. Community means a dense subgraph in a graph. Community
detection is the problem of appropriately dividing groups of vertices. For example, consider a
graph that indicates the friendships among people joining two karate clubs. In this case, the
objective of community detection is to group people who join the same karate club. However,
there is a possibility that some people join both karate clubs. Thus, community detection
allows overlap of communities. Girvan and Newman proposed a community detection method
that removes edges in the descending order of its betweenness centrality [45].

The Steiner tree problem in graphs is a problem that determines which non-terminal
vertices should be used or which edges should be used. The vertices or edges included in the
optimum Steiner tree may be important in the graph. Therefore, we proposed to use high
network-centrality vertices or edges to find Steiner trees. Network centrality has not been
used to solve the Steiner tree problem in graphs; this is a novel approach.

12



1.6 Combinatorial optimization and chaotic dynamics

The chaotic neuron model was proposed by Aihara, Takabe, and Toyoda in 1990 [11]. This
model shows chaotic behavior when parameters are set to suitable values.

Hasegawa, Ikeguchi, and Aihara proposed a new approach to solve combinatorial opti-
mization problems [12]. In this approach, the neurons in chaotic neural networks are related
to the candidate solutions produced by the heuristics, which always produce feasible solu-
tions. The most important points for chaotic behavior in a chaotic neuron model are that
the output is an analog value and the refractory effect is reproduced; if a neuron fires, this
neuron does not fire for a while. These are important behaviors observed in real biological
neurons. The chaotic neuron model realizes them by using the sigmoidal function as the
activation function and the history of firings.

This method, which uses the chaotic neural network, is called “chaotic search,” and it
is applied to solve many types of combinatorial optimization problems such as the traveling
salesman problem [12, 13, 14, 15], quadratic assignment problem [16, 17, 18], vehicle routing
problem [19, 20], packet routing problem [21, 22, 23, 24, 25, 26, 27, 28], and motif extraction
problem [29, 30]. The chaotic search shows good performance for these problems with only
a few adjustments to the characteristics of the problems.

From this viewpoint, we also apply the chaotic search to solve the Steiner tree problem
in graphs. The main difference between the Steiner tree problem in graphs and other above
combinatorial optimization problems is that the heuristics for the Steiner tree problem in
graphs produces not only feasible solutions but also infeasible solutions. To deal with this
problem, we ignore the neurons that correspond to infeasible solutions, and investigate the
performance of this chaotic search.
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1.7 Outline

This thesis consists of five chapters. Chapter 2 deals with a Steiner tree problem. In Section
2.1, we describe the history of the Steiner tree problem. We introduce five types of Steiner
tree problems in Section 2.2. Then, we introduce three applications of Steiner tree problems
in Section 2.3. Among the various Steiner tree problems, we concentrate on the third one,
namely the Steiner tree problem in graphs. In section 2.4, we show how to represent the
solutions of the Steiner tree problem in graphs. Finally, we introduce the benchmark problems
used in this thesis in Section 2.5.

Chapter 3 deals with a construction method combined with network centralities. In
Section 3.1, we explain why we focus on the network centrality to solve the Steiner tree
problem in graphs. Then, we introduce three popular construction methods, namely the
shortest path heuristic, the distance network heuristic, and the average distance heuristic,
and a postprocessing method for solving the Steiner tree problem in graphs in Section 3.2.
Our proposed method is based on these conventional methods. Then, we introduce four
popular network centralities, namely the degree centrality, the eigenvector centrality, the
closeness centrality, and the betweenness centrality. Section 3.4 describes how to combine
construction methods and network centralities . In Section 3.5, we evaluate the performance
of our proposed method by using benchmark problems. The results of numerical experiments
are compared with the original (not using any network centrality) methods. The performance
is evaluated from the gaps in the optimum solution and the computational time by calculating
network centralities because the computational time of our proposed method is longer than
that of the original methods. In Section 3.6, we discuss the results obtained in the previous
section. This chapter is concluded with a summary of the major findings of using network
centralities in Section 3.7.

Chapter 4 deals with an improvement method using chaotic neurodynamics. In Section
4.1, we review the history of the solution method using chaotic neurodynamics for combinato-
rial optimization problems and why we apply this method to solve the Steiner tree problem in
graphs. Then, we introduce a popular method to make neighborhood solutions from a Steiner
tree in Section 4.2. This method is based on the fact that each Steiner tree can be represented
as a set of vertices. Because if there is an optimal Steiner tree, the minimum spanning tree of
the induced subgraph of the vertices, which are included in the optimal Steiner tree, is equal
to the optimal Steiner tree. From this viewpoint, the Steiner vertex neighborhood provides
a neighborhood solution by reversing the state of an arbitrarily selected non-terminal. Here,
the state indicates whether the selected non-terminal vertex is included in a current Steiner
tree or not. In other words, if the selected non-terminal vertex is included in the current
Steiner tree, an induced neighborhood solution is the minimum spanning tree of the vertex
set that removes the selected non-terminal vertex from the vertex set of the current Steiner
tree, and vice versa. Section 4.3 explains how to apply the solving method using chaotic
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neurodynamics or the chaotic search to solve the Steiner tree problem in graphs. In Section
4.4, we evaluate the performance of chaotic search to solve the Steiner tree problem in graphs
by using benchmark problems. The results of numerical experiments are compared with the
simple tabu search, which is realized by tuning the parameters of the chaotic search. The
performance is evaluated from the gaps in the optimum solutions, the computational time,
and the number of optimal solutions found during the search. Metaheuristics can find good
solutions, but it requires a considerable amount of time. From this viewpoint, it is fair to
compare the performance of algorithms taking the same computational time; however, it is
very difficult. Therefore, to compare the performance of algorithms as fair as possible, we set
a limit for the number of iterations. In other words, the performances of chaotic search and
tabu search are compared with the same total number of generated neighborhood solutions.
The number of optimal solutions found during the search is first introduced to evaluate the
performance of algorithms in [46]. This aspect evaluates the reliability of the algorithms. If
an algorithm searches good solutions frequently, the algorithm is capable of searching good
solutions stably. Thus, we use this evaluation point to compare the performance of chaotic
search and tabu search. Additionally, the results of numerical experiments are compared with
other effective conventional metaheuristics such as the sophisticated tabu search, genetic al-
gorithm, and greedy randomized adaptive search procedure. In Section 4.5, we discuss the
results obtained in the previous section. This chapter is concluded with a summary of the
major findings of using the chaotic search in Section 4.6.

Finally, this thesis is concluded with Chapter 5, which includes a summary of the major
findings of this thesis and future researches.

15



Chapter 2

Steiner tree problem

2.1 History

The original Steiner tree problem was proposed by Fermat (1601-1665). He proposed the
following problem: given three points in a plane, find the fourth point such that the sum of
its distances to the three given points is minimal. This problem is called the Fermat problem.
Torricelli, Cavalieri, and Simpson provided independent solutions to the problem.

Torricelli used equilateral triangles and circumscribing circles to find the fourth point be-
fore 1640. The intersection point of three circumscribing circles of three equilateral triangles
that have an edge connecting two of the given points is called the Torricelli point. In 1647,
Cavalieri showed that line segments from the three given points to the Torricelli point make
120° with each other. Simpson used only equilateral triangles to find the fourth point in 1750.
The intersection point of three lines joining the outside vertices of the equilateral triangles to
the opposite vertices of the given triangles is equivalent to the Torricelli point. These three
lines are called Simpson lines. Heinen proved that the lengths of the three Simpson lines are
the same as the sum of lengths from the Torricelli point to the three given points in 1834.

However, if one of the angles in a given triangle is at least 120°, the Torricelli point exists
outside the given triangle and is not the minimizing point. The minimizing point in this
case is the vertex of the obtuse angle. This fact was observed by Heinen in 1834 and also by
Bertrand in 1853.

Jarnik and Kossler asked the following in 1934: find the shortest network that intercon-
nects n points in the plane. In particular, they studied the above problem when the n points
are the corners of a regular n-gon. They found the shortest network for n = 3,4, and 5 and
proved that any n — 1 sides of the regular n-gon consist of the shortest network for n > 13.
Jarnik and Kossler made no reference to the Fermat problem because their problem was quite
different.

Courant and Robbins made the connection that the Fermat problem is the shortest inter-
connection network with n = 3 in their famous book “What is mathematics?” in 1941. They
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renamed these problems the Steiner problem after Jacob Steiner, a German mathematician
who studied the problem and generalized it to include an arbitrarily large set of points in
the plane.

Gilbert and Pollak [47] named Steiner minimal trees as the shortest interconnecting net-
works (note that whenever edges have positive lengths, the shortest network must be a tree)
and Steiner points for vertices in an Steiner minimal trees that are not among the n original
points.

The Steiner tree problem has been extended to various metric spaces. Among them, the
Euclidean Steiner tree (i.e., Steiner tree in the Euclidean plane), the rectilinear Steiner tree
(i.e., Steiner tree in the rectilinear plane), and the Steiner tree problem in graphs (i.e., Steiner
tree in an undirected network) have attracted the most attention.

Karp [33] showed that the Steiner tree problem in graphs is AN/P-hard. Later, in 1978,
Garay and Johnson showed that the rectilinear Steiner tree problem is also NP-hard, while
Garay, Graham, and Johnson [48] showed that the Euclidean Steiner tree problem is NP-
hard. Foulds and Graham [49] showed in 1982 that the Steiner tree problem in an n-
dimensional cube is still N’P-hard. This means that it is likely that no Steiner tree problems
have efficient optimal solutions.

There are two approaches to deal with A/P-hard problems: the exact algorithm and the
approximate algorithm. The exact algorithm is the approach that obtains exactly optimal
solutions even if the computational time becomes long. On the other hand, the approxi-
mate algorithm is the approach that obtains near optimal solutions in a reasonable time.
Various Steiner tree problems are expected to apply to solve real-world problems. Thus,
many researchers tries to develop efficient approximation algorithms to solve Steiner tree
problems. The purpose of approximation algorithms to find the best possible solution in the
shortest possible time. Approximation algorithms can be roughly divided into two types:
a construction method and an improvement method. Construction methods find a feasible
solution directly from an inputted instance. On the other hand, improvement methods try
to improve a given feasible solution. Thus, both methods are closely related to each other.

The first construction method to solve the Steiner tree problem in graphs was proposed
by Moore [47] in 1968. This algorithm uses the shortest path and minimum spanning tree
to find a Steiner tree. The worst case approximation ratio of this algorithm is two. The
approximation ratio is the ratio between the objective function value of the obtained solu-
tion by the algorithm and the objective function value of the optimal solution. Thus, the
minimum value of the approximation ratio is unity (it means that the algorithm always can
obtain the exact optimal solution). The performance of construction methods which have
guarantee of the worst case solution are usually evaluated by the worst case approximation
ratio. Zelikovsky [50] proposed the algorithm which uses a 3-Steiner tree to find a Steiner
tree in 1990. A k-Steiner tree is a tree with at most k terminals. If £ becomes large, making
a k-Steiner tree becomes difficult. The worst case approximation ratio of this algorithm is
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1.834. It is smaller than the algorithm which is proposed by Moore [47]. Using k-Steiner
trees is one trend in developing approximation algorithms to solve the Steiner tree problem in
graphs. Berman and Ramaiyer [51] proposed the 1.734 approximation algorithm which uses
k-Steiner tree in 1991. Also, Zelikovsky proposed the 1.694 approximation algorithm which
used k-Steiner tree in 1995. The next trend was caused by Karpinski and Zelikovsky [52].
They proposed to use the loss, and the worst case approximation ratio of this algorithm
is 1.644. Since then, using loss has become a trend in the development of approximation
algorithms to solve the Steiner tree problem in graphs. Hourardy and Promel [53] proposed
the 1.598 approximation algorithm in 1999. Also, Robins and Zelikovsky [54] proposed the
1.550 approximation algorithm in 2000. This algorithm is still the state-of-the-art algorithm
for solving the Steiner tree problem in graphs.

On the other hand, improvement methods can be roughly divided into two types: local
search and meta-heuristics. The local search repeats making neighborhood solutions from
a given solution and select the one of them as the next solution. If there are no better
solution in the neighborhood, the local search is terminated. The local search can improve
a given solution in many case, however, it returns a local (not a global) optimum solution.
To overcome this problem, meta-heuristics which controls the application of the local search
have been developed.

As local search methods for solving the Steiner tree problem in graphs, Steiner vertex
neighborhood and key path neighborhood are frequently used. Steiner vertex neighborhood
tries to make a new Steiner tree by adding or removing a Steiner vertex or non-terminal
to/from the current Steiner tree. Therefore, Steiner vertex neighborhood has the possibility
of finding infeasible solutions. On the other hand, a key path neighborhood tries to make
a new Steiner tree based on key paths. The key path is a simple path in a Steiner tree in
which both ends are key vertices, i.e., terminals or non-terminals that have at least 3 degrees
in the current tree. Thus, a Steiner tree is represented as a set of key paths. If we remove a
key path from the current Steiner tree, this Steiner tree is divided into two components. The
key path neighborhood reconnects these two components by its shortest path. Therefore, the
key path neighborhood always obtains a feasible solution.

We can improve a Steiner tree by repeatedly applying local search methods. However, this
method cannot find good solutions because it is easily trapped at local optima. To escape
from such local optima, meta-heuristics are used. Meta-heuristics control the application
of the local search. Many meta-heuristics have already proposed and combined with local
searches to solve the Steiner tree problem in graphs, including simulated annealing [55], tabu
search [56], greedy randomized adaptive search procedure [57] ant colony [58], and genetic
algorithm [59].
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2.2 Generalizations

The Steiner tree problem is very easy to express but very difficult to solve. Many variants
of the Steiner tree problems have been studied by many researchers. In this section, we
introduce the popular variants of the Steiner tree problem. The variants of the Steiner tree
problem are roughly divided into two types: defined in the plane and defined in the graph.

2.2.1 Geometric Steiner tree problem

The geometric Steiner tree problem is a natural expansion of Fermat’s question. In the geo-
metric Steiner tree problem, using different distances is equivalent to using different objective
functions. Therefore, the algorithms are tuned for each distance. The Euclidean distance
and rectilinear distance are usually used. An example of the geometric Steiner tree problem
is shown in Fig. 2.1. In Fig. 2.1, the red circles represent the given points and the white
circles represent Steiner points, which are points added to minimize the total length of the
network.

‘f'\

(a) Euclidean Steiner tree (b) Rectilinear Steiner tree

Figure 2.1: Example of the geometric Steiner tree problem. Red circles represent the given
points and white circles represent the Steiner points: points added to minimize the total
length of the network.

Euclidean Steiner tree problem

The Euclidean Steiner tree problem is defined as follows: given n points in a plane, find the
shortest network that connects them by line segments under the condition that the addition
of new points is permitted. Thus, the Euclidean Steiner tree problem is a generalization of
Fermat’s question: given three points in the plane, find the fourth point such that the sum
of its distances to the three given points is minimum. The Euclidean Steiner tree problem is
also known to be A'P-hard.
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Rectilinear Steiner tree problem

The rectilinear Steiner tree problem is one of the geometric Steiner tree problems in a plane.
It uses the rectilinear distance instead of the Euclidean distance. Therefore, the rectilinear
Steiner tree problem is defined as follows: given n points in a plane, find the shortest network
that connects them only by vertical and horizontal line segments under the condition that
the addition of new points is permitted. The rectilinear Steiner tree problem is also known
to be N'P-hard.

2.2.2 Steiner tree problem in graphs

The Steiner tree problem in graphs is a combinatorial version of the Steiner tree problem. We
focus on this problem in this thesis. It should be noted that there is no relationship between
algorithms for solving geometric Steiner tree problem and network Steiner tree problem. i.e.,
the Steiner tree problem in graphs.

Given an undirected graph G = (V, E), where V is a set of vertices and F is a set of
edges, a weight function w : E — Z*, and a set of terminal vertices T C V, a Steiner tree
is a tree S = (Vs, Eg) such that T'C Vg C V and Es C E. In other words, a Steiner tree
is a tree that spans T. A Steiner tree generally consists of not only terminal vertices but
also non-terminal vertices. Non-terminal vertices which included in a Steiner tree are called
Steiner vertices.

The objective of the Steiner tree problem in graphs is to find a Steiner tree that minimizes
the objective function F' in Eq. (2.1).

F(S)=> w(e)z(e), (2.1)

ecE

where S is a Steiner tree, w(e) is the weight of edge e, and z(e) is a decision variable described
as follows:

e) = {1 (e € Es C E), 22)

0 (otherwise),

where Fg C E' is a subset of edges included in the Steiner tree S. Namely, the weight of the
Steiner tree is the sum of the weight of the edges in the Steiner tree.

The Steiner tree problem in graphs is a generalization of two famous combinatorial opti-
mization problems: the shortest path problem and the minimum spanning tree problem. If
|T'| = 2, where || is the number of elements, the Steiner tree problem in graphs is equivalent
to finding the shortest path. The shortest path problem belongs to the class P. Thus, it is
easy to solve, for example, using the Dijkstra algorithm. On the other hand, if |T'| = |V,
the Steiner tree problem in graphs is equivalent to finding the minimum spanning tree. The
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minimum spanning tree problem also belongs to the class P. Thus, it is easy to solve, for
example, using the Kruskal algorithm. Except for these two special cases, the Steiner tree
problem in graphs is an NP-hard problem.

The Steiner tree problem in graphs is a basic and important combinatorial optimization
problem. The Steiner tree problem in graphs is applied to real-world problems, such as design
of very large-scale integration [2], multicast tree [3], and pipelines [60]. Because the Steiner
tree problem in graphs is AP-hard [33], many approximation methods have already been
proposed to solve this problem.

Constrained Steiner tree problem

The constrained Steiner tree problem considers minimizing the sum of the weight of each
directed path from a source vertex to all destinations with the sum of the delay of each
directed path smaller than its limit. More precisely, the input to the constrained Steiner tree
problem consists of a graph G = (V| F), two weighting functions (weight w : £ — RT and
delay d : E — R™), a source vertex s € V, a set of destination vertices D C V' \ {s}, and
a delay constrained 0. The goal is to find a subgraph S of G such that S is a directed tree
rooted at the source vertex s that spans all the destination vertices in D and that the sum of
the delay from the source vertex s to each destination vertex is at most 6. The total weight
of all edges in S is to be minimized.

Prize collecting Steiner tree problem

The prize collecting Steiner tree problem simultaneously considers minimization of the sum
of the weights of edges included in a Steiner tree and the sum of the penalties of vertices not
included in a Steiner tree. In the prize collecting Steiner tree problem, weights are associated
with the edges, and penalties are associated with the vertices of the graph. More precisely,
the input to the prize collecting Steiner tree problem consists of a graph G = (V| F), a weight
function w : F — R*, and a penalty function p: V' — R*. The goal is to find a subgraph S
of G such that S is a tree that minimizes the sum of the weight of edges included in the tree
and the sum of the penalties of vertices not included in the tree.
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2.3 Applications

The Steiner tree problem in graphs is one of the basic combinatorial optimization problems.
Thus, it is applied to many real-world problems, such as the design of electronic circuits,
computer networking, and telecommunication. In this section, we explain how these real-
world problems correspond to Steiner tree problems.

2.3.1 Very large scale integration

Very large scale integration (VLSI) [2] is the process of creating an integrated circuit by plac-
ing thousands or millions of electronic components, such as transistors, diodes, registers, and
capacitors on a single chip. It is used in almost all devices and systems, such as computers,
information devices, communication devices, home appliances, and automobiles.

Recent years, the number of electronic components on a single chip is rapidly grew. Thus,
the efficient algorithm for global routing in VLSI is strongly desired. To deal with it, good
positioning of elements is essential, because it can suppress the heating, make chips as small
as possible, and decrease the production costs. Many algorithms to minimizing the total
wire length, minimizing total area, and minimizing the production cost of the chip have been
proposed. Among them, most algorithms focus on minimizing the total wire length.

In the global routing phase of VLSI design, we determine the appropriate locations for
macro cells. Macro cells are the logical units that perform the desired functions on the
chip. They are characterized by their width, height, contact points (called terminals), and
electronic properties. The cells then need to be assigned to a certain rectangular area and
connected by wires. These wires usually placed rectilinearly on the chips. Thus, the global
routing of the VLSI design is the same as the rectilinear Steiner tree problem.

2.3.2 Multicast routing

The multicast routing [3] is one of the routing methods in computer networks. The multicast
routing distributes the data from a source devise to a group of destination devices simulta-
neously. For example, in teleconferencing, data from a source user is to be sent to a selected
number of destination users. From this viewpoint, we can treat the making multicast routing
tree problems as the Steiner tree problem in graphs. However, in this case, we have to con-
sider not only the total length of the telecommunication tree but also the delay from a source
to each destination. Thus, it is more appropriate to treat this problem as the constrained
Steiner tree problems, which minimizes the total length of the tree with the sum of delay of
each path between a source and a destination is smaller than its limits.
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2.3.3 Pipeline

The pipelines which transport water, oil, and gas require very expensive production cost.
Additionally, once these are made, it is difficult to make them from scratch. Therefore, it is
important to design the pipeline with as low as possible installation cost and the maintenance
cost before construction. The production cost of pipelines depends on the total length. Thus,
we can treat the designing layout of pipeline problems as the Euclidean Steiner tree problems.

E.K. Donkoh, S.K. Amponsah, and K.F. Darkwah [4] reported that the total length of the
minimum spanning tree and the Steiner tree of the pipeline of some west African countries,
Ghana, Benin, Togo, and Nigeria are shorter than the real one. More precisely, the total
length of the real pipeline is 788.90 km, however, the one of the minimum spanning tree
is 712.30 km, and the one of the Steiner tree is 707.75 km. These results indicate that
developing the algorithms to solve Euclidean Steiner tree problem is desired.
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2.4 Representation of solutions

The objective function of the Steiner tree problem in graphs (Eq. (2.1)) indicates that a set
of edges are required to calculate the objective function value. However, we can represent a
solution of the Steiner tree problem in graphs as a set of vertices by using the induced sub-
graph and the minimum spanning tree. The number of vertices are usually smaller than the
number of edges because the input of the Steiner tree problem in graphs must be connected.
Thus, we can reduce the memory usage by representing solutions as a vertex set instead of a
edge set.

Given a set of vertices Vg, it can be associated with a Steiner tree S corresponding to a
minimum spanning tree of the graph induced in G by Vg. Let Vg« be the set of vertices in
the optimal solution of the instance. Then, the minimum Steiner tree S* is also a minimum
spanning tree of the graph induced in G by the vertex set Vs«. From this viewpoint, we
represent a solution or a Steiner tree as a set of vertices.

If the obtained Steiner tree S has non-terminal leaves or non-terminal vertices whose
degree are one, these vertices are removed. This is because these vertices increase the weight
of the Steiner tree regardless of whether they contribute to connecting terminal vertices.
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2.5 Benchmark problems

The availability of computational test sets for combinatorial optimization is very important
for the development algorithms and comparison of their performances. For example, TSPLIB
has very much influenced the development of strong algorithms for solving the traveling
salesman problem. For the Steiner tree problem in graphs, SteinLib [61] is one of the most
popular libraries of instances. Thus, we use instances B, C, D, 1080, 1160, and 1320 in
SteinLib.

Tables 2.1-2.6 lists the most important characteristics of instances: instance name, num-
ber of vertices |V|, number of edges | E|, and number of terminals |7'|. Column “DC” shows
the difficulty classification, L, P, and NP. L indicates that the instance may be solved to
optimality by applying local reduction techniques. P indicates that the solution to the linear
programming relaxation is non-fractional. All other instances are classified as NP, i.e., no
polynomial time algorithm is known to date for these instances. A small s, m, h, or d indi-
cates that an instance may be solved to optimality within seconds, minutes, hours, or days
with state-of-the-art algorithms, respectively.

The most popular instance generation method was proposed by Aneja in 1980. Each
instance corresponds to a randomly generated connected graph with a specified set of |V
vertices and |E| edges. To generate instances that guarantee the existence of a feasible
solution, connectivity must be assured. Therefore, first a random spanning tree of the entire
set V' of vertices is generated. Then, additional edges are added randomly to the graph.
Finally, random weights between 1 and 10 are assigned to all edges.

This instance generation method has been applied by various authors. Beasley generated
a set of 18 instances according to this method with 50, 75, and 100 vertices. For each number
of vertices the number of terminals was chosen to be |V|/6, |V|/4, and |V|/2 and for each
graph the number of edges was specified to achieve an average vertex degree of 2.5 and 4.
This set of 18 instances became the data set B (Table 2.1). After that, Beasley extended the
size of instances when he generated new data sets (Tables 2.2 and 2.3).

Tables 2.4-2.6 show the incidence instances. These problem instances are randomly gen-
erated with |V| = 80, 160, and 320. For each of them, twenty variants are generated com-
bining four terminal set sizes, |T| = log, |V, 1/|V],2/|V], and |V|/4, with five different
densities, |E| = 3|V|/2,|V|In|V]|,|[V|(|]V] — 1)/2,2|V]|, and |V|(]V| — 1)/10, with all values
rounded down to the integer value. The instance name shows the information of the num-
ber of vertices, terminals, and the density of edges. For example, i080-012 means that the
instance has 80 vertices (thus, |V| = 80), [log, |V|] = |log,80] = 6.321928---| = 6 ter-
minals (log, |V is the first element of the above sequence of the number of terminals), and
[|V]In|V]|] = |801In80] = [350.562130 - - - | = 350 edges (|V|In |V is the second element of
the above sequence of the number of edges), where |n| is the floor function of n. The last
numeral 2 indicates that this is the second instance that have the same number of vertices,
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terminals, and edges.

In the incidence instances, the weight on each edge (4, ), w(i, j), is defined with a sample
r from a normal distribution, rounded to the closest integer value with a minimum value of 1
and maximum value of 500, i.e., w(i,j) = min{500, max{1l,round(r)}} , where round(n) is
a function that rounds down n to the closest integer value. To obtain a graph that is much
harder to reduce by preprocessing techniques, three distributions with different mean values
are used. Any edge (i,7) is incident to zero, one, or two terminals. The mean of r is 100 for
edges (i,j) with i,j ¢ T (no incidence with 7), 200 on edges (7, ) with one terminal, and
300 on edges (i,7) with both end-vertices ¢,j € T. The standard deviation for each of the
three normal distributions is 5.

Table 2.1: Benchmark problem set B

Name |V| |E| |T| DC Opt
b01 50 63 9 Ls 82
b02 50 63 13 Ls 83
b03 50 63 25 Ls 138
b04 50 100 9 Ls 59
b05 50 100 13 Ls 61
b06 50 100 25 Ps 122
b07 75 94 13 Ls 111
b8 75 94 19 Ls 104
b09 75 94 38 Ls 220
b10 75 150 13 Ps 86
b1l 75 150 19 Ls 88
bl2 75 150 38 Ls 174
b13 100 125 17 Ps 165
b14 100 125 25 Ps 235
b15 100 125 50 Ps 318
b16 100 200 17 Ps 127
bl7 100 200 25 Ps 131
b18 100 200 50 Ps 218
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Table 2.2: Benchmark problem set C

Name |V] |E| T| DC Opt
c01 500 625 ) Ps 85
c02 500 625 10  Ps 144
c03 500 625 83 Ps 754
c04 500 625 125 Ps 1079
c05 500 625 250 Ls 1579
c06 500 1000 ) Ps 55
c07 500 1000 10  Ps 102
c08 500 1000 8 Ps 509
c09 500 1000 125 Ps 707
cl0 500 1000 250 Ps 1093
cll 500 2500 ) Ps 32
cl2 500 2500 10  Ps 46
cl3 500 2500 83 Ps 258
cl4 500 2500 125 Ps 323
cl5 500 2500 250 Ls 556
cl6 500 12500 ) Ps 11
cl7 500 12500 10 Ps 18
cl8 500 12500 83 Ps 113
cl9 500 12500 125 Ps 146
c20 500 12500 250 Ls 267
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Table 2.3: Benchmark problem set D

Name |V| |E| |T| DC Opt

d01 1000 1250 5 Ps 106
do2 1000 1250 10 Ps 220
do3 1000 1250 167 Ps 1565
do4 1000 1250 250 Ps 1935
do5 1000 1250 500 Ps 3250
do6 1000 2000 5 Ps 67

do7 1000 2000 10 Ps 103
do8 1000 2000 167 Ps 1072
d09 1000 2000 250 Ps 1448
d10 1000 2000 500 Ps 2110
dil 1000 5000 5 Pm 29

d12 1000 5000 10 Pm 42

d13 1000 5000 167 Ps 500
di4 1000 5000 250 Ps 667
d15 1000 5000 500 Ps 1116
di6 1000 25000 5 Pm 13

d17 1000 25000 10 Pm 23

d18 1000 25000 167 Ps 223
d19 1000 25000 250 Ps 310
d20 1000 25000 500 Ls 537
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Table 2.4: Benchmark problem set 1080

Name V| |E| |T] DC  Opt
i080-001 80 120 6 Ps 1787
i080-002 80 120 6 Ps 1607
i080-003 80 120 6 Ps 1713
i080-004 80 120 6 Ps 1866
i080-005 80 120 6 Ps 1790
i080-011 80 350 6 Ps 1479
i080-012 80 350 6 Ps 1484
i080-013 80 350 6 Ps 1381
i080-014 80 350 6 Ps 1397
i080-015 80 350 6 Ps 1495
i080-021 80 3160 6 Ps 1175
i080-022 80 3160 6 Ps 1178
i080-023 80 3160 6 Ps 1174
i080-024 80 3160 6 Ps 1161
i080-025 80 3160 6 Ps 1162
i080-031 80 160 6 Ps 1570
i080-032 80 160 6 Ps 2088
i080-033 80 160 6 Ps 1794
i080-034 80 160 6 Ps 1688
i080-035 80 160 6 Ps 1862
i080-041 80 632 6 Ps 1276
i080-042 80 632 6 Ps 1287
i080-043 80 632 6 Ps 1295
i080-044 80 632 6 NPs 1366
i080-045 80 632 6 Ps 1310
i080-101 80 120 8 Ps 2608
i080-102 80 120 8 Ps 2403
i080-103 80 120 8 Ps 2603
i080-104 80 120 8 Ps 2486
i080-105 80 120 8 Ps 2203
i080-111 80 350 8 NPs 2051
i080-112 80 350 8 Ps 1885
i080-113 80 350 8 Ps 1884
i080-114 80 350 8 Ps 1895
i080-115 80 350 8 Ps 1868
i080-121 80 3160 8 Ps 1561
i080-122 80 3160 8 Ps 1561
i080-123 80 3160 8 Ps 1569
i080-124 80 3160 8 Ls 1555
i080-125 80 3160 8 Ps 1572
i080-131 80 160 8 Ps 2284
i080-132 80 160 8 Ps 2180
i080-133 80 160 8 Ps 2261
i080-134 80 160 8 Ps 2070
i080-135 80 160 8 Ps 2102
i080-141 80 632 8 Ps 1788
i080-142 80 632 8 Ps 1708
i080-143 80 632 8 NPs 1767
i080-144 80 632 8 Ps 1772
i080-145 80 632 8 Ps 1762
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Name V| |E| |T| DC Opt
i080-201 80 120 16 Ps 4760
i080-202 80 120 16 Ps 4650
i080-203 80 120 16 Ps 4599
i080-204 80 120 16 Ps 4492
i080-205 80 120 16 Ps 4564
i080-211 80 350 16 Ps 3631
i080-212 80 350 16 NPs 3677
i080-213 80 350 16 NPs 3678
i080-214 80 350 16 NPs 3734
i080-215 80 350 16 NPs 3681
i080-221 80 3160 16 Ps 3158
i080-222 80 3160 16 Ps 3141
i080-223 80 3160 16 Ps 3156
i080-224 80 3160 16 Ps 3159
i080-225 80 3160 16 Ps 3150
i080-231 80 160 16 Ps 4354
i080-232 80 160 16 Ps 4199
i080-233 80 160 16 Ps 4118
i080-234 80 160 16 Ps 4274
i080-235 80 160 16 NPs 4487
i080-241 80 632 16 NPm 3538
i080-242 80 632 16 Pm 3458
i080-243 80 632 16 NPm 3474
i080-244 80 632 16 NPs 3466
i080-245 80 632 16 NPs 3467
i080-301 80 120 20 Ps 5519
i080-302 80 120 20 Ps 5944
i080-303 80 120 20 Ps 5777
i080-304 80 120 20 Ps 5586
i080-305 80 120 20 NPs 5932
i080-311 80 350 20 Ps 4554
i080-312 80 350 20 NPs 4534
i080-313 80 350 20 Ps 4509
i080-314 80 350 20 NPs 4515
i080-315 80 350 20 NPs 4459
i080-321 80 3160 20 Ps 3932
i080-322 80 3160 20 Ps 3937
i080-323 80 3160 20 Ps 3946
i080-324 80 3160 20 Ps 3932
i080-325 80 3160 20 Ps 3924
i080-331 80 160 20 NPs 5226
i080-332 80 160 20 NPs 5362
i080-333 80 160 20 Ps 5381
i080-334 80 160 20 Ps 5264
i080-335 80 160 20 Ps 4953
i080-341 80 632 20 Ps 4236
i080-342 80 632 20 NPm 4337
i080-343 80 632 20 NPs 4246
i080-344 80 632 20 NPs 4310
i080-345 80 632 20 NPm 4341




Table 2.5: Benchmark problem set 1160

Name 4 |E| |T| DC Opt
i160-001 160 240 7 Ps 2490
i160-002 160 240 7 Ps 2158
i160-003 160 240 7 Ps 2297
i160-004 160 240 7 Ps 2370
i160-005 160 240 7 Ps 2495
i160-011 160 812 7 Ps 1677
i160-012 160 812 7 Ps 1750
i160-013 160 812 7 Ps 1661
i160-014 160 812 7 Ps 1778
i160-015 160 812 7 Ps 1768
i160-021 160 12720 7 Ps 1352
i160-022 160 12720 7 Ps 1365
i160-023 160 12720 7 Ps 1351
i160-024 160 12720 7 Ps 1371
i160-025 160 12720 7 Ps 1366
i160-031 160 320 7 Ps 2170
i160-032 160 320 7 Ps 2330
i160-033 160 320 7 NPs 2101
i160-034 160 320 7 Ps 2083
i160-035 160 320 7 Ps 2103
i160-041 160 2544 7 Ps 1494
i160-042 160 2544 7 Ps 1486
i160-043 160 2544 7 NPs 1549
i160-044 160 2544 7 Ps 1478
i160-045 160 2544 7 NPs 1554
i160-101 160 240 12 Ps 3859
i160-102 160 240 12 Ps 3747
i160-103 160 240 12 Ps 3837
i160-104 160 240 12 Ps 4063
i160-105 160 240 12 Ps 3563
i160-111 160 812 12 Ps 2869
i160-112 160 812 12 NPs 2924
i160-113 160 812 12 Ps 2866
i160-114 160 812 12 Ps 2989
i160-115 160 812 12 NPm 2937
i160-121 160 12720 12 Pm 2363
i160-122 160 12720 12 Ps 2348
i160-123 160 12720 12 Ps 2355
i160-124 160 12720 12 Ps 2352
i160-125 160 12720 12 Ps 2351
i160-131 160 320 12 Ps 3356
i160-132 160 320 12 Ps 3450
i160-133 160 320 12 Ps 3585
i160-134 160 320 12 Ps 3470
i160-135 160 320 12 Ps 3716
i160-141 160 2544 12 Ps 2549
i160-142 160 2544 12 NPm 2562
i160-143 160 2544 12 Ps 2557
i160-144 160 2544 12 NPm 2607
i160-145 160 2544 12 Ps 2578
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Name V] |E| |T| DC Opt
i160-201 160 240 24 NPs 6923
i160-202 160 240 24 Ps 6930
i160-203 160 240 24 Ps 7243
i160-204 160 240 24 Ps 7068
i160-205 160 240 24 Ps 7122
i160-211 160 812 24  NPm 5583
i160-212 160 812 24  NPm 5643
i160-213 160 812 24  NPm 5647
i160-214 160 812 24  NPm 5720
i160-215 160 812 24  NPm 5518
i160-221 160 12720 24 Pm 4729
i160-222 160 12720 24 Pm 4697
i160-223 160 12720 24 Pm 4730
i160-224 160 12720 24 Pm 4721
i160-225 160 12720 24 Pm 4728
i160-231 160 320 24 Ps 6662
i160-232 160 320 24 NPs 6558
i160-233 160 320 24 Ps 6339
i160-234 160 320 24 Ps 6594
i160-235 160 320 24 Ps 6764
i160-241 160 2544 24 NPh 5086
i160-242 160 2544 24 NPh 5106
i160-243 160 2544 24  NPm 5050
i160-244 160 2544 24  NPm 5076
i160-245 160 2544 24 NPm 5084
i160-301 160 240 40 Ps 11816
i160-302 160 240 40 Ps 11497
i160-303 160 240 40 Ps 11445
i160-304 160 240 40 Ps 11448
i160-305 160 240 40 NPs 11423
i160-311 160 812 40 NPm 9135
i160-312 160 812 40 NPm 9052
i160-313 160 812 40 NPh 9159
i160-314 160 812 40 NPm 8941
i160-315 160 812 40 NPm 9086
i160-321 160 12720 40 Pm 7876
i160-322 160 12720 40 NPm 7859
i160-323 160 12720 40 Pm 7876
i160-324 160 12720 40 NPm 7884
i160-325 160 12720 40 NPm 7862
i160-331 160 320 40 Ps 10414
i160-332 160 320 40 NPs 10806
i160-333 160 320 40 Ps 10561
i160-334 160 320 40 Ps 10327
i160-335 160 320 40 Ps 10589
i160-341 160 2544 40 NPh 8331
i160-342 160 2544 40 NPd 8348
i160-343 160 2544 40 NPh 8275
i160-344 160 2544 40 NPh 8307
i160-345 160 2544 40 NPh 8327




Table 2.6: Benchmark problem set 1320

Name 4 |E| |T| DC Opt
i320-001 320 480 8 Ps 2672
i320-002 320 480 8 Ps 2847
i320-003 320 480 8 Ps 2972
i320-004 320 480 8 Ps 2905
i320-005 320 480 8 Ps 2991
i320-011 320 1845 8 NPs 2053
i320-012 320 1845 8 Ps 1997
i320-013 320 1845 8 Ps 2072
i320-014 320 1845 8 NPs 2061
i320-015 320 1845 8 NPs 2059
i320-021 320 51040 8 Lm 1553
i320-022 320 51040 8 Pm 1565
i320-023 320 51040 8 Pm 1549
i320-024 320 51040 8 Pm 1553
i320-025 320 51040 8 Pm 1550
i320-031 320 640 8 NPs 2673
i320-032 320 640 8 NPs 2770
i320-033 320 640 8 Ps 2769
i320-034 320 640 8 Ps 2521
i320-035 320 640 8 Ps 2385
i320-041 320 10208 8 Ps 1707
i320-042 320 10208 8 Ps 1682
i320-043 320 10208 8 NPm 1723
i320-044 320 10208 8 Ps 1681
i320-045 320 10208 8 Ps 1686
i320-101 320 480 17 Ps 5548
i320-102 320 480 17 Ps 5556
i320-103 320 480 17 Ps 6239
i320-104 320 480 17 Ps 5703
i320-105 320 480 17 Ps 5928
i320-111 320 1845 17 NPm 4273
i320-112 320 1845 17  NPm 4213
i320-113 320 1845 17 NPm 4205
i320-114 320 1845 17 NPm 4104
i320-115 320 1845 17 NPs 4238
i320-121 320 51040 17 Pm 3321
i320-122 320 51040 17 Pm 3314
i320-123 320 51040 17 Pm 3332
i320-124 320 51040 17 Pm 3323
i320-125 320 51040 17 Pm 3340
i320-131 320 640 17 Ps 5255
i320-132 320 640 17 Ps 5052
i320-133 320 640 17 Ps 5125
i320-134 320 640 17 Ps 5272
i320-135 320 640 17 NPs 5342
i320-141 320 10208 17 NPh 3606
i320-142 320 10208 17 Pm 3567
i320-143 320 10208 17 Pm 3561
i320-144 320 10208 17 Ps 3512
i320-145 320 10208 17 NPm 3601
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Name V] |E| |T| DC Opt
i320-201 320 480 34 Ps 10044
i320-202 320 480 34 Ps 11223
i320-203 320 480 34 Ps 10148
i320-204 320 480 34 Ps 10275
i320-205 320 480 34 NPs 10573
i320-211 320 1845 34 NPm 8039
i320-212 320 1845 34 NPm 8044
i320-213 320 1845 34 NPm 7984
i320-214 320 1845 34 NPm 8046
i320-215 320 1845 34 NPh 8015
i320-221 320 51040 34 NPh 6679
i320-222 320 51040 34 NPh 6686
i320-223 320 51040 34 NPm 6695
i320-224 320 51040 34 NPm 6694
i320-225 320 51040 34 NPm 6691
i320-231 320 640 34 NPs 9862
i320-232 320 640 34 NPs 9933
i320-233 320 640 34 Ps 9787
i320-234 320 640 34 Ps 9517
i320-235 320 640 34 Ps 9945
i320-241 320 10208 34 NPh 7027
i320-242 320 10208 34 NPh 7072
i320-243 320 10208 34 NPh 7044
i320-244 320 10208 34 NPh 7078
i320-245 320 10208 34 NPh 7046
i320-301 320 480 80 Ps 23279
i320-302 320 480 80 Ps 23387
i320-303 320 480 80 Ps 22693
i320-304 320 480 80 Ps 23451
i320-305 320 480 80 NPs 22547
i320-311 320 1845 80 NPd 17945
i320-312 320 1845 80 NPd 18122
i320-313 320 1845 80 NPd 17991
i320-314 320 1845 80 NPd 18088
i320-315 320 1845 80 NPd 17987
i320-321 320 51040 80 NPh 15648
i320-322 320 51040 80 NPh 15646
i320-323 320 51040 80 NPh 15654
i320-324 320 51040 80 NPh 15667
i320-325 320 51040 80 NPh 15649
i320-331 320 640 80 NPs 21517
i320-332 320 640 80 NPs 21674
i320-333 320 640 80 NPs 21339
i320-334 320 640 80 Ps 21415
i320-335 320 640 80 NPs 21378
i320-341 320 10208 80 NPh 16296
i320-342 320 10208 80 NPh 16228
i320-343 320 10208 80 NPh 16281
i320-344 320 10208 80 NPh 16295
i320-345 320 10208 80 NPh 16289




Chapter 3

Construction method combined with
network centralities

3.1 Background of Chapter 3

The construction algorithm is an approximation algorithm that finds an approximate solution
from an instance. The construction algorithm plays an important role when we want to obtain
approximated solutions in reasonable time. Additionally, it is important to develop efficient
construction algorithms because construction algorithms are used to find initial solutions for
improvement algorithms.

Many construction algorithms to solve the Steiner tree problem in graphs use the shortest
path and the minimum spanning tree. For example, the shortest path heuristic (SPH) [35]
proposed by Takahashi and Matsuyama starts from a tree that consists of an arbitrary
terminal. Then, it repeats including the shortest path between two vertices: one is a vertex
included in a tree and the other is a terminal not included in a tree. The distance network
heuristic (DNH) [36] proposed by Kou, Markowsky, and Berman starts from a complete graph
of terminals. Then, it makes a minimum spanning tree of the complete graph. After that,
it replaces edges of the minimum spanning tree to the shortest path between both sides of
vertices of the edge in the input graph. Both SPH and DNH are 2-approximation algorithms;
however, SPH can find smaller-weight Steiner trees than DNH. The reason why SPH shows
better performance than DNH is that SPH considers the overlap of the shortest paths between
terminals. Thus, the overlap of the shortest paths between terminals is important to find
good Steiner trees.

However, if multiple shortest paths exist between terminal pairs, SPH sometimes finds
large-weight Steiner trees. To overcome this issue, a simple approach is to select a shortest
path that is expected to overlap many shortest paths from all shortest paths. Unfortunately,
enumerating all shortest paths has high computation costs. Thus, this approach is difficult
to realize.
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In complex network theory, network centrality that measure the importance of vertices and
edges exists. Important vertices and edges in networks are expected to also be important for
making small-weight Steiner trees. From this viewpoint, we propose a construction method
that uses network centralities.
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3.2 Basic algorithms of the construction method

3.2.1 Shortest path heuristic

The shortest path heuristic (SPH) [35] was proposed by Takahashi and Matsuyama. It starts
from a tree that consists of an arbitrary terminal. Then, it repeats including the shortest
path between two vertices: one is a vertex included in the tree and the other is a terminal
not included in the tree.

The procedure of SPH is as follows. First, set Sspy = (Vspu, Espu), where Vspy = {to},
Espy = {0}, and ¢, is an arbitrary terminal. We randomly select ¢y from T'. Secondly, repeat
including the shortest path between v € Vgpy and t € T Q Vspu to Sspy. If T' C Sspy, the
SPH is terminated. The computation cost of the SPH is O(|T||E| + |T'||V|log|V]), where
|V] is the number of vertices, |E| is the number of edges, and |T| is the number of terminals.

Figure 3.1 shows a schematic diagram of the SPH. In Fig. 3.1, circles indicate vertices and
lines indicate edges. Red circles are terminals and bold lines are edges included in the Steiner
tree. We assume that the weight of each edge is unity for the sake of simplicity. The SPH
starts from a tree that consists of an arbitrary terminal. We select vertex a in Fig. 3.1 (a).
Then, repeat including the shortest path between a vertex included in the tree and a terminal
not included in the tree. We connect vertex a and vertex f by using its shortest path. Then,
we connect vertex b and vertex d by using its shortest path (Fig. 3.1 (b)). After that, we
connect vertex f and vertex k by using its shortest path (Fig. 3.1 (c)). If all terminals are
connected, SPH is terminated (Fig. 3.1 (d)). The objective function value of Fig. 3.1 (d) is
SiX.

3.2.2 Distance network heuristic

The distance network heuristic (DNH) [36] was proposed by Kou, Markowsky and Berman.
It starts from a complete graph of terminals, then, makes a minimum spanning tree of the
complete graph. After that, replace edges of the minimum spanning tree to the shortest path
between both sides of vertices of the edge in the input graph.

The procedure of DNH is as follows. First, construct a complete graph of T', H = (T, Ey),
where Ep is the set of edges of the complete graph. Weights of edges in Hg equal the shortest
distances between each terminal pair in the input graph G. If there are some replaceable
shortest paths, select an arbitrary one. Next, construct a minimum spanning tree of H,
MST(H). Finally, replace edges of MST(H) by the shortest path in G. The computation
cost of the DNH depends on the computation cost of the shortest path or the Dijkstra
algorithm [31], O(|T'||E| + |T||V|log|V]|) with Fibonacci heap [62].

Figure 3.2 shows a schematic diagram of the DNH. In Fig. 3.2, circles indicate vertices
and lines indicate edges. Red circles are terminals and bold lines are edges included in
the Steiner tree. We assume that the weight of each edge is unity. The DNH considers a
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(c) (d)

Figure 3.1: Schematic diagram of SPH. Circles indicate vertices and lines indicate edges. Red

circles are terminals and bold lines are edges included in the Steiner tree. We assume that
the weight of each edge is unity. (a) A given graph. SPH starts from a tree that consists of
an arbitrary terminal (vertex a in this example). (b) Connect vertex a and vertex f, which is
the nearest terminal to vertex a, by using its shortest path. Two patterns of shortest paths
exist between vertices a and f. Here, we select an arbitrary one. (¢) Connect vertex b and
vertex d by using its shortest path. (d) Connect vertex f and vertex k by using its shortest
path. The objective function value of (d) is six (by Eq. (2.1)).
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distance network that is a complete graph consisting of terminals (Fig. 3.2 (b)). Then, we
consider a minimum spanning tree of the distance network (Fig. 3.2 (c)). After that, edges
of the minimum spanning tree are replaced by the shortest path between both end vertices
(Fig. 3.2 (d)). The objective function value of Fig. 3.2 (d) is six.

0—O—0—0 @0

\S

() (d)

Figure 3.2: Schematic diagram of DNH. (a) A given graph. (b) A distance network of (a). A
distance network is a complete graph consisting of all terminals. Broken lines indicate edges
included in this distance network. Each edge weight equals the shortest distance between
terminal pairs in the input graph. (¢) A minimum spanning tree of (b). Solid black lines

indicate edges included in this minimum spanning tree. (d) A Steiner tree obtained using
DNH. The objective function value of (d) is six (by Eq. (2.1)).

3.2.3 Average distance heuristic

The average distance heuristic (ADH) [37] also uses the shortest path for constructing a
Steiner tree. The ADH repeats combining trees until it becomes a Steiner tree. At first, |T|
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trees consisting of one terminal exist. Then, two trees are combined by using the shortest
path between these trees via a vertex v that minimizes an evaluation function L (Eq. (3.1)).

L(v) = min —_—, (3.1)

where k is the number of trees, t,; is the ith nearest tree from v, and d(v,t,;) is the shortest
distance between the vertex v and the nearest vertex in ¢, ; from v. t,; is ordered by increasing
distance from v. Namely, t,.0,ty1, ..., ty, Where d(v,t,0) < d(v,t,1) < ... < d(v,t, ). Then,
define Li(v), Ly(v), ..., Lg(v) by Li(v) = d(n,t,0) + d(n,t,1) and L.(v) = [(r — 1)L,_1(v) +
d(v,ty,.)]/r,1 <r < k. Clearly, L(v) = min{L,(v) : 1 <r < k}.

An example of the process of the ADH is shown in Fig. 3.3. First, four trees (red, blue,
orange, and green) exist (Fig. 3.3 (a)). The right table shows the shortest distance between
vertices and trees of the graph. From this table, for example, t,o = a, t,1 = f, t.o = d, and
tas =k. Thus, Li(a) =0+2 =2, Ly(a) = (24+2)/2 = 2, and Ls(a) = (2-2+4)/3 = 8/3.
Therefore, L(a) = 2. Similarly, L(b) = 2, L(c) = 2.333---, L(d) = 3, L(e) = 2, L(f) = 2,
L(g) =2, L(h) = 2, L(i) = 3, L(j) = 2, L(k) = 2, and L(l) = 2. In this case, one of the
vertices that minimizes L is vertex b. Then, two trees nearest vertex b (red and orange) are
combined via vertex b (Fig. 3.3 (b)).

Next, three trees (red, blue, and green) exist (Fig. 3.3 (b)). The right table shows the
shortest distance between vertices and trees of the graph. In this case, one of the vertices
that minimize L is vertex c. Then, two trees nearest vertex ¢ (red and blue) are combined
via vertex ¢ (Fig. 3.3 (c)).

Next, two trees (red and green) exist (Fig. 3.3 (c¢)). The right table shows the shortest
distance between vertices and trees of the graph. In this case, one of the vertices that
minimize L is vertex g. Then, two trees nearest vertex g (red and green) are combined via
vertex g (Fig. 3.3 (d)). This is the Steiner tree, and the ADH is terminated. The computation
cost of the ADH is O(|T||V||E| + |T||[V|*1log|V]).

3.2.4 Postprocessing

The obtained solutions sometimes have loops. Thus, we applied postprocessing to remove
any loops. We use the minimum spanning tree for postprocessing. The procedure of postpro-
cessing is as follows. First, make the minimum spanning tree of the induced subgraph by the
obtained solution. Then, remove non-terminal leaves. The induced subgraph is a subgraph
of the given graph, which consists of vertices included in the obtained solution and edges
belonging to these vertices. A leaf is a vertex with degree one. If a leaf is non-terminal, this
vertex does not need to span. Thus, we remove them.

Figure 3.4 shows a schematic diagram of the postprocessing. The postprocessing is ap-
plied to obtain a subgraph as in Fig. 3.4 (a). First, make an induced subgraph by the
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Figure 3.3: Schematic diagram of ADH. Colored vertices indicate terminals. Different colors
indicate different trees. The right table indicates the shortest distance between vertices and
trees. (a) Start with four trees that include a terminal. A vertex that minimizes L is selected
to combine two trees. In this case, vertex b is selected to combine the red and orange trees.
(b) Red and orange trees in (a) are combined via vertex b. The number of trees is reduced
from four to three. Here, vertex c is selected to combine the red and blue trees. (c¢) Red and
blue trees in (b) are combined via vertex c. The number of trees is reduced from three to
two. Here, vertex g is selected to combine the red and green trees. (d) Red and green trees
in (c) are combined via vertex g. Then, the forest becomes a tree. This tree is a Steiner tree
obtained using ADH.
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obtained subgraph (Fig. 3.4 (b)). Then, make a minimum spanning tree of the induced
subgraph (Fig. 3.4 (c¢)). Finally, trim any non-terminal leaves of the minimum spanning
tree (Fig. 3.4 (d)). After applied the postprocessing, the obtained solution must satisfy the
requirements of the Steiner tree, i.e., a tree that spans all terminals.

(c) (d)

Figure 3.4: Schematic diagram of postprocessing. (a) An example of the obtained solution

with a loop (vertex a—b—f—e). (b) An induced subgraph from (a). (¢) A minimum spanning
tree of (b). In this tree, vertex b is a non-terminal leaf. The vertex b does not need to
span because the vertex b is non-terminal. Thus, we remove this leaf from the tree. (d) An
obtained Steiner tree.
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3.3 Network centralities

3.3.1 Degree centrality

The degree is the number of edges associated with a vertex. Thus, the degree centrality [8]
evaluates vertices with large degree as important. The degree centrality of the ith vertex,
d, (1), is defined as follows:

Vi
dy(i) = Zaij; (3.2)

where a;; is the 7jth element of the adjacency matrix of the network; if an edge between the
ith vertex and jth vertex exists, a;; = 1; otherwise, a;; = 0.

An example of the degree centrality is shown in Fig. 3.5. For instance, the degree centrality
of the vertex 1 is calculated as follows:

dy(1) = a1y + a12 + a1z + a14 + ag5 + ase,
=04+14+0+1+0+40,
= 2.

In Fig. 3.5, blue colored numerals show the degree centrality of each vertex. In this network,
the vertex 4 has the largest degree centrality, and the vertices 5 and 6 have the smallest
degree centrality. The calculation cost of the degree centrality of all vertices is O(]V[?) in
the dense graph and O(|F|) in the sparse graph.

N
eYo

Figure 3.5: Example of the degree centrality

3.3.2 Eigenvector centrality

The degree centrality only considers the number of adjacent vertices to a vertex. However, do
all vertices have the same importance? In a real-world network, the importances of vertices
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sometimes differ. For example, from the viewpoint of making friends, the connection with a
friend who has many friends is stronger than the connection with a friend who has a small
number of friends.

To do this, it is necessary to consider the importance of adjacent vertices to a vertex.
Here, we assume that the centrality of a vertex is in proportion to the sum of the centralities
of adjacent vertices. This situation is expressed as follows:

Vi

i) = 1 Y ase), (36)

where e,(7) is the centrality of the 7th vertex, 1/\ is a positive proportion constant, and a;;
is the 77th element of the adjacency matrix of the network.

An example of this centrality is shown in Fig. 3.6. For instance, the centrality of the
vertex 1 is calculated as follows:

ep(1) = %{au cey(1) + agn - €,(2) + a13 - €,(3) + a4 - €,(4) + a15 - €,(5) + azg - €,(6)} (3.7)

= %{O cep(1)+1-6,(2)+0-€e,(3)+1-€,(4)+0-e,(5)+0-e,(6)} (3.8)
— el + @)} (39)

The adjacency matrix is A and a column vector of the centrality of vertices is ¢. Then,
Eq. (3.6) can be expressed as follows:

c= —Ac. (3.10)
Then, we can transform it to
Ac = Ac. (3.11)

Here, Eq. (3.11) means that X is an eigenvalue of A and c is its eigenvector. Thus, we can
obtain a network centrality that considers the importance of adjacent vertices to a vertex
by using the eigenvector of the adjacency matrix. In particular, the first eigenvector that
corresponds to the eigenvalue with the maximum value is called the eigenvector centrality [9].

The eigenvector centrality of a vertex reflects the centrality of its adjacent vertices; how-
ever, these adjacent vertices also reflect the centrality of its adjacent vertices. Therefore, if a
network is connected, the eigenvector centrality reflects the structure of the network.

In an undirected network, we obtained the degree centrality as the sum of each row of the
adjacency matrix. This indicates the direct connection or the relationship in one step. We
can expand it to the relationship in two or three steps as the sum of each row of A% or A3,
respectively. In the case of the m steps, the sum of each row of A™ expresses the centrality
of each vertex; however, these values become large when m becomes large.
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Here, let the centrality in m steps is A /A", where A; is the largest eigenvalue of A, the
centrality of each vertex, or the sum of each row of A™ /A" converges to the corresponding
element of the first eigenvector of A.

The easiest way to obtain the eigenvector corresponding to the maximum eigenvalue is
the power method. If A is a regular matrix,

A’UZ' = )\i’l)i, (312)

where \; is an eigenvalue and w; is its eigenvector. Let &g = c1v1 4+ covs + - - - + ¢, vy,

Axg = ciAvy + o Avy + - - + ¢, Av,, (3.13)
= CIA\1V] + Co AoV + - - - + A\, U, (3.14)
Thus,
A?xy = A(Axy), (3.15)
= Cl)\lA'Ul + CQ/\QA’UQ + -+ CnAnA’Un, (316)
= cl)\%vl + CQ)\%UQ + -+ cn)\i'vn. (317)
Similarly,
Argy = cl)\’fvl + 02)\’2“'02 + -+ cn)\van, (3.18)
A\ A\
:)\'f c1V1 + Co =2 Vot --+cp| — | Uy (3.19)
A1 A1
Here, |)\1| > |)\2| > e > |)\n| > 0. ThUS, |)\2//\1| < ]_, |/\3/)\1| < 1, SR |/\n/)\1| < 1.

Therefore, |\;/A\i|* converges to 0, where k — oo. Consequently, A*xq ~ c; \Fv,.

An eigenvector is still an eigenvector if it is multiplied by an arbitrary real value. Thus,
the normalized value of them by dividing the maximum value of them are frequently used.
In Fig. 3.6, blue colored numerals show the normalized eigenvector centrality of each vertex.
In this network, the vertex 4 has the largest centrality, and the vertices 5 and 6 have the
smallest centrality.

3.3.3 Closeness centrality

Closeness centrality [10] measures how close a vertex is to all the other vertices in the network.
The closeness centrality of the ith vertex, ¢, (i), is defined as follows:

¢o(8) = (3.20)

> dy
j=1
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0.644 0.354

Figure 3.6: Example of eigenvector centrality

where d;; is the ijth element of the distance matrix, i.e., the shortest distance between the
ith vertex and the jth vertex. An example of the closeness centrality is shown in Fig. 3.7.
For instance, the closeness centrality of the vertex 1 is calculated as follows:

e(l) = diy + dip + dy3 *1F diy + dis + dyg’ (3:21)
:0+1+2i1+2+2’ (3:22)
_ % (3.23)
—0.125. (3.24)

In Fig. 3.5, blue colored figures show the closeness centrality of each vertex. In this net-
work, the vertex 4 has the largest closeness centrality, and the vertices 5 and 6 have the
smallest closeness centrality. The calculation cost of the closeness centrality of all vertices
is O(|V||E| + |[V]*1og|V|) because the calculation cost of the single-source shortest path is
O(|E| + |V|log|V]), and this is repeated |V| times.

0.125 0.111

0.125 0.111

Figure 3.7: Example of closeness centrality
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3.3.4 Betweenness centrality

Betweenness centrality [8] detects central vertices or edges in the network using the shortest
path information. If a vertex or edge frequently appears on the shortest paths of a network,
the vertex or edge has a large betweenness centrality. The betweenness centrality of the ith
vertex, b, (i), is defined as follows:

MY b
b() =D Y ~p (3.25)
j=Lk=it1, I*
A KA

where j and k are start and end vertices of the shortest path, Pj; is the total number of
shortest paths between j and k, and Pj;(7) is the total number of shortest paths between j
and k through the vertex i. An example of the calculation process of betweenness centrality
is shown in Fig. 3.8. In Fig. 3.8, orange colored figures express the number of shortest paths
between j and k through each vertex. For instance, in Fig. 3.8 (b), there is only one shortest
path between vertex 1 and vertex 2, vertex 1 and vertex 4, vertex 1 and vertex 5, and vertex 1
and vertex 6. Next, there are two shortest paths between vertex 1 and vertex 3. Thus, vertex
2 appears on only one shortest path and vertex 4 appears on three shortest paths. Because
there are two shortest paths between vertex 1 and vertex 3, 1 -2 — 3 and 1 — 4 — 3, the
Pu@) _ 5 ang 2@ _ o5

By repeating this procedure, the sum of each orange jckolored value becéﬁnes the between-
ness centrality of each vertex. From Fig. 3.8, b,(1) = 0, b,(2) = 0.5, b,(3) = 0, b,(4) = 7.5,
b,(5) =0, and b,(6) = 0. An example of the betweenness centrality is shown in Fig. 3.9.

effects of these paths are divided by two. Therefore,

The betweenness centrality can be defined for not only vertices but also edges. Thus,
an example of the betweenness centrality of edges is shown in Fig. 3.9. Hereafter, we call
the betweenness centrality of vertices the verter betweenness centrality and the betweenness
centrality of edges the edge betweenness centrality. The calculation cost of both betweenness
centralities of all vertices or edges is O(|V||E| + |V|?log |V]) by [63].
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(a) Example network

OO,
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(b) j=1and k=2 3,4,5,6

O =~
© O

(c)j=2and k =3,4,5,6 (d) j=3and k=4,5,6

() j=4and k=5,6 (f)j=band k=6

Figure 3.8: Example of the calculation process of betweenness centrality
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Figure 3.9: Example of vertex betweenness centrality

Figure 3.10: Example of edge betweenness centrality
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3.4 Construction method combined with network cen-
tralities

The SPH [35] and ADH [37] use shortest paths, and the DNH [36] uses not only shortest
paths but also a minimum spanning tree to construct the Steiner tree. Both the shortest
path and minimum spanning tree use edge weights. From this viewpoint, we use the network
centrality information instead of using the edge weights directly. To realize this, new edge
weights based on the original edge weights and a network centrality are defined. The new
edge weight function w’ is defined as follows:

1
Ce(i, 7))’

where « is a scaling parameter, w(i, j) is the original edge weight of the edge (i, j), and C¢ (4, j)

w'(i,7) = aw(i, j) + (1 — @)

(3.26)

is the one of the network centralities (the degree, eigenvector, closeness, or betweenness
centralities) of the edge (i, 7).

If vertices or edges have large network centralities, they are important in the network.
However, the object of the Steiner tree problem in graphs is to find the minimum weight
Steiner tree. Thus, small-weight edges have priority to construct the small-weight Steiner
tree. To overcome this contradiction, we use a reciprocal of network centrality. If the network
centrality is 0, its reciprocal cannot be calculated. In this case, we set it to 1 because it is the
maximum value of the reciprocal. On the other hand, a suitable value of « strongly depends
on the range of the original edge weight. To make the tuning of « easy, we use normalized
w(i,j) and 1/C.(7,j) by dividing them by their maximum value.

If we use the network centralities of vertices, we transform the network centralities of
vertices to those of edges by

Cufi) = S ) (3.27)
where (7, j) is the edge between the vertices ¢ and j, and C,(7) is one of the network centralities
(the degree, eigenvector, closeness, or betweenness centralities) of the vertex i.

A flowchart of the proposed method is shown in Figure 3.11. First, calculate a network
centrality. If we use network centrality of vertices, we transform it to the network centrality of
edges by Eq. (3.27). Then, calculate w’ by Eq. (3.26). Next, apply the construction method
to an input graph with w’. In this thesis, we use SPH, DNH, and ADH as the construction
method. The obtained subgraph sometimes does not satisfy the requirements of the Steiner
tree. Thus, apply postprocessing to the obtained subgraph to find the Steiner tree. Finally,
replace w’ with w and recalculate the weight of the obtained Steiner tree.

The demerit of our proposed method is increased computation cost. The computation
costs of the construction methods are O(|T||E| + |T||V|log|V]) for SPH and DNH and
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Calculate a network centrality

Using network centrality of edges?
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v

Transform centrality of vertices to edges

Y

Calculate w’

Make a Steiner tree by construction method

Recalculate weight of an obtained Steiner tree with w

/ Output an obtained Steiner tree /

End

Figure 3.11: Flowchat of the construction method using network centrality
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O(IT|V||E| + |T||V|?log |[V]) for ADH. On the other hand, the computation costs of the
network centralities of all vertices are O(|V|?) in the dense graph and O(|E|) in the sparse
graph for the degree centrality, O(|V||E| + |V|*log|V]) for the closeness centrality, and
O(IV|IE| + |V|*1log|V|) for the betweenness centrality [63]. Thus, using the betweenness
centrality causes an increase in the order of the computation cost.
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3.5 Performance evaluation

3.5.1 Experimental conditions

We evaluated the performance of the construction methods combined with network central-
ities by numerical experiments. We use benchmark problem sets B, C, D, 1080, 1160, and
1320 in SteinLib [61]. Details of these benchmark problem sets are shown in Sec. 2.5. The
scaling parameter « of Eq. (3.26) was set to its optimal value in [0.0,1.0) per instance by
pre-numerical experiments. If o = 0.0, w'(i,7) = 1/C.(i, 7). On the other hand, if & = 1.0,
w'(i,7) = w(i,j). Thus, if 0.0 < a < 1.0, w'(i,j) differs from the original method. We
construct 50 Steiner trees per instance by each method because these methods have ran-
domness. We use the Dijkstra algorithm [31] to calculate the shortest path and the Kruskal
algorithm [32] to calculate the minimum spanning tree. To remove biases of implementation,
we shuffled the order of indices of edges randomly before executing the Kruskal algorithm.

3.5.2 Parameter tuning

The construction method combined with network centrality has a scaling parameter «. It
must be set to an optimal value. If « is too small, the effect of network centrality becomes
large, and our proposed method finds Steiner trees by ignoring the given edge weights. It
shows poor performance because the objective of the Steiner tree problem in graphs is finding
a Steiner tree with minimum weight. On the other hand, if « is too large, the effect of
the given edge weights becomes large and our proposed method becomes the conventional
methods.

The effect of the value of a for the obtained Steiner tree is shown in Figs. 3.12, 3.13,
and 3.14. In Figs. 3.12, 3.13, and 3.14, circles indicate vertices and lines indicate edges. Red
circles are terminals, black circles are non-terminals included in a Steiner tree, and gray circles
are non-terminals not included in a Steiner tree. Similarly, black lines are edges included in
a Steiner tree, and gray lines are edges not included in a Steiner tree. From Figs. 3.12, 3.13,
and 3.14, we can obtain small-weight Steiner trees when 0.0 < a < 1.0 for the instance lin04
in SteinLib [61].

Unfortunately, the optimal value of a changes per construction method, network central-
ity, and instance. To find the optimal «, we investigate the average gaps by changing a to
[0.0,1.0) in increments of 0.1. The gap p is defined by Eq. (3.28).

_ F(S) = F(57)
N F(S*)

x 100 [%], (3.28)

where F'(S) is the objective function value of the obtained Steiner tree S, and F'(S*) is the
objective function value of the optimum Steiner tree S*. The average gaps is the average
value of the gaps of each instance.
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Figure 3.12: Example of Steiner trees made by SPH combined with edge betweenness cen-
trality (1in04)
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Figure 3.13: Example of Steiner trees made by DNH combined with edge betweenness cen-
trality (1in04)
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Figure 3.14: Example of Steiner trees made by ADH combined with edge betweenness cen-
trality (1in04)
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Table 3.1: Selected « for the benchmark problem set B

SPH DNH ADH

name dy ey Co by be dy ey Co by be dy ey Cy by be
b01 09 08 09 02 00|05 03 04 01 00|07 05 08 01 0.0
b02 09 09 05 00 0109 07 01 00 01|09 04 07 01 0.1
b03 08 01 07 03 01]08 01 07 03 01|08 01 07 03 0.1
b04 09 09 09 03 0.1 0.8 09 09 03 0.1 0.8 08 08 07 0.0
b05 08 08 06 06 01|09 08 08 04 01|08 08 02 04 0.1
b06 07 07 07 07 01]08 07 06 03 03|07 07 06 03 03
b07 09 06 08 01 01|08 04 04 01 01|08 05 06 00 0.0
b08 08 02 08 01 01|06 01 06 01 01|01 01 06 01 0.1
b09 09 08 09 05 01|07 04 06 05 01|06 05 06 05 0.3
b10 09 09 09 03 06|04 04 07 01 00|08 09 08 06 0.0
b1l 09 09 09 04 00|06 07 05 02 00|05 08 08 03 0.0
b12 0.8 08 09 06 0.1 0.8 08 09 06 0.1 0.7 07 07 05 0.1
b13 02 01 02 00 01|00 09 00 00 02|02 05 01 01 00
bl4 05 08 07 07 02]08 04 06 05 05|08 05 01 09 06
b15 06 04 07 07 0809 05 07 07 08|06 04 05 09 038
b16 08 07 07 06 01|05 07 05 04 01|06 07 05 02 0.1
b17 08 09 09 03 04]07 08 08 01 01107 09 08 01 0.2
b18 08 04 09 06 01]08 03 09 04 01|08 04 09 05 0.1

From pre-numerical experiments, we selected «, as shown in Tables 3.1-3.6. In Tables
3.1-3.6, SPH [35] is the shortest path heuristic, DNH [36] is the distance network heuristic,
ADH [37] is the average distance heuristic, d,, is the degree centrality [8], e, is the eigenvector
centrality [9], ¢, is the closeness centrality [10], b, is the vertex betweenness centrality, and
b. is the edge betweenness centrality [8]. If the average gap becomes the minimum value for
many «, we select the smallest one.

From Tables 3.1-3.6, the degree centrality and closeness centrality tend to select large «,
and the vertex betweenness centrality and edge betweenness centrality tend to select small
a. On the other hand, « of the eigenvector centrality has a wide range.
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Table 3.2: Selected « for the benchmark problem set C

SPH DNH ADH
name dy ey Co by be dy ey Co by be dy ey Cy by be
0l |07 02 09 01 09|02 01 05 01 01|05 01 03 02 02
02 [09 02 09 01 01[09 01 07 01 01|06 01 04 01 0.1
03 [ 09 09 09 07 06|09 09 09 07 05|06 09 09 09 0.7
04 |08 07 09 03 06|08 03 08 03 07]09 04 09 06 07
05 [09 08 09 07 02[09 01 09 06 01[09 04 09 06 0.1
06 [ 06 02 08 05 06|03 02 04 01 01[03 01 04 01 0.1
07 |09 09 09 05 02[09 06 09 01 00|07 07 08 03 0.1
08 [09 09 09 09 01[09 09 09 02 01[09 09 09 04 0.1
09 |09 07 09 06 02[09 06 09 05 01]09 06 09 05 04
cl0 [ 09 09 09 08 03[09 07 09 07 01[09 06 09 07 0.1
cll [ 09 06 09 02 04]08 07 01 01 01[08 08 09 02 0.1
c12 |09 09 09 07 03[09 08 09 01 00[09 09 08 01 00
c13 [09 09 09 04 08|09 09 09 03 01[09 09 09 03 0.1
cl4 [ 09 09 09 05 09[09 09 09 02 01[09 09 09 04 0.1
c15 |09 09 09 08 06[09 09 09 01 01]09 09 09 01 0.1
cl6 [ 09 09 09 05 08|08 08 09 03 00|07 07 08 06 0.1
c17 |09 09 09 02 05[09 09 09 01 01]09 09 09 02 0.1
cl8 [09 09 09 07 05|09 09 09 04 0009 09 09 02 00
cl9 [ 09 09 09 05 01[09 09 09 01 01[09 09 08 01 0.1
20 |09 09 09 02 05[09 09 09 02 01|06 08 05 03 0.1

Table 3.3: Selected « for the benchmark problem set D

SPH DNH ADH
name dy €y Cy by be dy e Co by be dy €y Cy by be
dol |09 04 09 01 08|09 01 02 03 01|05 01 08 01 0.1
d02 |09 05 09 01 01|07 01 07 00 00]08 01 08 05 02
d03 |08 05 08 05 06|07 04 09 07 01[08 04 05 05 0.7
do4 |09 03 09 08 0409 03 09 06 01|09 08 09 07 04
do5 |09 01 09 07 06|09 01 09 06 01[09 02 09 03 0.1
do6 |09 02 09 02 08|09 02 08 03 00[07 04 08 03 00
do7 |07 02 09 02 04|07 02 08 01 01]07 01 06 06 02
d08 [ 09 09 09 04 07[08 09 09 06 01[09 06 09 02 0.1
d09 |09 09 09 08 05[09 06 09 03 01|09 07 09 06 04
d10 |09 09 09 08 08|09 03 09 08 02[09 03 09 05 03
dir [ 09 08 09 03 02[09 08 09 01 01[09 09 08 01 0.1
di2 |09 09 09 03 01|08 08 09 01 01][07 07 09 01 0.1
di3 |09 09 09 03 05|09 08 09 02 01|09 09 09 03 04
di4 |09 09 09 05 02)09 09 09 01 01[09 09 09 01 09
di5 |09 09 09 09 0709 09 09 03 01[09 09 09 02 0.1
di6 [ 09 09 09 05 07[08 08 09 03 01|08 09 08 02 0.1
17 |09 09 09 07 03|06 06 07 02 01[09 09 09 03 0.1
di8 |09 09 09 08 0209 09 09 02 01[09 09 09 02 0.1
19 [ 09 09 09 03 08|09 09 09 03 01[09 09 09 04 0.1
d20 [ 09 09 09 09 05|09 09 09 05 01|08 09 06 06 0.1
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Table 3.4: Selected « for the benchmark problem set 1080

SPH DNH ADH

name dy ey Co by be dy ey Cv by be dy ey Cy by be
i080-001 | 0.6 0.2 06 06 06 |08 07 08 00 06|07 08 06 09 0.7
i080-002 | 0.O 09 09 00 03|00 00 00 00 01|00 01 00 00 04
i080-003 0.2 0.0 0.8 0.0 0.0 0.0 0.0 0.2 0.0 0.0 | 0.0 0.0 0.2 0.0 0.0
i080-004 | 0.5 09 07 06 07|00 04 09 01 00|05 08 00 05 03
i080-005 | 0.8 0.5 0.7 05 07|08 01 05 00 00|07 07 05 03 038
i080-011 | 09 09 01 02 07|08 09 01 09 08|08 09 01 00 038
i080-012 | 0.8 0.7 05 02 08|06 09 05 06 08|00 08 09 06 0.1
i080-013 0.7 0.8 0.1 0.0 0.7 1 06 08 0.1 0.0 0.1 0.0 0.7 0.1 0.1 0.3
i080-014 | 0.9 09 09 05 02|09 08 08 08 01|09 09 09 08 0.7
i080-015 | 0.0 0.0 00 05 06|00 00 00 08 08|00 09 09 02 02
i080-021 0.1 0.2 0.8 0.1 0.1 0.1 0.2 0.8 0.1 0.1 0.6 0.7 04 0.6 0.6
i080-022 | 0.1 0.2 06 01 01]01 02 06 01 01|06 07 03 06 06
i080-023 | 0.1 03 04 01 01|01 03 04 01 01|06 09 03 06 06
i080-024 | 0.1 03 05 01 01|01 03 05 01 01|06 07 06 06 0.6
i080-025 | 0.1 0.2 06 01 01|01 02 06 01 01|05 06 03 05 05
i080-031 0.8 0.7 0.8 0.8 0.9 0.8 0.1 09 08 0.1 0.4 0.1 0.3 0.5 0.8
i080-032 | 0.5 00 05 08 02|00 00 09 09 01|06 09 09 02 02
i080-033 | 0.9 09 07 07 09|01 01 08 07 00|06 03 02 07 01
i080-034 | 06 09 09 01 02|01 01 00 01 01]01 02 00 01 03
i080-035 | 0.3 09 03 07 05|00 00 00 02 01|06 05 00 07 09
i080-041 | 0.1 0.2 00 06 07|01 02 00 08 08|05 09 09 02 05
i080-042 | 09 05 09 07 07|08 07 05 07 00|08 06 09 08 0.5
i080-043 | 0.9 05 09 09 03|00 02 00 05 08|09 04 07 07 07
i080-044 | 0.6 0.7 0.1 0.0 0.5 09 08 07 08 09 0.9 0.9 0.9 0.7 0.6
i080-045 | 0.8 0.7 00 04 08|01 01 01 08 08|04 06 01 04 09
i080-101 | 0.2 03 07 06 07|05 01 08 06 04|09 03 06 01 06
i080-102 | 0.6 09 09 09 08 |00 01 09 01 04|05 01 09 08 0.7
i080-103 | 0.6 06 03 07 00|06 04 08 02 00|06 09 09 01 02
i080-104 | 0.7 0.1 08 08 02|07 01 02 01 01|03 01 02 09 04
i080-105 | 0.0 00 00 00 04|00 OO0 00O 00 04|00 00 05 02 01
i080-111 | 0.5 06 09 02 03|07 02 04 02 01|09 08 09 01 09
i080-112 0.7 0.7 0.5 0.7 0.8 0.8 0.5 0.7 0.5 0.9 0.0 0.2 0.2 0.8 0.5
i080-113 | 0.0 09 00 08 09|00 01 00 08 01|09 05 07 09 02
i080-114 | 0.0 05 00 02 03|02 03 00 00 02|08 09 09 01 06
i080-115 | 0.4 04 07 02 08 |04 00 05 04 03|09 09 07 06 04
i080-121 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.4 0.6 0.6 0.4 0.4
i080-122 0.1 0.3 0.8 0.1 0.1 0.1 0.3 0.8 0.1 0.1 0.5 0.6 0.3 0.5 0.5
i080-123 0.1 0.4 0.1 0.1 0.1 0.1 0.4 0.1 0.1 0.1 0.4 0.6 0.0 0.4 0.4
i080-124 | 0.1 0.1 0.1 01 01}01 01 01 01 01|05 06 01 05 05
i080-125 0.1 0.2 0.8 0.1 0.1 0.1 0.2 0.8 0.1 0.1 0.4 0.6 04 04 04
i080-131 | 0.2 0.1 05 02 00|08 01 04 05 07|04 01 04 06 05
i080-132 | 0.5 05 05 06 03|00 08 05 02 01|08 08 01 09 02
i080-133 | 0.1 0.7 08 08 02|01 03 03 04 05|01 07 00 06 05
i080-134 | 0.5 06 09 04 05|00 00 06 00 06|04 07 01 01 03
i080-135 0.7 0.3 0.5 0.9 0.9 0.2 0.1 0.0 08 07 ] 07 0.1 0.8 04 09
i080-141 | 0.8 06 04 01 05|08 06 04 02 08|08 06 04 05 04
i080-142 | 0.7 0.3 0.1 09 08|02 02 04 07 01|06 05 03 09 05
i080-143 | 0.1 0.2 03 06 07|06 02 00 03 08|06 02 04 07 02
i080-144 | 0.7 06 05 05 07|05 02 04 00 03|09 09 09 07 09
i080-145 | 0.1 06 00 00 02|00 03 00 00 05|07 09 09 03 09
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SPH DNH ADH

name dy e o by be dy ey cy by be dy ey Cy by be
i080-145 | 0.1 06 00 00 02|00 03 00 00 05|07 09 09 03 09
i080-201 | 0.6 0.8 05 06 08 |05 03 01 03 02|06 05 06 01 04
i080-202 | 0.2 0.1 07 05 06|02 01 02 09 07]02 09 07 08 09
i080-203 | 0.3 09 0.1 01 01|00 01 00 00 00|08 02 00 01 01
i080-204 | 0.8 05 0.1 01 06|09 08 06 02 05|08 04 00 01 0.2
i080-205 | 0.9 0.1 08 08 03|09 02 08 08 07|09 08 02 09 01
i080-211 0.9 0.8 0.8 0.1 0.3 0.8 06 09 08 0.5 0.8 0.9 0.5 0.3 0.9
i080-212 | 0.9 09 09 05 04|08 09 09 00 00|09 07 08 04 038
i080-213 | 0.2 0.2 09 03 05|07 08 09 02 06|08 08 07 02 02
i080-214 | 09 09 03 01 05|09 07 03 01 00|07 07 06 01 02
i080-215 | 0.2 0.2 05 04 03|02 02 05 03 08|09 02 08 05 038
i080-221 | 0.1 04 01 01 O01]01 04 01 01 01]03 06 07 03 03
i080-222 0.1 0.4 0.1 0.1 0.1 0.1 0.4 0.1 0.1 0.1 0.3 0.7 0.1 0.3 0.3
i080-223 | 0.1 03 0.1 01 01]01 03 01 01 01|03 06 07 03 03
i080-224 | 0.1 0.5 0.1 0.1 0.1 0.1 0.5 0.1 0.1 0.1 0.3 0.5 0.5 0.3 0.3
i080-225 | 0.1 05 0.1 01 01}01 05 01 01 01|03 05 01 03 03
i080-231 | 0.8 0.1 04 07 02|01 01 05 05 00|08 06 09 07 06
i080-232 | 0.8 0.8 05 05 09|08 07 08 05 09|05 08 00 09 09
i080-233 | 0.6 09 02 06 02|05 09 01 00 03|09 03 07 05 04
i080-234 | 0.8 0.9 0.9 0.9 0.8 0.8 09 0.2 0.4 0.0 | 0.6 0.1 0.7 0.8 0.5
i080-235 | 0.8 08 09 09 09|04 02 08 07 09|04 01 02 03 03
i080-241 | 0.9 09 09 06 07|09 09 09 06 02|07 09 05 07 0.7
1080-242 0.5 0.2 0.8 0.6 0.5 0.5 0.2 0.8 0.2 0.1 0.8 0.8 0.5 04 09
i080-243 | 0.2 0.2 09 03 06|02 02 09 03 07|09 08 05 07 04
i080-244 | 0.8 06 04 06 06|07 05 04 03 05|09 05 05 07 04
i080-245 | 0.8 0.5 08 07 07|08 05 08 02 04|09 06 06 05 0.6
i080-301 | 0.9 03 07 07 08|09 09 09 00 04|08 08 05 08 05
i080-302 0.8 0.1 0.9 0.3 0.7 108 00 07 0.1 0.0 | 0.6 0.9 0.6 0.8 0.9
i080-303 | 0.6 0.1 07 00 05|03 01 02 01 03|08 02 07 02 02
i080-304 | 0.8 0.7 09 09 05|09 01 08 06 07|09 09 06 08 05
i080-305 | 0.9 0.7 02 01 01|07 05 09 00 00|04 03 07 04 0.2
i080-311 | 0.9 09 09 01 05|09 09 09 06 01|06 07 06 06 09
i080-312 | 0.9 04 09 04 05|02 04 09 04 02|09 09 08 09 0.7
i080-313 | 0.9 09 03 07 06 |05 07 05 06 0709 09 05 01 05
i080-314 | 0.6 09 07 06 07|09 09 00 01 00|08 03 08 01 09
i080-315 0.1 0.7 0.5 0.1 0.4 0.7 07 07 04 0.1 0.9 0.9 0.5 0.9 0.9
i080-321 0.1 0.4 0.1 0.1 0.1 0.1 0.4 0.1 0.1 0.1 0.2 0.5 0.1 0.2 0.2
i080-322 | 0.1 03 05 01 01]01 03 05 01 01]02 05 09 02 02
i080-323 | 0.1 05 08 01 01|01 05 08 01 01]02 05 07 02 02
i080-324 | 0.1 03 0.1 01 01]01 03 01 01 011]02 05 00 02 02
i080-325 | 0.1 0.3 08 0.1 01|01 03 08 01 01]02 05 05 02 02
i080-331 | 0.8 09 09 05 06|03 03 00 03 04|07 09 05 09 0.7
i080-332 | 0.2 0.7 06 06 05|01 01 03 07 02|02 05 07 08 03
i080-333 0.5 0.9 0.3 0.5 0.2 05 08 03 04 0.1 0.4 0.8 0.5 04 0.6
i080-334 | 0.8 09 09 04 09|09 09 00 06 00|09 09 07 08 09
i080-335 | 0.9 0.7 06 03 01|07 07 08 01 03|06 07 07 01 02
i080-341 | 0.9 09 09 06 03|09 09 09 00 01|09 07 09 09 05
i080-342 | 0.9 09 09 04 04|09 09 09 00 06|08 09 07 08 09
i080-343 0.9 0.9 0.9 0.1 0.6 09 09 09 00 07109 0.7 0.6 0.7 0.5
i080-344 | 0.7 09 09 01 03|07 09 09 00 02|09 08 08 08 0.8
i080-345 | 0.9 09 09 07 0709 09 09 07 05|09 08 07 02 038
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Table 3.5: Selected « for the benchmark problem set 1160

SPH DNH ADH

name dy ey Co by be dy ey Cv by be dy ey Cy by be
il60-001 | 04 09 06 05 03|00 00 04 03 00|06 01 05 01 0.7
i160-002 | 0.6 05 09 09 08|00 05 00 09 04|09 06 00 06 0.7
1160-003 0.9 0.8 0.9 0.1 0.7 | 09 0.1 09 0.0 0.0 09 0.3 0.8 0.8 0.5
il60-004 | 0.3 0.1 01 08 09|04 00 00 06 01|03 00 02 07 01
i160-005 | 0.9 0.7 03 05 02|06 08 04 07 00|09 07 06 03 09
il60-011 | 09 08 01 04 03|00 01 01 00 01]09 07 09 01 03
il60-012 | 0.4 09 05 09 03|07 00 04 02 03|07 07 08 02 03
i160-013 0.9 0.8 0.8 0.1 0.8 0.3 0.1 0.6 0.8 0.8 0.8 0.1 0.0 0.3 0.2
il60-014 | 04 08 0.1 09 09|08 05 01 08 02|00 05 01 06 09
il60-015 | 0.9 06 07 03 08| 0.1 02 00 00 04|09 08 08 07 0.7
1160-021 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.5 0.6 0.1 0.5 0.5
i160-022 0.1 0.2 0.1 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.5 0.6 0.1 0.5 0.5
il60-023 | 0.1 0.1 01 01 01]01 01 01 01 01|05 06 01 05 05
i160-024 | 0.1 0.2 0.1 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.5 0.6 0.7 0.5 0.5
il60-025 | 0.1 04 01 01 01|01 04 01 01 01|06 06 01 06 06
i160-031 0.7 0.9 0.9 0.9 0.8 0.0 09 09 09 07103 0.5 0.0 0.5 0.8
il60-032 | 0.2 0.7 00 01 01|08 08 04 06 01|09 03 01 05 04
i160-033 | 0.8 09 06 05 09|00 00 00 00 01|06 02 06 08 038
i160-034 | 06 05 05 06 08 |01 09 04 06 04|06 05 00 06 09
i160-035 | 0.9 09 04 06 09|08 08 03 04 08|09 03 08 08 05
i160-041 | 0.9 04 08 04 09|01 03 07 08 08|08 08 06 02 038
i160-042 | 0.4 05 00 04 03|03 08 06 01 03|07 07 02 01 04
i1l60-043 | 0.9 0.7 01 06 07|09 07 01 04 08|06 07 01 05 03
i160-044 | 0.9 0.9 0.9 0.4 0.8 0.2 09 06 09 0.8 0.7 0.7 0.3 0.1 0.5
i160-045 | 0.9 0.7 06 09 07|09 07 06 08 08|09 09 05 05 09
il60-101 | 0.9 04 05 01 01|01 04 09 01 01|08 05 09 01 02
il60-102 | 09 04 09 01 00|05 01 00 00 00|09 01 04 06 03
il60-103 | 0.9 08 08 07 09|00 00 00 00 O07]00 01 08 01 0.1
il60-104 | 0.7 0.3 04 04 07|00 02 00 03 07|04 00 02 04 0.1
il60-105 | 0.9 0.7 05 05 05|01 03 05 03 06|05 01 09 02 0.7
il60-111 | 0.3 09 07 06 08|02 03 06 00 08|04 08 09 02 03
i160-112 0.5 0.4 0.6 0.6 0.6 04 00 06 00 0.1 0.8 0.7 0.7 0.8 0.6
il60-113 | 0.9 08 09 01 05|00 03 00 03 00|06 02 09 05 0.7
il60-114 | 0.5 05 0.1 06 03|05 01 01 02 07|08 09 09 06 03
il60-115 | 0.4 06 05 01 03|08 05 03 02 09|09 07 08 03 03
il60-121 | 0.1 04 09 01 01|01 04 09 01 01|03 05 01 03 03
1160-122 0.1 0.3 0.9 0.1 0.1 0.1 0.3 09 0.1 0.1 0.3 0.5 0.1 0.3 0.3
il60-123 | 0.1 03 08 01 01]0.1 03 08 01 01|03 05 01 03 0.3
il60-124 | 0.1 0.2 09 01 01|01 02 09 01 01|03 05 01 03 03
1160-125 0.1 0.3 0.8 0.1 0.1 0.1 0.3 0.8 0.1 0.1 0.3 0.5 0.1 0.3 0.3
il60-131 | 0.8 0.8 09 06 09|09 07 09 09 09|06 07 09 08 06
il60-132 | 0.9 08 09 09 09|09 06 08 01 05|03 08 07 09 09
il60-133 | 0.0 09 0.1 02 03|01 02 01 07 00|05 08 00 03 0.1
il60-134 | 0.0 0.8 00 08 08|00 01 00 06 02|00 09 00 08 03
i160-135 0.9 0.8 0.0 0.3 0.3 0.1 0.2 0.0 0.0 0.0 0.3 0.3 0.9 0.3 0.3
il60-141 | 0.8 0.8 0.7 05 05|08 08 07 06 04|07 06 06 05 09
i160-142 | 0.9 09 01 04 0709 09 01 08 08|09 08 05 03 03
il60-143 | 0.7 05 02 01 09|04 03 01 04 01|06 07 06 01 038
il60-144 | 0.9 09 00 06 09|08 03 05 04 08|09 06 03 06 0.7
il60-145 | 0.1 0.5 00 07 05|01 05 01 08 08|09 07 05 02 06
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SPH DNH ADH

name dy ey Co by be dy ey Co by be dy ey Cy by be
i160-145 | 0.1 0.5 0.0 07 05|01 05 01 08 08|09 07 05 02 06
il60-201 | 0.3 04 08 05 01|04 01 09 05 00|02 05 04 06 05
i160-202 | 0.2 09 01 01 09|04 01 00 03 01]09 09 09 09 08
i160-203 | 0.9 0.8 09 07 08|00 00 00 01 00|09 01 07 03 06
i160-204 | 0.5 0.8 0.7 00 02|00 01 09 01 09|05 09 09 09 09
i160-205 | 0.9 0.1 09 06 03|00 01 00 00 00|05 04 09 08 08
i160-211 07 09 08 04 02|07 04 08 02 00|09 08 08 04 05
i160-212 | 0.9 08 09 01 05|03 04 01 00 06|07 08 08 04 05
i160-213 | 0.6 0.7 09 02 05|08 07 09 01 08|08 08 07 04 02
i160-214 | 0.4 0.7 0.1 0.1 02102 04 0.1 0.0 0.1 0.7 07 08 0.1 0.7
i160-215 | 0.9 09 09 02 02|09 07 09 00 01|08 07 09 02 05
i160-221 | 0.1 04 09 01 01|01 04 09 01 01]02 05 01 02 02
i160-222 | 0.1 0.3 0.8 0.1 0.1 0.1 03 08 0.1 0.1 0.2 05 0.1 0.2 0.2
i160-223 | 0.1 0.4 0.1 0.1 0.1 0.1 04 0.1 0.1 0.1 0.2 05 0.1 0.2 0.2
i160-224 | 0.1 0.2 0.1 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.2 05 0.1 0.2 0.2
i160-225 | 0.1 0.3 09 0.1 0.1 0.1 03 09 0.1 0.1 0.2 05 0.1 0.2 0.2
i160-231 | 0.4 0.8 08 0.1 03|07 05 08 07 08|02 01 09 04 08
i160-232 | 0.7 0.2 02 02 02|04 05 09 00 0.1 08 04 07 02 02
i160-233 | 0.4 04 07 05 04|01 07 06 00 00|06 06 06 08 0.6
i160-234 | 0.9 09 08 04 05|08 05 08 03 03|00 02 05 07 0.7
i160-235 | 0.7 0.7 0.2 01 01|04 09 07 00 00|09 06 09 03 0.1
i160-241 | 0.9 09 01 07 0709 09 01 03 07]09 07 01 07 07
i160-242 | 0.9 09 09 03 0709 09 09 00 07|09 08 05 09 0.7
i160-243 | 0.9 09 09 04 07|09 09 09 02 06|09 07 00 05 09
i160-244 | 0.9 09 09 02 0709 09 09 02 03|08 09 08 04 09
i160-245 | 0.9 09 09 05 07|09 09 09 01 01|08 07 09 06 06
i160-301 | 0.8 0.6 05 02 07|05 01 07 00 01]09 08 09 03 08
i160-302 | 0.7 09 09 09 08|00 09 09 00 02|09 07 08 04 04
i160-303 | 0.3 05 09 01 02|01 02 08 01 00|09 06 08 01 02
i160-304 | 0.5 0.2 08 04 05|04 09 09 02 0809 09 09 06 06
i160-305 | 0.9 0.3 05 04 05|09 06 08 01 01]09 08 01 09 09
i160-311 | 0.8 09 06 04 03|06 05 05 00 01]09 09 09 04 02
i160-312 | 0.2 02 09 04 04|02 02 09 01 02|06 07 07 06 09
i160-313 | 0.8 04 09 02 04|08 04 06 01 01]09 08 09 06 09
i160-314 | 0.6 0.8 09 02 06|07 05 00 00 00|07 08 07 01 06
i160-315 | 0.6 0.9 0.1 03 02 ] 05 07 0.1 0.1 03109 09 09 04 0.5
i160-321 0.1 0.4 0.1 0.1 0.1 0.1 04 0.1 0.1 0.1 0.1 0.5 0.1 0.1 0.1
i160-322 | 0.1 03 0.1 01 01(01 03 01 01 01]05 05 04 05 0.5
i160-323 | 0.1 04 0.1 0.1 0.1 0.1 0.4 0.1 0.1 0.1 0.1 04 0.1 0.1 0.1
i160-324 | 0.1 0.5 0.1 01 0.1{01 05 01 01 011]01 04 01 01 0.1
i160-325 | 0.1 04 01 01 01}01 04 01 01 01]01 04 01 01 0.1
i160-331 | 0.9 01 09 04 09|09 06 09 01 00|07 05 09 09 05
i160-332 | 0.3 09 03 01 04|03 01 01 00 00|08 05 09 05 02
i160-333 | 0.3 0.9 0.1 0.1 0.1 0.7 02 00 00 00]09 09 09 02 05
i160-334 | 0.9 09 08 05 09|03 05 08 00 04|08 06 07 05 02
i160-335 | 0.2 09 0.1 03 06|05 05 07 00 01|04 03 07 05 0.2
i160-341 | 0.9 09 09 06 07|09 09 09 01 07|07 07 05 04 09
i160-342 | 0.9 09 09 03 07|09 09 09 01 06|08 09 08 06 08
i160-343 | 0.9 09 09 03 06|09 09 09 02 04|09 07 07 09 038
i160-344 | 0.9 09 08 06 06|09 09 08 01 02|08 09 09 09 09
i160-345 | 0.9 09 08 05 07|09 09 08 01 04|07 08 05 08 0.5
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Table 3.6: Selected « for the benchmark problem set 1320

SPH DNH ADH

name dy ey Co by be dy ey Cv by be dy ey Cy by be
i320-001 | 0.5 03 09 09 oO07 |00 01 09 01 01|08 07 09 02 0.7
i320-002 | 0.6 05 05 02 09|02 03 05 01 04|04 03 06 03 0.7
1320-003 0.8 0.2 0.8 0.5 0.4 0.0 00 06 00 0.2 0.9 0.1 0.9 0.4 0.8
i320-004 | 0.1 09 05 02 04|07 01 09 02 03|08 02 01 04 05
i320-005 | 0.7 0.2 09 05 09|01 01 00 01 03|09 01 01 07 09
i320-011 | 09 09 08 03 02|08 05 01 00 00|09 08 06 04 05
i320-012 | 0.8 06 02 04 07|00 02 00 02 01|08 09 09 09 07
1320-013 0.6 04 0.2 0.9 0.9 0.0 0.0 0.1 0.8 0.8 0.0 0.9 04 0.3 0.7
i320-014 | 0.7 09 09 08 08|04 06 07 08 01|09 06 09 04 02
i320-015 | 0.9 08 09 06 04|01 06 07 00 00|08 09 02 06 0.7
1320-021 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.5 0.6 0.1 0.5 0.5
1320-022 0.1 0.2 0.1 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.4 0.6 0.1 0.4 0.4
i320-023 | 0.1 0.1 01 01 01}01 01 01 01 01|04 06 01 04 04
i320-024 | 0.1 04 08 01 01|01 04 08 01 01|05 06 01 05 0.5
i320-025 | 0.1 0.2 01 01 01]01 02 01 01 01|04 06 01 04 04
1320-031 0.0 0.1 0.9 0.6 0.9 0.0 0.1 0.9 0.1 0.2 0.7 0.1 0.8 04 04
i320-032 | 0.6 03 07 09 06|09 09 01 02 00|09 08 09 09 06
i320-033 | 0.5 09 04 07 04|06 04 09 06 04|05 08 06 06 04
i320-034 | 0.5 03 02 03 02|00 01 06 00 00|08 07 09 06 038
i320-035 | 0.1 0.2 0.2 02 01|08 06 09 00 00|04 03 07 03 04
i320-041 | 0.4 05 02 0.1 08|08 06 01 09 09|07 07 05 04 05
i320-042 | 09 09 09 01 05|09 07 00 01 04|05 08 07 05 09
i320-043 | 0.8 05 09 04 07|08 05 04 08 08|09 08 05 03 05
i320-044 | 0.9 0.7 0.7 0.8 0.8 09 07 07 0.1 0.8 0.6 0.7 0.2 0.2 0.9
i320-045 | 0.9 04 09 03 08|08 07 04 02 08|09 06 08 06 09
i320-101 | 0.5 03 05 07 06|02 01 09 01 01|09 02 09 01 03
i320-102 | 0.7 0.1 09 01 06|01 01 01 01 05|05 02 03 03 03
i320-103 | 0.9 0.2 05 05 05|01 04 08 05 02|08 08 04 09 09
i320-104 | 0.8 0.1 0.1 07 05|07 02 09 00 00|09 03 09 05 06
i320-105 | 0.6 0.8 00 08 07|01 02 00 01 01|09 08 08 05 09
i320-111 | 0.8 06 09 09 07|08 08 01 00 05|07 09 03 01 0.1
1320-112 0.8 0.8 0.8 0.8 0.9 0.8 0.7 0.0 0.1 0.1 0.5 0.9 0.8 0.1 0.3
i320-113 | 0.8 05 05 01 02|07 01 01 04 08|07 09 08 08 03
i320-114 | 0.6 09 09 04 05|08 08 06 03 08|09 09 08 03 03
i320-115 | 0.8 09 07 09 08 |09 03 09 08 08|08 09 09 02 09
1320-121 0.1 0.3 0.1 0.1 0.1 0.1 0.3 0.1 0.1 0.1 0.2 0.5 0.1 0.2 0.2
1320-122 0.1 0.2 0.1 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.2 0.5 0.1 0.2 0.2
i320-123 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.9 0.5 0.9 0.9 0.9
1320-124 | 0.1 0.3 0.1 0.1 0.1 0.1 0.3 0.1 0.1 0.1 0.2 0.5 0.1 0.2 0.2
1320-125 0.1 0.2 0.1 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.3 0.5 0.1 0.3 0.3
i320-131 | 0.9 08 00 08 04|05 07 05 06 04|06 08 06 06 06
i320-132 | 0.8 09 06 04 02|09 07 06 05 02|06 03 05 02 03
i320-133 | 0.3 0.1 04 07 08 |00 04 00 09 03|09 02 08 09 038
i320-134 | 0.6 05 0.1 03 07|00 02 00 00 00|05 09 05 03 02
1320-135 0.9 0.8 0.9 0.8 0.6 0.6 06 07 05 0.4 | 0.5 0.6 0.9 0.9 0.3
i320-141 | 0.9 09 09 08 0709 09 09 02 05|09 08 07 09 o038
i320-142 | 0.9 08 09 05 07|09 08 09 01 08|06 06 07 06 038
i320-143 | 09 0.7 09 04 07|09 07 04 00 04]09 08 06 04 09
i320-144 | 0.9 09 09 00 0709 09 09 01 05|08 09 04 07 038
i320-145 | 0.9 09 09 00 0709 09 09 01 05|07 07 01 03 09
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SPH DNH ADH

name dy e o by be dy ey cy by be dy ey Cy by be
i320-145 | 0.9 09 09 00 0709 09 09 01 05|07 07 01 03 09
i320-201 | 0.7 04 09 07 05|08 03 08 01 01|09 07 09 08 09
i320-202 | 0.8 08 0.1 04 03|05 01 00 00 01|09 09 02 06 0.7
i320-203 | 0.2 09 09 08 07|00 01 07 00 00|04 02 07 08 09
i320-204 | 04 0.1 07 07 02|00 01 01 01 01|07 01 06 05 038
i320-205 | 0.1 09 07 09 02|01 01 01 00 00|08 05 08 04 04
1320-211 0.8 0.9 0.6 0.9 0.9 0.8 04 04 0.2 0.2 0.8 0.6 0.8 0.3 0.8
i320-212 | 0.8 0.7 04 02 02|05 09 00 00 01|09 07 09 03 02
i320-213 | 0.8 09 09 03 01|08 04 01 00 02|09 08 07 01 o038
i320-214 | 09 05 09 03 02|07 01 06 01 04|08 07 06 02 038
i320-215 | 0.6 0.7 06 01 04|01 05 00 00 00|08 08 09 04 0.7
i320-221 | 0.1 03 01 01 01]01 03 01 01 01]02 06 01 02 02
1320-222 0.1 0.2 0.1 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.2 0.5 0.1 0.2 0.2
i320-223 | 0.1 03 01 01 01]01 03 01 01 01]02 06 01 02 02
i320-224 | 0.1 0.4 0.1 0.1 0.1 0.1 0.4 0.1 0.1 0.1 0.7 0.5 0.6 0.7 0.7
1320-225 0.1 0.2 0.1 0.1 0.1 0.1 0.2 0.1 0.1 0.1 0.2 0.5 0.1 0.2 0.2
i320-231 | 0.3 04 06 07 09|00 03 00 00 07|04 07 02 07 04
i320-232 | 0.1 09 02 05 07|02 08 07 02 03|07 08 09 09 038
i320-233 | 0.9 06 09 09 08|01 01 01 00 01|09 08 03 08 06
i320-234 | 0.4 0.5 0.9 0.5 0.5 0.1 0.7 00 03 0.0/ 0.2 0.8 0.1 0.5 0.7
i320-235 | 04 02 02 04 04|09 03 09 02 03|05 06 08 07 038
i320-241 | 0.9 09 01 04 0709 09 01 01 07|06 06 09 02 09
1320-242 0.9 0.9 0.1 0.2 0.7 109 09 0.1 0.0 0.7 | 0.8 0.9 0.9 0.7 0.8
i320-243 | 0.9 09 01 02 0709 09 01 00 03|06 09 09 07 038
i320-244 | 0.9 09 01 03 07|09 09 01 00 07]09 08 07 09 09
i320-245 | 09 09 01 02 07|09 09 01 00 05|07 06 05 09 09
i320-301 | 0.6 06 09 03 03|09 01 08 01 00|03 07 09 06 02
1320-302 0.9 0.8 0.9 0.9 0.9 09 06 0.2 0.5 0.5 0.9 0.1 0.6 0.6 0.7
i320-303 | 0.3 08 09 06 05|08 01 09 01 05|06 09 07 03 09
i320-304 | 0.5 0.1 0.2 05 02|04 03 01 01 01]02 03 05 02 02
i320-305 | 09 0.1 02 02 01|08 01 01 00 00|09 09 05 02 0.1
i320-311 | 0.9 04 09 04 03|09 09 08 00 01|08 07 09 02 07
i320-312 | 0.9 09 09 01 01|09 08 09 00 02|09 07 09 04 04
i320-313 | 0.7 08 09 01 02|07 08 09 00 01|09 08 09 01 02
i320-314 | 0.4 06 05 02 05|00 06 06 00 01|09 08 09 03 038
1320-315 0.9 0.7 0.1 0.1 0.3 0.6 0.7 0.1 0.0 0.5 0.9 0.8 0.7 0.2 0.7
1320-321 0.1 0.3 0.1 0.1 0.1 0.1 0.3 0.1 0.1 0.1 0.9 0.8 0.8 0.9 0.9
i320-322 | 0.1 03 01 01 01]01 03 01 01 01|09 09 07 09 09
i320-323 | 0.1 04 01 01 01|01 04 01 01 01|08 08 07 08 038
i320-324 | 0.1 03 01 01 01}01 03 01 01 01|09 09 08 09 09
i320-325 | 0.1 04 01 01 01|01 04 01 01 01|09 09 08 09 09
i320-331 | 06 04 09 04 01|07 02 08 01 01|09 04 09 01 05
i320-332 | 0.9 0.1 09 05 04|08 08 07 07 05|06 05 06 06 04
1320-333 0.9 0.5 0.8 0.1 0.2 02 09 07 00 041 06 0.7 0.6 0.2 0.8
i320-334 | 0.9 08 09 07 07|05 09 08 01 08|09 09 03 04 09
i320-335 | 0.4 06 07 07 02|08 03 01 00 O00] 07 07 07 02 03
i320-341 | 09 09 08 06 07|09 09 08 00 02|09 08 08 08 038
i320-342 | 0.9 09 08 07 0709 09 08 00 01|09 08 09 02 09
1320-343 0.9 0.9 0.9 04 0.8 09 09 09 00 04|08 0.8 0.7 0.6 0.9
i320-344 | 09 09 09 04 07|09 09 09 01 06|09 09 09 07 09
i320-345 | 0.9 09 09 01 0709 09 09 01 07|09 08 09 04 09
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3.5.3 Experimental results

The results of numerical experiments of the construction methods combined with network
centralities are shown in Tables 3.7-3.24 and Figs. 3.15-3.32. In Tables 3.7-3.24, wec is
without network centrality (conventional), d,, is the degree centrality, e, is the eigenvector
centrality, ¢, is the closeness centrality, b, is the vertex betweenness centrality, and b, is the
edge betweenness centrality. ave is the average gap, dec is the decrease of average gap by
using network centrality, i.e., subtract the average gap of with network centrality from the
average gap without network centrality. In other words,

dec = p — p'[%)], (3.29)

where p is the gap of the original (without network centrality) method and p’ is the gap of
the proposed (with network centrality) method. If dec is positive, using network centrality
contributes to finding a small-weight Steiner tree. We constructed 50 Steiner trees per in-
stance and averaged the gaps of them. We set the scaling parameter « as a suitable value
based on pre-numerical experiments.

Table 3.7 and Fig. 3.15 show the results of SPH with network centralities for the bench-
mark problem set B. From Table 3.7 and Fig. 3.15, using the degree, eigenvector, closeness,
vertex betweenness, and edge betweenness centralities improves the average gap for 14 (78%),
12 (67%), 12 (67%), 15 (83%), and 17 (94%) instances, respectively. Thus, using network
centralities tends to contribute to finding small-weight Steiner trees for the benchmark prob-
lem set B. In these network centralities, the edge betweenness centrality shows the best
performance. Unfortunately, using the closeness centrality shows the worst performance, the
average gap is larger than in the original method. Using the closeness centrality failed to
find small-weight Steiner trees for the instance b02. One of the reasons why the gap becomes
large for this instance is the objective function value of the optimum solution is very small
(83). Thus, the small mistake of selecting the wrong edges causes large gaps for this instance.

Table 3.8 and Fig. 3.16 show the results of SPH with network centralities for the bench-
mark problem set C. From Table 3.8 and Fig. 3.16, using the degree, eigenvector, closeness,
vertex betweenness, and edge betweenness centralities improves the average gap for 5 (25%),
6 (30%), 6 (30%), 11 (55%), and 8 (40%) instances, respectively. In these network cen-
tralities, the vertex betweenness centrality shows the best performance. However, using the
degree, eigenvector, closeness, and edge betweenness centralities increases the average gaps
compared with the original method. These methods show poor performance, especially for
the instances c¢12 and c¢16. One of their common features is the small number of terminals
(10 and 5, respectively). If the number of terminals is small, the objective function value
of the optimum solution tends to be small. Thus, the small mistake of selecting the wrong
edges causes large gaps for these instances.

Table 3.9 and Fig. 3.17 show the results of SPH with network centralities for the bench-
mark problem set D. From Table 3.9 and Fig. 3.17, using the degree, eigenvector, closeness,
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vertex betweenness, and edge betweenness centralities improves the average gap for 7 (35%),
7 (35%), 2 (10%), 12 (60%), and 15 (75%) instances, respectively. However, using the degree,
eigenvector, and closeness centralities increases the average gaps from the original method.
These methods show poor performance for instance ¢19. One of the common features of them
is setting a = 0.9; thus, the effect of the original edge weight is strong. This result indicates
that using these network centralities is not effective to distinguish vertices and edges that
contribute to finding the small-weight Steiner tree.

Table 3.10 and Fig. 3.18 show the results of SPH with network centralities for the bench-
mark problem set 1080. From Table 3.10 and Fig. 3.18, using the degree, eigenvector, close-
ness, vertex betweenness, and edge betweenness centralities improves the average gap for 67
(67%), 78 (78%), 61 (61%), 94 (94%), and 94 (94%) instances, respectively. Thus, using net-
work centralities tends to contribute to finding small-weight Steiner trees for the benchmark
problem set [1080. Unfortunately, we cannot reduce the average gap for the instances i080-
021 to i080-025, i080-121 to i080-125, i080-221 to i080-225, and i080-321 to i080-325. This
is because these instances are complete graphs. The network centrality of all vertices and
edges becomes a similar value in a complete graph. Thus, network centralities cannot distin-
guish vertices and edges that should be included in the Steiner tree. Therefore, in the case
of the complete graph, we should not use network centralities. Additionally, the instances
in the benchmark problem sets 1080, 1160, and 1320 have incident edge weights; the weight
of edges between terminals is approximately 300, the weight of edges between a terminal
and a non-terminal is approximately 200, and the weight of edges between non-terminals is
approximately 100. The SPH firstly selects the shortest path between an arbitrary terminal
pair to find a Steiner tree. At this step, one of the edges directly connecting terminals must
be selected. Thus, the current tree consists of two terminals and an edge between them. At
the next step, one of the edges directly connecting terminals must be selected again. Namely,
SPH finds a Steiner tree that consists of only terminals and edges between them when the
complete graph is an input. However, if the number of terminals is larger than four, we can
find a small-weight Steiner tree by including a non-terminal. If we find a Steiner tree without
non-terminals, its objective function value is approximately 300 x 3 = 900 (we need three
edges to connect four terminals in this case). On the other hand, if we find a Steiner tree with
one non-terminal, its objective function value is approximately 200 x 4 = 800 (we need four
edges to connect four terminals in this case). This is the reason why the SPH cannot find a
small-weight Steiner tree for complete graph instances. Except for complete graph instances,
using network centralities, especially using the vertex betweenness centrality, contributes to
reducing the objective function value of the obtained Steiner trees.

Table 3.11 and Fig. 3.19 show the results of SPH with network centralities for the bench-
mark problem set 1160. From Table 3.11 and Fig. 3.19, using the degree, eigenvector, close-
ness, vertex betweenness, and edge betweenness centralities improves the average gap for 60
(60%), 71 (71%), 68 (68%), 92 (92%), and 96 (96%) instances, respectively. Thus, using net-

63



work centralities tends to contribute to finding small-weight Steiner trees for the benchmark
problem set I160. In particular, using the vertex and edge betweenness centralities reduces
the gap approximately 20% for the instances i160-312 to i160-315 and 30% for the instances
1160-341 to 1160-345, respectively. These instances have a high density of terminals, 25%.
Therefore, using the vertex and edge betweenness centrality may be effective for instances
with high terminal density.

Table 3.12 and Fig. 3.20 show the results of SPH with network centralities for the bench-
mark problem set 1320. From Table 3.12 and Fig. 3.20, using the degree, eigenvector, close-
ness, vertex betweenness, and edge betweenness centralities improves the average gap for 61
(61%), 73 (73%), 66 (66%), 95 (95%), and 92 (92%) instances, respectively. Thus, using net-
work centralities tends to contribute to finding small-weight Steiner trees for the benchmark
problem set 1320. Similar to the results for the benchmark problem set 1160, using the vertex
and edge betweenness centralities reduces the gap approximately 20% for the instances 1320-
311 to 1320-315 and 40% for the instances i320-341 to 1320-345, respectively. These instances
have a high density of terminals, 25%. Therefore, using the vertex and edge betweenness
centrality may be effective for instances with high terminal density.

From these results, it is revealed that SPH combined with network centralities tends to
find better solutions than the original SPH. In particular, using the vertex or edge between-
ness centralities shows the best performance. This is because the betweenness centrality
measures the flow in graphs. The minimum Steiner tree is a tree that may connect terminals
in the minimum flow. Thus, the betweenness centrality is effective to distinguish vertices
and edges that should be included in a Steiner tree. On the other hand, using the close-
ness centrality shows the worst performance. This is because the closeness centrality ignores
the structures of graphs. All of the instances that we used are random graphs. In a ran-
dom graph, the average distance of all vertices becomes a similar value. Thus, the closeness
centrality cannot distinguish vertices and edges that should be included in a Steiner tree.

The combination of SPH and five network centralities shows better performance than the
original SPH to solve the benchmark sets B, C, D, 1080, 1160, and 1320. Are these results
the same when using other construction methods? To confirm it, we conducted the same
numerical experiments by using DNH and ADH.

Table 3.13 and Fig. 3.21 show the results of DNH with network centralities for the bench-
mark problem set B. From Table 3.13 and Fig. 3.21, using the degree, eigenvector, closeness,
vertex betweenness, and edge betweenness centralities improves the average gap for 15 (83%),
15 (83%), 14 (78%), 14 (78%), and 16 (89%) instances, respectively. However, using not only
the closeness centrality but also the degree and eigenvector centrality increases the average
gap from the original method. These methods show poor performance for instance b04. This
instance has the smallest number of terminals. These results indicate that using network
centralities is not effective to solve the instances with a small number of terminals.

Table 3.14 and Fig. 3.22 show the results of DNH with network centralities for the bench-
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mark problem set C. From Table 3.14 and Fig. 3.22, using the degree, eigenvector, closeness,
vertex betweenness, and edge betweenness centralities improves the average gap for 10 (50%),
8 (40%), 8 (40%), 14 (70%), and 16 (80%) instances, respectively. In contrast to the result
of using SPH, using the closeness centrality reduces the average gap. In particular, DNH
using the closeness centrality solves the instance c06 optimally, unless the gap of SPH using
the closeness centrality is 0.83%. This result suggests that effective network centrality may
differ depending on the construction method.

Table 3.15 and Fig. 3.23 show the results of DNH with network centralities for the bench-
mark problem set D. From Table 3.15 and Fig. 3.23, using the degree, eigenvector, closeness,
vertex betweenness, and edge betweenness centralities improves the average gap for 9 (45%),
9 (45%), 5 (25%), 15 (75%), and 15 (75%) instances, respectively. In contrast to the result of
using SPH, using the degree centrality reduces the average gap. In particular, DNH using the
degree centrality reduces the average gap 10.68% for the instance c07. This result contributes
to the improvement of the average gap. This result supposes that effective network centrality
may differ depending on the construction method.

Table 3.16 and Fig. 3.24 show the results of DNH with network centralities for the bench-
mark problem set 1080. From Table 3.16 and Fig. 3.24, using the degree, eigenvector, close-
ness, vertex betweenness, and edge betweenness centralities improves the average gap for 84
(84%), 95 (95%), 88 (88%), 97 (97%), and 93 (93%) instances, respectively. Similar to the
result of using SPH, DNH cannot reduce the gap for the instances with a complete graph.
This is because DNH also uses the shortest path between terminals when the first step of
finding a Steiner tree or making the complete graph of terminals. Thus, DNH also can-
not find a small-weight Steiner tree for the complete graph instances. On the other hand,
using the vertex and edge betweenness centralities reduces the gap approximately 20% for
the instances i080-341 to i080-345. These instances have a high density of terminals, 25%.
Therefore, using the vertex and edge betweenness centrality may be effective for instances
with high terminal density in the case of using DNH.

Table 3.17 and Fig. 3.25 show the results of DNH with network centralities for the bench-
mark problem set 1160. From Table 3.17 and Fig. 3.25, using the degree, eigenvector, close-
ness, vertex betweenness, and edge betweenness centralities improves the average gap for 77
(77%), 87 (87%), 92 (92%), 97 (97%), and 97 (97%) instances, respectively. The usage of the
vertex and edge betweenness centralities reduces the gap approximately 30% for the instances
1160-341 to 1160-345. These instances have a high density of terminals, 25%. Therefore, using
the vertex and edge betweenness centrality may be effective for instances with high terminal
density in the case of using DNH.

Table 3.18 and Fig. 3.26 show the results of DNH with network centralities for the bench-
mark problem set 1320. From Table 3.18 and Fig. 3.26, using the degree, eigenvector, close-
ness, vertex betweenness, and edge betweenness centralities improves the average gap for

78 (78%), 87 (87%), 87 (87%), 99 (99%), and 100 (100%) instances, respectively. The us-
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age of the vertex and edge betweenness centralities reduces the gap approximately 35% for
the instances 1320-341 to 1320-345. These instances have a high density of terminals, 25%.
Therefore, using the vertex and edge betweenness centrality may be effective for instances
with high terminal density in the case of using DNH whatever the number of vertices.

From these results, it is revealed that DNH combined with network centralities tends to
find better solutions than the original DNH. This trend is the same as that of using SPH.
Similar to the results of using SPH, DNH combined with network centralities cannot find a
small-weight Steiner tree when the input instance is a complete graph. This is because DNH
uses the shortest path between terminals. Thus, including non-terminal is important to find
a small-weight Steiner tree for complete graph instances in the benchmark problem sets 1080,
1160, and 1320. However, DNH cannot include any non-terminals. Therefore, DNH cannot
find a small-weight Steiner tree unless combined with network centralities.

Table 3.19 and Fig. 3.27 show the results of ADH with network centralities for the bench-
mark problem set B. From Table 3.19 and Fig. 3.27, using the degree, eigenvector, closeness,
vertex betweenness, and edge betweenness centralities improves the average gap for 14 (78%),
15 (83%), 14 (78%), 16 (89%), and 16 (89%) instances, respectively. In contrast to the result
of using DNH, ADH using the eigenvector centrality successfully reduces the average gap.
The ADH using the eigenvector centrality finds the optimal solution for the instance b13.
This result contributes to reducing the average gap. Additionally, this result indicates that
using ADH may show different results from SPH and DNH.

Table 3.20 and Fig. 3.28 show the results of ADH with network centralities for the bench-
mark problem set C. From Table 3.20 and Fig. 3.28, using the degree, eigenvector, closeness,
vertex betweenness, and edge betweenness centralities improves the average gap for 16 (80%),
14 (70%), 13 (65%), 17 (85%), and 11 (55%) instances, respectively. Among using SPH, DNH,
and ADH, only the benchmark problem set C increases the average gap by using the edge
betweenness centrality. This result indicates that the instances in the benchmark problem
set C have different features from other instances.

Table 3.21 and Fig. 3.29 show the results of ADH with network centralities for the bench-
mark problem set D. From Table 3.21 and Fig. 3.29, using the degree, eigenvector, closeness,
vertex betweenness, and edge betweenness centralities improves the average gap for 13 (65%),
14 (70%), 11 (55%), 15 (75%), and 13 (65%) instances, respectively. For the benchmark
problem set D, using each network centrality contributes to reducing the average gap. This
benchmark problem set is the one with the largest number of vertices that we used. Thus,
ADH combined with network centralities may be effective for large size instances.

Table 3.22 and Fig. 3.30 show the results of ADH with network centralities for the bench-
mark problem set 1080. From Table 3.22 and Fig. 3.30, using the degree, eigenvector, close-
ness, vertex betweenness, and edge betweenness centralities improves the average gap for
73 (73%), 79 (719%), 78 (78%), 86 (86%), and 84 (84%) instances, respectively. The ADH
finds optimal solutions for complete graph instances. This is because ADH can include
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non-terminals because ADH uses the average distance from an arbitrary vertex to all other
vertices. Thus, the average gap of ADH is smaller than that of SPH and DNH.

Table 3.23 and Fig. 3.31 show the results of ADH with network centralities for the bench-
mark problem set 1160. From Table 3.23 and Fig. 3.31, using the degree, eigenvector, close-
ness, vertex betweenness, and edge betweenness centralities improves the average gap for 79
(79%), 80 (80%), 78 (78%), 87 (87%), and 89 (89%) instances, respectively. Additionally,
the difference in the average gap by using network centralities is small. The computation
cost of the degree centrality is smaller than that of ADH. Thus, using the degree centrality
may show good performance from the aspects that decreasing the gap and increasing the
computation cost.

Table 3.24 and Fig. 3.32 show the results of ADH with network centralities for the bench-
mark problem set [320. From Table 3.24 and Fig. 3.32, using the degree, eigenvector, close-
ness, vertex betweenness, and edge betweenness centralities improves the average gap for 68
(68%), 89 (89%), 76 (76%), 92 (92%), and 80 (80%) instances, respectively. In particular,
using the vertex betweenness centrality shows the best performance. This trend is the same
as using SPH and DNH. Thus, using the vertex betweenness centrality is effective combined
with whatever construction methods.

From these results, it is revealed that ADH combined with network centralities tends
to find better solutions than the original ADH. In particular, using the vertex and edge
betweenness centralities shows the best performance. In contrast to using SPH and DNH,
ADH can find a small-weight Steiner tree when the input instance is the complete graph.
This is because ADH can include any non-terminals by using the average distance from an
arbitrary vertex to all other vertices. Thus, we should better use ADH for complete graph
instances. Additionally, the average gap of ADH is smaller than that of SPH and DNH.
However, the computation cost of ADH is larger than that of SPH and DNH. Therefore, we
have to consider the balance between the decrease of the average gap and the increase of the
computation time.
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Table 3.7: Gaps [%] (SPH, B)

we dy ev Coy by be
name ave ave dec ave dec ave dec ave dec ave dec
b01 0.00 | 0.00 0.00 | 0.00 0.00 | 0.27 -0.27 | 0.00 0.00 | 0.00 0.00
b02 0.51 | 5.06 -4.55 | 5.30 -4.79 | 9.04 -853 | 3.61 -3.10 | 0.00 0.51
b03 0.04 | 0.00 0.04 | 0.00 0.04 | 0.00 0.04 | 0.00 0.04 | 0.00 0.04
b04 4.58 | 4.85 -0.27 | 5.08 -0.50 | 4.58 0.00 | 1.42 3.16 | 0.00 4.58
b05 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
b06 1.64 | 1.64 0.00 1.64 0.00 1.64 0.00 1.54 0.10 0.26 1.38
b07 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
b08 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
b09 0.04 | 0.03 0.01 | 045 -0.41 | 0.06 -0.02 | 0.03 0.01 | 0.00 0.04
b10 460 | 0.40 4.20 | 0.30 4.30 | 493 -0.33 | 0.02 458 | 0.30 4.30
bl1l 227 | 2.14 0.13 4.14 -1.87 | 2.00 0.27 0.18 2.09 0.00 2.27
b12 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
b13 737 | 233 5.04 | 3.54 3.83 | 296 441 | 3.64 3.73 | 647 0.90
bl4 2.27 | 1.23 1.04 2.31 -0.04 | 0.48 1.79 2.28 -0.01 | 2.03 0.24
b15 0.08 | 0.00 0.08 | 0.00 0.08 | 0.00 0.08 | 0.00 0.08 | 0.00 0.08
bl6 3.06 | 3.02 0.04 | 261 0.45 | 0.68 238 | 2.71 0.35 | 2.77 0.29
bl7 0.78 | 1.53 -0.75 | 0.82 -0.04 | 1.57 -0.79 | 0.78 0.00 | 0.72  0.06
b18 1.40 | 3.01 -1.61 | 0.56 0.84 2.62 -1.22 | 2.62 -1.22 1.79 -0.39
ave 1.59 | 1.40 0.19 | 1.49 0.10 | 1.71 -0.12 | 1.05 0.54 | 0.80 0.79
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Figure 3.15: Decrease of the average gap (SPH, B)
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Table 3.8: Gaps [%] (SPH, C)

wce dy ey Cy by be
name ave ave dec ave dec ave dec ave dec ave dec
0l | 073 | 047 026 | 056 0.7 | 005 -0.02 | 0.00 0.73 | 0.78 -0.05
€02 | 000 | 1.31 -1.31 | 0.00 0.00 | 0.00 0.0 | 0.00 0.00 | 0.00 0.00
03 | 1.07 | 1.23 016 | 1.25 -0.18 | 1.30 -0.23 | 1.23 -0.16 | 1.47 -0.40
04 | 112 | 0.65 047 | 0.87 025 | 0.87 025 | 0.67 045 | 091 0.21
05 | 013 | 0.3 0.00 | 0.8 -0.05| 0.19 -0.06 | 0.18 -0.05 | 0.18 -0.05
06 | 087 | 1.02 -0.15| 1.02 -0.15 | 0.87 0.00 | 0.80 0.07 | 0.84 0.03
07 | 133 | 178 045 | 112 021 | 1.00 0.33 | 0.90 0.43 | 047 0.86
08 | 1.84 | 1.22 062 | 119 065 | 148 036 | 1.00 084 | 111 073
09 | 122 | 144 022 | 141 019 | 1.38 -0.16 | 1.41 -0.19 | 1.32 -0.10
cl0 | 043 | 057 014 | 054 -0.11 | 0.64 -0.21 | 0.55 -0.12 | 0.46 -0.03
cll | 156 | 3.19 -1.63 | 3.81 225 | 531 -3.75 | 3.56 -2.00 | 1.94 -0.38
cl2 | 317 | 1117 800 | 7.30 413 | 9.35 -6.18 | 1.83 1.34 | 1.83 1.34
c13 | 2.63 | 3.85 -1.22 | 349 -0.86 | 495 -2.32 | 2.20 034 | 274 -0.11
cl4 | 243 | 3.91 148 | 3.80 -1.37 | 4.09 -1.66 | 2.65 -0.22 | 1.54 0.89
c15 | 004 | 001 003 | 0.00 004 | 003 001 | 017 -0.13 | 0.17 -0.13
cl6 | 3.64 | 418 054 | 9.09 545 | 418 -0.54 | 2.18 1.46 | 8.18 -4.54
cl7 | 689 | 9.33 244 | 889 -2.00 | 8.89 -2.00 | 9.67 -2.78 | 9.44 -2.55
c18 | 742 | 811 069 | 7.96 -0.54 | 8.02 -0.60 | 8.11 -0.69 | 8.62 -1.20
c19 | 6.62 | 11.64 -5.02 | 10.96 -4.34 | 7.53 -0.91 | 548 1.14 | 6.78 -0.16
20 | 037 | 075 -038| 075 -0.38| 075 -0.38| 037 000 | 037 0.0
ave | 2.18 | 3.30 112 | 321 -1.03 | 3.08 090 | 215 003 | 2.46 -0.28
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Figure 3.16: Decrease of the average gap (SPH, C)
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Table 3.9: Gaps [%] (SPH, D)

wc dy ey cv by be
name ave ave dec ave dec ave dec ave dec ave dec
do1 1.23 1.96 -0.73 1.25 -0.02 | 553 -4.30 | 0.79 0.44 | 1.13 0.10
do2 4.58 | 3.83 0.75 4.02 0.56 3.75 0.83 3.44 1.14 | 291 1.67
do3 1.88 1.45 0.43 1.65 0.23 1.95 -0.07 | 1.62 0.26 | 1.63 0.25
do4 1.03 | 0.94 0.09 1.16  -0.13 1.30 -0.27 | 1.33 -0.30 | 1.33 -0.30
dos 0.34 | 0.28 0.06 0.21 0.13 0.36  -0.02 | 0.21 0.13 | 0.24 0.10
do6 7.55 7.40 0.15 6.81 0.74 830 -0.75 | 6.33 1.22 | 5.07 248
do7 0.23 0.23 0.00 0.23 0.00 0.35 -0.12 0.16 0.07 0.31 -0.08
do8 2.39 3.11 -0.72 3.08 -0.69 3.69 -1.30 1.98 0.41 2.26 0.13
do9g 2.47 3.11 -0.64 2.76 -0.29 3.54 -1.07 2.75 -0.28 | 2.15 0.32
d10 0.71 1.39 -0.68 1.24 -0.53 1.87 -1.16 1.08 -0.37 | 0.85 -0.14
di1 5.66 4.55 1.11 7.93 -2.27 4.76 0.90 3.45 2.21 4.00 1.66
d12 0.24 0.86 -0.62 0.67 -0.43 1.00 -0.76 0.10 0.14 0.14 0.10
d13 2.28 3.56 -1.28 3.50 -1.22 5.02 -2.74 2.62 -0.34 | 1.67 0.61
d14 1.39 3.00 -1.61 2.78 -1.39 2.92 -1.53 1.68 -0.29 | 1.48 -0.09
d15 1.04 1.72 -0.68 1.74 -0.70 1.97 -0.93 1.05 -0.01 | 0.88 0.16
d16 9.85 | 11.69 -1.84 7.69 2.16 13.69 -3.84 | 10.00 -0.15 | 2.46 7.39
d17 4.61 5.30 -0.69 | 2.78 1.83 6.43 -1.82 | 2.35 2.26 | 1.83 2.78
d18 8.22 | 10.75 -2.53 | 10.76 -2.54 | 853 -0.31 | 865 -043 | 7.52 0.70
d19 6.45 | 12.26 -5.81 | 12.26 -5.81 | 12.26 -5.81 6.12 0.33 7.99 -1.54
d20 1.09 1.49  -0.40 1.49  -0.40 149  -0.40 | 0.74 0.35 | 0.55 0.54
ave 3.16 3.94 -0.78 3.70 -0.54 4.44 -1.28 2.82 0.34 2.32 0.84
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Figure 3.17: Decrease of the average gap (SPH, D)
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Table 3.10: Gaps

[%] (SPH, 1080)

we dy ey Co by be

name ave ave dec ave dec ave dec ave dec ave dec
i080-001 4.58 3.63 0.95 4.24 0.34 2.69 1.89 4.51 0.07 4.50 0.08
i080-002 6.84 3.05 3.79 6.28 0.56 6.93 -0.09 0.00 6.84 4.92 1.92
i080-003 1.10 0.55 0.55 0.00 1.10 0.33 0.77 0.00 1.10 0.00 1.10
i080-004 3.84 6.69 -2.85 4.79 -0.95 7.74 -3.90 4.57 -0.73 4.35 -0.51
i080-005 4.45 0.94 3.51 0.80 3.65 4.19 0.26 2.04 2.41 4.27 0.18
i080-011 6.84 7.01 -0.17 7.05 -0.21 2.50 4.34 4.04 2.80 3.62 3.22
i080-012 2.17 1.46 0.71 0.67 1.50 1.30 0.87 0.63 1.54 1.75 0.42
i080-013 7.51 0.61 6.90 0.13 7.38 0.57 6.94 0.00 7.51 1.31 6.20
i080-014 | 12.49 | 11.04 1.45 10.90 1.59 13.70 -1.21 8.51 3.98 6.88 5.61
i080-015 6.59 7.16 -0.57 7.16 -0.57 7.16 -0.57 3.33 3.26 5.84 0.75
i080-021 | 25.19 | 25.19 0.00 25.19 0.00 25.19 0.00 25.19 0.00 25.19 0.00
i080-022 | 25.38 | 25.38 0.00 25.38 0.00 25.38 0.00 25.38 0.00 25.38 0.00
i080-023 | 25.30 | 25.30 0.00 25.30 0.00 25.30 0.00 25.30 0.00 25.30 0.00
i080-024 | 26.87 | 26.87 0.00 26.87 0.00 26.87 0.00 26.87 0.00 26.87 0.00
i080-025 | 27.62 | 27.62 0.00 27.62 0.00 27.62 0.00 27.62 0.00 27.62 0.00
i080-031 4.66 4.95 -0.29 2.47 2.19 1.95 2.71 0.65 4.01 2.89 1.77
i080-032 7.16 2.55 4.61 6.52 0.64 2.28 4.88 3.09 4.07 1.21 5.95
i080-033 5.03 6.88 -1.85 1.78 3.25 6.24 -1.21 3.39 1.64 1.31 3.72
i080-034 4.55 6.24 -1.69 4.49 0.06 6.52 -1.97 5.39 -0.84 5.19 -0.64
i080-035 4.63 1.53 3.10 4.83 -0.20 5.19 -0.56 0.66 3.97 1.59 3.04
i080-041 | 15.46 1.57 13.89 1.57 13.89 1.57 13.89 | 12.22 3.24 9.93 5.53
i080-042 | 12.26 | 13.82 -1.56 7.69 4.57 13.90 -1.64 7.01 5.25 8.54 3.72
i080-043 8.74 14.78 -6.04 1.75 6.99 5.19 3.55 7.75 0.99 6.91 1.83
i080-044 | 12.87 1.34 11.53 1.34 11.53 1.34 11.53 1.58 11.29 6.58 6.29
i080-045 | 12.11 4.55 7.56 5.18 6.93 4.77 7.34 4.85 7.26 6.10 6.01
i080-101 5.76 4.87 0.89 3.14 2.62 1.69 4.07 0.00 5.76 0.00 5.76
i080-102 0.06 0.87 -0.81 0.06 0.00 0.81 -0.75 0.46 -0.40 0.88 -0.82
i080-103 4.24 4.03 0.21 3.62 0.62 3.00 1.24 3.45 0.79 2.96 1.28
i080-104 | 11.42 2.39 9.03 2.88 8.54 2.45 8.97 2.77 8.65 6.34 5.08
i080-105 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
i080-111 2.04 3.46 -1.42 1.41 0.63 1.64 0.40 0.65 1.39 1.09 0.95
i080-112 7.68 1.37 6.31 2.48 5.20 5.32 2.36 1.12 6.56 5.47 2.21
i080-113 4.82 11.15 -6.33 7.54 -2.72 | 11.15 -6.33 2.26 2.56 2.44 2.38
i080-114 | 18.24 | 16.08 2.16 19.22  -0.98 | 11.80 6.44 4.51 13.73 5.31 12.93
i080-115 9.50 1.00 8.50 1.79 7.71 1.42 8.08 3.30 6.20 1.21 8.29
i080-121 | 31.58 | 31.58 0.00 31.58 0.00 31.58 0.00 31.58 0.00 31.58 0.00
i080-122 | 31.97 | 31.97 0.00 31.97 0.00 31.97 0.00 31.97 0.00 31.97 0.00
i080-123 | 31.36 | 31.36 0.00 31.36 0.00 31.36 0.00 31.36 0.00 31.36 0.00
i080-124 | 30.68 | 30.68 0.00 30.68 0.00 30.68 0.00 30.68 0.00 30.68 0.00
i080-125 | 31.11 | 31.11 0.00 31.11 0.00 31.11 0.00 31.11 0.00 31.11 0.00
i080-131 | 10.04 4.86 5.18 3.81 6.23 6.59 3.45 6.89 3.15 4.90 5.14
i080-132 7.73 5.29 2.44 5.31 2.42 6.34 1.39 5.04 2.69 6.63 1.10
i080-133 1.82 0.84 0.98 1.99 -0.17 3.12 -1.30 1.36 0.46 0.88 0.94
i080-134 6.66 4.11 2.55 4.37 2.29 7.37 -0.71 2.55 4.11 5.30 1.36
i080-135 3.20 0.48 2.72 2.59 0.61 0.34 2.86 3.01 0.19 3.03 0.17
i080-141 | 10.94 5.59 5.35 5.59 5.35 5.59 5.35 4.23 6.71 6.76 4.18
i080-142 | 13.63 | 12.70 0.93 7.61 6.02 14.29 -0.66 | 12.13 1.50 11.78 1.85
i080-143 4.51 3.44 1.07 1.67 2.84 6.81 -2.30 2.95 1.56 7.60 -3.09
i080-144 | 13.30 | 14.99 -1.69 7.16 6.14 7.17 6.13 7.71 5.59 6.73 6.57
i080-145 | 12.77 7.00 5.77 11.84 0.93 2.67 10.10 2.67 10.10 6.84 5.93
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WC du €y Cy bv be
name ave ave dec ave dec ave dec ave dec ave dec

i080-201 2.89 3.76 -0.87 1.17 1.72 3.69 -0.80 0.01 2.88 2.36 0.53
i080-202 1.56 2.39 -0.83 0.57 0.99 2.42 -0.86 0.21 1.35 0.84 0.72
1080-203 5.46 6.55 -1.09 5.44 0.02 6.23 -0.77 | 2.72 2.74 2.92 2.54
i080-204 4.21 3.34 0.87 3.15 1.06 3.10 1.11 3.39 0.82 4.26 -0.05
i080-205 8.02 2.32 5.70 2.39 5.63 2.23 5.79 2.09 5.93 2.99 5.03
i080-211 7.06 9.15 -2.09 8.27 -1.21 9.11 -2.05 6.22 0.84 5.77 1.29
i080-212 | 18.13 | 12.74 5.39 12.40 5.73 12.75  5.38 7.38 10.75 5.99 12.14
i080-213 14.02 14.71 -0.69 14.46 -0.44 16.69 -2.67 3.92 10.10 3.41 10.61
i080-214 19.50 | 21.02 -1.52 21.56 -2.06 20.19  -0.69 2.63 16.87 2.99 16.51
i080-215 | 20.93 8.58 12.35 8.42 12.51 | 13.56  7.37 9.23 11.70 4.80 16.13
i080-221 | 38.89 | 38.89 0.00 38.89 0.00 38.89 0.00 | 38.89 0.00 38.89 0.00
i080-222 | 38.81 38.81 0.00 38.81 0.00 38.81 0.00 38.81 0.00 38.81 0.00
i080-223 | 39.01 | 39.01 0.00 39.01 0.00 39.01 0.00 | 39.01 0.00 39.01 0.00
i080-224 | 38.46 | 38.46 0.00 38.46 0.00 38.46  0.00 | 38.46 0.00 38.46 0.00
i080-225 | 38.44 | 38.44 0.00 38.44 0.00 38.44  0.00 | 38.44 0.00 38.44 0.00
i080-231 7.60 3.83 3.77 4.80 2.80 4.75 2.85 3.67 3.93 3.21 4.39
i080-232 8.99 4.91 4.08 5.17 3.82 5.39 3.60 5.15 3.84 6.70 2.29
i080-233 4.21 4.51 -0.30 4.04 0.17 6.28 -2.07 5.16 -0.95 3.70 0.51
1080-234 3.36 6.41 -3.05 3.10 0.26 6.41 -3.05 3.67 -0.31 4.91 -1.55
i080-235 5.56 2.99 2.57 3.04 2.52 3.34 2.22 3.24 2.32 4.14 1.42
i080-241 26.14 | 26.31 -0.17 26.14 0.00 26.14 0.00 3.67 22.47 4.76 21.38
i080-242 | 17.26 | 16.08 1.18 16.08 1.18 17.26  0.00 4.05 13.21 6.12 11.14
i080-243 | 21.45 | 14.48 6.97 14.48 6.97 22.37  -0.92 5.37 16.08 8.49 12.96
1080-244 9.17 15.86 -6.69 | 15.86 -6.69 | 15.72 -6.55 4.36 4.81 4.86 4.31
i080-245 | 28.50 | 28.58 -0.08 28.55 -0.05 28.53 -0.03 6.32 22.18 8.12 20.38
i080-301 6.95 5.99 0.96 2.24 4.71 5.28 1.67 2.20 4.75 0.47 6.48
1080-302 5.50 4.24 1.26 5.25 0.25 5.67  -0.17 2.57 2.93 2.54 2.96
i080-303 2.28 1.26 1.02 2.74 -0.46 1.70 0.58 1.11 1.17 1.72 0.56
i080-304 1.38 3.72 -2.34 4.00 -2.62 3.86 -2.48 0.28 1.10 0.20 1.18
i080-305 4.47 3.13 1.34 3.03 1.44 5.01 -0.54 1.53 2.94 1.31 3.16
i080-311 | 17.93 | 20.02 -2.09 | 19.24 -1.31 | 19.03 -1.10 6.43 11.50 5.05 12.88
i080-312 | 18.93 | 20.75 -1.82 | 11.54 7.39 20.69 -1.76 6.57 12.36 6.42 12.51
i080-313 10.18 12.80 -2.62 11.72 -1.54 15.72 -5.54 4.94 5.24 5.58 4.60
i080-314 6.54 4.32 2.22 5.00 1.54 9.72 -3.18 3.71 2.83 4.24 2.30
i080-315 | 16.50 | 12.20 4.30 11.91 4.59 12.19 4.31 3.42 13.08 2.73 13.77
i080-321 | 40.56 | 40.56 0.00 40.56 0.00 40.56  0.00 | 40.56 0.00 40.56 0.00
i080-322 | 39.85 | 39.85 0.00 39.85 0.00 39.85 0.00 | 39.85 0.00 39.85 0.00
i080-323 | 40.02 | 40.02 0.00 40.02 0.00 40.02 0.00 40.02 0.00 40.02 0.00
i080-324 | 40.31 | 40.31 0.00 40.31 0.00 40.31  0.00 | 40.31 0.00 40.31 0.00
i080-325 | 41.03 | 41.03 0.00 41.03 0.00 41.03  0.00 | 41.03 0.00 41.03 0.00
i080-331 11.12 7.36 3.76 9.11 2.01 8.50 2.62 4.24 6.88 4.49 6.63
i080-332 2.68 0.56 2.12 2.10 0.58 3.47  -0.79 2.93 -0.25 1.34 1.34
i080-333 7.12 4.08 3.04 6.55 0.57 3.67 3.45 2.91 4.21 3.39 3.73
i080-334 3.90 3.98 -0.08 4.44 -0.54 7.12 -3.22 3.07 0.83 2.93 0.97
1080-335 6.21 4.85 1.36 6.35 -0.14 6.39 -0.18 0.85 5.36 1.24 4.97
i080-341 18.29 19.10 -0.81 15.89 2.40 19.03 -0.74 3.49 14.80 3.81 14.48
i080-342 | 29.49 | 29.74  -0.25 | 29.54 -0.05 | 29.54 -0.05 3.63 25.86 4.52 24.97
i080-343 | 32.85 | 33.33 -0.48 | 32.95 -0.10 | 32.88 -0.03 6.07 26.78 5.08 27.77
i080-344 | 31.83 | 32.02 -0.19 | 31.95 -0.12 | 31.83  0.00 3.55 28.28 3.75 28.08
i080-345 | 15.25 | 24.83 -9.58 | 15.53 -0.28 | 15.55 -0.30 3.96 11.29 4.38 10.87

ave 14.58 13.44 1.14 12.86 1.72 13.61 0.97 9.74 4.84 10.13 4.45
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Table 3.11: Gaps [%] (SPH, 1160)

wce dy ey Cy by be
name ave ave dec ave dec ave dec ave dec ave dec
i160-001 3.11 3.57 -0.46 3.92 -0.81 1.40 1.71 3.26 -0.15 1.65 1.46
i160-002 4.08 2.31 1.77 0.09 3.99 2.75 1.33 1.09 2.99 0.54 3.54
i160-003 3.50 3.66 -0.16 3.26 0.24 3.64 -0.14 2.05 1.45 3.17 0.33
1160-004 5.02 4.97 0.05 4.71 0.31 4.42 0.60 5.03 -0.01 5.02 0.00
i160-005 7.45 4.88 2.57 7.13 0.32 7.78 -0.33 1.48 5.97 1.89 5.56
i160-011 7.32 7.88 -0.56 7.39 -0.07 7.55 -0.23 5.14 2.18 5.13 2.19
i160-012 6.06 6.38 -0.32 5.24 0.82 6.79 -0.73 6.00 0.06 5.60 0.46
i160-013 8.28 8.43 -0.15 5.74 2.54 8.04 0.24 6.94 1.34 7.88 0.40
i160-014 4.98 5.19 -0.21 5.49 -0.51 5.41 -0.43 5.46 -0.48 5.72 -0.74
i160-015 8.07 6.67 1.40 7.02 1.05 6.76 1.31 6.02 2.05 5.71 2.36
i160-021 | 30.47 | 30.47 0.00 30.47 0.00 30.47 0.00 30.47 0.00 30.47 0.00
i160-022 | 29.74 | 29.74 0.00 29.74 0.00 29.74 0.00 29.74 0.00 29.74 0.00
i160-023 | 29.90 | 29.90 0.00 29.90 0.00 29.90 0.00 29.90 0.00 29.90 0.00
i160-024 | 28.96 | 28.96 0.00 28.96 0.00 28.96 0.00 28.96 0.00 28.96 0.00
i160-025 | 28.99 | 28.99 0.00 28.99 0.00 28.99 0.00 28.99 0.00 28.99 0.00
i160-031 2.51 3.31 -0.80 2.27 0.24 2.50 0.01 2.63 -0.12 2.00 0.51
i160-032 5.72 3.83 1.89 4.72 1.00 4.10 1.62 4.29 1.43 3.34 2.38
i160-033 3.85 4.79 -0.94 4.43 -0.58 5.53 -1.68 4.57 -0.72 4.89 -1.04
i160-034 9.75 0.63 9.12 2.90 6.85 0.85 8.90 3.40 6.35 1.72 8.03
i160-035 2.85 6.24 -3.39 3.26 -0.41 6.23 -3.38 2.73 0.12 2.69 0.16
i160-041 8.50 8.05 0.45 1.16 7.34 8.27 0.23 7.54 0.96 4.72 3.78
i160-042 | 18.26 7.58 10.68 7.83 10.43 7.84 10.42 8.12 10.14 | 11.37 6.89
i160-043 | 14.91 | 14.91 0.00 14.91 0.00 14.91 0.00 3.53 11.38 5.32 9.59
i160-044 9.37 22.76  -13.39 6.41 2.96 12.14  -2.77 8.31 1.06 8.72 0.65
i160-045 4.79 6.94 -2.15 7.14 -2.35 9.94 -5.15 4.50 0.29 6.80 -2.01
i160-101 1.96 0.97 0.99 1.92 0.04 0.47 1.49 1.03 0.93 0.36 1.60
i160-102 6.45 3.47 2.98 5.25 1.20 5.82 0.63 2.54 3.91 2.72 3.73
i160-103 0.72 0.41 0.31 0.54 0.18 0.66 0.06 0.84 -0.12 0.63 0.09
i160-104 5.36 0.13 5.23 0.28 5.08 0.07 5.29 0.17 5.19 1.55 3.81
i160-105 | 10.19 2.57 7.62 5.03 5.16 9.30 0.89 0.50 9.69 1.75 8.44
i160-111 | 15.36 | 10.29 5.07 9.53 5.83 14.07 1.29 10.15 5.21 9.17 6.19
i160-112 5.36 5.47 -0.11 4.41 0.95 5.29 0.07 6.05 -0.69 4.94 0.42
i160-113 | 11.85 5.96 5.89 6.89 4.96 5.02 6.83 5.38 6.47 6.82 5.03
i160-114 5.57 6.58 -1.01 6.34 -0.77 4.95 0.62 3.75 1.82 3.75 1.82
i160-115 4.45 5.71 -1.26 4.57 -0.12 4.14 0.31 3.06 1.39 4.27 0.18
i160-121 | 35.84 | 35.84 0.00 35.84 0.00 35.84 0.00 35.84 0.00 35.84 0.00
i160-122 | 36.46 | 36.46 0.00 36.46 0.00 36.46 0.00 36.46 0.00 36.46 0.00
i160-123 | 36.31 | 36.31 0.00 36.31 0.00 36.31 0.00 36.31 0.00 36.31 0.00
i160-124 | 37.76 | 37.76 0.00 37.76 0.00 37.76 0.00 37.76 0.00 37.76 0.00
i160-125 | 36.88 | 36.88 0.00 36.88 0.00 36.88 0.00 36.88 0.00 36.88 0.00
i160-131 2.04 2.46 -0.42 0.44 1.60 0.70 1.34 0.49 1.55 1.01 1.03
i160-132 4.02 3.97 0.05 4.08 -0.06 6.75 -2.73 3.79 0.23 3.58 0.44
i160-133 | 10.32 | 10.22 0.10 10.64 -0.32 | 11.39 -1.07 5.48 4.84 6.79 3.53
i160-134 6.91 1.08 5.83 4.76 2.15 1.20 5.71 2.92 3.99 4.37 2.54
i160-135 6.22 5.14 1.08 4.75 1.47 3.14 3.08 2.98 3.24 1.87 4.35
i160-141 | 28.09 | 28.25 -0.16 28.09 0.00 28.09 0.00 7.67 20.42 7.85 20.24
i160-142 | 27.83 | 27.95 -0.12 27.83 0.00 27.83 0.00 5.47 22.36 6.27 21.56
i160-143 9.65 15.49 -5.84 12.84 -3.19 | 11.88 -2.23 8.15 1.50 8.34 1.31
i160-144 7.15 8.95 -1.80 9.33 -2.18 9.23 -2.08 6.19 0.96 6.15 1.00
i160-145 | 12.90 | 13.23 -0.33 11.50 1.40 12.55 0.35 7.82 5.08 9.82 3.08
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wcC dy ey Cy by be
name ave ave dec ave dec ave dec ave dec ave dec

1160-201 4.28 6.17  -1.89 1.43 2.85 6.22 -1.94 | 4.08 0.20 2.50 1.78
i160-202 | 4.81 8.73  -3.92 3.54 1.27 7.17  -2.36 5.50 -0.69 3.78 1.03
i160-203 2.46 420 -1.74 | 3.75 -1.29 5.02  -2.56 1.86 0.60 2.42 0.04
1160-204 9.98 9.32 0.66 10.03 -0.05 9.73 0.25 5.38 4.60 4.11 5.87
i160-205 | 4.77 3.65 1.12 4.35 0.42 6.77  -2.00 1.82 2.95 1.73 3.04
i160-211 8.65 15.55 -6.90 | 9.00 -0.35 8.95  -0.30 5.80 2.85 5.59 3.06
i160-212 10.34 10.36  -0.02 10.29 0.05 11.26  -0.92 7.42 2.92 4.97 5.37
i160-213 18.75 16.24 2.51 12.46 6.29 17.27 1.48 6.20 12.55 6.47 12.28
i160-214 10.36 6.02 4.34 6.92 3.44 9.28 1.08 7.03 3.33 6.75 3.61
i160-215 | 22.40 | 22.64 -0.24 | 22.62 -0.22 | 22.78 -0.38 8.08 14.32 9.09 13.31
i160-221 | 41.15 | 41.15 0.00 41.15 0.00 41.15 0.00 41.15 0.00 41.15 0.00
i160-222 | 42.09 | 42.09 0.00 42.09 0.00 42.09 0.00 42.09 0.00 42.09 0.00
i160-223 | 41.35 | 41.35  0.00 | 41.35 0.00 | 41.35 0.00 | 41.35 0.00 | 41.35 0.00
1160-224 | 41.96 | 41.96 0.00 | 41.96 0.00 | 41.96 0.00 | 41.96 0.00 | 41.96 0.00
i160-225 | 40.67 | 40.67 0.00 | 40.67  0.00 | 40.67 0.00 | 40.67 0.00 | 40.67  0.00
i160-231 | 10.28 | 10.22 0.06 | 10.10 0.18 7.16 3.12 6.05 4.23 6.54 3.74
1160-232 10.12 7.36 2.76 8.41 1.71 6.48 3.64 3.50 6.62 2.25 7.87
1160-233 7.73 6.79 0.94 5.39 2.34 6.36 1.37 5.33 2.40 4.63 3.10
1160-234 3.13 0.62 2.51 2.58 0.55 1.05 2.08 2.21 0.92 2.19 0.94
i160-235 | 10.82 8.56 2.26 7.93 2.89 8.97 1.85 5.40 5.42 4.23 6.59
i160-241 34.17 | 34.29 -0.12 | 34.25 -0.08 | 34.17 0.00 4.15 30.02 6.66 27.51
1160-242 | 33.45 | 33.51 -0.06 | 33.49 -0.04 | 33.45 0.00 4.45 29.00 5.13 28.32
i160-243 | 34.91 | 34.97 -0.06 | 34.95 -0.04 | 34.91 0.00 5.39 29.52 7.36 27.55
i160-244 | 33.59 | 33.87 -0.28 | 33.59 0.00 | 33.59  0.00 4.13 29.46 6.48 27.11
i160-245 | 33.93 | 34.15 -0.22 | 34.05 -0.12 | 33.93 0.00 5.17 28.76 6.88 27.05
1160-301 4.66 4.60 0.06 4.03 0.63 6.82 -2.16 | 3.32 1.34 1.15 3.51
1160-302 3.12 4.12  -1.00 | 3.81 -0.69 | 4.91 -1.79 2.96 0.16 2.93 0.19
1160-303 5.58 1.86 3.72 3.38 2.20 2.63 2.95 0.29 5.29 1.72 3.86
i160-304 | 4.20 3.44 0.76 2.92 1.28 4.97  -0.77 1.98 2.22 3.56 0.64
i160-305 | 4.22 3.16 1.06 2.76 1.46 3.31 0.91 1.87 2.35 1.82 2.40
i160-311 | 15.96 | 19.89 -3.93 | 20.55 -4.59 | 18.85 -2.89 5.93 10.03 6.04 9.92
i160-312 | 26.02 | 22.09 3.93 | 22.12 3.90 | 26.43 -0.41 5.88 20.14 5.29 20.73
i160-313 | 24.38 | 21.17 3.21 20.62 3.76 20.73 3.65 5.55 18.83 5.84 18.54
i160-314 | 25.46 | 21.40 4.06 | 21.03 4.43 | 25.99 -0.53 | 6.89 18.57 | 6.61 18.85
i160-315 | 26.06 | 17.72 834 | 21.07 4.99 | 20.39 5.67 4.03 22.03 3.46 22.60
1160-321 | 43.27 | 43.27 0.00 | 43.27 0.00 | 43.27 0.00 | 43.27 0.00 | 43.27  0.00
i160-322 | 43.70 | 43.70  0.00 | 43.70  0.00 | 43.70 0.00 | 43.70  0.00 | 43.70 0.00
i160-323 | 43.38 | 43.38 0.00 43.38 0.00 43.38 0.00 43.38 0.00 43.38 0.00
i160-324 | 43.42 | 43.42 0.00 43.42 0.00 43.42 0.00 43.42 0.00 43.42 0.00
i160-325 | 43.59 | 43.59 0.00 | 43.59 0.00 | 43.59 0.00 | 43.59  0.00 | 43.59 0.00
i160-331 7.06 6.90 0.16 6.52 0.54 7.29 -0.23 4.83 2.23 4.93 2.13
1160-332 6.86 7.93 -1.07 | 7.07 -0.21 9.73  -2.87 | 3.65 3.21 2.31 4.55
i160-333 | 4.66 4.66 0.00 4.97  -0.31 5.16  -0.50 | 3.25 1.41 2.87 1.79
1160-334 5.29 5.94  -0.65 5.25 0.04 6.11 -0.82 4.88 0.41 5.74 -0.45
1160-335 6.05 2.84 3.21 5.54 0.51 6.23 -0.18 | 3.73 2.32 3.62 2.43
i160-341 37.13 | 37.28 -0.15 | 37.17 -0.04 | 37.13 0.00 4.90 32.23 5.78 31.35
i160-342 | 37.28 | 3749 -0.21 | 3743 -0.15 | 37.28  0.00 3.14 34.14 3.77  33.51
i160-343 | 38.82 | 38.92 -0.10 | 38.89 -0.07 | 38.83 -0.01 3.09 35.73 3.92 34.90
i160-344 | 38.00 | 38.24 -0.24 | 38.03 -0.03 | 38.00 0.00 3.65 34.35 | 4.55 33.45
i160-345 | 37.38 | 37.48 -0.10 | 37.43 -0.05 | 37.38  0.00 3.70 33.68 | 4.08 33.30

ave 17.44 | 16.92 0.52 | 16.50 0.94 | 17.08 0.36 | 11.09 6.35 11.22 6.22
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76



Table 3.12: Gaps

[%] (SPH, 1320)

we dy ey Co by be

name ave ave dec ave dec ave dec ave dec ave dec
i320-001 0.08 2.10 -2.02 0.07 0.01 0.89 -0.81 0.23 -0.15 2.11 -2.03
i320-002 1.83 2.06 -0.23 2.05 -0.22 2.72 -0.89 1.27 0.56 1.96 -0.13
i320-003 9.75 8.97 0.78 9.29 0.46 8.86 0.89 7.18 2.57 3.94 5.81
i320-004 4.83 4.11 0.72 5.01 -0.18 3.95 0.88 3.60 1.23 4.48 0.35
i320-005 4.50 4.30 0.20 3.89 0.61 3.55 0.95 3.91 0.59 3.43 1.07
i320-011 5.56 6.36 -0.80 3.39 2.17 2.50 3.06 3.98 1.58 5.22 0.34
i320-012 | 11.56 | 11.10 0.46 11.51 0.05 6.67 4.89 5.12 6.44 10.27 1.29
i320-013 5.31 5.55 -0.24 5.37 -0.06 5.12 0.19 5.33 -0.02 4.91 0.40
i320-014 2.16 3.84 -1.68 2.08 0.08 1.66 0.50 1.92 0.24 1.61 0.55
i320-015 6.96 7.32 -0.36 7.70 -0.74 7.33 -0.37 1.94 5.02 6.11 0.85
i320-021 | 31.68 | 31.68 0.00 31.68 0.00 31.68 0.00 31.68 0.00 31.68 0.00
i320-022 | 31.57 | 31.57 0.00 31.57 0.00 31.57 0.00 31.57 0.00 31.57 0.00
i320-023 | 33.70 | 33.70 0.00 33.70 0.00 33.70 0.00 33.70 0.00 33.70 0.00
i320-024 | 31.81 | 31.81 0.00 31.81 0.00 31.81 0.00 31.81 0.00 31.81 0.00
i320-025 | 32.00 | 32.00 0.00 32.00 0.00 32.00 0.00 32.00 0.00 32.00 0.00
i320-031 3.27 2.20 1.07 1.77 1.50 2.51 0.76 1.71 1.56 1.99 1.28
i320-032 3.51 2.20 1.31 1.83 1.68 3.14 0.37 3.86 -0.35 1.74 1.77
i320-033 3.86 4.90 -1.04 4.55 -0.69 4.70 -0.84 3.47 0.39 3.50 0.36
i320-034 9.09 5.03 4.06 4.82 4.27 3.11 5.98 2.16 6.93 2.81 6.28
i320-035 8.67 1.79 6.88 5.75 2.92 3.14 5.53 5.81 2.86 4.96 3.71
i320-041 | 24.39 | 17.75 6.64 6.46 17.93 9.75 14.64 | 10.62 13.77 | 15.52 8.87
i320-042 | 23.65 7.48 16.17 8.22 15.43 | 21.55 2.10 8.05 15.60 | 16.07 7.58
i320-043 | 12.69 | 13.81 -1.12 | 13.81 -1.12 | 13.59 -0.90 5.37 7.32 6.59 6.10
i320-044 | 23.74 | 23.74 0.00 23.74 0.00 23.74 0.00 6.66 17.08 8.05 15.69
i320-045 | 10.52 | 10.15 0.37 12.95 -2.43 | 10.76 -0.24 | 10.42 0.10 8.47 2.05
i320-101 4.73 3.52 1.21 4.34 0.39 4.75 -0.02 3.29 1.44 4.84 -0.11
i320-102 3.13 3.20 -0.07 2.87 0.26 3.64 -0.51 2.26 0.87 3.22 -0.09
i320-103 3.83 2.21 1.62 2.51 1.32 1.99 1.84 2.03 1.80 2.11 1.72
i320-104 8.65 9.01 -0.36 8.17 0.48 8.71 -0.06 6.59 2.06 6.42 2.23
i320-105 3.24 2.04 1.20 2.79 0.45 2.11 1.13 2.79 0.45 2.11 1.13
i320-111 5.97 5.05 0.92 5.08 0.89 6.09 -0.12 5.49 0.48 6.18 -0.21
i320-112 5.96 7.33 -1.37 6.60 -0.64 7.34 -1.38 6.37 -0.41 6.43 -0.47
i320-113 6.91 6.23 0.68 3.58 3.33 8.11 -1.20 6.21 0.70 5.51 1.40
i320-114 8.29 9.57 -1.28 4.82 3.47 8.68 -0.39 5.30 2.99 3.71 4.58
i320-115 9.54 7.93 1.61 9.97 -0.43 8.82 0.72 7.05 2.49 6.51 3.03
i320-121 | 39.51 | 39.51 0.00 39.51 0.00 39.51 0.00 39.51 0.00 39.51 0.00
i320-122 | 40.98 | 40.98 0.00 40.98 0.00 40.98 0.00 40.98 0.00 40.98 0.00
i320-123 | 39.47 | 39.47 0.00 39.47 0.00 39.47 0.00 39.47 0.00 39.47 0.00
i320-124 | 40.02 | 40.02 0.00 40.02 0.00 40.02 0.00 40.02 0.00 40.02 0.00
i320-125 | 39.70 | 39.70 0.00 39.70 0.00 39.70 0.00 39.70 0.00 39.70 0.00
i320-131 7.22 8.55 -1.33 6.47 0.75 6.12 1.10 4.23 2.99 3.11 4.11
i320-132 6.82 6.47 0.35 7.94 -1.12 5.67 1.15 4.41 2.41 5.56 1.26
i320-133 7.47 6.01 1.46 4.62 2.85 6.09 1.38 3.94 3.53 3.25 4.22
i320-134 9.12 7.28 1.84 7.89 1.23 7.76 1.36 4.43 4.69 4.14 4.98
i320-135 4.61 4.77 -0.16 4.24 0.37 4.19 0.42 5.98 -1.37 4.08 0.53
i320-141 | 32.09 | 32.42 -0.33 | 32.20 -0.11 | 32.20 -0.11 5.96 26.13 9.28 22.81
i320-142 | 33.19 | 33.25 -0.06 | 33.25 -0.06 | 33.19 0.00 9.55 23.64 9.16 24.03
i320-143 | 29.46 | 29.99 -0.53 | 16.71 12.75 | 29.90 -0.44 7.87 21.59 9.68 19.78
i320-144 | 34.82 | 34.88 -0.06 | 34.82 0.00 34.82 0.00 7.36 27.46 | 10.89 23.93
i320-145 | 31.85 | 32.10 -0.25 | 31.91 -0.06 | 31.88 -0.03 5.62 26.23 9.72 22.13
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wWC du () Cy bv be
name ave ave dec ave dec ave dec ave dec ave dec

i320-201 7.63 5.48 2.15 6.40 1.23 5.15 2.48 3.64 3.99 4.95 2.68
i320-202 5.51 2.20 3.31 4.94 0.57 4.23 1.28 3.11 2.40 2.94 2.57
1320-203 4.81 4.46 0.35 4.71 0.10 5.41 -0.60 4.33 0.48 4.79 0.02
1320-204 5.47 5.04 0.43 4.54 0.93 4.53 0.94 4.50 0.97 3.54 1.93
i320-205 5.11 4.51 0.60 4.81 0.30 4.83 0.28 4.72 0.39 4.04 1.07
i320-211 8.83 10.48 -1.65 9.03 -0.20 8.67 0.16 7.64 1.19 7.41 1.42
i320-212 9.77 8.24 1.53 8.27 1.50 10.58 -0.81 8.32 1.45 7.16 2.61
1320-213 9.60 12.29 -2.69 | 10.20 -0.60 | 13.24 -3.64 7.23 2.37 6.87 2.73
i320-214 10.18 11.39 -1.21 10.69 -0.51 13.52 -3.34 6.74 3.44 7.53 2.65
i320-215 9.82 8.83 0.99 | 10.51 -0.69 9.94 -0.12 7.71 2.11 7.50 2.32
i320-221 | 42.91 | 42.91 0.00 42.91 0.00 42.91 0.00 42.91 0.00 42.91 0.00
1320-222 | 42.88 | 42.88 0.00 42.88 0.00 42.88 0.00 42.88 0.00 42.88 0.00
i320-223 | 42.63 | 42.63 0.00 | 42.63 0.00 | 42.63 0.00 | 42.63 0.00 42.63 0.00
i320-224 | 42.65 | 42.65 0.00 | 42.65 0.00 | 42.65 0.00 | 42.65 0.00 42.65 0.00
i320-225 | 42.94 | 42.94 0.00 42.94 0.00 42.94 0.00 42.94 0.00 42.94 0.00
1320-231 5.62 5.62 0.00 4.60 1.02 5.03 0.59 4.91 0.71 4.79 0.83
1320-232 7.36 3.69 3.67 6.71 0.65 6.02 1.34 5.75 1.61 4.94 2.42
1320-233 6.86 6.92 -0.06 5.57 1.29 7.91 -1.05 6.82 0.04 7.30 -0.44
1320-234 7.57 6.70 0.87 6.46 1.11 6.94 0.63 5.49 2.08 5.78 1.79
i320-235 6.73 3.44 3.29 3.96 2.77 3.26 3.47 4.98 1.75 4.65 2.08
i320-241 | 37.77 | 37.88 -0.11 | 37.77 0.00 | 37.77  0.00 5.21 32.56 6.83 30.94
i320-242 | 37.60 | 37.71 -0.11 | 37.64 -0.04 | 37.60 0.00 4.54 33.06 7.23 30.37
i320-243 | 37.31 | 37.44 -0.13 | 37.31 0.00 | 37.31  0.00 4.60 32.71 5.89 31.42
i320-244 | 37.21 | 37.27 -0.06 | 37.21  0.00 | 37.21  0.00 4.83 32.38 5.76 31.45
i320-245 | 37.87 | 37.92 -0.05 | 37.87 0.00 37.87 0.00 5.28 32.59 7.24 30.63
1320-301 3.73 2.75 0.98 3.24 0.49 2.88 0.85 2.07 1.66 3.41 0.32
1320-302 2.97 3.55 -0.58 2.81 0.16 4.38 -1.41 2.44 0.53 3.20 -0.23
1320-303 3.58 3.25 0.33 2.32 1.26 3.77  -0.19 2.05 1.53 2.90 0.68
1320-304 3.96 2.71 1.25 3.04 0.92 3.20 0.76 2.02 1.94 1.63 2.33
i320-305 5.28 3.42 1.86 3.52 1.76 3.67 1.61 2.45 2.83 2.30 2.98
i320-311 22.46 | 24.41 -1.95 23.97 -1.51 23.90 -1.44 6.82 15.64 6.58 15.88
i320-312 | 27.12 | 27.72 -0.60 | 24.43 2.69 | 27.72 -0.60 7.78 19.34 6.79 20.33
i320-313 | 28.70 | 26.34 2.36 25.90 2.80 28.38 0.32 5.61 23.09 5.82 22.88
i320-314 | 21.84 | 20.34 1.50 21.95 -0.11 20.70 1.14 6.98 14.86 6.55 15.29
i320-315 | 29.68 | 29.43 0.25 | 28.09 1.59 | 29.41 0.27 6.97 22.71 6.81 22.87
i320-321 | 45.28 | 45.28 0.00 | 45.28 0.00 | 45.28 0.00 | 45.28 0.00 45.28 0.00
i320-322 | 45.19 | 45.19 0.00 | 45.19 0.00 | 45.19 0.00 | 45.19 0.00 45.19 0.00
i320-323 | 45.41 | 45.41 0.00 45.41 0.00 45.41 0.00 45.41 0.00 45.41 0.00
i320-324 | 45.45 | 45.45 0.00 | 45.45 0.00 | 45.45 0.00 | 45.45 0.00 45.45 0.00
i320-325 | 45.41 | 45.41 0.00 45.41 0.00 45.41 0.00 45.41 0.00 45.41 0.00
1320-331 8.37 9.39 -1.02 7.66 0.71 8.65 -0.28 4.95 3.42 4.73 3.64
i320-332 8.02 5.87 2.15 5.88 2.14 6.78 1.24 4.54 3.48 4.64 3.38
i320-333 8.60 8.20 0.40 6.46 2.14 9.17  -0.57 | 6.59 2.01 5.49 3.11
1320-334 6.58 8.15 -1.57 7.49 -0.91 8.06  -1.48 5.74 0.84 5.58 1.00
1320-335 4.80 6.32 -1.52 5.08 -0.28 6.36  -1.56 4.26 0.54 3.18 1.62
i320-341 | 41.45 | 41.59 -0.14 | 41.46 -0.01 | 41.46 -0.01 2.34 39.11 3.11 38.34
i320-342 | 42.11 42.18 -0.07 | 42.18 -0.07 | 42.12 -0.01 2.29 39.82 2.84 39.27
i320-343 | 41.38 | 41.52 -0.14 | 41.45 -0.07 | 41.40 -0.02 2.55 38.83 3.34 38.04
i320-344 | 41.59 | 41.83 -0.24 | 41.69 -0.10 | 41.64 -0.05 2.15 39.44 3.34 38.25
i320-345 | 41.98 | 42.07 -0.09 | 42.01 -0.03 | 41.98  0.00 1.88 40.10 3.09 38.89

ave 19.27 | 18.76  0.51 18.36  0.91 18.85 0.42 | 11.93 7.34 12.33 6.94
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Table 3.13: Gaps [%] (DNH, B)

weC be
name ave ave dec ave dec ave ave dec ave dec
b01 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 0.00 | 0.00 0.00
b02 7.42 | 6.02 1.40 | 6.02 1.40 | 7.23 3.61 3.81 0.00 7.42
b03 0.22 | 0.00 0.22 | 0.00 0.22 | 0.00 0.00 0.22 | 0.00 0.22
b04 0.00 | 8.47 -8.47 | 8.47 -8.47 | 5.08 5.08 -5.08 | 0.00 0.00
b05 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 0.00 | 0.00 0.00
b06 1.64 | 1.64 0.00 1.64 0.00 | 4.10 4.10 -2.46 | 4.10 -2.46
b07 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 0.00 | 0.00 0.00
b08 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 0.00 | 0.00 0.00
b09 0.45 | 0.45 0.00 | 0.91 -0.46 | 0.45 0.45 0.00 | 0.00 045

b10 749 | 581 168 | 581 168 | 581 1.68 | 1.16 6.33 | 4.65 2.84
b1l 4.55 | 2.27 228 | 455 0.00 | 455 0.00 | 2.27 2.28 | 0.00 4.55
b12 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
b13 6.06 | 2.42 3.64 | 6.06 0.00 | 3.64 242 | 3.64 242 | 6.06 0.00
bl4 0.85 | 0.85 0.00 | 0.85 0.00 | 0.85 0.00 | 0.85 0.00 | 0.85 0.00
bl5 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
bl6 7.09 | 6.30 0.79 | 551 1.58 | 6.30 0.79 | 5.51 1.58 | 5.51 1.58
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bl7 | 1.53 | 220 -0.76 | 2.29 -0.76 | 229 -0.76 | 2.20 -0.76 | 1.53  0.00
bl8 | 1.38 | 2.75 -1.37 | 1.38  0.00 | 229 -0.91 | 220 -0.91 | 2.29 -0.91
ave | 2.15 | 218 -0.03 | 242 -0.27 | 237 -0.22 | 1.74 041 | 1.39 0.76
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Figure 3.21: Decrease of the average gap (DNH, B)
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Table 3.14: Gaps [%] (DNH, C)

wc dy ey cy by be
name ave ave dec ave dec ave dec ave dec ave dec
c01 3.53 2.35 1.18 3.53 0.00 2.35 1.18 0.00 3.53 1.18 2.35
c02 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
c03 1.19 0.93 0.26 1.99  -0.80 1.72  -0.53 1.99 -0.80 1.99 -0.80
c04 2.69 2.59 0.10 2.41 0.28 2.59 0.10 1.76 0.93 1.58 1.11
c05 0.42 0.44  -0.02 0.44 -0.02 | 0.44 -0.02 | 044 -0.02 | 0.44 -0.02
c06 9.09 0.00 9.09 9.09 0.00 0.00 9.09 9.09 0.00 9.09 0.00
c07 12.75 | 12.75 0.00 | 12.75  0.00 6.86 5.89 | 11.76  0.99 6.86 5.89
c08 2.91 3.15 -0.24 | 295 -0.04 | 432 -141 2.16 0.75 2.55 0.36
c09 1.84 2.55  -0.71 2.55  -0.71 297  -1.13 1.84 0.00 1.98 -0.14
cl0 1.18 1.41 -0.23 1.46  -0.28 1.92 -0.74 1.01 0.17 0.55 0.63
cll 12.50 | 15.62 -3.12 | 15.62 -3.12 | 15.62 -3.12 | 15.62 -3.12 | 9.38 3.12
cl2 5.74 6.52 -0.78 | 6.52 -0.78 | 8.70 -2.96 2.17 3.57 2.17 3.57
cl3 5.43 5.43 0.00 4.65 0.78 5.81  -0.38 2.71 2.72 2.33 3.10
cl4 2.28 4.33  -2.05 4.33  -2.05 | 557 -3.29 | 2.79 -0.51 2.17 0.11
cl5 0.66 0.54 0.12 090 -0.24 | 090 -0.24 | 0.18 0.48 0.18 0.48
cl6 18.18 | 18.18 0.00 | 18.18 0.00 | 1818 0.00 | 18.18 0.00 | 18.18 0.00
cl7 8.67 11.11  -2.44 | 11.11  -2.44 | 5.56 3.11 11.11  -2.44 5.56 3.11
cl8 8.07 7.96 0.11 7.96 0.11 7.96 0.11 7.08 0.99 7.96 0.11
cl9 6.26 10.96 -4.70 | 9.59  -3.33 7.53  -1.27 | 4.79 1.47 6.16 0.10
c20 0.31 0.75 -0.44 | 075 -044 | 0.75 -044 | 0.37 -0.06 | 0.37 -0.06
ave 5.18 5.38 -0.20 | 5.84 -0.66 | 4.99 0.19 4.75 0.43 4.03 1.15
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Table 3.15: Gaps [%] (DNH, D)

wce dy ey cy by be
name ave ave dec ave dec ave dec ave dec ave dec
do1 0.94 0.94 0.00 0.94 0.00 6.60 -5.66 0.94 0.00 0.94 0.00
do2 7.73 5.45 2.28 7.73 0.00 5.45 2.28 3.64 4.09 3.64 4.09
do3 2.20 2.88 -0.68 3.07 -0.87 3.19 -0.99 3.07 -0.87 3.07 -0.87
do4 2.38 1.60 0.78 1.86 0.52 2.07 0.31 1.81 0.57 2.17 0.21
dos 0.43 0.49 -0.06 0.40 0.03 0.52 -0.09 0.40 0.03 0.40 0.03
d06 11.94 | 5.97 5.97 5.97 5.97 1791 -5.97 5.97 5.97 10.45 1.49
do7 12.62 1.94 10.68 1.94 10.68 1.94 10.68 1.94 10.68 1.94 10.68
do8 3.92 3.73 0.19 4.01 -0.09 4.74 -0.82 4.10 -0.18 4.10 -0.18
d09 4.14 4.14 0.00 3.73 0.41 4.70 -0.56 3.66 0.48 2.83 1.31
d10 0.98 2.04 -1.06 1.94 -0.96 2.42 -1.44 1.28 -0.30 0.57 0.41
d11 10.34 | 10.34  0.00 10.34  0.00 17.24  -6.90 | 10.34  0.00 6.90 3.44
di2 2.38 4.76 -2.38 4.76 -2.38 4.76 -2.38 0.00 2.38 4.76 -2.38
d13 3.83 4.40 -0.57 5.40 -1.57 5.60 -1.77 4.40 -0.57 3.60 0.23
d14 1.87 3.93 -2.06 3.15 -1.28 4.65 -2.78 3.30 -1.43 2.55 -0.68
d1s 1.82 2.15 -0.33 2.15 -0.33 2.06 -0.24 1.34 0.48 1.25 0.57
d16 23.08 | 23.08  0.00 23.08  0.00 23.08 0.00 15.38 7.70 15.38 7.70
d17 8.70 13.04 -4.34 | 13.04 -4.34 | 13.04 -4.34 8.70 0.00 4.35 4.35
d18 9.77 9.87 -0.10 9.87 -0.10 8.97 0.80 8.97 0.80 9.42 0.35
d19 7.11 12.26 -5.15 | 12.26 -5.15 | 12.26 -5.15 6.45 0.66 8.71 -1.60
d20 1.07 1.49 -0.42 1.49 -0.42 1.49 -0.42 0.56 0.51 0.56 0.51
ave 5.86 5.72 0.14 5.86 0.00 7.13 -1.27 4.31 1.55 4.38 1.48
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Table 3.16: Gaps [%] (DNH, 1080)

wc dy ey Co by be

name ave ave dec ave dec ave dec ave dec ave dec
i080-001 | 11.58 | 11.19 0.39 11.58 0.00 11.19 0.39 11.08 0.50 12.09 -0.51
i080-002 | 11.95 | 11.95 0.00 11.95 0.00 11.95 0.00 0.00 11.95 5.72 6.23
i080-003 5.49 5.49 0.00 0.00 5.49 5.49 0.00 0.00 5.49 0.00 5.49
i080-004 | 16.45 | 12.27 4.18 16.45 0.00 16.45 0.00 12.27 4.18 5.68 10.77
i080-005 | 11.40 5.92 5.48 6.37 5.03 5.92 5.48 4.92 6.48 4.92 6.48
i080-011 7.17 7.23 -0.06 7.17 0.00 2.50 4.67 7.17 0.00 7.23 -0.06
i080-012 0.47 0.67 -0.20 0.47 0.00 0.67 -0.20 0.47 0.00 0.47 0.00
i080-013 6.81 0.14 6.67 6.81 0.00 0.51 6.30 0.00 6.81 0.00 6.81
i080-014 | 20.83 | 13.82 7.01 13.74 7.09 13.74 7.09 13.74 7.09 13.17 7.66
i080-015 7.16 7.16 0.00 7.16 0.00 7.16 0.00 7.16 0.00 7.16 0.00
i080-021 | 25.19 | 25.19 0.00 25.19 0.00 25.19 0.00 25.19 0.00 25.19 0.00
i080-022 | 25.38 | 25.38 0.00 25.38 0.00 25.38 0.00 25.38 0.00 25.38 0.00
i080-023 | 25.30 | 25.30 0.00 25.30 0.00 25.30 0.00 25.30 0.00 25.30 0.00
i080-024 | 26.87 | 26.87 0.00 26.87 0.00 26.87 0.00 26.87 0.00 26.87 0.00
i080-025 | 27.62 | 27.62 0.00 27.62 0.00 27.62 0.00 27.62 0.00 27.62 0.00
i080-031 | 18.73 | 18.73 0.00 18.73 0.00 18.73 0.00 18.73 0.00 6.50 12.23
i080-032 | 12.88 9.00 3.88 5.27 7.61 12.88 0.00 12.88 0.00 4.26 8.62
i080-033 5.35 23.08 -17.73 | 11.59 -6.24 | 22.74 -17.39 | 22.74 -17.39 | 10.70 -5.35
i080-034 6.93 6.46 0.47 6.46 0.47 6.93 0.00 5.33 1.60 5.09 1.84
i080-035 | 16.70 | 10.53 6.17 11.17 5.53 16.70 0.00 591 10.79 5.42 11.28
i080-041 | 17.24 1.57 15.67 1.57 15.67 1.57 15.67 17.32 -0.08 17.32  -0.08
i080-042 | 22.61 | 21.76 0.85 8.08 14.53 | 22.61 0.00 20.20 2.41 18.88 3.73
i080-043 | 21.31 | 17.61 3.70 16.99 4.32 17.61 3.70 13.13 8.18 21.31 0.00
i080-044 0.81 0.81 0.00 0.81 0.00 0.81 0.00 0.81 0.00 0.81 0.00
i080-045 | 18.47 | 11.22 7.25 6.18 12.29 | 11.22 7.25 11.22 7.25 11.22 7.25
i080-101 7.94 7.94 0.00 7.78 0.16 7.94 0.00 0.00 7.94 0.00 7.94
i080-102 | 11.90 4.33 7.57 4.20 7.70 4.20 7.70 3.83 8.07 4.20 7.70
i080-103 6.53 6.72 -0.19 6.53 0.00 6.53 0.00 6.53 0.00 2.96 3.57
i080-104 7.84 7.72 0.12 7.72 0.12 7.72 0.12 7.80 0.04 7.60 0.24
i080-105 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
i080-111 | 29.64 | 10.97  18.67 11.07 18.57 0.44 29.20 11.07  18.57 0.15 29.49
i080-112 | 24.67 9.60 15.07 6.21 18.46 | 14.59 10.08 6.15 18.52 9.76 14.91
i080-113 | 15.98 | 11.15 4.83 11.15 4.83 11.15 4.83 11.15 4.83 9.71 6.27
i080-114 | 26.28 | 21.06 5.22 21.06 5.22 10.87 15.41 9.55 16.73 15.09 11.19
i080-115 | 31.75 | 11.35  20.40 11.35 20.40 | 11.35 20.40 16.38 15.37 10.44 21.31
i080-121 | 31.58 | 31.58 0.00 31.58 0.00 31.58 0.00 31.58 0.00 31.58 0.00
i080-122 | 31.97 | 31.97 0.00 31.97 0.00 31.97 0.00 31.97 0.00 31.97 0.00
i080-123 | 31.36 | 31.36 0.00 31.36 0.00 31.36 0.00 31.36 0.00 31.36 0.00
i080-124 | 30.68 | 30.68 0.00 30.68 0.00 30.68 0.00 30.68 0.00 30.68 0.00
i080-125 | 31.11 | 31.11 0.00 31.11 0.00 31.11 0.00 31.11 0.00 31.11 0.00
i080-131 8.01 3.81 4.20 8.01 0.00 3.81 4.20 4.03 3.98 8.01 0.00
i080-132 8.90 9.50 -0.60 8.90 0.00 9.50 -0.60 5.14 3.76 4.72 4.18
i080-133 | 14.02 0.84 13.18 0.84 13.18 0.84 13.18 0.00 14.02 0.00 14.02
i080-134 6.62 6.62 0.00 6.62 0.00 6.62 0.00 5.36 1.26 6.62 0.00
i080-135 3.81 3.81 0.00 3.81 0.00 3.81 0.00 3.81 0.00 3.81 0.00
i080-141 | 15.10 5.59 9.51 5.59 9.51 5.59 9.51 9.68 5.42 15.10 0.00
i080-142 | 25.31 | 16.16 9.15 5.04 20.27 | 16.16 9.15 18.85 6.46 17.68 7.63
i080-143 | 16.19 0.74 15.45 0.74 15.45 1.47 14.72 5.72 10.47 16.24  -0.05
i080-144 | 22.57 | 14.00 8.57 12.92 9.65 12.98 9.59 12.36 10.21 21.33 1.24
i080-145 | 22.64 2.67 19.97 7.55 15.09 2.67 19.97 2.67 19.97 | 14.76 7.88
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WC dy €y Cy bv be
name ave ave dec ave dec ave dec ave dec ave dec

i080-201 4.20 4.20 0.00 4.20 0.00 4.20 0.00 4.20 0.00 4.20 0.00
i080-202 6.52 2.54 3.98 0.56 5.96 2.54 3.98 2.65 3.87 0.52 6.00
i080-203 | 14.98 6.57 8.41 10.83 4.15 6.57 8.41 4.35 10.63 4.41 10.57
i080-204 5.88 5.97 -0.09 3.54 2.34 3.58 2.30 3.54 2.34 3.54 2.34
i080-205 8.37 4.16 4.21 4.54 3.83 4.18 4.19 4.16 4.21 4.23 4.14
i080-211 | 17.87 6.77 11.10 6.55 11.32 6.33 11.54 6.33 11.54 | 10.66 7.21
i080-212 | 20.34 | 15.61 4.73 12.40 7.94 15.56 4.78 11.78 8.56 10.72 9.62
i080-213 16.67 14.46 2.21 14.38 2.29 16.69 -0.02 4.16 12.51 4.05 12.62
i080-214 | 22.68 | 22.68 0.00 22.68 0.00 20.19 2.49 5.38 17.30 4.58 18.10
i080-215 15.54 8.58 6.96 8.42 7.12 13.26 2.28 12.33 3.21 15.54 0.00
i080-221 | 38.89 | 38.89 0.00 38.89 0.00 38.89 0.00 38.89 0.00 38.89 0.00
i080-222 | 38.81 38.81 0.00 38.81 0.00 38.81 0.00 38.81 0.00 38.81 0.00
i080-223 | 39.01 | 39.01 0.00 39.01 0.00 39.01 0.00 39.01 0.00 39.01 0.00
i080-224 | 38.46 | 38.46 0.00 38.46 0.00 38.46 0.00 38.46 0.00 38.46 0.00
i080-225 | 38.44 | 38.44 0.00 38.44 0.00 38.44 0.00 38.44 0.00 38.44 0.00
i080-231 | 20.28 7.40 12.88 4.94 15.34 | 11.81 8.47 6.78 13.50 8.61 11.67
i080-232 8.81 6.67 2.14 6.60 2.21 6.69 2.12 6.55 2.26 8.88 -0.07
i080-233 9.98 10.78  -0.80 9.98 0.00 10.98  -1.00 8.40 1.58 8.04 1.94
1080-234 8.73 9.12 -0.39 8.73 0.00 14.04 -5.31 4.87 3.86 6.79 1.94
i080-235 7.93 4.41 3.52 6.08 1.85 6.08 1.85 6.40 1.53 7.93 0.00
i080-241 | 26.14 | 26.31 -0.17 | 26.14 0.00 26.14 0.00 7.55 18.59 | 16.85 9.29
i080-242 | 17.26 | 16.08 1.18 16.08 1.18 17.26 0.00 5.49 11.77 | 12.90 4.36
i080-243 | 22.37 | 14.48 7.89 14.48 7.89 22.37 0.00 5.07 17.30 | 17.53 4.84
i080-244 16.62 11.22 5.40 11.22 5.40 11.22 5.40 9.43 7.19 15.26 1.36
i080-245 | 28.50 | 28.58 -0.08 28.55 -0.05 28.53 -0.03 10.64 17.86 12.43 16.07
i080-301 9.26 9.26 0.00 9.26 0.00 9.26 0.00 4.13 5.13 9.26 0.00
1080-302 6.83 6.83 0.00 5.59 1.24 6.83 0.00 3.50 3.33 3.94 2.89
i080-303 | 10.30 3.58 6.72 5.30 5.00 5.30 5.00 1.90 8.40 3.74 6.56
i080-304 7.00 7.00 0.00 5.62 1.38 7.00 0.00 7.18 -0.18 7.04 -0.04
i080-305 | 15.73 7.45 8.28 10.40 5.33 7.13 8.60 4.70 11.03 4.10 11.63
i080-311 | 19.39 | 20.00 -0.61 | 19.39 0.00 19.39 0.00 7.51 11.88 9.82 9.57
i080-312 | 22.17 | 20.84 1.33 11.54 10.63 | 22.17 0.00 10.32 11.85 12.22 9.95
i080-313 17.01 15.10 1.91 14.66 2.35 19.23 -2.22 8.21 8.80 10.20 6.81
i080-314 8.75 5.14 3.61 5.05 3.70 8.36 0.39 5.76 2.99 7.40 1.35
i080-315 | 16.91 | 11.91 5.00 11.50 5.41 11.71 5.20 7.51 9.40 10.25 6.66
i080-321 | 40.56 | 40.56 0.00 40.56 0.00 40.56 0.00 40.56 0.00 40.56 0.00
i080-322 | 39.85 | 39.85 0.00 39.85 0.00 39.85 0.00 39.85 0.00 39.85 0.00
i080-323 | 40.02 | 40.02 0.00 40.02 0.00 40.02 0.00 40.02 0.00 40.02 0.00
i080-324 | 40.31 | 40.31 0.00 40.31 0.00 40.31 0.00 40.31 0.00 40.31 0.00
i080-325 | 41.03 | 41.03 0.00 41.03 0.00 41.03 0.00 41.03 0.00 41.03 0.00
i080-331 13.61 10.33 3.28 12.13 1.48 9.73 3.88 3.65 9.96 5.07 8.54
i080-332 | 17.23 6.08 11.15 | 13.82 3.41 5.97 11.26 7.91 9.32 9.46 7.77
i080-333 | 13.99 | 10.57  3.42 12.27 1.72 8.59 5.40 7.02 6.97 10.50 3.49
i080-334 11.72 4.14 7.58 11.72 0.00 12.12 -0.40 4.22 7.50 8.43 3.29
i080-335 | 11.00 7.43 3.57 7.29 3.71 5.83 5.17 5.83 5.17 5.71 5.29
i080-341 19.31 19.38 -0.07 17.40 1.91 19.31 0.00 5.69 13.62 11.95 7.36
i080-342 | 29.49 | 29.74 -0.25 29.54 -0.05 29.54 -0.05 5.28 24.21 11.51 17.98
1080-343 | 32.85 | 33.33 -0.48 | 32.95 -0.10 | 32.88 -0.03 7.85 25.00 9.33 23.52
i080-344 | 31.83 | 32.02 -0.19 | 31.95 -0.12 | 31.83 0.00 4.59 27.24 4.27 27.56
i080-345 | 15.53 | 24.83 -9.30 | 15.53 0.00 15.55  -0.02 9.49 6.04 11.63 3.90

ave 18.58 | 15.45 3.13 15.02 3.56 15.64 2.94 12.60 5.98 13.52 5.06
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Table 3.17: Gaps [%] (DNH, I160)

wce dy ey Cy by be

name ave ave dec ave dec ave dec ave dec ave dec
i160-001 | 24.22 8.43 15.79 9.12 15.10 | 12.81 11.41 4.50 19.72 4.22 20.00
i160-002 2.49 9.59 -7.10 0.09 2.40 9.59 -7.10 0.09 2.40 0.09 2.40
i160-003 8.45 9.27 -0.82 8.45 0.00 8.45 0.00 5.92 2.53 5.62 2.83
i160-004 5.27 5.27 0.00 5.27 0.00 5.27 0.00 5.27 0.00 5.27 0.00
i160-005 8.26 8.26 0.00 8.26 0.00 8.26 0.00 8.26 0.00 8.18 0.08
i160-011 | 29.64 | 12.88 16.76 12.88 16.76 | 12.88 16.76 | 11.69 17.95 | 16.04 13.60
i160-012 | 24.69 | 24.69 0.00 13.89 10.80 | 24.69 0.00 6.29 18.40 | 17.49 7.20
i160-013 | 29.14 | 24.26 4.88 18.06 11.08 | 11.86 17.28 | 11.86 17.28 | 11.86 17.28
i160-014 | 22.83 | 22.83 0.00 22.83 0.00 22.83 0.00 22.83 0.00 18.95 3.88
i160-015 | 28.45 | 18.89 9.56 18.89 9.56 24.43 4.02 12.44 16.01 | 17.99 10.46
i160-021 | 30.47 | 30.47 0.00 30.47 0.00 30.47 0.00 30.47 0.00 30.47 0.00
i160-022 | 29.74 | 29.74 0.00 29.74 0.00 29.74 0.00 29.74 0.00 29.74 0.00
i160-023 | 29.90 | 29.90 0.00 29.90 0.00 29.90 0.00 29.90 0.00 29.90 0.00
i160-024 | 28.96 | 28.96 0.00 28.96 0.00 28.96 0.00 28.96 0.00 28.96 0.00
i160-025 | 28.99 | 28.99 0.00 28.99 0.00 28.99 0.00 28.99 0.00 28.99 0.00
i160-031 9.35 19.12 -9.77 9.35 0.00 9.35 0.00 9.45 -0.10 9.35 0.00
1160-032 6.22 6.22 0.00 6.22 0.00 6.22 0.00 6.22 0.00 1.42 4.80
i160-033 | 18.94 | 18.94 0.00 18.94 0.00 18.94 0.00 14.14 4.80 9.71 9.23
i160-034 8.83 9.70 -0.87 8.83 0.00 0.00 8.83 9.70 -0.87 0.00 8.83
i160-035 | 10.08 | 10.08 0.00 10.08 0.00 10.08 0.00 10.08 0.00 10.08 0.00
i160-041 | 17.20 | 12.78 4.42 12.52 4.68 17.20 0.00 17.20 0.00 10.31 6.89
i160-042 | 32.23 | 13.93 18.30 13.06 19.17 | 13.06 19.17 | 10.77 21.46 | 17.03 15.20
i160-043 | 14.91 | 14.91 0.00 14.91 0.00 14.91 0.00 12.78 2.13 14.91 0.00
i160-044 | 12.04 | 22.80 -10.76 | 12.04 0.00 12.04 0.00 12.04 0.00 12.04 0.00
i160-045 | 18.60 6.56 12.04 13.19 5.41 6.69 11.91 6.69 11.91 | 12.55 6.05
i160-101 8.06 10.83 -2.77 8.06 0.00 5.44 2.62 5.44 2.62 5.44 2.62
i160-102 | 11.13 | 11.13 0.00 11.13 0.00 11.13 0.00 5.12 6.01 2.72 8.41
i160-103 5.99 8.60 -2.61 5.68 0.31 11.21  -5.22 6.20 -0.21 5.99 0.00
i160-104 2.54 2.54 0.00 2.54 0.00 2.54 0.00 2.54 0.00 2.54 0.00
i160-105 | 17.01 8.59 8.42 11.45 5.56 17.01 0.00 8.59 8.42 11.20 5.81
i160-111 | 17.25 | 11.47 5.78 11.15 6.10 14.29 2.96 11.01 6.24 17.25 0.00
i160-112 | 19.66 | 18.30 1.36 16.38 3.28 17.31 2.35 16.59 3.07 15.53 4.13
i160-113 | 26.34 | 14.24 12.10 | 20.59 5.75 17.38 8.96 9.07 17.27 | 12.14 14.20
i160-114 | 18.23 | 12.41 5.82 16.79 1.44 16.53 1.70 8.80 9.43 17.93 0.30
i160-115 | 13.07 4.32 8.75 4.53 8.54 4.32 8.75 7.46 5.61 16.79  -3.72
i160-121 | 35.84 | 35.84 0.00 35.84 0.00 35.84 0.00 35.84 0.00 35.84 0.00
i160-122 | 36.46 | 36.46 0.00 36.46 0.00 36.46 0.00 36.46 0.00 36.46 0.00
i160-123 | 36.31 | 36.31 0.00 36.31 0.00 36.31 0.00 36.31 0.00 36.31 0.00
i160-124 | 37.76 | 37.76 0.00 37.76 0.00 37.76 0.00 37.76 0.00 37.76 0.00
i160-125 | 36.88 | 36.88 0.00 36.88 0.00 36.88 0.00 36.88 0.00 36.88 0.00
i160-131 3.13 3.13 0.00 3.13 0.00 3.13 0.00 3.13 0.00 3.16 -0.03
i160-132 | 12.09 | 14.99 -2.90 14.99 -2.90 | 12.09 0.00 6.14 5.95 11.88 0.21
i160-133 | 22.12 | 13.81 8.31 16.85 5.27 16.85 5.27 7.70 14.42 | 12.86 9.26
i160-134 | 14.15 3.52 10.63 11.56 2.59 3.52 10.63 8.85 5.30 11.33 2.82
i160-135 | 13.46 8.34 5.12 13.29 0.17 10.20 3.26 6.11 7.35 5.81 7.65
i160-141 | 28.09 | 28.25 -0.16 28.09 0.00 28.09 0.00 17.34  10.75 | 24.13 3.96
i160-142 | 27.83 | 27.95 -0.12 27.83 0.00 27.83 0.00 13.78 14.05 | 14.95 12.88
i160-143 | 23.00 | 15.96 7.04 12.63 10.37 | 10.83 12.17 | 13.77 9.23 20.41 2.59
i160-144 | 11.66 9.36 2.30 13.66  -2.00 9.40 2.26 11.12 0.54 11.66 0.00
i160-145 | 17.34 | 13.23 4.11 11.71 5.63 13.23 4.11 17.34 0.00 17.34 0.00
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wcC dy ey Co by be
name ave ave dec ave dec ave dec ave dec ave dec

1160-201 8.97 7.58 1.39 7.58 1.39 7.58 1.39 7.58 1.39 4.19 4.78
i160-202 | 22.08 13.51 8.57 16.20 5.88 22.25 -0.17 10.85 11.23 4.49 17.59
i160-203 | 14.65 | 12.47  2.18 11.25  3.40 | 13.92 0.73 6.78 7.87 11.50 3.15
1160-204 9.85 10.30 -0.45 10.57 -0.72 9.85 0.00 8.77 1.08 9.85 0.00
i160-205 14.39 10.28 4.11 7.44 6.95 13.65 0.74 3.13 11.26 4.42 9.97
i160-211 | 20.10 | 12.61 7.49 15.15 4.95 | 12.50  7.60 10.73  9.37 13.72 6.38
i160-212 15.10 11.38 3.72 10.63 4.47 10.83 4.27 12.28 2.82 12.64 2.46
i160-213 | 18.74 | 13.48 5.26 12.17  6.57 | 13.37  5.37 13.53 5.21 13.37  5.37
i160-214 18.90 14.81 4.09 12.94 5.96 16.96 1.94 12.99 5.91 14.90 4.00
i160-215 | 22.80 | 22.89 -0.09 22.80 0.00 22.80 0.00 12.18 10.62 16.46 6.34
i160-221 | 41.15 | 41.15 0.00 41.15 0.00 41.15 0.00 41.15 0.00 41.15 0.00
i160-222 | 42.09 | 42.09 0.00 42.09 0.00 42.09 0.00 42.09 0.00 42.09 0.00
i160-223 | 41.35 | 41.35 0.00 | 41.35 0.00 | 41.35 0.00 | 41.35 0.00 | 41.35 0.00
i160-224 | 41.96 | 41.96 0.00 | 41.96 0.00 | 41.96 0.00 | 41.96 0.00 | 41.96 0.00
i160-225 | 40.67 | 40.67  0.00 | 40.67 0.00 | 40.67 0.00 | 40.67  0.00 | 40.67  0.00
i160-231 11.62 10.25 1.37 11.62 0.00 8.74 2.88 11.62 0.00 11.62 0.00
1160-232 17.93 12.37 5.56 14.78 3.15 14.78 3.15 6.57 11.36 10.25 7.68
i160-233 18.09 14.18 3.91 15.35 2.74 20.22 -2.13 9.42 8.67 10.25 7.84
i1160-234 7.26 4.56 2.70 6.14 1.12 2.87 4.39 1.49 5.77 1.62 5.64
i160-235 | 24.56 13.35 11.21 15.89 8.67 14.52 10.04 13.60 10.96 12.08 12.48
i160-241 34.17 | 34.29 -0.12 34.25 -0.08 | 34.17 0.00 7.75 26.42 16.54 17.63
1160-242 | 33.45 | 33.51 -0.06 | 33.49 -0.04 | 33.45 0.00 13.05 20.40 | 20.02 13.43
i160-243 | 34.91 | 34.97 -0.06 | 34.95 -0.04 | 34.91 0.00 4.89 30.02 | 17.09 17.82
i160-244 | 33.59 | 33.87 -0.28 | 33.59 0.00 | 33.59 0.00 11.01  22.58 | 20.06 13.53
i160-245 | 33.93 | 34.15 -0.22 34.05 -0.12 | 33.93 0.00 9.74 24.19 15.76 18.17
i160-301 | 10.93 | 10.23  0.70 9.33 1.60 | 10.94 -0.01 5.76 5.17 5.70 5.23
1160-302 8.87 7.24 1.63 8.85 0.02 9.03 -0.16 5.63 3.24 8.20 0.67
i160-303 8.75 3.55 5.20 5.03 3.72 7.18 1.57 2.66 6.09 2.73 6.02
i160-304 | 6.27 3.77 2.50 5.46 0.81 6.29 -0.02 3.70 2.57 8.01 -1.74
1160-305 5.70 5.79 -0.09 5.71 -0.01 5.62 0.08 4.39 1.31 3.14 2.56
i160-311 23.05 18.61 4.44 18.43 4.62 22.29 0.76 9.81 13.24 12.62 10.43
i160-312 | 26.45 | 22.09 4.36 22.12 4.33 | 26.45 0.00 10.03 16.42 | 9.75 16.70
i160-313 | 21.64 | 21.17 0.47 20.59 1.05 21.17 0.47 8.46 13.18 8.54 13.10
i160-314 | 26.40 | 24.55 1.85 21.33 5.07 26.33 0.07 10.12 16.28 14.07 12.33
1160-315 | 24.02 | 17.72 6.30 22.20 1.82 | 20.23 3.79 7.61 16.41 | 11.51 12.51
i160-321 | 43.27 | 43.27  0.00 | 43.27 0.00 | 43.27 0.00 | 43.27 0.00 | 43.27  0.00
i160-322 | 43.70 | 43.70  0.00 | 43.70 0.00 | 43.70  0.00 | 43.70  0.00 | 43.70 0.00
i160-323 | 43.38 | 43.38 0.00 43.38 0.00 43.38 0.00 43.38 0.00 43.38 0.00
i160-324 | 43.42 | 43.42 0.00 43.42 0.00 43.42 0.00 43.42 0.00 43.42 0.00
i160-325 | 43.59 | 43.59  0.00 | 43.59 0.00 | 43.59 0.00 | 43.59 0.00 | 43.59 0.00
i160-331 10.58 7.77 2.81 10.58 0.00 7.89 2.69 7.43 3.15 7.54 3.04
i160-332 | 15.07 | 9.32 5.75 13.34  1.73 | 10.09 4.98 6.20 8.87 7.56 7.51
1160-333 | 14.75 7.68 7.07 10.67  4.08 5.86 8.89 4.34 10.41 5.44 9.31
i160-334 | 13.08 9.44 3.64 11.49 1.59 5.45 7.63 8.11 4.97 5.75 7.33
i160-335 | 12.96 6.40 6.56 11.29  1.67 6.84 6.12 4.89 8.07 7.15 5.81
1160-341 37.13 | 37.28 -0.15 37.17 -0.04 | 37.13 0.00 9.51 27.62 18.38 18.75
i160-342 | 37.28 | 37.49 -0.21 | 37.43 -0.15 | 37.28 0.00 5.21 32.07 | 17.98 19.30
i160-343 | 38.82 | 38.92 -0.10 | 38.89 -0.07 | 38.83 -0.01 6.24 32.58 | 17.00 21.82
i160-344 | 38.00 | 38.24 -0.24 | 38.03 -0.03 | 38.00  0.00 5.27  32.73 | 20.22 17.78
i160-345 | 37.38 | 37.48 -0.10 | 37.43 -0.05 | 37.38 0.00 6.79  30.59 | 16.15 21.23

ave 22.32 | 19.96  2.36 20.01  2.31 | 20.13 2.19 14.60 7.72 16.48 5.84
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Table 3.18: Gaps [%] (DNH, 1320)

we dy ey Cy by be
name ave ave dec ave dec ave dec ave dec ave dec
i320-001 | 11.94 | 12.39 -0.45 | 11.94 0.00 11.94 0.00 4.30 7.64 11.38 0.56
i320-002 8.04 7.80 0.24 7.80 0.24 8.04 0.00 4.36 3.68 1.72 6.32
i320-003 | 22.07 | 20.12 1.95 20.05 2.02 22.07 0.00 10.03  12.04 | 12.99 9.08
i320-004 | 14.22 7.26 6.96 7.26 6.96 7.26 6.96 7.06 7.16 7.06 7.16
i320-005 | 17.02 | 14.41 2.61 14.41 2.61 14.41 2.61 14.41 2.61 10.36 6.66
i320-011 | 17.95 | 20.26 -2.31 | 19.78 -1.83 | 20.26 -2.31 | 15.78 2.17 8.57 9.38
i320-012 | 27.54 | 19.13 8.41 19.13 8.41 9.35 18.19 5.16 22.38 | 23.54 4.00
i320-013 | 24.57 | 16.65 7.92 16.65 7.92 17.23 7.34 24.57 0.00 24.57 0.00
i320-014 | 15.24 | 11.74 3.50 6.02 9.22 6.02 9.22 15.24 0.00 15.14 0.10
i320-015 | 34.48 | 20.79 13.69 | 20.79 13.69 | 34.48 0.00 16.22  18.26 | 26.81 7.67
i320-021 | 31.68 | 31.68 0.00 31.68 0.00 31.68 0.00 31.68 0.00 31.68 0.00
i320-022 | 31.57 | 31.57 0.00 31.57 0.00 31.57 0.00 31.57 0.00 31.57 0.00
i320-023 | 33.70 | 33.70 0.00 33.70 0.00 33.70 0.00 33.70 0.00 33.70 0.00
i320-024 | 31.81 | 31.81 0.00 31.81 0.00 31.81 0.00 31.81 0.00 31.81 0.00
i320-025 | 32.00 | 32.00 0.00 32.00 0.00 32.00 0.00 32.00 0.00 32.00 0.00
i320-031 | 22.71 5.42 17.29 9.13 13.58 | 15.45 7.26 8.45 14.26 8.45 14.26
i320-032 8.19 8.27 -0.08 8.19 0.00 8.38 -0.19 8.19 0.00 3.43 4.76
i320-033 | 15.96 | 15.96 0.00 15.96 0.00 15.96 0.00 15.96 0.00 15.46 0.50
i320-034 | 19.83 7.77 12.06 | 15.75 4.08 15.83 4.00 4.09 15.74 | 11.74 8.09
i320-035 | 15.72 | 15.72 0.00 12.03 3.69 15.72 0.00 11.91 3.81 14.47 1.25
i320-041 9.20 9.20 0.00 9.20 0.00 5.16 4.04 9.20 0.00 9.20 0.00
i320-042 | 34.24 | 12.01 22.23 | 12.01 22.23 | 24.33 9.91 21.94 12.30 | 31.87 2.37
i320-043 | 13.81 | 13.81 0.00 13.81 0.00 13.81 0.00 6.38 7.43 13.81 0.00
i320-044 | 23.74 | 23.74 0.00 23.74 0.00 23.74 0.00 19.57 4.17 22.78 0.96
i320-045 | 32.09 8.66 23.43 8.66 23.43 9.25 22.84 | 19.81 12.28 | 20.82 11.27
i320-101 | 14.01 | 10.71 3.30 14.01 0.00 14.01 0.00 12.33 1.68 8.98 5.03
i320-102 7.29 5.99 1.30 7.22 0.07 7.29 0.00 5.49 1.80 5.76 1.53
i320-103 | 13.16 8.93 4.23 9.97 3.19 9.97 3.19 5.24 7.92 3.59 9.57
i320-104 | 21.83 | 17.04 4.79 14.82 7.01 14.82 7.01 10.24 11.59 7.01 14.82
i320-105 | 13.23 5.43 7.80 6.93 6.30 6.92 6.31 5.30 7.93 6.68 6.55
i320-111 | 31.94 | 12.12 19.82 9.83 22.11 | 14.77 17.17 | 15.02 16.92 | 27.66 4.28
i320-112 | 25.92 | 15.45 10.47 | 17.26 8.66 16.41 9.51 19.51 6.41 20.77 5.15
i320-113 | 21.43 | 12.68 8.75 12.96 8.47 7.82 13.61 | 17.81 3.62 21.43 0.00
i320-114 | 19.10 7.41 11.69 | 12.33 6.77 11.94 7.16 16.74 2.36 14.57 4.53
i320-115 | 20.58 | 18.74 1.84 23.97 -3.39 | 20.86 -0.28 | 20.58 0.00 20.58 0.00
i320-121 | 39.51 | 39.51 0.00 39.51 0.00 39.51 0.00 39.51 0.00 39.51 0.00
i320-122 | 40.98 | 40.98 0.00 40.98 0.00 40.98 0.00 40.98 0.00 40.98 0.00
i320-123 | 39.47 | 39.47 0.00 39.47 0.00 39.47 0.00 39.47 0.00 39.47 0.00
i320-124 | 40.02 | 40.02 0.00 40.02 0.00 40.02 0.00 40.02 0.00 40.02 0.00
i320-125 | 39.70 | 39.70 0.00 39.70 0.00 39.70 0.00 39.70 0.00 39.70 0.00
i320-131 | 18.71 | 15.55 3.16 15.11 3.60 11.74 6.97 9.67 9.04 9.67 9.04
i320-132 | 20.92 | 20.98 -0.06 | 20.92 0.00 13.84 7.08 20.98 -0.06 9.90 11.02
i320-133 8.18 8.25 -0.07 8.18 0.00 8.25 -0.07 8.18 0.00 2.40 5.78
i320-134 | 20.31 | 13.92 6.39 18.21 2.10 16.24 4.07 11.17 9.14 5.65 14.66
i320-135 | 20.05 | 15.14 4.91 14.86 5.19 14.92 5.13 13.87 6.18 11.61 8.44
i320-141 | 32.09 | 32.42 -0.33 | 32.20 -0.11 | 32.20 -0.11 | 19.02 13.07 | 21.24 10.85
i320-142 | 33.19 | 33.25 -0.06 | 33.25 -0.06 | 33.19 0.00 12.78 20.41 | 33.19 0.00
i320-143 | 30.33 | 29.99 0.34 16.71 13.62 | 30.13 0.20 11.23  19.10 | 25.72 4.61
i320-144 | 34.82 | 34.88 -0.06 | 34.82 0.00 34.82 0.00 8.17 26.65 | 19.70 15.12
i320-145 | 31.85 | 32.10 -0.25 | 31.91 -0.06 | 31.88 -0.03 8.00 23.85 | 16.58 15.27
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wWC du () Cy bv be
name ave ave dec ave dec ave dec ave dec ave dec

i320-201 | 12.95 7.60 5.35 9.23 3.72 10.15 2.80 6.47 6.48 7.29 5.66
i320-202 | 12.71 | 10.18 2.53 | 11.85 0.86 9.86 2.85 6.71 6.00 8.48 4.23
i320-203 | 16.57 8.94 7.63 | 16.57  0.00 9.80 6.77 8.04 8.53 8.19 8.38
1320-204 16.51 7.81 8.70 10.13 6.38 9.40 7.11 7.56 8.95 4.74 11.77
i320-205 | 16.19 9.66 6.53 | 11.61  4.58 10.04 6.15 11.19 5.00 8.35 7.84
i320-211 | 24.36 | 17.30 7.06 | 18.20 6.16 11.10 13.26 | 14.79 9.57 15.24 9.12
i320-212 19.06 10.90 8.16 15.44 3.62 13.80 5.26 14.15 4.91 16.63 2.43
i320-213 | 21.04 16.82 4.22 16.08 4.96 14.17 6.87 13.17 7.87 18.76 2.28
1320-214 16.26 15.26 1.00 12.76 3.50 15.40 0.86 11.72 4.54 11.56 4.70
i320-215 | 23.63 | 15.17 8.46 | 13.64  9.99 17.60 6.03 16.19 7.44 17.80 5.83
i320-221 | 42.91 42.91 0.00 42.91 0.00 42.91 0.00 42.91 0.00 42.91 0.00
i320-222 | 42.88 | 42.88 0.00 42.88 0.00 42.88 0.00 42.88 0.00 42.88 0.00
i320-223 | 42.63 | 42.63 0.00 | 42.63 0.00 | 42.63 0.00 42.63 0.00 42.63 0.00
i320-224 | 42.65 | 42.65 0.00 | 42.65 0.00 | 42.65 0.00 42.65 0.00 42.65 0.00
i320-225 | 42.94 | 42.94 0.00 42.94 0.00 42.94 0.00 42.94 0.00 42.94 0.00
i320-231 | 11.57 7.68 3.89 8.22 3.35 8.80 2.77 9.89 1.68 10.65 0.92
1320-232 15.59 7.13 8.46 13.78 1.81 12.14 3.45 9.99 5.60 11.87 3.72
i320-233 | 19.47 | 15.79 3.68 | 19.00 0.47 | 19.97 -0.50 | 10.96 8.51 12.49 6.98
i320-234 | 18.09 | 12.93 5.16 | 14.97 3.12 11.56 6.53 10.51 7.58 9.74 8.35
i320-235 9.79 9.88  -0.09 9.01 0.78 9.79 0.00 9.38 0.41 7.81 1.98
i320-241 | 37.77 | 37.88 -0.11 | 37.77 0.00 | 37.77 0.00 10.54 27.23 | 25.43 12.34
i320-242 | 37.60 | 37.71 -0.11 | 37.64 -0.04 | 37.60 0.00 9.44 28.16 | 23.80 13.80
i320-243 | 37.31 | 37.44 -0.13 | 37.31 0.00 | 37.31 0.00 10.69 26.62 | 23.77 13.54
i320-244 | 37.21 | 37.27 -0.06 | 37.21 0.00 | 37.21 0.00 13.92 23.29 | 21.48 15.73
i320-245 | 37.87 | 37.92 -0.05 | 37.87 0.00 37.87 0.00 11.74 26.13 | 21.84 16.03
i320-301 | 10.70 9.50 1.20 7.17 3.53 8.66 2.04 7.65 3.05 8.30 2.40
1320-302 8.41 6.47 1.94 8.41 0.00 7.88 0.53 6.48 1.93 5.27 3.14
i320-303 5.15 6.10 -0.95 5.11 0.04 5.57 -0.42 4.79 0.36 4.79 0.36
i320-304 8.99 3.28 5.71 6.87 2.12 3.21 5.78 2.46 6.53 2.06 6.93
i320-305 9.26 5.33 3.93 6.36 2.90 6.24 3.02 3.47 5.79 4.22 5.04
i320-311 23.82 | 22.94 0.88 23.91  -0.09 | 24.01 -0.19 11.31 12.51 11.46 12.36
i320-312 | 29.81 28.34 1.47 27.19 2.62 29.32 0.49 11.05 18.76 13.38 16.43
i320-313 | 30.02 | 28.38 1.64 27.98 2.04 28.38 1.64 10.08 19.94 13.53 16.49
i320-314 | 26.28 | 20.35 5.93 21.77 4.51 22.36 3.92 9.52 16.76 11.21 15.07
i320-315 | 30.12 | 29.67 0.45 | 28.09 2.03 | 29.41 0.71 1096 19.16 | 12.46 17.66
i320-321 | 45.28 | 45.28 0.00 | 45.28 0.00 | 45.28 0.00 45.28 0.00 45.28 0.00
i320-322 | 45.19 | 45.19 0.00 | 45.19 0.00 | 45.19 0.00 45.19 0.00 45.19 0.00
1320-323 | 45.41 45.41 0.00 45.41 0.00 45.41 0.00 45.41 0.00 45.41 0.00
i320-324 | 45.45 | 45.45 0.00 | 45.45 0.00 | 45.45 0.00 45.45 0.00 45.45 0.00
i320-325 | 45.41 | 45.41  0.00 | 45.41 0.00 | 45.41 0.00 45.41 0.00 45.41 0.00
1320-331 14.35 10.88 3.47 11.84 2.51 10.95 3.40 8.20 6.15 7.20 7.15
i320-332 11.60 7.42 4.18 9.14 2.46 8.14 3.46 7.00 4.60 6.89 4.71
i320-333 | 12.39 | 10.88 1.51 9.54 2.85 11.17 1.22 10.11 2.28 8.99 3.40
i320-334 9.74 11.14 -1.40 | 11.09 -1.35 9.07 0.67 8.97 0.77 9.39 0.35
i320-335 | 15.18 | 10.81  4.37 9.62 5.56 10.07 5.11 8.18 7.00 7.47 7.71
1320-341 | 41.45 | 41.59 -0.14 | 41.46 -0.01 | 41.46 -0.01 5.35 36.10 18.67  22.78
i320-342 | 42.11 42.18 -0.07 | 42.18 -0.07 | 42.12 -0.01 4.70 37.41 16.03  26.08
i320-343 | 41.38 | 41.52 -0.14 | 41.45 -0.07 | 41.40 -0.02 5.82 35.56 18.10 23.28
i320-344 | 41.59 | 41.83 -0.24 | 41.69 -0.10 | 41.64 -0.05 5.10 36.49 18.13  23.46
i320-345 | 41.98 | 42.07 -0.09 | 42.01 -0.03 | 41.98 0.00 5.03 36.95 | 19.95 22.03

ave 25.25 | 22.05 3.20 | 22.40 2.85 | 22.46 2.79 16.58 8.67 18.91 6.34
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Table 3.19: Gaps [%] (ADH, B)

LI e e

(e) edge betweenness centrality

weC dy €y Cy by be
name ave ave dec dec ave dec ave dec ave dec
b01 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
b02 1.16 | 0.00 1.16 | 0.00 1.16 | 0.00 1.16 | 0.00 1.16 | 0.00 1.16
b03 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
b04 0.00 | 5.08 -5.08 | 5.08 -5.08 | 5.08 -5.08 | 0.00 0.00 | 0.00 0.00
b05 0.00 | 0.00 0.00 | 0.00 0.00 | 1.64 -1.64 | 0.00 0.00 | 0.00 0.00
b06 1.64 | 3.28 -1.64 | 3.28 -1.64 | 7.38 -5.74 | 0.00 1.64 0.00 1.64
b07 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.90 -0.90 | 0.90 -0.90
b08 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
b09 0.45 | 0.45 0.00 | 0.00 0.45 | 0.00 0.45 | 045 0.00 | 0.45 0.00
b10 4.65 | 4.65 0.00 | 0.00 4.65 | 0.00 4.65 | 4.65 0.00 | 0.00 4.65
bl1l 2.27 | 2.27 0.00 2.27 0.00 2.27 0.00 0.00 2.27 0.00 2.27
b12 0.57 | 0.57 0.00 | 1.72 -1.15 | 0.57 0.00 | 1.15 -0.58 | 1.15 -0.58
b13 6.06 | 2.42 3.64 | 0.00 6.06 | 242 3.64 | 242 3.64 | 545 0.61
bl4 0.43 | 0.43 0.00 0.43 0.00 0.43 0.00 0.43 0.00 0.43 0.00
bl5 094 | 0.63 031 | 0.94 0.00 | 0.63 0.31 | 0.94 0.00 | 0.94 0.00
bl6 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
bl7 0.76 | 1.53 -0.77 | 0.76 0.00 | 1.53 -0.77 | 0.76  0.00 | 0.76  0.00
b18 1.04 | 229 -1.25 | 0.46 0.58 | 0.46 0.58 | 0.92 0.12 | 0.92 0.12
ave 1.11 | 1.31 -0.20 | 0.83 0.28 | 1.25 -0.14 | 0.70 0.41 | 0.61 0.50
£ 8 T
] .‘6@ 2, § x 4
e g‘é} 2 |
* * ] g% 0% + * + % : * o+ ¥ MR ¥ 4
x [ I :
4 6 8 10 12 14 16 18 N 0 2 4 8 10 12 14 16
Instance index Instance index
(a) degree centrality (b) eigenvector centrality
g 3%1
T s F %g 1,?: ]
’ 188 o8r ]
. ‘ ‘ ‘ ‘ ‘ ‘ = osp ‘ ‘ ‘ ‘ ‘ R
4 6 8 10 12 14 16 18 0 2 4 6 8 10 12 14 16
Instance index Instance index
(c) closeness centrality (d) vertex betweenness centrality
g 5
5% 5l ]
i 2| 1
g8 1t 1
Dg 0O+ + * % + o+ ¥+ 4+ o+ o+ ok * * B
_l L L L L L L L
0 2 6 8 10 12 14 16 18
Instance index

Figure 3.27: Decrease of the average gap (ADH, B)
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Table 3.20: Gaps [%] (ADH, C)

wc dy ey Cy by be

name ave ave dec ave dec ave dec ave dec ave dec

c01 4.71 0.00 4.71 0.00 4.71 2.35 2.36 | 0.00 4.71 4.71 0.00

c02 2.78 2.78 0.00 2.78 0.00 2.78 0.00 | 2.78 0.00 2.78 0.00

c03 1.88 3.85 -1.97 3.58 -1.70 292 -1.04 | 1.59 0.29 2.12 -0.24

c04 0.74 0.65 0.09 0.83 -0.09 0.46 0.28 | 0.46 0.28 0.46 0.28

c05 1.18 0.38 0.80 0.82 0.36 0.67 0.51 | 0.44 0.74 1.27 -0.09

c06 1.82 0.00 1.82 0.00 1.82 0.00 1.82 3.64 -1.82 3.64 -1.82

c07 4.90 0.00 4.90 3.92 0.98 0.00 4.90 3.92 0.98 4.90 0.00

c08 2.95 3.34 -0.39 2.75 0.20 3.73 -0.78 | 2.75 0.20 3.14 -0.19

c09 2.77 2.40 0.37 2.40 0.37 4.38 -1.61 | 2.69 0.08 3.54 -0.77

cl0 0.87 1.01 -0.14 1.01 -0.14 1.46 -0.59 | 0.73 0.14 0.82 0.05

cll 6.25 0.00 6.25 0.00 6.25 0.00 6.25 3.12 3.13 3.12 3.13

cl2 2.17 2.17 0.00 2.17 0.00 6.52 -4.35 | 2.17 0.00 2.17 0.00

cl3 2.41 2.33 0.08 3.49 -1.08 3.49 -1.08 | 271  -0.30 4.65 -2.24

cl4 3.94 2.17 1.77 4.95 -1.01 3.10 0.84 3.72 0.22 3.41 0.53

clb 1.46 0.89 0.57 0.72 0.74 0.72 0.74 0.90 0.56 1.26 0.20

cl6 3.45 18.18 -14.73 | 18.18 -14.73 9.09 -5.64 | 0.00 3.45 9.09 -5.64

cl7 5.56 5.56 0.00 5.56 0.00 5.56 0.00 | 0.00 5.56 | 16.67 -11.11

cl8 9.33 7.08 2.25 7.96 1.37 9.29 0.04 | 9.73 -0.40 | 9.73 -0.40

cl9 11.88 | 10.51 1.37 9.59 2.29 10.96 092 | 8.22 3.66 7.53 4.35

c20 8.22 4.49 3.73 4.49 3.73 4.49 3.73 | 449 3.73 4.49 3.73

ave 3.96 3.39 0.57 3.76 0.20 3.60 0.36 2.70 1.26 4.47 -0.51
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Table 3.21: Gaps [%] (ADH, D)

wcC d, ey Cy by be
name ave ave dec ave dec ave dec ave dec ave dec
dol | 755 | 377 378 | 377 378 | 377 378 | 377 378 | 377  3.78
do2 | 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00  0.00
do3 | 208 | 1.15 093 | 1.79 029 | 141 067 | 1.92 016 | 217 -0.09
do4 | 075 | 1.24 -0.49 | 062 0.13 | 1.11 -0.36 | 0.83 -0.08 | 0.52  0.23
do5 | 037 | 0.65 -0.28 | 0.46 -0.09 | 0.68 -0.31 | 0.55 -0.18 | 0.58 -0.21
d06 | 4.48 | 7.46 -2.98 | 448 0.00 | 7.46 -2.98 | 448 0.00 | 0.00  4.48
do7 | 1.94 | 0.00 1.94 | 000 194 | 0.00 1.94 | 0.00 1.94 | 3.88 -1.94
dog | 274 | 271 003 | 1.77 097 | 252 022 | 233 041 | 196  0.78
do9 | 259 | 256 0.03 | 1.86 0.73 | 3.04 -045 | 1.59 1.00 | 2.07  0.52
di0 | 085 | 1.33 -048 | 1.00 -0.15 | 1.37 -0.52 | 0.85 0.00 | 0.95 -0.10
dil | 27.59 | 0.00 27.59 | 0.00 27.59 | 10.34 17.25 | 3.45 24.14 | 345 24.14
di2 | 0.00 | 0.00 0.00 | 476 -4.76 | 0.00  0.00 | 0.00 0.00 | 0.00  0.00
di3 | 512 | 500 012 | 520 -0.08 | 520 -0.08 | 400 1.12 | 3.60  1.52
di4 | 371 | 3.00 071 | 240 131 | 202 1.69 | 240 131 | 225 146
di5 | 220 | 1.61 059 | 1.25 095 | 259 -0.39 | 1.52  0.68 | 1.79  0.41
di6 | 7.69 | 7.69 0.00 | 7.69 0.0 | 7.69 0.00 | 0.00 7.69 | 15.38 -7.69
di7 | 287 | 870 -5.83 | 870 -5.83 | 4.35 -148 | 435 -148 | 0.00  2.87
di8 | 742 | 807 -0.65 | 7.17 025 | 7.63 -0.21 | 8.07 -0.65 | 852 -1.10
d19 | 7.38 | 839 -101 | 806 -0.68 | 527 211 | 839 -101 | 613 125
d20 | 6.66 | 400 2.66 | 447 219 | 431 235 | 596 070 | 7.82 -1.16
ave | 470 [ 3.37 133 |3.27 143 | 354 116 | 272 198 | 3.24  1.46
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Table 3.22: Gaps [%] (ADH, 1080)

we dy ey Co by be
name ave ave dec ave dec ave dec ave dec ave dec

i080-001 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 470 -4.70 | 4.70 -4.70
i080-002 | 5.23 | 0.00 5.23 | 523 0.00 | 0.00 5.23 | 0.00 5.23 | 0.00 5.23
i080-003 | 0.00 | 0.00 0.00 | 0.00 0.00 [ 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i080-004 | 5.20 | 6.65 -1.45 | 520 0.00 | 6.81 -1.61 | 5.20 0.00 | 5.20 0.00
i080-005 | 0.61 0.22 0.39 | 0.61 0.00 | 0.84 -0.23 | 0.22 0.39 | 0.22 0.39
i080-011 237 | 081 1.56 | 291 -0.54 | 250 -0.13 | 0.00 237 | 0.20 2.17
i080-012 | 10.78 | 0.88 9.90 | 0.47 10.31 | 0.47 10.31 | 0.34 10.44 | 0.34 10.44
i080-013 | 7.97 | 0.87 7.10 | 797 0.00 | 0.51 746 | 0.00 797 | 0.00 7.97
i080-014 | 0.00 | 5.87 -5.87 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i080-015 | 094 | 716 -6.22 | 0.94 0.00 | 649 -555 | 0.54 040 | 0.54 0.40
i080-021 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 [0.00 0.00
i080-022 | 0.08 | 0.08 0.00 | 0.08 0.00 | 0.08 0.00 | 0.08 0.00 | 0.08 0.00
i080-023 | 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 |0.00 0.00 | 0.00 0.00
i080-024 | 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i080-025 | 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i080-031 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 [0.00 0.00
i080-032 | 4.65 503 -0.38 | 465 0.00 | 450 0.15 | 0.05 4.60 | 0.05 4.60
i080-033 | 5.18 | 5.18 0.00 | 0.67  4.51 0.67 451 | 0.22 496 | 0.00 5.18
i080-034 | 4.98 | 0.24 4.74 | 024 474 | 024 474 | 533 -0.35 | 539 -041
i080-035 | 5.16 | 0.00 5.16 | 0.00 5.16 | 0.00 5.16 | 0.00 5.16 | 0.00 5.16
i080-041 1.57 | 1.57 0.00 | 0.24 1.33 | 0.24 1.33 | 0.24 1.33 | 0.24 1.33
i080-042 | 6.29 | 8.08 -1.79 | 0.00 6.29 | 6.29 0.00 | 536 0.93 | 5.13 1.16
i080-043 | 0.00 | 6.18 -6.18 | 0.15 -0.15 | 6.25 -6.25 | 6.25 -6.25 | 0.15 -0.15
i080-044 | 0.00 1.10 -1.10 | 1.02 -1.02 | 0.00 0.00 | 0.37 -0.37 | 0.37 -0.37
i080-045 | 5.50 | 0.08 5.42 | 0.08 542 | 0.08 542 | 0.08 542 | 0.08 5.42
i080-101 | 10.66 | 3.83 6.83 | 3.68 6.98 | 7.17 349 | 391 6.75 | 3.83 6.83
i080-102 | 0.08 | 0.21 -0.13 | 0.08 0.00 | 0.08 0.00 | 0.21 -0.13 | 441 -4.33
i080-103 | 2.46 | 246 0.00 | 246 0.00 | 246 0.00 | 2.46 0.00 | 246  0.00
i080-104 | 0.00 | 3.86 -3.86 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i080-105 | 8.85 | 0.00 885 | 0.00 885 | 4.09 476 | 4.09 4.7 | 831 0.54
i080-111 0.24 | 0.00 0.24 | 044 -0.20 | 5.02 -4.78 | 0.15 0.09 | 0.24 0.00
i080-112 | 4.30 | 0.74 3.56 | 0.74 356 | 0.16 4.14 | 3.66 0.64 | 515 -0.85
i080-113 | 10.67 | 5.73 4.94 | 6.05 4.62 | 5.73 494 | 531 5.36 | 0.37 10.30
i080-114 | 10.87 | 496 591 | 0.00 10.87 | 997 090 | 0.00 10.87 | 0.00 10.87
i080-115 | 0.11 5.14 -5.03 | 0.11 0.00 | 0.11 0.00 | 0.16 -0.05 | 0.16 -0.05
i080-121 0.32 | 0.32 0.00 | 0.32 000 | 032 0.00 | 032 0.00 [032 0.00
i080-122 | 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i080-123 | 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i080-124 | 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i080-125 | 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i080-131 8.36 | 3.81 4.55 | 3.81 4.55 | 3.81 455 | 412 424 | 433 4.03
i080-132 | 0.00 | 5.28 -5.28 | 3.94 -3.94 | 528 -5.28 | 0.00 0.00 | 0.32 -0.32
i080-133 | 4.16 | 0.84 3.32 | 0.09 4.07 | 093 3.23 | 0.00 4.16 | 0.88 3.28
i080-134 | 0.97 | 1.40 -0.43 | 0.97 0.00 140 -043 | 043 0.54 | 043 0.54
i080-135 | 3.66 | 0.00 3.66 | 0.00 3.66 | 0.00 3.66 | 0.19 347 | 0.33 3.33
i080-141 | 4.87 | 0.00 4.87 | 0.00 4.87 | 0.00 4.87 | 0.00 4.87 | 0.00  4.87
i080-142 | 7.85 | 0.00 7.85 | 0.00 7.8 | 0.00 7.8 | 480 3.05 | 843 -0.58
i080-143 | 0.85 | 0.57 0.28 | 0.74 0.11 0.74  0.11 543 -4.58 | 0.06 0.79
i080-144 | 5.36 | 5.36 0.00 | 6.26 -0.90 | 5.36 0.00 | 5.36 0.00 | 5.36  0.00
i080-145 | 0.00 | 0.51 -0.51 | 0.51 -0.51 | 0.51 -0.51 | 0.40 -0.40 | 0.00  0.00
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WC dv () Cy bv be

name ave ave dec ave dec ave dec ave dec ave dec
i080-201 | 4.03 | 0.00 4.03 0.00 4.03 0.00 4.03 0.00 4.03 | 0.00 4.03
i080-202 | 0.00 | 2.82 -2.82 | 0.00 0.00 | 4.62 -4.62 | 0.17 -0.17 | 0.24 -0.24
i080-203 | 4.13 | 4.09 0.04 | 2.41 1.72 2.41 1.72 3.96 0.17 | 0.33 3.80
i080-204 | 3.98 | 4.14 -0.16 | 2.03 1.95 3.96 0.02 3.58 0.40 2.03 1.95
i080-205 | 4.16 | 2.26 1.90 2.19 1.97 | 0.53 3.63 2.19 1.97 | 2.39 1.77
i080-211 | 2.59 | 4.19 -1.60 | 2.62 -0.03 | 4.05 -1.46 | 0.44 2.15 2.59 0.00
i080-212 | 5.28 | 0.41 4.87 | 0.30 4.98 0.41 4.87 | 0.41 4.87 | 0.41 4.87
i080-213 | 5.19 | 2.77  2.42 4.54  0.65 2.34 2.85 2.26 2.93 1.50 3.69
i080-214 | 3.40 | 3.83 -0.43 | 3.40 0.00 0.67 2.73 0.72 2.68 | 0.51 2.89
i080-215 | 1.96 | 1.96  0.00 3.37 -1.41 | 3.18 -1.22 | 1.96 0.00 1.96 0.00
i080-221 | 0.00 | 0.00  0.00 0.00  0.00 0.00  0.00 0.00 0.00 | 0.00 0.00
i080-222 | 0.00 | 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 | 0.00 0.00
i080-223 | 0.06 | 0.06  0.00 0.06  0.00 0.06  0.00 0.06 0.00 | 0.06 0.00
i080-224 | 0.06 | 0.06  0.00 0.06  0.00 0.00 0.06 0.06 0.00 | 0.06 0.00
i080-225 | 0.00 | 0.00  0.00 0.00  0.00 0.00  0.00 0.00 0.00 | 0.00 0.00
i080-231 | 6.68 | 0.00 6.68 2.41 4.27 | 0.00 6.68 2.25 4.43 2.41 4.27
i080-232 | 6.50 | 2.50 4.00 | 4.41 2.09 2.50 4.00 6.50  0.00 2.07 4.43
i080-233 | 5.05 | 0.44 4.61 4.64 0.41 0.83 4.22 | 491 0.14 | 0.78 4.27
i080-234 | 6.46 | 2.50 3.96 | 4.61 1.85 | 4.12 2.34 0.05 6.41 2.18  4.28
i080-235 | 7.13 | 1.83 5.30 1.83 5.30 1.83 5.30 2.09 5.04 | 0.00 7.13
i080-241 | 3.17 | 0.65 2.52 1.38 1.79 0.65 2.52 0.00 3.17 | 0.00 3.17
i080-242 | 2.83 | 0.32 2.51 0.81 2.02 0.46 2.37 | 0.12 2.71 1.68 1.15
i080-243 | 4.20 | 0.00 4.20 0.12  4.08 2.96 1.24 1.87 233 | 0.12 4.08
i080-244 | 3.06 | 2.45 0.61 3.09 -0.03 | 3.09 -0.03 | 3.06 0.00 3.87 -0.81
i080-245 | 2.77 | 3.89 -1.12 | 340 -0.63 | 3.40 -0.63 | 1.90 0.87 1.90 0.87
i080-301 | 0.20 | 0.27 -0.07 | 0.20 0.00 0.27 -0.07 | 2.21 -2.01 | 1.83 -1.63
i080-302 | 3.47 | 3.31 0.16 3.47  0.00 1.67 1.80 1.60 1.87 1.60 1.87
i080-303 | 7.81 | 3.27 4.54 | 3.58 4.23 1.45 6.36 1.54 6.27 1.64 6.17
i080-304 | 1.90 | 5.75 -3.85 | 5.53 -3.63 | 546 -3.56 | 1.90 0.00 1.83 0.07
i080-305 | 3.41 | 2.21 1.20 2.17 1.24 | 2.17 1.24 | 3.35 0.06 1.25 2.16
i080-311 | 6.70 | 3.58 3.12 3.47  3.23 294  3.76 3.21 3.49 | 3.21 3.49
i080-312 | 0.64 | 0.82 -0.18 | 0.86 -0.22 | 0.82 -0.18 | 0.55 0.09 | 0.62 0.02
i080-313 | 2.55 | 2.95 -0.40 | 295 -0.40 | 295 -0.40 | 2.77 -0.22 | 1.80 0.75
i080-314 | 0.86 | 2.95 -2.09 | 1.24 -0.38 | 095 -0.09 | 2.72 -1.86 | 0.86 0.00
i080-315 | 0.00 | 0.90 -0.90 | 0.85 -0.85 | 0.36 -0.36 | 0.00 0.00 | 0.02 -0.02
i080-321 | 0.00 | 0.00  0.00 0.00  0.00 0.00  0.00 0.00 0.00 | 0.00 0.00
i080-322 | 0.00 | 0.00  0.00 0.00  0.00 0.00  0.00 0.00 0.00 | 0.00 0.00
i080-323 | 0.00 | 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 | 0.00 0.00
i080-324 | 0.00 | 0.00  0.00 0.00  0.00 0.00  0.00 0.00 0.00 | 0.00 0.00
i080-325 | 0.00 | 0.00  0.00 0.00  0.00 0.00  0.00 0.00 0.00 | 0.00 0.00
i080-331 | 4.78 | 1.63 3.15 1.17  3.61 1.63  3.15 1.78 3.00 1.93 2.85
i080-332 | 2.29 | 0.73 1.56 0.13 2.16 0.34 1.95 | 4.03 -1.74 | 1.75 0.54
i080-333 | 4.16 | 1.77  2.39 1.12 3.04 | 3.57 0.59 3.61 0.55 2.86 1.30
i080-334 | 3.13 | 1.92 1.21 0.06 3.07 | 2.18 0.95 1.67 1.46 1.69 1.44
i080-335 | 5.09 | 0.59  4.50 533 -0.24 | 1.86 3.23 0.00 5.09 | 0.10 4.99
i080-341 | 0.00 | 2.38 -2.38 | 0.05 -0.05 | 0.00 0.00 0.00 0.00 1.63 -1.63
i080-342 | 0.16 | 0.25 -0.09 | 2.47 -2.31 | 048 -0.32 | 0.16 0.00 | 0.21 -0.05
i080-343 | 3.72 | 2.52 1.20 2.52 1.20 2.52 1.20 1.46 2.26 1.30 2.42
i080-344 | 2.02 | 0.14 1.88 220 -0.18 | 0.00 2.02 2.02 0.00 2.02 0.00
i080-345 | 0.23 | 1.75 -1.52 | 2.28 -2.05 | 2.42 -2.19 | 0.39 -0.16 | 1.75 -1.52
ave 2.87 | 1.76 1.11 1.50 1.37 1.65 1.22 1.44 1.43 1.25 1.62
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Table 3.23: Gaps [%] (ADH, I1160)

wce dy ey Cy by be

name ave ave dec ave dec ave dec ave dec ave dec
i160-001 | 10.76 4.38 6.38 7.83 2.93 0.84 9.92 0.44 10.32 0.00 10.76
1160-002 2.14 0.00 2.14 0.09 2.05 0.93 1.21 0.00 2.14 0.09 2.05
1160-003 4.14 0.04 4.10 4.31 -0.17 | 0.04 4.10 0.00 4.14 0.00 4.14
1160-004 9.20 0.00 9.20 5.27 3.93 5.27 3.93 5.27 3.93 9.20 0.00
1160-005 0.00 0.00 0.00 0.20 -0.20 | 4.01 -4.01 | 0.20 -0.20 0.20 -0.20
i160-011 5.31 5.43 -0.12 0.54 4.77 5.07 0.24 5.31 0.00 0.18 5.13
i160-012 6.91 0.00 6.91 0.00 6.91 0.00 6.91 6.23 0.68 0.00 6.91
i160-013 | 11.50 5.48 6.02 6.50 5.00 7.22 4.28 7.04 4.46 6.14 5.36
i160-014 6.02 1.57 4.45 6.41 -0.39 | 6.41 -0.39 | 6.02 0.00 0.51 5.51
i160-015 | 11.09 0.00 11.09 | 11.99 -0.90 | 0.00 11.09 | 4.69 6.40 4.69 6.40
1160-021 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
i160-022 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1160-023 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
i160-024 0.36 0.36 0.00 0.36 0.00 0.36 0.00 0.36 0.00 0.36 0.00
1160-025 1.83 0.00 1.83 0.00 1.83 1.83 0.00 0.00 1.83 0.00 1.83
i160-031 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 4.79 -4.79
i160-032 | 10.69 2.23 8.46 6.44 4.25 6.65 4.04 0.00 10.69 0.00 10.69
i160-033 | 13.61 0.33 13.28 3.95 9.66 0.00 13.61 | 0.00 13.61 3.76 9.85
i160-034 0.00 0.00 0.00 4.32 -4.32 | 0.00 0.00 6.43 -6.43 0.00 0.00
i160-035 5.14 9.13 -3.99 1.09 4.05 9.13 -3.99 | 7.56 -2.42 0.00 5.14
1160-041 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 3.55 -3.55
1160-042 6.33 0.87 5.46 0.87 5.46 5.79 0.54 9.76  -3.43 9.35 -3.02
1160-043 0.00 1.48 -1.48 1.36 -1.36 | 1.03 -1.03 | 0.00 0.00 0.00 0.00
i160-044 | 11.57 0.00 11.57 6.09 5.48 0.00 11.57 | 0.00 11.57 5.41 6.16
1160-045 0.39 6.44 -6.05 0.45 -0.06 | 0.39 0.00 0.39 0.00 0.39 0.00
i160-101 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
i160-102 7.63 2.24 5.39 491 2.72 3.15 4.48 0.00 7.63 0.00 7.63
i160-103 2.06 0.29 1.77 0.31 1.75 0.31 1.75 0.42 1.64 0.29 1.77
i160-104 | 14.10 0.05 14.05 2.71 11.39 | 0.05 14.05 | 9.60 4.50 12.06 2.04
i160-105 7.91 0.00 7.91 0.00 7.91 2.58 5.33 0.00 7.91 2.58 5.33
i160-111 7.11 4.53 2.58 4.36 2.75 4.36 2.75 3.31 3.80 3.07 4.04
i160-112 0.48 0.07 0.41 0.07 0.41 0.00 0.48 0.48 0.00 0.03 0.45
i160-113 6.07 3.21 2.86 0.00 6.07 3.11 2.96 6.07 0.00 0.73 5.34
i160-114 4.18 0.07 4.11 2.14 2.04 1.71 2.47 1.71 2.47 1.77 2.41
i160-115 9.19 4.09 5.10 0.54 8.65 4.32 4.87 1.36 7.83 0.99 8.20
i160-121 0.04 0.04 0.00 0.04 0.00 0.04 0.00 0.04 0.00 0.04 0.00
i160-122 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
i160-123 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1160-124 0.26 0.00 0.26 0.26 0.00 0.26 0.00 0.00 0.26 0.00 0.26
i160-125 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
i160-131 5.10 0.60 4.50 2.65 2.45 0.48 4.62 0.77 4.33 2.53 2.57
i160-132 2.38 3.71 -1.33 0.87 1.51 1.36 1.02 2.61 -0.23 2.32 0.06
i160-133 | 15.40 | 10.99 4.41 12.86 2.54 5.66 9.74 2.57 12.83 7.95 7.45
1160-134 8.18 0.55 7.63 5.82 2.36 0.55 7.63 3.26 4.92 3.03 5.15
i160-135 6.14 5.44 0.70 3.28 2.86 3.42 2.72 0.86 5.28 0.81 5.33
i160-141 3.45 0.00 3.45 0.00 3.45 0.00 3.45 0.00 3.45 0.24 3.21
1160-142 1.37 5.97 -4.60 2.22 -0.85 | 1.91 -0.54 | 1.37 0.00 1.37 0.00
i160-143 6.61 3.72 2.89 3.72 2.89 3.60 3.01 4.38 2.23 5.94 0.67
1160-144 4.76 0.50 4.26 1.27 3.49 2.95 1.81 0.19 4.57 0.19 4.57
1160-145 1.12 1.12 0.00 1.12 0.00 1.12 0.00 0.16 0.96 2.25 -1.13
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wcC dy ey Co by be

name ave ave dec ave dec ave dec ave dec ave dec
1160-201 0.78 | 4.52 -3.74 | 0.78 0.00 | 1.81 -1.03 | 0.78 0.00 | 0.78 0.00
1160-202 1.33 1.53 -0.20 | 1.33 0.00 | 0.20 1.13 | 2.84 -1.51 | 1.33  0.00
i160-203 | 10.56 | 7.99 2.57 | 6.49 4.07 | 794 262 | 4.67 589 | 544 5.12
1160-204 2.62 2.94 -0.32 2.62 0.00 4.20 -1.58 1.23 1.39 1.25 1.37
i160-205 2.64 3.06 -0.42 2.64 0.00 2.82 -0.18 | 2.64 0.00 1.39 1.25
1160-211 4.67 | 2.27  2.40 5.02 -0.35 | 4.67 0.00 | 2.06 2.61 | 2.06 2.61
i160-212 3.23 3.54 -0.31 | 0.58 2.65 | 3.77 -0.54 | 3.30 -0.07 | 498 -1.75
i160-213 4.04 2.71 1.33 2.53 1.51 2.62 1.42 4.13 -0.09 | 2.16 1.88
i160-214 3.23 3.74 -0.51 4.07 -0.84 | 3.06 0.17 2.47 0.76 3.23 0.00
i160-215 6.51 5.73  0.78 5.74 077 | 6.92 -0.41 | 5.13 1.38 | 5.09 1.42
1160-221 0.00 | 0.00 0.00 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
1160-222 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1160-223 0.00 | 0.00 0.00 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i160-224 | 0.00 | 0.00  0.00 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i160-225 0.00 | 0.00 0.00 0.00 0.00 | 0.00 0.00 | 0.00 0.00 | 0.00 0.00
i160-231 | 12.73 | 248 10.25 | 5.79 6.94 | 6.02 6.71 | 8.18 4.55 | 3.90 8.83
1160-232 6.77 5.76 1.01 2.90 3.87 741 -0.64 | 3.23 3.54 1.77 5.00
i160-233 5.66 0.33 5.33 4.15 1.51 3.14 2.52 2.54 3.12 2.67 2.99
i160-234 2.43 0.29 2.14 0.29 2.14 0.14 2.29 1.06 1.37 1.06 1.37
i160-235 8.55 3.25 5.30 194 6.61 | 3.16 5.39 | 3.39 5.16 | 6.09 2.46
1160-241 0.61 1.10 -0.49 | 1.08 -0.47 | 1.08 -0.47 | 0.28 0.33 | 0.14  0.47
1160-242 1.04 | 2.76 -1.72 | 280 -1.76 | 1.35 -0.31 | 1.19 -0.15 | 1.00 0.04
i160-243 2.95 2.12 0.83 0.12 2.83 2.97  -0.02 1.23 1.72 1.31 1.64
i160-244 2.34 1.36 0.98 1.26 1.08 1.28 1.06 1.14 1.20 0.57 1.77
1160-245 2.50 2.54 -0.04 2.46 0.04 2.50 0.00 2.18 0.32 1.30 1.20
1160-301 4.80 | 4.11 0.69 5.67 -0.87 | 1.68 3.12 | 1.78 3.02 | 1.67 3.13
1160-302 3.49 1.92 1.57 1.88 1.61 | 2.85 0.64 | 1.01 248 | 3.67 -0.18
i160-303 1.66 1.06  0.60 1.17 049 | 1.17 0.49 | 0.18 1.48 | 0.29 1.37
i160-304 0.99 1.01 -0.02 | 0.13 0.86 | 1.08 -0.09 | 0.11 0.88 | 0.19 0.80
1160-305 1.92 2.17 -0.25 | 2.07 -0.15 | 3.13 -1.21 | 2.12 -0.20 | 1.99 -0.07
i160-311 4.60 3.19 1.41 1.53 3.07 2.27 2.33 3.82 0.78 2.32 2.28
1160-312 3.00 | 236 0.64 | 493 -1.93 | 3.564 -0.54 | 3.00 0.00 | 3.00 0.00
i160-313 2.13 2.58 -0.45 2.69 -0.56 | 2.51 -0.38 1.31 0.82 1.31 0.82
i160-314 4.18 2.76 1.42 2.34 1.84 2.81 1.37 3.24 0.94 2.65 1.53
1160-315 3.29 0.87 2.42 0.62 2.67 | 0.90 239 | 0.53 2.76 | 0.78 2.51
i160-321 0.44 | 0.34 0.10 0.34 0.10 | 0.34 0.10 | 0.34 0.10 | 0.34 0.10
i160-322 0.66 0.42 0.24 0.42 0.24 0.42 0.24 0.42 0.24 0.42 0.24
1160-323 0.09 0.09 0.00 0.09 0.00 0.09 0.00 0.09 0.00 0.09 0.00
1160-324 0.36 0.36  0.00 0.36  0.00 | 0.36 0.00 | 0.36 0.00 | 0.36 0.00
1160-325 0.11 0.19 -0.08 | 0.19 -0.08 | 0.19 -0.08 | 0.19 -0.08 | 0.19 -0.08
1160-331 5.74 3.12 2.62 0.74 5.00 4.86 0.88 2.54 3.20 2.73 3.01
i160-332 2.88 2.71 0.17 4.99 -2.11 2.95 -0.07 | 290 -0.02 1.19 1.69
1160-333 3.59 2.04 1.55 2.88 0.71 | 2.03 156 | 0.78 2.81 | 0.75 2.84
i160-334 5.40 | 3.02 2.38 2.92 248 | 3.71 1.69 | 3.77 1.63 | 4.88 0.52
1160-335 8.51 1.49 7.02 3.80 4.71 | 0.44 807 | 1.28 7.23 | 2.34 6.17
1160-341 3.16 1.37 1.79 2.62 0.54 1.79 1.37 1.08 2.08 1.08 2.08
1160-342 0.96 0.32 064 | 031 065 | 1.11 -0.15 | 0.81 0.15 | 0.36  0.60
1160-343 2.14 1.18  0.96 1.60 0.54 | 1.20 0.94 | 2.15 -0.01 | 0.83 1.31
i160-344 | 0.34 | 0.63 -0.29 | 0.63 -0.29 | 0.34 0.00 | 0.34 0.00 | 0.36 -0.02
1160-345 1.14 144 -0.30 | 1.65 -0.51 | 1.20 -0.06 | 0.98 0.16 | 1.35 -0.21
ave 3.81 1.86 1.95 2.18 163 | 206 1.75 | 1.88 1.93 | 1.79 2.02
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Table 3.24: Gaps [%] (ADH, 1320)

wcC dy ey Co by be
name ave ave dec ave dec ave dec ave dec ave dec

i320-001 0.00 | 2.84 -2.84 | 0.00 0.00 2.84 -2.84 | 0.00  0.00 0.00 0.00
i320-002 | 0.91 0.53 038 | 091 0.00 0.91 0.00 | 0.00 0.91 0.91 0.00
i320-003 | 3.47 | 3.33 0.14 | 3.47  0.00 3.47 0.00 | 3.23 0.24 0.07 3.40
i320-004 | 14.52 | 6.37 8.15 | 299 11.53 | 4.17 10.35 | 3.48 11.04 | 2.99 11.53
i320-005 | 3.41 0.00 3.41 | 0.00 3.41 0.10 3.31 | 0.00 3.41 0.00 3.41
i320-011 1.61 0.68 093 | 1.07T 0.54 1.02 0.59 | 0.44 1.17 0.44 1.17
i320-012 | 4.06 | 4.16 -0.10 | 4.16 -0.10 | 12.67 -8.61 | 4.06  0.00 4.06 0.00
i320-013 | 6.03 | 7.67 -1.64 | 5.94  0.09 2.36 3.67 | 1.30  4.73 1.30 4.73
i320-014 | 898 | 0.44 854 | 1.46  7.52 0.87 8.11 | 4.71 4.27 5.05 3.93
i320-015 | 10.05 | 5.54  4.51 | 7.58  2.47 0.97 9.08 | 0.00 10.05 | 0.00 10.05
1320-021 0.00 | 0.00 0.00 | 0.00 0.00 0.00 0.00 | 0.00 0.00 0.00 0.00
i320-022 | 0.00 | 0.00 0.00 | 0.00  0.00 0.00 0.00 | 0.00 0.00 0.00 0.00
i320-023 | 0.00 | 0.00 0.00 | 0.00  0.00 0.00 0.00 | 0.00 0.00 0.00 0.00
i320-024 | 0.00 | 0.00 0.00 | 0.00  0.00 0.00 0.00 | 0.00  0.00 0.00 0.00
i320-025 | 0.00 | 0.00 0.00 | 0.00  0.00 0.00 0.00 | 0.00 0.00 0.00 0.00
i320-031 1.35 1.68 -0.33 | 1.35  0.00 1.68 -0.33 | 1.35  0.00 0.64 0.71
i320-032 | 3.61 | 4.08 -0.47 | 0.69  2.92 3.36 0.25 | 3.61 0.00 0.25 3.36
i320-033 | 12.06 | 7.91 4.15 | 3.47  8.59 7.98 4.08 | 3.14 8.92 3.76 8.30
i320-034 | 0.00 | 0.00 0.00 | 0.00  0.00 0.00 0.00 | 0.00  0.00 0.00 0.00
i320-035 | 3.77 | 0.00 3.77 | 0.34  3.43 0.34 3.43 | 0.00 3.77 0.00 3.77
1320-041 7.38 | 3.51 3.87 | 410 3.28 4.10 3.28 | 7.38  0.00 7.38 0.00
i320-042 | 0.24 | 0.83 -0.59 | 0.00 0.24 0.24 0.00 | 0.00 0.24 0.00 0.24
i320-043 | 0.23 | 0.75 -0.52 | 0.75 -0.52 0.75 -0.52 | 0.17  0.06 0.23 0.00
i320-044 | 0.59 | 0.00 0.59 | 0.00 0.59 0.59 0.00 | 0.59  0.00 0.59 0.00
i320-045 | 0.00 | 0.00 0.00 | 0.00  0.00 0.00 0.00 | 0.00 0.00 10.14 -10.14
i320-101 0.11 1.87 -1.76 | 0.11 0.00 1.87 -1.76 | 0.11 0.00 0.11 0.00
i320-102 | 3.44 | 2.18 1.26 | 2.05 1.39 2.18 1.26 1.84 1.60 1.62 1.82
i320-103 | 2.39 | 242 -0.03 | 2.28 0.11 0.46 1.93 | 242 -0.03 2.42 -0.03
i320-104 | 5.35 | 5.17 0.18 | 3.44 1.91 5.17 0.18 | 4.73  0.62 3.26 2.09
i320-105 1.70 | 3.44 -1.74 | 1.70  0.00 3.44 -1.74 | 1.62  0.08 1.70 0.00
i320-111 8.71 2.74 597 | 520 3.51 0.70 8.01 5.29  3.42 4.31 4.40
i320-112 249 | 4.01 -1.52 | 1.02 1.47 1.50 0.99 | 294 -0.45 0.71 1.78
i320-113 | 2.26 | 0.55 1.71 | 0.45 1.81 5.11 -2.85 | 2.26  0.00 0.21 2.05
i320-114 | 0.00 1.29 -1.29 | 0.00 0.00 0.00 0.00 | 0.00 0.00 0.00 0.00
i320-115 736 | 7.17 0.19 | 4.91 2.45 10.59 -3.23 | 5.38 1.98 2.60 4.76
i320-121 0.00 | 0.00 0.00 | 0.00 0.00 0.00 0.00 | 0.00 0.00 0.00 0.00
i320-122 | 0.00 | 0.00 0.00 | 0.00  0.00 0.00 0.00 | 0.00 0.00 0.00 0.00
i320-123 | 0.00 | 0.00 0.00 | 0.00  0.00 0.00 0.00 | 0.00  0.00 0.00 0.00
i320-124 | 0.00 | 0.00 0.00 | 0.00  0.00 0.00 0.00 | 0.00 0.00 0.00 0.00
i320-125 | 0.15 | 0.15 0.00 | 0.15  0.00 0.15 0.00 | 0.15 0.00 0.15 0.00
i320-131 8.72 | 6.26 2.46 | 7.69 1.03 2.23 6.49 1.62 7.10 2.13 6.59
1320-132 5.64 | 220 344 | 0.00 5.64 0.06 5.58 | 5.64 0.00 4.08 1.56
i320-133 | 4.27 | 2.20 2.07 | 2.67 1.60 2.20 2.07 | 2.38 1.89 2.38 1.89
i320-134 | 5.08 | 3.19 1.89 | 5.08  0.00 3.34 1.74 1.99  3.09 3.28 1.80
i320-135 | 3.43 | 2.68 0.75 | 3.48 -0.05 2.34 1.09 | 3.41 0.02 3.89 -0.46
i320-141 0.00 | 3.19 -3.19 | 0.00 0.00 0.00 0.00 | 0.39 -0.39 1.80 -1.80
i320-142 | 0.00 | 3.87 -3.87 | 0.00  0.00 0.00 0.00 | 0.00 0.00 1.85 -1.85
i320-143 | 2.08 | 0.00 2.08 | 0.00 2.08 0.00 2.08 | 0.00 2.08 1.71 0.37
i320-144 | 0.00 | 0.03 -0.03 | 0.00  0.00 0.00 0.00 | 0.00 0.00 0.03 -0.03
i320-145 | 0.25 | 0.47 -0.22 | 047 -0.22 0.47 -0.22 | 0.00 0.25 0.36 -0.11
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wcC dy ey Cy by be

name ave ave dec ave dec ave dec ave dec ave dec
i320-201 | 3.67 | 4.15 -0.48 | 3.20 0.47 | 3.48 0.19 | 3.59 0.08 | 3.67 0.00
i320-202 | 4.50 | 2.97 1.53 | 2.79 1.71 2.21 2.29 | 2.74 1.76 | 2.96 1.54
i320-203 | 4.11 | 2.28 1.83 | 4.10 0.01 3.01 1.10 | 5.05 -0.94 | 3.21 0.90
i320-204 | 7.86 | 3.04 4.82 | 6.73 1.13 | 3.16 4.70 | 2.16 5.70 1.70  6.16
i320-205 | 3.83 | 3.11 0.72 | 3.06 0.77 | 3.02 0.81 3.07 0.76 | 2.76 1.07
i320-211 | 5.90 | 3.92 1.98 | 4.20 1.70 | 5.03 0.87 | 590 0.00 | 5.90 0.00
i320-212 | 3.89 | 4.26 -0.37 | 3.27 0.62 | 4.04 -0.15 | 3.64 0.25 | 2.78 1.11
i320-213 | 5.17 | 5.24 -0.07 | 2.49 2.68 | 4.11 1.06 | 462 055 | 3.02 2.15
i320-214 | 5.11 | 6.13 -1.02 | 493 0.18 | 5.21 -0.10 | 2.71 2.40 | 3.67 1.44
i320-215 | 6.64 | 3.12 3.52 | 3.57 3.07 | 1.56 5.08 | 2.63 4.01 1.76  4.88
i320-221 | 0.31 | 0.27 0.04 | 0.27 0.04 | 0.27 0.04 | 0.27 0.04 | 0.27 0.04
i320-222 | 0.03 | 0.03 0.00 | 0.03 0.00 | 0.03 0.00 | 0.03 0.00 | 0.03 0.00
i320-223 | 0.21 | 0.21 0.00 | 0.21 0.00 | 0.21 0.00 | 0.21 0.00 | 0.21 0.00
i320-224 | 0.04 | 0.00 0.04 | 0.00 0.04 | 0.00 0.04 | 0.00 0.04 | 0.00 0.04
i320-225 | 0.15 | 0.15 0.00 | 0.15 0.00 | 0.15 0.00 | 0.15 0.00 | 0.15 0.00
i320-231 | 8.44 | 4.25 4.19 | 4.79 3.65 | 3.33 5.11 554 290 | 4.78 3.66
i320-232 | 2.74 | 5.27 -2.53 | 467 -1.93 | 3.70 -0.96 | 3.72 -0.98 | 4.64 -1.90
i320-233 | 5.83 | 5.13 0.70 | 2.83 3.00 | 744 -1.61 | 3.96 1.87 | 3.95 1.88
i320-234 | 5.75 | 3.57 2.18 | 4.76 099 | 3.77 198 | 599 -0.24 | 5.88 -0.13
i320-235 | 4.65 | 3.66 0.99 | 3.04 1.61 262 2.03 | 454 0.11 5.56 -0.91
i320-241 | 2.33 | 1.76  0.57 | 0.36 1.97 1.95 0.38 | 0.88 1.45 1.74  0.59
i320-242 | 1.70 | 2.09 -0.39 | 1.73 -0.03 | 1.82 -0.12 | 1.70 0.00 | 2.88 -1.18
i320-243 | 0.31 | 1.24 -0.93 | 0.31 0.00 | 0.31 0.00 | 0.31 0.00 1.60 -1.29
i320-244 | 0.72 | 0.82 -0.10 | 1.03 -0.31 | 0.82 -0.10 | 0.72 0.00 | 0.90 -0.18
i320-245 | 1.50 | 0.14 1.36 | 0.18 1.32 1.56 -0.06 | 0.00 1.50 1.77  -0.27
i320-301 | 3.76 | 2.75 1.01 2.69 1.07 | 3.00 0.76 1.23 253 | 2.03 1.73
i320-302 | 6.15 | 4.52 1.63 | 3.27 2.88 | 5.07 1.08 1.90 4.25 | 2.27 3.88
i320-303 | 2.84 | 1.65 1.19 | 277 0.07 | 2.61 0.23 | 235 049 | 3.32 -0.48
i320-304 | 5.10 | 1.55 3.55 | 2.17 293 | 234 2.76 | 2.25 285 | 2.53 2.57
i320-305 | 3.51 | 2.23 1.28 1.39 2.12 | 2.16 1.35 1.54 1.97 | 1.95 1.56
i320-311 | 2.76 | 3.74 -0.98 | 3.78 -1.02 | 442 -1.66 | 3.42 -0.66 | 3.17 -0.41
i320-312 | 2.64 | 4.25 -1.61 | 2.60 0.04 | 4.07 -1.43 | 3.01 -0.37 | 2.09 0.55
i320-313 | 5.21 | 3.42 1.79 | 3.08 213 | 449 0.72 | 2.54 2.67 | 2.86 2.35
i320-314 | 1.85 | 1.72 0.13 | 3.55 -1.70 | 2.30 -0.45 | 1.85 0.00 1.81 0.04
i320-315 | 2.99 | 3.08 -0.09 | 2,57 042 | 283 0.16 | 299 0.00 | 2.87 0.12
i320-321 | 0.38 | 0.38 0.00 | 0.38 0.00 | 0.38 0.00 | 0.38 0.00 | 0.38 0.00
i320-322 | 0.34 | 0.14 0.20 | 0.14 0.20 | 0.14 0.20 | 0.14 0.20 | 0.14 0.20
i320-323 | 0.20 | 0.20 0.00 | 0.20 0.00 | 0.20 0.00 | 0.20 0.00 | 0.20 0.00
i320-324 | 0.31 | 0.27 0.04 | 0.27 0.04 | 0.27 0.04 | 0.27 0.04 | 0.27 0.04
i320-325 | 0.45 | 0.45 0.00 | 0.45 0.00 | 045 0.00 | 045 0.00 | 0.45 0.00
i320-331 | 8.56 | 5.08 3.48 | 4.41 4.15 | 6.34 2.22 | 425 4.31 3.77  4.79
i320-332 | 5.85 | 4.64 1.21 3.05 280 | 3.19 266 | 3.84 201 | 3.17 2.68
i320-333 | 5.30 | 3.95 1.35 | 4.12 1.18 | 440 090 | 3.29 2.01 3.89 1.41
i320-334 | 5.67 | 6.49 -0.82 | 4.38 1.29 | 6.04 -0.37 | 3.13 254 | 3.39 2.28
i320-335 | 4.14 | 2.97 1.17 | 2.91 1.23 | 2.96 1.18 | 3.30 0.84 | 3.81 0.33
i320-341 | 0.62 | 0.87 -0.25 | 0.77 -0.15 | 0.91 -0.29 | 0.34 0.28 | 0.64 -0.02
i320-342 | 0.46 | 0.06 0.40 | 0.07 0.39 | 0.68 -0.22 | 0.30 0.16 | 0.62 -0.16
i320-343 | 1.07 | 1.20 -0.13 | 0.96 0.11 0.60 047 | 0.82 0.25 1.04 0.03
i320-344 | 0.23 | 1.17 -0.94 | 0.29 -0.06 | 0.52 -0.29 | 0.23 0.00 1.14 -0.91
i320-345 | 0.63 | 0.77 -0.14 | 0.63 0.00 | 0.91 -0.28 | 0.09 0.54 | 0.67 -0.04
ave 3.02 | 230 0.72 1.93 1.09 | 2.14 0.88 1.84 1.18 1.91 1.11
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Figure 3.32: Decrease of the average gap (ADH, 1320)
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3.5.4 Tradeoff between increase in CPU time and decrease in gaps

The construction methods combined with network centralities tend to construct smaller-
weight Steiner trees than the original method. However, our proposed method has two
demerits: the calculation time becomes long and parameters must be tuned.

First, we discuss the tradeoff between the increase in computation time and the decrease
in the average gap. We evaluate the practical computation time to solve the benchmark
problem sets B, C, D, 1080, 1160, and 1320 by eighteen construction methods: SPH without
network centrality, SPH with the degree centrality, SPH with the eigenvector centrality, SPH
with the closeness centrality, SPH with the vertex betweenness centrality, SPH with the edge
betweenness centrality, DNH without network centrality, DNH with the degree centrality,
DNH with the eigenvector centrality, DNH with the closeness centrality, DNH with the vertex
betweenness centrality, DNH with the edge betweenness centrality, ADH without network
centrality, ADH with the degree centrality, ADH with the eigenvector centrality, ADH with
the closeness centrality, ADH with the vertex betweenness centrality, and ADH with the
edge betweenness centrality. We implemented these methods in C using the gce compiler
(ver. 4.2.1). All numerical experiments were performed on an iMacPro (2017) with 3.2 GHz
Intel Xeon W processor and 64 GB 2666 MHz DDR4 random access memory. We measured
the CPU time between before inputting an instance and after output of a solution.

The CPU times of these construction methods are listed in Tables 3.25-3.42. In Tables
3.25-3.42, wc is without network centrality (conventional), d, is the degree centrality, e, is
the eigenvector centrality, ¢, is the closeness centrality, b, is the vertex betweenness centrality,
and b, is the edge betweenness centrality. ave is the average CPU time, inc is the increase
in average CPU time using network centrality, i.e., dividing the average CPU time of with
network centrality by the average CPU time without network centrality. In other words,

inc=1t'/t, (3.30)

where ¢’ is the average CPU time of the proposed (with network centrality) method and ¢
is the average CPU time of the original (without network centrality) method. For example,
inc = 2 means that using network centrality consumes twice the CPU time of the original
method. We constructed 50 Steiner trees per instance and averaged their results. We set the
scaling parameter « as a suitable value based on pre-numerical experiments.

Tables 3.25-3.30 and Figs. 3.33-3.38 show the results of SPH with network centralities.
From Table 3.25 and Fig. 3.33, using the degree, eigenvector, closeness, vertex betweenness,
and edge betweenness centralities increases the computational time by approximately 1.57,
2.86, 2.88, 3.10, and 3.15 times, respectively. The increase in the computation time was
greatest when using eigenvector centrality for instance b02, and the computation time was
increased as six times large as the original one. We use the power method to calculate eigen-
vector centrality, and the computation time for the conversing power method is determined
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by the ratio between the largest and the second largest eigenvalue. Thus, the instance b02
may have an adjacency matrix that takes time for converging the power method. However,
its computation time is 0.001356 [s], which is enough to short to use.

From Table 3.26 and Fig. 3.34, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.05, 1.08, 1.78, 1.98, and 2.07 times, respectively. The average computation time of the
original SPH is longer than that for the benchmark problem set B because the computation
time of the SPH depends on the number of vertices, edges, and terminals. The increase in
the computation time was greatest when using edge betweenness centrality for the instance
c01, and the computation time was increased 25.29 times of the original one. This value is
very large, however, its computation time is 0.043600 [s]. It is enough to short to use. The
computation time becomes long for the instances that have a small number of terminals such
as c01, c06, c11, and c16. The SPH repeats including the shortest path between arbitrary
vertex included in the current tree and arbitrary terminal not included in the current tree.
Thus, the number of terminals strongly affects computation time.

From Table 3.27 and Fig. 3.35, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.02, 1.03, 1.44, 1.58, and 1.65 times, respectively. The increase in the computation time was
greatest when using edge betweenness centrality for the instance d01, and the computation
time was increased 34.16 times of the original one. This value is very large, however, its
computation time is 0.187745 [s]. It is enough to short to use. The average value of the
computation time of using the network centrality is at most 1.65 times of the original SPH.
This is because the order of the computation cost of the network centrality is smaller than
or equals to the computation cost of SPH.

From Table 3.28 and Fig. 3.36, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.34, 2.08, 3.55, 3.64, and 3.80 times, respectively. The instances in 1080 are sorted in as-
cending order of the number of terminals; the number of terminals of the first 25 instances
is 6, the second 25 instances is 8, the third 25 instances is 16, and the last 25 instances is 20.
On the other hand, the increase in computation time is high for the first 25 instances and
short for the last 25 instances. These results indicate that the computation time depends on
the number of terminals.

From Table 3.29 and Fig. 3.37, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.17, 1.42, 4.02, 4.09, and 4.27 times, respectively. The increase in the computation time
was greatest when using edge betweenness centrality for the instance i160-001 to i160-005,
and the computation time of them was increased approximately nine times the original one.
These instances have the smallest number of edges and terminals. Thus, the computation
time of SPH becomes short because the computation cost of SPH depends on the number
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of edges and terminals. Therefore, the addition of the computation time for calculating the
network centrality affects the total computation time. However, the computation time of
them is approximately 0.005 [s], and it is enough to short to use.

From Table 3.28 and Fig. 3.36, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.11, 1.22, 4.88, 4.87, and 5.12 times, respectively. The computation time of using the vertex
and edge betweenness centralities differs unless the computation cost of them is the same.
This is because the input size of using edge betweenness centrality is larger than that of using
vertex betweenness centrality. We calculate the network centrality by using R and input the
instance and the network centrality to C code. The instance of the Steiner tree problem in
graphs is a connected graph, thus, the number of edges is larger than the number of vertices.
Therefore, the input size of using network centrality of edges becomes larger than that of
using network centrality of vertices.

From these results, it is revealed that the increase of the computation time of SPH
combined with network centralities becomes large when the number of edges and terminals
is small. This is because the computation time of SPH depends on the number of edges and
terminals. Therefore, if the number of edges and terminals are large, we should better use
the network centrality.

The combination of SPH and five network centralities increase the computation time,
however, it is still practical because the order of the computation cost of SPH and network
centralities are the same. Are these results the same when using other construction methods?
To confirm it, we conducted the same numerical experiments by using DNH and ADH. Tables
3.31-3.36 and Figs. 3.39-3.44 show the results of the DNH with network centralities.

From Table 3.31 and Fig. 3.39, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.26, 2.07, 2.31, 2.49, and 2.50 times, respectively. The increase in the computation time
was greatest when using eigenvector centrality for instance b01, and the computation time
was increased 4.11 times of the original one. One of the reasons why the computation time
becomes large by using eigenvector centrality is that we use the power method to calculate
eigenvector centrality. The computation time for the conversing power method is determined
by the ratio between the largest and the second largest eigenvalue. Thus, this result indicates
that the instance b01 may have an adjacency matrix that takes time for converging the power
method. However, its computation time is 0.000904 [s], which is enough to short to use.

From Table 3.32 and Fig. 3.40, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.00, 1.03, 1.49, 1.66, and 1.74 times, respectively. In particular, the increase of the compu-
tation time is long for the instances c01, c06, c11, and ¢16. This is because these instances
have a small number of terminals (5). The DNH repeats replacing the edges included in the
minimum spanning tree of the complete graphs of terminals. Thus, the number of terminals
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strongly affects computation time. If the number of terminals is small, the computation
time of DNH becomes small. Therefore, the computation time of calculating the network
centrality affects the total computation time. From this viewpoint, we should better use the
network centrality in the case of the number of terminals are large.

From Table 3.33 and Fig. 3.41, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.00, 1.02, 1.29, 1.42, and 1.50 times, respectively. The increase in the computation time was
greatest when using edge betweenness centrality for the instance d01, and the computation
time was increased 25.93 times of the original one. This value can be seen very large, however,
its computation time is 0.189605. It is enough to short to use.

From Table 3.34 and Fig. 3.42, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.26, 1.86, 3.05, 3.13, and 3.28 times, respectively. The increase of the computation time be-
comes shorter when the index of instances becomes large. The instances in 1080 are sorted in
ascending order of the number of terminals; the number of terminals of the first 25 instances
is 6, the second 25 instances is 8, the third 25 instances is 16, and the last 25 instances is
20. These results indicate that the computation time depends on the number of terminals.
Actually, the computation cost of DNH is O(|T'||E| + |T'||V|log|V|). From this viewpoint,
we should better use the network centrality in the case of the number of terminals are large.

From Table 3.35 and Fig. 3.43, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.11, 1.30, 3.30, 3.35, and 3.52 times, respectively. The computation time of using the vertex
and edge betweenness centralities differs unless the computation cost of them is the same.
This is because the input size of using edge betweenness centrality is larger than that of using
vertex betweenness centrality. We calculate the network centrality by using R and input the
instance and the network centrality to C code. The instance of the Steiner tree problem in
graphs is a connected graph, thus, the number of edges is larger than the number of vertices.
Therefore, the input size of using network centrality of edges becomes larger than that of
using network centrality of vertices.

From Table 3.36 and Fig. 3.44, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.06, 1.14, 3.81, 3.79, and 4.05 times, respectively. The increase in the computation time of
using the degree centrality is the shortest. This is because the computation cost of degree
centrality is very small, O(| E|). It is smaller than the computation cost of DNH. On the other
hand, the computation time of using the closeness and betweenness centralities is long. The
computation cost of these network centralities is O(|V||E| + |[V|?1log |V]). Tt is larger than
the computation cost of DNH. Thus the computation time of using these network centralities
becomes large.

From these results, we found that trends of increase in the computation time when using
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DNH are the same as that of using SPH. One of the reasons why the results of using SPH
and DNH become the same is that the computation cost of them is the same. Thus, using
the network centrality cause the same effect for them.

Tables 3.37-3.42 and Figs. 3.45-3.50 show the results of the ADH with network cen-
tralities. From Table 3.37 and Fig. 3.45, using the degree, eigenvector, closeness, vertex
betweenness, and edge betweenness centralities increases the computation time by approxi-
mately 1.04, 1.19, 1.22, 1.26, and 1.27 times, respectively. The increase in the computation
time was greatest when using edge betweenness centrality for the instance b01, and the com-
putation time was increased 2.02 times of the original one. In the cases of using SPH and
DNH, the increase of the computation time of using edge betweenness centrality is shorter
than that of using eigenvector centrality. Thus, this trend is different from the results of
using SPH and DNH. However, its computation time is 0.001390. It is enough to short to
use.

From Table 3.38 and Fig. 3.46, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.01, 1.02, 1.06, 1.13, and 1.16 times, respectively. The computation time of using the degree
and eigenvector centralities is shorter than that of the original method for the instances c06,
c07, cl1, ¢12, c16, c17, c18. One of the reasons why the computation time becomes short
unless the procedure of calculating the network centrality is added is the computation cost of
these network centralities is shorter than that of ADH. The computation cost of the degree
centrality is O(|E|), however that of ADH is O(|T||V||E| + |T||V|*1log|V|). Therefore, the
computation time of ADH with degree and eigenvector centralities is sometimes smaller than
that of the original ADH.

From Table 3.39 and Fig. 3.47, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.03, 1.04, 1.03, 1.08, and 1.11 times, respectively. The computation time of the original
ADH is very longer than that of SPH and DNH. This is because the computation cost of
ADH is larger than that of SPH and DNH. Also, the increase in the computation time of
using the network centrality is small. In particular, the computation time for the instances
d05, d10, d15, and d20 is very large. These instances have many terminals (500). Thus, we
should better use SPH and DNH in the case of the number of terminals are large.

From Table 3.40 and Fig. 3.48, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.06, 1.23, 1.57, 1.60, and 1.64 times, respectively. The increase of the computation time is
at most twice the original ADH. In contrast to SPH and DNH, ADH can find a small-weight
Steiner tree if the instance is a complete graph. Thus, we should better use ADH for 1080.

From Table 3.41 and Fig. 3.49, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
1.00, 1.04, 1.46, 1.47, and 1.52 times, respectively. The computation time of using the vertex
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and edge betweenness centralities differs unless the computation cost of them is the same.
This is because the input size of using edge betweenness centrality is larger than that of using
vertex betweenness centrality. We calculate the network centrality by using R and input the
instance and the network centrality to C code. The instance of the Steiner tree problem in
graphs is a connected graph, thus, the number of edges is larger than the number of vertices.
Therefore, the input size of using network centrality of edges becomes larger than that of
using network centrality of vertices.

From Table 3.40 and Fig. 3.48, using the degree, eigenvector, closeness, vertex between-
ness, and edge betweenness centralities increases the computation time by approximately
0.97, 0.99, 1.41, 1.42, and 1.46 times, respectively. Thus, the usage of the degree and eigen-
vector centrality decreases the average computation time. This is because the computation
cost of ADH is larger than that of these network centralities. The usage of network centrality
contributes to reducing the average gap. Therefore, we should better to use ADH for 1320.

From these results, we found that the increase of the computation time of using ADH
is smaller than that of SPH and DNH because the computation cost of ADH is larger than
that of them. In particular, using the degree and eigenvector centralities sometimes reduces
the computation time from the original ADH. One of the reasons why the computation time
becomes short is that the difference in the computation time of ADH is much larger than
the computation time of these network centralities. Unfortunately, the computation time of
ADH for the benchmark problem set D is very long and it is not enough to use. Thus, we
should better use SPH and DNH if the number of vertices is large.
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Increase of
the average CPU time

Increase of
the average CPU time

Table 3.25: CPU time [s] (SPH, B)

weC dy ey Co by be
name ave ave inc ave inc ave inc ave inc ave inc
b01 0.000197 | 0.000498 2.53 | 0.001125 5.71 | 0.000824 4.18 | 0.000841 4.27 | 0.000845 4.29
b02 0.000226 | 0.000596 2.64 | 0.001356 6.00 | 0.000890 3.94 | 0.000912 4.04 | 0.000900 3.98
b03 0.000357 | 0.000715 2.00 | 0.001278 3.58 | 0.001025 2.87 | 0.001033 2.89 | 0.001040 2.91
b04 0.000231 | 0.000511 2.21 | 0.001145 4.96 | 0.000967 4.19 | 0.000980 4.24 | 0.000998 4.32
b05 0.000286 | 0.000616  2.15 | 0.001219 4.26 | 0.000994 3.48 | 0.001031 3.60 | 0.001038 3.63
b06 0.000443 | 0.000758 1.71 | 0.001389 3.14 | 0.001161 2.62 | 0.001206 2.72 | 0.001236 2.79
b07 0.000319 | 0.000614 1.92 | 0.001658 5.20 | 0.001399 4.39 | 0.001491 4.67 | 0.001514 4.75
b08 0.000424 | 0.000805 1.90 | 0.001612 3.80 | 0.001501 3.54 | 0.001628 3.84 | 0.001595 3.76
b09 0.000781 | 0.001182 1.51 | 0.002196 2.81 | 0.001827 2.34 | 0.001931 2.47 | 0.001954 2.50
b10 0.000419 | 0.000721 1.72 | 0.001609 3.84 | 0.001641 3.92 | 0.001755 4.19 | 0.001760 4.20
bl1l 0.000561 | 0.000965 1.72 | 0.001749 3.12 | 0.001747 3.11 | 0.001937 3.45 | 0.001970 3.51
b12 0.001024 | 0.001382 1.35 | 0.002241 2.19 | 0.002262 2.21 | 0.002389 2.33 | 0.002485 2.43
b13 0.000528 | 0.000862 1.63 | 0.001816 3.44 | 0.002164 4.10 | 0.002428 4.60 | 0.002429 4.60
bl4 0.000723 | 0.001093 1.51 | 0.002018 2.79 | 0.002292 3.17 | 0.002549 3.53 | 0.002701 3.74
b15 0.001406 | 0.002043 1.45 | 0.002911 2.07 | 0.003062 2.18 | 0.003294 2.34 | 0.003315 2.36
bl6 0.000724 | 0.001047 1.45 | 0.001991 2.75 | 0.002653 3.66 | 0.002956 4.08 | 0.003014 4.16
b17 0.000999 | 0.001355 1.36 | 0.002346 2.35 | 0.002965 2.97 | 0.003243 3.25 | 0.003309 3.31
b18 0.001882 | 0.002323 1.23 | 0.003312 1.76 | 0.003862 2.05 | 0.004176 2.22 | 0.004260 2.26
ave 0.000641 | 0.001005 1.57 | 0.001832 2.86 | 0.001846 2.88 | 0.001988 3.10 | 0.002020 3.15
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(e) edge betweenness centrality
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Increase of
the average CPU time

Increase of
the average CPU time

Table 3.26: CPU time [s] (SPH, C)

wce dy ev Cy by be
name ave ave inc ave inc ave inc ave inc ave inc
c01 0.001724 | 0.002143 1.24 | 0.005718 3.32 | 0.035800 20.77 | 0.041776 24.23 | 0.043600 25.29
c02 0.002986 | 0.003525 1.18 | 0.006788 2.27 | 0.036354 12.17 | 0.043286 14.50 | 0.044070 14.76
c03 0.024075 | 0.026234 1.09 | 0.029183 1.21 | 0.059755  2.48 | 0.065574  2.72 | 0.067546  2.81
c04 0.040309 | 0.044338 1.10 | 0.047513 1.18 | 0.077524  1.92 | 0.084234  2.09 | 0.086277  2.14
c05 0.096040 | 0.110183 1.15 | 0.112945 1.18 | 0.143242 1.49 0.150653 1.57 0.152917 1.59
c06 0.002671 | 0.003158 1.18 | 0.006081 2.28 | 0.043421 16.26 | 0.052032 19.48 | 0.053860  20.16
c07 0.004962 | 0.005578 1.12 | 0.008667 1.75 | 0.045263 9.12 0.054255 10.93 | 0.055947 11.28
c08 0.040717 | 0.043471 1.07 | 0.046728 1.15 | 0.083209 2.04 0.093440 2.29 0.094118 2.31
c09 0.065002 | 0.068296 1.05 | 0.071842 1.11 | 0.107232 1.65 0.117236 1.80 0.120317 1.85
cl0 0.145680 | 0.159834 1.10 | 0.163814 1.12 | 0.198257 1.36 0.211454 1.45 0.213506 1.47
cll 0.005705 | 0.006237 1.09 | 0.007763 1.36 | 0.064023 11.22 | 0.077919 13.66 | 0.080650 14.14
cl2 0.010127 | 0.010760 1.06 | 0.012921 1.28 | 0.068710 6.78 0.083744 8.27 0.085846 8.48
cl3 0.079907 | 0.082552 1.03 | 0.085353 1.07 | 0.138299 1.73 0.158221 1.98 0.161759 2.02
cl4 0.123366 | 0.127183 1.03 | 0.130434 1.06 | 0.180598 1.46 0.204404 1.66 0.210693 1.71
cld 0.261887 | 0.281328 1.07 | 0.281835 1.08 | 0.330113 1.26 0.359596 1.37 0.375263 1.43
cl6 0.014435 | 0.015665 1.09 | 0.018217 1.26 | 0.162451 11.25 | 0.188695 13.07 | 0.192980 13.37
cl7 0.023887 | 0.024856  1.04 | 0.027271 1.14 | 0.170427 7.13 0.197107 8.25 0.202665 8.48
cl8 0.162282 | 0.160874 0.99 | 0.164114 1.01 | 0.304258 1.87 0.347002 2.14 0.362206 2.23
c19 0.245312 | 0.246064 1.00 | 0.250206 1.02 | 0.389589  1.59 | 0.432982  1.77 | 0.459796  1.87
c20 0.497547 | 0.510113 1.03 | 0.518433 1.04 | 0.647836  1.30 | 0.704023  1.41 | 0.763590  1.53
ave 0.088030 | 0.092019 1.05 | 0.095039 1.08 | 0.156493 1.78 0.174649 1.98 0.182267 2.07
(]
18 F ] £
18 ] 5 35¢ 1
1.7 r ] ‘s 3k 4
1er 189 ]
1 1 g8 el I ]
) ;.-II s s g 1 =2 15t I 1
Olé’e?e?e‘?e?e?sﬁg?e""a’ f:: '1 - PRI P .
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Instance index Instance index
(a) degree centrality (b) eigenvector centrality
25 g =
207 1 .5 =20f 1
. 5o
5 1 %g 15 1
10 . . . 1 &% 10+ 1
. s co
5 — -3 5 ]
Oeééaeeéeseseeaseéae goseeeeeeeeeeeeae$e$
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Instance index Instance index
(c) closeness centrality (d) vertex betweenness centrality
2 20
58 53 I |
%% 15 1
g 101 ]
-3 5| ]
‘_qc_.” 0 =) -] (=] 8 (=] -] =) -] =) -] =) -] =] -] (=] -] =] -] -]
0 2 4 6 8 10 12 14 16 18 20
Instance index

(e) edge betweenness centrality

Figure 3.34: Increase of CPU time from the original method (SPH, C)

111



Increase of
the average CPU time

Increase of
the average CPU time

Table 3.27: CPU time [s] (SPH, D)

wcC dy ey Cy by be
name ave ave inc ave inc ave inc ave inc ave inc
d0l | 0.005496 | 0.006100 1.11 | 0.011055 2.01 | 0.148942 27.10 | 0.177721 32.34 | 0.187745 34.16
do2 | 0.009681 | 0.010627 1.10 | 0.015802 1.63 | 0.159997 16.53 | 0.185938 19.21 | 0.195913  20.24
d03 | 0.188408 | 0.204103 1.08 | 0.212114 1.13 | 0.348888  1.85 | 0.383365 2.03 | 0.388255  2.06
do4 | 0.302470 | 0.328277 1.09 | 0.337653 1.12 | 0.472073 1.56 | 0.502588 1.66 | 0.513393  1.70
do5 | 0.758941 | 0.863644 1.14 | 0.872376 1.15 | 1.009164 1.33 | 1.045755 1.38 | 1.056057  1.39
do6 | 0.009273 | 0.010028 1.08 | 0.015996 1.73 | 0.188859 20.37 | 0.224303 24.19 | 0.231282 24.94
d07 | 0.017186 | 0.017665 1.03 | 0.024046 1.40 | 0.193974 11.20 | 0.233216 13.57 | 0.237856 13.84
d08 | 0.304929 | 0.318085 1.04 | 0.326652 1.07 | 0.489628 1.61 | 0.534655 1.75 | 0.543600  1.78
d09 | 0.476351 | 0.505092 1.06 | 0.514509 1.08 | 0.677825 1.42 | 0.713972 1.50 | 0.727861  1.53
d10 | 1.100780 | 1.212200 1.10 | 1.227040 1.11 | 1.371020 1.25 | 1.430650 1.30 | 1.448200 1.32
dll | 0.018849 | 0.020195 1.07 | 0.024050 1.28 | 0.261916 13.90 | 0.326622 17.33 | 0.343142 18.20
d12 | 0.035764 | 0.037588 1.05 | 0.041783 1.17 | 0.282827 7.91 | 0.352127  9.85 | 0.359766  10.06
d13 | 0.593965 | 0.610661 1.03 | 0.626685 1.06 | 0.835064 1.41 | 0.932794 1.57 | 0.966249  1.63
dl4 | 0.922226 | 0.951812 1.03 | 0.969217 1.05 | 1.166717  1.27 | 1.285540 1.39 | 1.343640  1.46
d15 | 2.011950 | 2.120990 1.05 | 2.160330 1.07 | 2.294460 1.14 | 2.461860 1.22 | 2.551910  1.27
d16 | 0.046889 | 0.047238 1.01 | 0.052800 1.13 | 0.659864 14.07 | 0.795548 16.97 | 0.834334 17.79
d17 | 0.082126 | 0.079881 0.97 | 0.086437 1.05 | 0.711641 8.67 | 0.852623 10.38 | 0.879948 10.71
d18 | 1.214600 | 1.167110 0.96 | 1.177180 0.97 | 1.787350  1.47 | 2.007500 1.65 | 2.133640  1.76
d19 | 1.853380 | 1.773270 0.96 | 1.785860 0.96 | 2.381920 1.20 | 2.642010 1.43 | 2.807670  1.51
d20 | 3.810540 | 3.730900 0.98 | 3.754390 0.99 | 4.326820 1.14 | 4.685310 1.23 | 4.983740 1.31
ave | 0.655419 | 0.667403 1.02 | 0.677908 1.03 | 0.941379  1.44 | 1.036860 1.58 | 1.082580  1.65
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Figure 3.35: Increase of CPU time from the original method (SPH, D)
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Table 3.28: CPU time [s] (SPH, 1080)

wc dy ey Cov by be

name ave ave inc ave inc ave inc ave inc ave inc
i080-001 | 0.000245 | 0.000457 1.87 | 0.001019 4.16 | 0.001334 5.44 | 0.001497 6.11 | 0.001436 5.86
i080-002 | 0.000240 | 0.000481 2.00 | 0.001028 4.28 | 0.001430 5.96 | 0.001486 6.19 | 0.001550 6.46
i080-003 | 0.000239 | 0.000420 1.76 | 0.000901 3.77 | 0.001357 5.68 | 0.001410 5.90 | 0.001559 6.52
i080-004 | 0.000243 | 0.000493 2.03 | 0.001078 4.44 | 0.001376 5.66 | 0.001451 5.97 | 0.001401 5.77
i080-005 | 0.000249 | 0.000495 1.99 | 0.001015 4.08 | 0.001360 5.46 | 0.001518 6.10 | 0.001527 6.13
i080-011 | 0.000389 | 0.000611  1.57 | 0.001145 2.94 | 0.001849 4.75 | 0.001963 5.05 | 0.001994 5.13
i080-012 | 0.000396 | 0.000661 1.67 | 0.001080 2.73 | 0.001814 4.58 | 0.001990 5.03 | 0.002017 5.09
i080-013 | 0.000388 | 0.000615 1.59 | 0.001100 2.84 | 0.001787 4.61 | 0.002019 5.20 | 0.001997 5.15
i080-014 | 0.000394 | 0.000606 1.54 | 0.001109 2.81 | 0.001988 5.05 | 0.002033 5.16 | 0.002122 5.39
i080-015 | 0.000389 | 0.000664 1.71 | 0.001080 2.78 | 0.001941 4.99 | 0.002084 5.36 | 0.001992 5.12
i080-021 | 0.001672 | 0.002170 1.30 | 0.003007 1.80 | 0.006622 3.96 | 0.006788 4.06 | 0.006938 4.15
i080-022 | 0.001678 | 0.002136  1.27 | 0.003037 1.81 | 0.006711 4.00 | 0.006594 3.93 | 0.006934 4.13
i080-023 | 0.001671 | 0.002092 1.25 | 0.002970 1.78 | 0.006677 4.00 | 0.006706 4.01 | 0.007161 4.29
i080-024 | 0.001673 | 0.002079 1.24 | 0.003089 1.85 | 0.006703 4.01 | 0.006612 3.95 | 0.007039 4.21
i080-025 | 0.001675 | 0.002122 1.27 | 0.003038 1.81 | 0.006785 4.05 | 0.006726 4.02 | 0.007282 4.35
i080-031 | 0.000274 | 0.000506 1.85 | 0.001146 4.18 | 0.001552 5.66 | 0.001567 5.72 | 0.001641 5.99
i080-032 | 0.000267 | 0.000478 1.79 | 0.001130 4.23 | 0.001502 5.63 | 0.001564 5.86 | 0.001640 6.14
i080-033 | 0.000273 | 0.000570 2.09 | 0.001109 4.06 | 0.001485 5.44 | 0.001573 5.76 | 0.001623 5.95
i080-034 | 0.000273 | 0.000481 1.76 | 0.000992 3.63 | 0.001463 5.36 | 0.001636 5.99 | 0.001640 6.01
i080-035 | 0.000272 | 0.000530 1.95 | 0.001163 4.28 | 0.001498 5.51 | 0.001668 6.13 | 0.001624 5.97
i080-041 | 0.000543 | 0.000761  1.40 | 0.001349 2.48 | 0.002423 4.46 | 0.002527 4.65 | 0.002623 4.83
i080-042 | 0.000544 | 0.000824 1.51 | 0.001321 2.43 | 0.002473 4.55 | 0.002472 4.54 | 0.002612 4.80
i080-043 | 0.000543 | 0.000846 1.56 | 0.001287  2.37 | 0.002455 4.52 | 0.002634 4.85 | 0.002719 5.01
i080-044 | 0.000542 | 0.000830 1.53 | 0.001336 2.46 | 0.002466 4.55 | 0.002629 4.85 | 0.002493 4.60
i080-045 | 0.000547 | 0.000788  1.44 | 0.001296  2.37 | 0.002413 4.41 | 0.002502 4.57 | 0.002700 4.94
i080-101 | 0.000271 | 0.000529 1.95 | 0.001073 3.96 | 0.001409 5.20 | 0.001456 5.37 | 0.001496 5.52
i080-102 | 0.000278 | 0.000553 1.99 | 0.001054 3.79 | 0.001450 5.22 | 0.001505 5.41 | 0.001577 5.67
i080-103 | 0.000271 | 0.000548 2.02 | 0.001112 4.10 | 0.001450 5.35 | 0.001473 5.44 | 0.001523 5.62
i080-104 | 0.000276 | 0.000526 1.91 | 0.001128 4.09 | 0.001407 5.10 | 0.001547 5.61 | 0.001573 5.70
i080-105 | 0.000281 | 0.000565 2.01 | 0.000938 3.34 | 0.001491 5.31 | 0.001552 5.52 | 0.001542 5.49
i080-111 | 0.000454 | 0.000656  1.44 | 0.001286 2.83 | 0.002012 4.43 | 0.002129 4.69 | 0.002105 4.64
i080-112 | 0.000445 | 0.000694 1.56 | 0.001154 2.59 | 0.001837 4.13 | 0.002117 4.76 | 0.002166 4.87
i080-113 | 0.000467 | 0.000680 1.46 | 0.001165 2.49 | 0.002006 4.30 | 0.002168 4.64 | 0.002097 4.49
i080-114 | 0.000454 | 0.000749 1.65 | 0.001214 2.67 | 0.001924 4.24 | 0.002065 4.55 | 0.002130 4.69
i080-115 | 0.000449 | 0.000689 1.53 | 0.001117 2.49 | 0.002028 4.52 | 0.002121 4.72 | 0.002130 4.74
i080-121 | 0.001794 | 0.002228 1.24 | 0.003181 1.77 | 0.006851 3.82 | 0.006732 3.75 | 0.007081 3.95
i080-122 | 0.001789 | 0.002229 1.25 | 0.003209 1.79 | 0.006843 3.83 | 0.006873 3.84 | 0.007292 4.08
i080-123 | 0.001798 | 0.002209 1.23 | 0.003162 1.76 | 0.006817 3.79 | 0.006850 3.81 | 0.007340 4.08
i080-124 | 0.001795 | 0.002229 1.24 | 0.003174 1.77 | 0.006760 3.77 | 0.006604 3.68 | 0.007157 3.99
i080-125 | 0.001786 | 0.002207 1.24 | 0.003153 1.77 | 0.007015 3.93 | 0.006859 3.84 | 0.007276  4.07
i080-131 | 0.000314 | 0.000591 1.88 | 0.001164 3.71 | 0.001605 5.11 | 0.001675 5.33 | 0.001728  5.50
i080-132 | 0.000317 | 0.000514 1.62 | 0.001163 3.67 | 0.001587 5.01 | 0.001621 5.11 | 0.001647 5.20
i080-133 | 0.000320 | 0.000571 1.78 | 0.001093 3.42 | 0.001488 4.65 | 0.001682 5.26 | 0.001668 5.21
i080-134 | 0.000314 | 0.000586 1.87 | 0.001117 3.56 | 0.001491 4.75 | 0.001658 5.28 | 0.001604 5.11
i080-135 | 0.000315 | 0.000512 1.63 | 0.001133 3.60 | 0.001547 4.91 | 0.001599 5.08 | 0.001750 5.56
i080-141 | 0.000611 | 0.000934 1.53 | 0.001439 2.36 | 0.002521 4.13 | 0.002658 4.35 | 0.002686  4.40
i080-142 | 0.000622 | 0.000917 1.47 | 0.001403 2.26 | 0.002573 4.14 | 0.002518 4.05 | 0.002824 4.54
i080-143 | 0.000616 | 0.000803 1.30 | 0.001366 2.22 | 0.002580 4.19 | 0.002531 4.11 | 0.002817 4.57
i080-144 | 0.000611 | 0.000886  1.45 | 0.001345 2.20 | 0.002613 4.28 | 0.002608 4.27 | 0.002818 4.61
i080-145 | 0.000628 | 0.000811 1.29 | 0.001364 2.17 | 0.002374 3.78 | 0.002593 4.13 | 0.002750 4.38
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we dy ey Co by be

name ave ave inc ave inc ave inc ave inc ave inc
i080-201 | 0.000437 | 0.000692 1.58 | 0.001275 2.92 | 0.001620 3.71 | 0.001676 3.84 | 0.001715  3.92
i080-202 | 0.000456 | 0.000697 1.53 | 0.001200 2.63 | 0.001522 3.34 | 0.001723 3.78 | 0.001673 3.67
i080-203 | 0.000447 | 0.000661 1.48 | 0.001303 2.91 | 0.001513 3.38 | 0.001736 3.88 | 0.001699 3.80
i080-204 | 0.000436 | 0.000631 1.45 | 0.001474 3.38 | 0.001617 3.71 | 0.001733 3.97 | 0.001744 4.00
i080-205 | 0.000441 | 0.000644 1.46 | 0.001302 2.95 | 0.001606 3.64 | 0.001690 3.83 | 0.001721  3.90
i080-211 | 0.000686 | 0.000942 1.37 | 0.001597 2.33 | 0.002198 3.20 | 0.002353 3.43 | 0.002434 3.55
i080-212 | 0.000692 | 0.000998 1.44 | 0.001478 2.14 | 0.002213 3.20 | 0.002294 3.32 | 0.002493 3.60
i080-213 | 0.000704 | 0.000947 1.35 | 0.001378 1.96 | 0.002314 3.29 | 0.002439 3.46 | 0.002377 3.38
i080-214 | 0.000698 | 0.000946 1.36 | 0.001425 2.04 | 0.002238 3.21 | 0.002295 3.29 | 0.002383 3.41
i080-215 | 0.000701 | 0.000938 1.34 | 0.001547 2.21 | 0.002231 3.18 | 0.002361 3.37 | 0.002425 3.46
i080-221 | 0.002245 | 0.002759 1.23 | 0.003733 1.66 | 0.007520 3.35 | 0.007309 3.26 | 0.007973 3.55
i080-222 | 0.002277 | 0.002675 1.17 | 0.003710 1.63 | 0.007434 3.26 | 0.007335 3.22 | 0.007795 3.42
i080-223 | 0.002263 | 0.002728 1.21 | 0.003703 1.64 | 0.007455 3.29 | 0.007314 3.23 | 0.007695 3.40
i080-224 | 0.002291 | 0.002741 1.20 | 0.003678 1.61 | 0.007322 3.20 | 0.007242 3.16 | 0.007586  3.31
i080-225 | 0.002564 | 0.002720 1.06 | 0.003763 1.47 | 0.007384 2.88 | 0.007219 2.82 | 0.007878  3.07
i080-231 | 0.000517 | 0.000675 1.31 | 0.001442 2.79 | 0.001665 3.22 | 0.001783 3.45 | 0.001814 3.51
i080-232 | 0.000509 | 0.000754 1.48 | 0.001381 2.71 | 0.001625 3.19 | 0.001800 3.54 | 0.001829  3.59
i080-233 | 0.000499 | 0.000728 1.46 | 0.001376 2.76 | 0.001759 3.53 | 0.001877 3.76 | 0.001928 3.86
i080-234 | 0.000504 | 0.000749 1.49 | 0.001288 2.56 | 0.001752 3.48 | 0.001932 3.83 | 0.001922 3.81
i080-235 | 0.000497 | 0.000722 1.45 | 0.001393 2.80 | 0.001662 3.34 | 0.001833 3.69 | 0.001805 3.63
i080-241 | 0.000917 | 0.001171 1.28 | 0.001739 1.90 | 0.002846  3.10 | 0.003070 3.35 | 0.003076 3.35
i080-242 | 0.000907 | 0.001136 1.25 | 0.001606 1.77 | 0.002852 3.14 | 0.002879 3.17 | 0.002953 3.26
i080-243 | 0.000906 | 0.001155 1.27 | 0.001617 1.78 | 0.002697 2.98 | 0.002801 3.09 | 0.003104 3.43
i080-244 | 0.000916 | 0.001222 1.33 | 0.001722 1.88 | 0.002839 3.10 | 0.002977 3.25 | 0.003037 3.32
i080-245 | 0.000952 | 0.001247 1.31 | 0.001664 1.75 | 0.002751 2.89 | 0.002877 3.02 | 0.002984 3.13
i080-301 | 0.000517 | 0.000730 1.41 | 0.001579 3.05 | 0.001636 3.16 | 0.001758 3.40 | 0.001702 3.29
i080-302 | 0.000510 | 0.000736  1.44 | 0.001338 2.62 | 0.001646 3.23 | 0.001691 3.32 | 0.001736  3.40
i080-303 | 0.000537 | 0.000738 1.37 | 0.001250 2.33 | 0.001668 3.11 | 0.001768 3.29 | 0.001742 3.24
i080-304 | 0.000519 | 0.000693 1.34 | 0.001541 2.97 | 0.001631 3.14 | 0.001785 3.44 | 0.001751 3.37
i080-305 | 0.000525 | 0.000762 1.45 | 0.001607 3.06 | 0.001653 3.15 | 0.001744 3.32 | 0.001761 3.35
i080-311 | 0.000821 | 0.001109 1.35 | 0.001710 2.08 | 0.002284 2.78 | 0.002341 2.85 | 0.002511  3.06
i080-312 | 0.000853 | 0.001110 1.30 | 0.001681 1.97 | 0.002284 2.68 | 0.002506 2.94 | 0.002484 2.91
i080-313 | 0.000832 | 0.001105 1.33 | 0.001742 2.09 | 0.002330 2.80 | 0.002389 2.87 | 0.002620 3.15
i080-314 | 0.000815 | 0.001052 1.29 | 0.001585 1.94 | 0.002330 2.86 | 0.002575 3.16 | 0.002625 3.22
i080-315 | 0.000821 | 0.001092 1.33 | 0.001583 1.93 | 0.002327 2.83 | 0.002479 3.02 | 0.002532 3.08
i080-321 | 0.002506 | 0.002999 1.20 | 0.003959 1.58 | 0.007424 2.96 | 0.007337 2.93 | 0.007893 3.15
i080-322 | 0.002493 | 0.003009 1.21 | 0.003770 1.51 | 0.007602 3.05 | 0.007617 3.06 | 0.008026  3.22
i080-323 | 0.002477 | 0.002978 1.20 | 0.003854 1.56 | 0.007473 3.02 | 0.007433 3.00 | 0.007925 3.20
i080-324 | 0.002484 | 0.002959 1.19 | 0.003777 1.52 | 0.007664 3.09 | 0.007494 3.02 | 0.007812 3.14
i080-325 | 0.002528 | 0.003005 1.19 | 0.003852 1.52 | 0.007643 3.02 | 0.007540 2.98 | 0.008020 3.17
i080-331 | 0.000597 | 0.000812 1.36 | 0.001401 2.35 | 0.001906 3.19 | 0.001994 3.34 | 0.001995 3.34
i080-332 | 0.000591 | 0.000817 1.38 | 0.001649 2.79 | 0.001762 2.98 | 0.001855 3.14 | 0.001962  3.32
i080-333 | 0.000597 | 0.000844 1.41 | 0.001407 2.36 | 0.001892 3.17 | 0.001947 3.26 | 0.001957 3.28
i080-334 | 0.000583 | 0.000835 1.43 | 0.001510 2.59 | 0.001850 3.17 | 0.001999 3.43 | 0.002023 3.47
i080-335 | 0.000604 | 0.000881 1.46 | 0.001360 2.25 | 0.001793 2.97 | 0.001913 3.17 | 0.001986  3.29
i080-341 | 0.001061 | 0.001357 1.28 | 0.001842 1.74 | 0.003167 2.98 | 0.003147 2.97 | 0.003284 3.10
i080-342 | 0.001058 | 0.001404 1.33 | 0.001798 1.70 | 0.002961 2.80 | 0.002971 2.81 | 0.003156 2.98
i080-343 | 0.001062 | 0.001394 1.31 | 0.001878 1.77 | 0.002978 2.80 | 0.003148 2.96 | 0.003285 3.09
i080-344 | 0.001065 | 0.001276 1.20 | 0.001803 1.69 | 0.003018 2.83 | 0.003150 2.96 | 0.003286  3.09
i080-345 | 0.001058 | 0.001295 1.22 | 0.001850 1.75 | 0.002895 2.74 | 0.003166 2.99 | 0.003050 2.88
ave 0.000840 | 0.001123 1.34 | 0.001749 2.08 | 0.002986 3.55 | 0.003061 3.64 | 0.003190 3.80
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Figure 3.36: Increase of CPU time from the original method (SPH, 1080)
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Table 3.29: CPU time [s] (SPH, 1160)

wc dy ey Cov by be

name ave ave inc ave inc ave inc ave inc ave inc
i160-001 | 0.000535 | 0.000791 1.48 | 0.001792 3.35 | 0.004286 8.01 | 0.004717 8.82 | 0.004787 8.95
i160-002 | 0.000522 | 0.000754  1.44 | 0.001399 2.68 | 0.004027 7.71 | 0.004465 8.55 | 0.004697  9.00
i160-003 | 0.000541 | 0.000754 1.39 | 0.001339 2.48 | 0.004110 7.60 | 0.004693 8.67 | 0.004807 8.89
i160-004 | 0.000519 | 0.000807 1.55 | 0.001789  3.45 | 0.003935 7.58 | 0.004516 8.70 | 0.004669  9.00
i160-005 | 0.000515 | 0.000807 1.57 | 0.001571 3.05 | 0.004148 8.05 | 0.004654 9.04 | 0.004790 9.30
i160-011 | 0.001027 | 0.001383 1.35 | 0.002224 2.17 | 0.006366 6.20 | 0.006781 6.60 | 0.007093 6.91
i160-012 | 0.001061 | 0.001371 1.29 | 0.002293 2.16 | 0.006460 6.09 | 0.007062 6.66 | 0.007397 6.97
i160-013 | 0.001053 | 0.001358 1.29 | 0.002202 2.09 | 0.006306 5.99 | 0.006756 6.42 | 0.007084 6.73
i160-014 | 0.001108 | 0.001335 1.20 | 0.002238 2.02 | 0.006486 5.85 | 0.007047 6.36 | 0.007182  6.48
i160-015 | 0.001092 | 0.001379 1.26 | 0.002148 1.97 | 0.006442 5.90 | 0.007049 6.46 | 0.007154 6.55
i160-021 | 0.006958 | 0.008329 1.20 | 0.009768 1.40 | 0.040522 5.82 | 0.039504 5.68 | 0.041660 5.99
i160-022 | 0.006948 | 0.008322 1.20 | 0.009625 1.39 | 0.040890 5.89 | 0.039882 5.74 | 0.042621 6.13
i160-023 | 0.006822 | 0.008254 1.21 | 0.009752 1.43 | 0.040786 5.98 | 0.040565 5.95 | 0.042596 6.24
i160-024 | 0.006882 | 0.008358 1.21 | 0.009596 1.39 | 0.040687 5.91 | 0.039511 5.74 | 0.042342 6.15
i160-025 | 0.006819 | 0.008256  1.21 | 0.009651 1.42 | 0.040558 5.95 | 0.039469 5.79 | 0.041738 6.12
i160-031 | 0.000624 | 0.000874 1.40 | 0.001706 2.73 | 0.004622 7.41 | 0.005208 8.35 | 0.005342 8.56
i160-032 | 0.000616 | 0.000948 1.54 | 0.001719 2.79 | 0.004452 7.23 | 0.004991 8.10 | 0.005294  8.59
i160-033 | 0.000614 | 0.000872 1.42 | 0.001636 2.66 | 0.004543 7.40 | 0.005154 8.39 | 0.005305 8.64
i160-034 | 0.000625 | 0.000916 1.47 | 0.001841 2.95 | 0.004569 7.31 | 0.005205 8.33 | 0.005226 8.36
i160-035 | 0.000612 | 0.000951 1.55 | 0.001718 2.81 | 0.004539 7.42 | 0.005089 8.32 | 0.005312 8.68
i160-041 | 0.002093 | 0.002536  1.21 | 0.003373 1.61 | 0.012007 5.74 | 0.012310 5.88 | 0.012847 6.14
i160-042 | 0.002102 | 0.002330 1.11 | 0.003298 1.57 | 0.011923 5.67 | 0.012514 5.95 | 0.012965 6.17
i160-043 | 0.002113 | 0.002635 1.25 | 0.003534 1.67 | 0.012249 5.80 | 0.012677 6.00 | 0.012954 6.13
i160-044 | 0.002121 | 0.002548 1.20 | 0.003532 1.67 | 0.012450 5.87 | 0.012627 5.95 | 0.012875 6.07
i160-045 | 0.002124 | 0.002568 1.21 | 0.003353 1.58 | 0.012425 5.85 | 0.012731 5.99 | 0.012839 6.04
i160-101 | 0.000780 | 0.001045 1.34 | 0.001895 2.43 | 0.004421 5.67 | 0.004920 6.31 | 0.005071 6.50
i160-102 | 0.000761 | 0.001069 1.40 | 0.002010 2.64 | 0.004356 5.72 | 0.004840 6.36 | 0.005286 6.95
i160-103 | 0.000756 | 0.001041 1.38 | 0.002059 2.72 | 0.004341 5.74 | 0.004868 6.44 | 0.005098 6.74
i160-104 | 0.000757 | 0.001106 1.46 | 0.001881 2.48 | 0.004374 5.78 | 0.004939 6.52 | 0.005070 6.70
i160-105 | 0.000757 | 0.001034 1.37 | 0.001745 2.31 | 0.004422 5.84 | 0.004934 6.52 | 0.005135 6.78
i160-111 | 0.001509 | 0.001776 1.18 | 0.002707 1.79 | 0.006755 4.48 | 0.007270 4.82 | 0.007592 5.03
i160-112 | 0.001497 | 0.001802 1.20 | 0.002617 1.75 | 0.006811 4.55 | 0.007259 4.85 | 0.007551 5.04
i160-113 | 0.001520 | 0.001888 1.24 | 0.002730 1.80 | 0.007078 4.66 | 0.007387 4.86 | 0.007822 5.15
i160-114 | 0.001487 | 0.001776 1.19 | 0.002608 1.75 | 0.006688 4.50 | 0.007640 5.14 | 0.007807 5.25
i160-115 | 0.001495 | 0.001706 1.14 | 0.002694 1.80 | 0.006561 4.39 | 0.007218 4.83 | 0.007541 5.04
i160-121 | 0.007834 | 0.009652 1.23 | 0.010646 1.36 | 0.041524 5.30 | 0.040346 5.15 | 0.042756 5.46
i160-122 | 0.007866 | 0.009480 1.21 | 0.010512 1.34 | 0.041738 5.31 | 0.040651 5.17 | 0.042728 5.43
i160-123 | 0.007963 | 0.009437 1.19 | 0.010546 1.32 | 0.041714 5.24 | 0.041119 5.16 | 0.044208 5.55
i160-124 | 0.007871 | 0.009470 1.20 | 0.010644 1.35 | 0.041887 5.32 | 0.041811 5.31 | 0.044334 5.63
i160-125 | 0.007837 | 0.009428 1.20 | 0.010538 1.34 | 0.041892 5.35 | 0.040324 5.15 | 0.042671 5.44
i160-131 | 0.000905 | 0.001259 1.39 | 0.002144 2.37 | 0.004882 5.39 | 0.005377 5.94 | 0.005524 6.10
i160-132 | 0.000924 | 0.001220 1.32 | 0.002008 2.17 | 0.004712 5.10 | 0.005234 5.66 | 0.005385 5.83
i160-133 | 0.000902 | 0.001210 1.34 | 0.002294 2.54 | 0.004881 5.41 | 0.005481 6.08 | 0.005675 6.29
i160-134 | 0.000921 | 0.001256 1.36 | 0.001975 2.14 | 0.004976 5.40 | 0.005481 5.95 | 0.005686 6.17
i160-135 | 0.000905 | 0.001245 1.38 | 0.002158 2.38 | 0.004637 5.12 | 0.005256 5.81 | 0.005514 6.09
i160-141 | 0.002829 | 0.003246 1.15 | 0.004263 1.51 | 0.013149 4.65 | 0.013187 4.66 | 0.013473 4.76
i160-142 | 0.002827 | 0.003284 1.16 | 0.004188 1.48 | 0.012805 4.53 | 0.013169 4.66 | 0.013500 4.78
i160-143 | 0.002794 | 0.003136 1.12 | 0.003992 1.43 | 0.012768 4.57 | 0.013008 4.66 | 0.013413 4.80
i160-144 | 0.002804 | 0.003303 1.18 | 0.004187 1.49 | 0.012566 4.48 | 0.013293 4.74 | 0.013704 4.89
i160-145 | 0.002815 | 0.002890 1.03 | 0.004086 1.45 | 0.012740 4.53 | 0.013403 4.76 | 0.013661 4.85
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we dy ey Co by be

name ave ave inc ave inc ave inc ave inc ave inc
i160-201 | 0.001450 | 0.001722 1.19 | 0.002713 1.87 | 0.005137 3.54 | 0.005669 3.91 | 0.005921 4.08
i160-202 | 0.001430 | 0.001788 1.25 | 0.002629 1.84 | 0.005127 3.59 | 0.005784 4.04 | 0.005815 4.07
i160-203 | 0.001418 | 0.001653 1.17 | 0.002714 1.91 | 0.005090 3.59 | 0.005629 3.97 | 0.005750 4.06
i160-204 | 0.001415 | 0.001690 1.19 | 0.002659 1.88 | 0.004864 3.44 | 0.005761 4.07 | 0.005763  4.07
i160-205 | 0.001442 | 0.001679 1.16 | 0.002569 1.78 | 0.005173 3.59 | 0.005635 3.91 | 0.005800 4.02
i160-211 | 0.002623 | 0.002951 1.13 | 0.003887 1.48 | 0.008056 3.07 | 0.008588  3.27 | 0.009202 3.51
i160-212 | 0.002600 | 0.003038 1.17 | 0.003876 1.49 | 0.008092 3.11 | 0.008670 3.33 | 0.008927 3.43
i160-213 | 0.002620 | 0.002902 1.11 | 0.003901 1.49 | 0.008060 3.08 | 0.008531 3.26 | 0.009036 3.45
i160-214 | 0.002635 | 0.002819 1.07 | 0.003865 1.47 | 0.007827 2.97 | 0.008579 3.26 | 0.008802 3.34
i160-215 | 0.002623 | 0.003033 1.16 | 0.003900 1.49 | 0.008162 3.11 | 0.008670 3.31 | 0.008888  3.39
i160-221 | 0.010252 | 0.012058 1.18 | 0.013144 1.28 | 0.043325 4.23 | 0.043256 4.22 | 0.045838 4.47
i160-222 | 0.010244 | 0.012091 1.18 | 0.012950 1.26 | 0.043896  4.29 | 0.043548 4.25 | 0.045883 4.48
i160-223 | 0.010243 | 0.012258 1.20 | 0.013222 1.29 | 0.043827 4.28 | 0.043089 4.21 | 0.045445 4.44
i160-224 | 0.010224 | 0.012041 1.18 | 0.012964 1.27 | 0.044118 4.32 | 0.043840 4.29 | 0.045604 4.46
i160-225 | 0.010214 | 0.012130 1.19 | 0.013121 1.28 | 0.044071 4.31 | 0.043671 4.28 | 0.045931 4.50
i160-231 | 0.001688 | 0.001995 1.18 | 0.002728 1.62 | 0.005710 3.38 | 0.006358 3.77 | 0.006470 3.83
i160-232 | 0.001675 | 0.001994 1.19 | 0.003006 1.79 | 0.005689 3.40 | 0.006382 3.81 | 0.006474 3.87
i160-233 | 0.001683 | 0.001977 1.17 | 0.003157 1.88 | 0.005621 3.34 | 0.006364 3.78 | 0.006525 3.88
i160-234 | 0.001700 | 0.002022 1.19 | 0.002965 1.74 | 0.005613 3.30 | 0.006239 3.67 | 0.006348 3.73
i160-235 | 0.001661 | 0.001990 1.20 | 0.002782 1.67 | 0.005748 3.46 | 0.006199 3.73 | 0.006414 3.86
i160-241 | 0.004526 | 0.005001 1.10 | 0.006129 1.35 | 0.014225 3.14 | 0.015321 3.39 | 0.015614 3.45
i160-242 | 0.004483 | 0.005017 1.12 | 0.005961 1.33 | 0.014907 3.33 | 0.015024 3.35 | 0.015480 3.45
i160-243 | 0.004699 | 0.005020 1.07 | 0.005992 1.28 | 0.014842 3.16 | 0.015055 3.20 | 0.015336  3.26
i160-244 | 0.004811 | 0.005151 1.07 | 0.006067 1.26 | 0.014938 3.10 | 0.014664 3.05 | 0.015307 3.18
i160-245 | 0.004720 | 0.005073 1.07 | 0.005920 1.25 | 0.014895 3.16 | 0.015098 3.20 | 0.015251 3.23
i160-301 | 0.002440 | 0.002689 1.10 | 0.003274 1.34 | 0.006028 2.47 | 0.006729 2.76 | 0.006855 2.81
i160-302 | 0.002476 | 0.002655 1.07 | 0.003854 1.56 | 0.006037 2.44 | 0.006613 2.67 | 0.006782 2.74
i160-303 | 0.002377 | 0.002667 1.12 | 0.003665 1.54 | 0.006038 2.54 | 0.006571 2.76 | 0.006886  2.90
i160-304 | 0.002325 | 0.002707 1.16 | 0.003683 1.58 | 0.006062 2.61 | 0.006513 2.80 | 0.006631 2.85
i160-305 | 0.002355 | 0.002627 1.12 | 0.003657 1.55 | 0.006177 2.62 | 0.006727 2.86 | 0.006925 2.94
i160-311 | 0.004176 | 0.004662 1.12 | 0.005514 1.32 | 0.009511 2.28 | 0.010014 2.40 | 0.010374 2.48
i160-312 | 0.004226 | 0.004462 1.06 | 0.005378 1.27 | 0.010057 2.38 | 0.010208 2.42 | 0.010529 2.49
i160-313 | 0.004234 | 0.004796 1.13 | 0.005282 1.25 | 0.009747 2.30 | 0.010041 2.37 | 0.010296 2.43
i160-314 | 0.004176 | 0.004521 1.08 | 0.005580 1.34 | 0.009854 2.36 | 0.010245 2.45 | 0.010532 2.52
i160-315 | 0.004244 | 0.004640 1.09 | 0.005543 1.31 | 0.009176 2.16 | 0.010049 2.37 | 0.010329 2.43
i160-321 | 0.013460 | 0.015559 1.16 | 0.016683 1.24 | 0.047832 3.55 | 0.047136 3.50 | 0.049508 3.68
i160-322 | 0.013503 | 0.015622 1.16 | 0.016193 1.20 | 0.047859  3.54 | 0.046878  3.47 | 0.049420 3.66
i160-323 | 0.013445 | 0.015537 1.16 | 0.016627 1.24 | 0.047327 3.52 | 0.046715 3.47 | 0.049759 3.70
i160-324 | 0.013441 | 0.015843 1.18 | 0.017148 1.28 | 0.048333 3.60 | 0.047086 3.50 | 0.049333 3.67
i160-325 | 0.013483 | 0.015564 1.15 | 0.016526  1.23 | 0.048188 3.57 | 0.046912 3.48 | 0.049098 3.64
i160-331 | 0.002829 | 0.003195 1.13 | 0.004154 1.47 | 0.006888 2.43 | 0.007470 2.64 | 0.007687 2.72
i160-332 | 0.002936 | 0.003088 1.05 | 0.004155 1.42 | 0.006682 2.28 | 0.007522 2.56 | 0.007537 2.57
i160-333 | 0.002954 | 0.003146 1.06 | 0.004039 1.37 | 0.006679 2.26 | 0.007244 2.45 | 0.007522 2.55
i160-334 | 0.002893 | 0.003180 1.10 | 0.004151 1.43 | 0.006887 2.38 | 0.007485 2.59 | 0.007505 2.59
i160-335 | 0.002939 | 0.003083 1.05 | 0.004120 1.40 | 0.006581 2.24 | 0.007493 2.55 | 0.007630 2.60
i160-341 | 0.006748 | 0.007440 1.10 | 0.008458 1.25 | 0.017172 2.54 | 0.017299 2.56 | 0.017727 2.63
i160-342 | 0.006744 | 0.007447 1.10 | 0.008350 1.24 | 0.017238 2.56 | 0.017062 2.53 | 0.017699 2.62
i160-343 | 0.006847 | 0.007512 1.10 | 0.008437 1.23 | 0.017278 2.52 | 0.017228 2.52 | 0.017857 2.61
i160-344 | 0.006690 | 0.007514 1.12 | 0.008360 1.25 | 0.017277 2.58 | 0.017538 2.62 | 0.017618 2.63
i160-345 | 0.006806 | 0.007602 1.12 | 0.008440 1.24 | 0.017387 2.55 | 0.017463 2.57 | 0.017754 2.61
ave 0.003735 | 0.004357 1.17 | 0.005290 1.42 | 0.015027 4.02 | 0.015262 4.09 | 0.015935 4.27
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Figure 3.37: Increase of CPU time from the original method (SPH, 1160)
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Table 3.30: CPU time [s] (SPH, 1320)

we dy e Cy by be
name ave ave inc ave inc ave inc ave inc ave inc
i320-001 | 0.001447 | 0.001782 1.23 | 0.003307 2.29 | 0.015745 10.88 | 0.017431 12.05 | 0.017989 12.43
i320-002 | 0.001447 | 0.001860 1.29 | 0.002971 2.05 | 0.015119 10.45 | 0.017320 11.97 | 0.018202 12.58
i320-003 | 0.001404 | 0.001785 1.27 | 0.002869 2.04 | 0.015478 11.02 | 0.017461 12.44 | 0.017921 12.76
i320-004 | 0.001461 | 0.001962 1.34 | 0.003151 2.16 | 0.015647 10.71 | 0.017387 11.90 | 0.018192 12.45
i320-005 | 0.001457 | 0.001861 1.28 | 0.002923 2.01 | 0.015704 10.78 | 0.017494 12.01 | 0.018232 12.51
i320-011 | 0.003248 | 0.003726  1.15 | 0.005147 1.58 | 0.026366 8.12 0.028090 8.65 0.029614 9.12
i320-012 | 0.003239 | 0.003618 1.12 | 0.005040 1.56 | 0.025722 7.94 0.027226 8.41 0.028424 8.78
i320-013 | 0.003225 | 0.003603 1.12 | 0.005013 1.55 | 0.025655 7.96 0.027785 8.62 0.028673 8.89
i320-014 | 0.003271 | 0.003713 1.14 | 0.005171 1.58 | 0.025902 7.92 0.027184 8.31 0.028603 8.74
i320-015 | 0.003235 | 0.003651 1.13 | 0.005186 1.60 | 0.025731 7.95 0.027353 8.46 0.028303 8.75
i320-021 | 0.029394 | 0.033778 1.15 | 0.041297 1.40 | 0.302985 10.31 | 0.291395 9.91 0.313199  10.66
i320-022 | 0.029345 | 0.033775 1.15 | 0.041471 1.41 | 0.302768 10.32 | 0.294965 10.05 | 0.311803 10.63
i320-023 | 0.029902 | 0.033627 1.12 | 0.041298 1.38 | 0.301517 10.08 | 0.291666 9.75 0.311127 10.40
i320-024 | 0.029565 | 0.033922 1.15 | 0.041202 1.39 | 0.298670 10.10 | 0.292924 9.91 0.315293  10.66
i320-025 | 0.029301 | 0.033535 1.14 | 0.040996 1.40 | 0.302683 10.33 | 0.289660 9.89 0.310476  10.60
i320-031 | 0.001754 | 0.002256 1.29 | 0.003715 2.12 | 0.016467 9.39 0.018743 10.69 | 0.019772 11.27
i320-032 | 0.001754 | 0.002182 1.24 | 0.003337 1.90 | 0.016626 9.48 0.019108 10.89 | 0.019245 10.97
i320-033 | 0.001750 | 0.002175 1.24 | 0.003681 2.10 | 0.017147 9.80 0.018773  10.73 | 0.019602 11.20
i320-034 | 0.001767 | 0.002144 1.21 | 0.003735 2.11 | 0.017199 9.73 0.018651 10.56 | 0.019476 11.02
i320-035 | 0.001773 | 0.002212 1.25 | 0.003702 2.09 | 0.017196 9.70 0.018669  10.53 | 0.019532 11.02
i320-041 | 0.009153 | 0.009418 1.03 | 0.011521 1.26 | 0.071011 7.76 0.073014 7.98 0.075857 8.29
i320-042 | 0.009313 | 0.010830 1.16 | 0.012451 1.34 | 0.071664 7.70 0.073186 7.86 0.077898 8.36
i320-043 | 0.009096 | 0.010549 1.16 | 0.011611 1.28 | 0.070575 7.76 0.074003 8.14 0.075347 8.28
i320-044 | 0.009186 | 0.010673 1.16 | 0.011977 1.30 | 0.070162 7.64 0.073390 7.99 0.075465 8.22
i320-045 | 0.009211 | 0.010970 1.19 | 0.011435 1.24 | 0.071068 7.72 0.073809 8.01 0.076338 8.29
i320-101 | 0.002746 | 0.003173 1.16 | 0.004837 1.76 | 0.016783 6.11 0.018500 6.74 0.018847 6.86
i320-102 | 0.002674 | 0.003161 1.18 | 0.004677 1.75 | 0.016984 6.35 0.018837 7.04 0.019233 7.19
i320-103 | 0.002755 | 0.003178 1.15 | 0.004627 1.68 | 0.016746 6.08 0.018382 6.67 0.019019 6.90
i320-104 | 0.002743 | 0.003277 1.19 | 0.004392 1.60 | 0.016831 6.14 0.018565 6.77 0.019217 7.01
i320-105 | 0.002801 | 0.003261 1.16 | 0.004712 1.68 | 0.017063 6.09 0.018834 6.72 0.019488 6.96
i320-111 | 0.005892 | 0.006458 1.10 | 0.007614 1.29 | 0.028699 4.87 0.030470 5.17 0.031255 5.30
i320-112 | 0.005936 | 0.006527 1.10 | 0.008040 1.35 | 0.028665 4.83 0.030026 5.06 0.031011 5.22
i320-113 | 0.005977 | 0.006451 1.08 | 0.007663 1.28 | 0.027520 4.60 0.029199 4.89 0.031077 5.20
i320-114 | 0.005869 | 0.006153 1.05 | 0.007977 1.36 | 0.028042 4.78 0.029866 5.09 0.030650 5.22
i320-115 | 0.005947 | 0.006509 1.09 | 0.008038 1.35 | 0.028731 4.83 0.029751 5.00 0.030616 5.15
i320-121 | 0.036286 | 0.041292 1.14 | 0.047576 1.31 | 0.305854 8.43 0.301051 8.30 0.315668 8.70
i320-122 | 0.036274 | 0.041009 1.13 | 0.047518 1.31 | 0.308882 8.52 0.295836 8.16 0.320651 8.84
i320-123 | 0.037162 | 0.041277 1.11 | 0.047604 1.28 | 0.307600 8.28 0.296963 7.99 0.316444 8.52
i320-124 | 0.036293 | 0.041114 1.13 | 0.047557 1.31 | 0.304601 8.39 0.298210 8.22 0.316256 8.71
i320-125 | 0.036338 | 0.041042 1.13 | 0.047632 1.31 | 0.307273 8.46 0.295675 8.14 0.317056 8.73
i320-131 | 0.003433 | 0.003959 1.15 | 0.005373 1.57 | 0.018303 5.33 0.020326 5.92 0.021164 6.16
i320-132 | 0.003364 | 0.003733 1.11 | 0.005035 1.50 | 0.018910 5.62 0.020259 6.02 0.020973 6.23
i320-133 | 0.003386 | 0.004024 1.19 | 0.005641 1.67 | 0.018697 5.52 0.020477 6.05 0.021116 6.24
i320-134 | 0.003465 | 0.003891 1.12 | 0.005679 1.64 | 0.018723 5.40 0.020344 5.87 0.021093 6.09
i320-135 | 0.003356 | 0.003822 1.14 | 0.005368 1.60 | 0.018646 5.56 0.020455 6.10 0.021075 6.28
i320-141 | 0.014327 | 0.016175 1.13 | 0.017513 1.22 | 0.075756 5.29 0.079134 5.52 0.081908 5.72
i320-142 | 0.014559 | 0.016441 1.13 | 0.017411 1.20 | 0.075954 5.22 0.080939 5.56 0.080801 5.55
i320-143 | 0.014601 | 0.016412 1.12 | 0.017592 1.20 | 0.076179 5.22 0.078658 5.39 0.081114 5.56
i320-144 | 0.014463 | 0.016088 1.11 | 0.017559 1.21 | 0.075719 5.24 0.076693 5.30 0.081723 5.65
i320-145 | 0.014474 | 0.016474 1.14 | 0.017924 1.24 | 0.076655 5.30 0.077139 5.33 0.081190 5.61
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we dy ey Co by be

name ave ave inc ave inc ave inc ave inc ave inc
i320-201 | 0.005542 | 0.006064 1.09 | 0.007810 1.41 | 0.019793 3.57 | 0.021527 3.88 | 0.021906 3.95
i320-202 | 0.005327 | 0.005863 1.10 | 0.007255 1.36 | 0.019552 3.67 | 0.021427 4.02 | 0.022047 4.14
i320-203 | 0.005567 | 0.006413 1.15 | 0.007686 1.38 | 0.019825 3.56 | 0.021618 3.88 | 0.022153 3.98
i320-204 | 0.005408 | 0.006172 1.14 | 0.007600 1.41 | 0.019775 3.66 | 0.021300 3.94 | 0.022468 4.15
i320-205 | 0.005364 | 0.006265 1.17 | 0.007856 1.46 | 0.019689  3.67 | 0.021218 3.96 | 0.021990 4.10
i320-211 | 0.011172 | 0.011713 1.05 | 0.013467 1.21 | 0.033768 3.02 | 0.035619 3.19 | 0.036682 3.28
i320-212 | 0.011142 | 0.011631 1.04 | 0.013122 1.18 | 0.033172 2.98 | 0.035587 3.19 | 0.036318 3.26
i320-213 | 0.011332 | 0.011921 1.05 | 0.013636 1.20 | 0.034296 3.03 | 0.035068 3.09 | 0.036111 3.19
i320-214 | 0.011401 | 0.011935 1.05 | 0.012978 1.14 | 0.034233 3.00 | 0.035237 3.09 | 0.036191 3.17
i320-215 | 0.011143 | 0.011527 1.03 | 0.013236 1.19 | 0.033807 3.03 | 0.035550 3.19 | 0.038309 3.44
i320-221 | 0.049145 | 0.055339 1.13 | 0.060202 1.22 | 0.318895 6.49 | 0.310433 6.32 | 0.327950 6.67
i320-222 | 0.049284 | 0.055211 1.12 | 0.059836 1.21 | 0.320965 6.51 | 0.309286 6.28 | 0.330505 6.71
i320-223 | 0.049172 | 0.055241 1.12 | 0.059631 1.21 | 0.318599 6.48 | 0.311966 6.34 | 0.329748 6.71
i320-224 | 0.049114 | 0.055231 1.12 | 0.060880 1.24 | 0.318475 6.48 | 0.310481 6.32 | 0.328256 6.68
i320-225 | 0.049241 | 0.054902 1.11 | 0.059505 1.21 | 0.317872 6.46 | 0.309533 6.29 | 0.331172 6.73
i320-231 | 0.006572 | 0.007300 1.11 | 0.009184 1.40 | 0.022277 3.39 | 0.023700 3.61 | 0.024252 3.69
i320-232 | 0.006661 | 0.007352 1.10 | 0.008705 1.31 | 0.021887 3.29 | 0.023580 3.54 | 0.024532 3.68
i320-233 | 0.006738 | 0.007303 1.08 | 0.009019 1.34 | 0.022150 3.29 | 0.023567 3.50 | 0.024291 3.61
i320-234 | 0.006762 | 0.007407 1.10 | 0.009128 1.35 | 0.022277 3.29 | 0.023598 3.49 | 0.024343 3.60
i320-235 | 0.006652 | 0.007162 1.08 | 0.008675 1.30 | 0.021980 3.30 | 0.023660 3.56 | 0.024573  3.69
i320-241 | 0.024886 | 0.027196 1.09 | 0.029013 1.17 | 0.083218 3.34 | 0.089790 3.61 | 0.092643 3.72
i320-242 | 0.024524 | 0.026885 1.10 | 0.028449 1.16 | 0.082402 3.36 | 0.086520 3.53 | 0.091175 3.72
i320-243 | 0.024528 | 0.027145 1.11 | 0.028432 1.16 | 0.082478 3.36 | 0.086604 3.53 | 0.091455 3.73
i320-244 | 0.023982 | 0.026445 1.10 | 0.028029 1.17 | 0.082986 3.46 | 0.088693 3.70 | 0.092035 3.84
i320-245 | 0.024155 | 0.026992 1.12 | 0.028583 1.18 | 0.082111 3.40 | 0.086521 3.58 | 0.091356 3.78
i320-301 | 0.013616 | 0.014700 1.08 | 0.016594 1.22 | 0.028516 2.09 | 0.030245 2.22 | 0.031066 2.28
i320-302 | 0.013601 | 0.014546 1.07 | 0.016374 1.20 | 0.028435 2.09 | 0.030168 2.22 | 0.030664 2.25
i320-303 | 0.014024 | 0.014895 1.06 | 0.016739 1.19 | 0.028699 2.05 | 0.030611 2.18 | 0.031377 2.24
i320-304 | 0.013973 | 0.014981 1.07 | 0.017053 1.22 | 0.028401 2.03 | 0.030619 2.19 | 0.031720 2.27
i320-305 | 0.014058 | 0.014973 1.07 | 0.016639 1.18 | 0.028182 2.00 | 0.030879 2.20 | 0.031560 2.24
i320-311 | 0.026200 | 0.028287 1.08 | 0.027780 1.06 | 0.050949 1.94 | 0.050536 1.93 | 0.051091 1.95
i320-312 | 0.026216 | 0.028443 1.08 | 0.029749 1.13 | 0.050327 1.92 | 0.051407 1.96 | 0.051955 1.98
i320-313 | 0.026156 | 0.028075 1.07 | 0.030108 1.15 | 0.050578 1.93 | 0.050396 1.93 | 0.050885 1.95
i320-314 | 0.026206 | 0.026200 1.00 | 0.028945 1.10 | 0.048499 1.85 | 0.051005 1.95 | 0.051453 1.96
i320-315 | 0.026077 | 0.028164 1.08 | 0.029718 1.14 | 0.046780 1.79 | 0.050396 1.93 | 0.050988 1.96
i320-321 | 0.083580 | 0.093639 1.12 | 0.093829 1.12 | 0.352904 4.22 | 0.345748 4.14 | 0.365257 4.37
i320-322 | 0.083183 | 0.093167 1.12 | 0.093512 1.12 | 0.351905 4.23 | 0.347869 4.18 | 0.363159 4.37
i320-323 | 0.083871 | 0.092712 1.11 | 0.096294 1.15 | 0.351794 4.19 | 0.346555 4.13 | 0.362354 4.32
i320-324 | 0.083315 | 0.092609 1.11 | 0.093776 1.13 | 0.353375 4.24 | 0.345963 4.15 | 0.364776 4.38
i320-325 | 0.083526 | 0.093155 1.12 | 0.096459 1.15 | 0.351347 4.21 | 0.346535 4.15 | 0.361738 4.33
i320-331 | 0.016750 | 0.017438 1.04 | 0.019189 1.15 | 0.032767 1.96 | 0.034579 2.06 | 0.036231 2.16
i320-332 | 0.017114 | 0.018063 1.06 | 0.020083 1.17 | 0.033146 1.94 | 0.035108 2.05 | 0.035663 2.08
i320-333 | 0.016694 | 0.017610 1.05 | 0.019721 1.18 | 0.032448 1.94 | 0.034530 2.07 | 0.035440 2.12
i320-334 | 0.017014 | 0.017740 1.04 | 0.019377 1.14 | 0.032941 1.94 | 0.034709 2.04 | 0.035213 2.07
i320-335 | 0.017372 | 0.017982 1.04 | 0.019824 1.14 | 0.032975 1.90 | 0.034865 2.01 | 0.036241 2.09
i320-341 | 0.050334 | 0.055075 1.09 | 0.056823 1.13 | 0.113333 2.25 | 0.117365 2.33 | 0.119066 2.37
i320-342 | 0.051129 | 0.055238 1.08 | 0.056996 1.11 | 0.114882 2.25 | 0.118670 2.32 | 0.119764 2.34
i320-343 | 0.050688 | 0.055089 1.09 | 0.057209 1.13 | 0.114346 2.26 | 0.116427 2.30 | 0.117806  2.32
i320-344 | 0.050293 | 0.055082 1.10 | 0.057081 1.13 | 0.114119 2.27 | 0.116235 2.31 | 0.119253  2.37
i320-345 | 0.050664 | 0.054979 1.09 | 0.056917 1.12 | 0.114015 2.25 | 0.109396 2.16 | 0.119186 2.35
ave 0.019617 | 0.021722 1.11 | 0.023945 1.22 | 0.095651 4.88 | 0.095586 4.87 | 0.100491 5.12
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Figure 3.38: Increase of CPU time from the original method (SPH, 1320)
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Table 3.31: CPU time [s] (DNH, B)

wce dy ey Cy by be
name ave ave inc ave inc ave inc ave inc ave inc
b01 0.000220 | 0.000419 1.90 | 0.000904 4.11 | 0.000798 3.63 | 0.000806 3.66 | 0.000866 3.94
b02 0.000266 | 0.000438 1.65 | 0.001063 4.00 | 0.000894 3.36 | 0.000954 3.59 | 0.000907 3.41
b03 0.000453 | 0.000678 1.50 | 0.001206 2.66 | 0.001135 2.51 | 0.001051 2.32 | 0.001043 2.30
b04 0.000278 | 0.000481 1.73 | 0.001063 3.82 | 0.001043 3.75 | 0.000963 3.46 | 0.000999 3.59
b05 0.000341 | 0.000485 1.42 | 0.001081 3.17 | 0.001042 3.06 | 0.001093 3.21 | 0.001123 3.29
b06 0.000621 0.000821 1.32 | 0.001332 2.14 | 0.001294 2.08 | 0.001334 2.15 | 0.001286  2.07
b07 0.000400 | 0.000611 1.53 | 0.001478 3.69 | 0.001402 3.50 | 0.001538 3.85 | 0.001451 3.63
b08 0.000543 | 0.000746 1.37 | 0.001494 2.75 | 0.001583 2.92 | 0.001606 2.96 | 0.001711 3.15
b09 0.001055 | 0.001269 1.20 | 0.002122 2.01 | 0.002042 1.94 | 0.002175 2.06 | 0.002146 2.03
b10 0.000572 | 0.000811 1.42 | 0.001486 2.60 | 0.001678 2.93 | 0.001876 3.28 | 0.001936  3.38
bll 0.000774 | 0.000965 1.25 | 0.001640 2.12 | 0.001890 2.44 | 0.002073 2.68 | 0.002005 2.59
b12 0.001398 | 0.001619 1.16 | 0.002247 1.61 | 0.002522 1.80 | 0.002752 1.97 | 0.002739 1.96
b13 0.000687 | 0.001024 1.49 | 0.001768 2.57 | 0.002212 3.22 | 0.002591 3.77 | 0.002486  3.62
bl4 0.000935 | 0.001201 1.28 | 0.002059 2.20 | 0.002399 2.57 | 0.002766 2.96 | 0.002779 2.97
bl5 0.001847 | 0.002182 1.18 | 0.003083 1.67 | 0.003462 1.87 | 0.003682 1.99 | 0.003835 2.08
b16 0.001075 | 0.001282 1.19 | 0.002071 1.93 | 0.002909 2.71 | 0.003274 3.05 | 0.003274 3.05
b17 0.001371 | 0.001605 1.17 | 0.002568 1.87 | 0.003231 2.36 | 0.003569 2.60 | 0.003662 2.67
b18 0.002877 | 0.003109 1.08 | 0.003850 1.34 | 0.004718 1.64 | 0.004984 1.73 | 0.005083 1.77
ave 0.000827 | 0.001039 1.26 | 0.001711 2.07 | 0.001908 2.31 | 0.002057 2.49 | 0.002070 2.50
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Figure 3.39: Increase of CPU time from the original method (DNH, B)
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Table 3.32: CPU time [s] (DNH, C)

wce dy ev cy by be
name ave ave inc ave inc ave inc ave inc ave inc
c01 0.002299 | 0.002956 1.29 | 0.006227 2.71 | 0.036463 15.86 | 0.042646  18.55 | 0.044571 19.39
c02 0.005045 | 0.005258 1.04 | 0.008554 1.70 | 0.037994 7.53 0.045074 8.93 0.045881 9.09
c03 0.032299 | 0.033828 1.05 | 0.036747 1.14 | 0.067179 2.08 0.073217 2.27 0.075463 2.34
c04 0.052295 | 0.054393 1.04 | 0.056683 1.08 | 0.087052 1.66 0.094332 1.80 0.095871 1.83
c05 0.106038 | 0.110465 1.04 | 0.113570 1.07 | 0.143003 1.35 0.152341 1.44 0.152950 1.44
c06 0.004148 | 0.004169 1.01 | 0.007367 1.78 | 0.044296 10.68 | 0.053332 12.86 | 0.055213 13.31
c07 0.007241 | 0.007295 1.01 | 0.010143 1.40 | 0.047398 6.55 0.055953 7.73 0.058673 8.10
c08 0.060691 | 0.063081 1.04 | 0.066031 1.09 | 0.102077 1.68 0.112621 1.86 0.113748 1.87
c09 0.089366 | 0.092580 1.04 | 0.095723 1.07 | 0.130320 1.46 0.140920 1.58 0.145030 1.62
cl0 0.188142 | 0.193017 1.03 | 0.197871 1.05 | 0.232549 1.24 0.247779 1.32 0.251323 1.34
cll 0.008506 | 0.009473 1.11 | 0.011370 1.34 | 0.064692 7.61 0.081734 9.61 0.083793 9.85
cl2 0.012914 | 0.013391 1.04 | 0.015315 1.19 | 0.071277 5.52 0.086617 6.71 0.090082 6.98
cl3 0.126825 | 0.127463 1.01 | 0.131699 1.04 | 0.182452 1.44 0.203199 1.60 0.215031 1.70
cl4 0.187949 | 0.191536  1.02 | 0.196209 1.04 | 0.241323 1.28 0.270675 1.44 0.289026 1.54
clb 0.376158 | 0.386770 1.03 | 0.385872 1.03 | 0.423652 1.13 0.462969 1.23 0.493242 1.31
cl6 0.020198 | 0.021401 1.06 | 0.023643 1.17 | 0.169573 8.40 0.195850 9.70 0.199139 9.86
cl7 0.033375 | 0.035712 1.07 | 0.038382 1.15 | 0.181078 5.43 0.206608 6.19 0.213204 6.39
cl8 0.250294 | 0.251615 1.01 | 0.258973 1.03 | 0.398306 1.59 0.452078 1.81 0.461294 1.84
cl9 0.374196 | 0.368494 0.98 | 0.368793 0.99 | 0.507831 1.36 0.553483 1.48 0.600162 1.60
c20 0.771498 | 0.736546 0.95 | 0.751825 0.97 | 0.869895 1.13 0.953446 1.24 1.025968 1.33
ave 0.129023 | 0.129021 1.00 | 0.132428 1.03 | 0.192305 1.49 0.213565 1.66 0.224270 1.74
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Figure 3.40: Increase of CPU time from the original method (DNH, C)
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Table 3.33: CPU time [s] (DNH, D)

wce dy ev Cy by be
name ave ave inc ave inc ave inc ave inc ave inc
do1 0.007313 | 0.007933 1.08 | 0.012908 1.77 | 0.150196 20.54 | 0.179334 24.52 | 0.189605 25.93
do2 0.016715 | 0.017543 1.05 | 0.022840 1.37 | 0.166443  9.96 0.197181  11.80 | 0.208697  12.49
do3 0.244831 | 0.253552  1.04 | 0.258209 1.05 | 0.397534 1.62 0.429324 1.75 | 0.439877 1.80
do4 0.366508 | 0.381397 1.04 | 0.391427 1.07 | 0.522394 1.43 0.561023 1.53 | 0.566441 1.55
do5 0.735605 | 0.762708 1.04 | 0.771232 1.05 | 0.904250 1.23 0.952599 1.29 | 0.960025 1.31
d06 0.014156 | 0.016549 1.17 | 0.022513 1.59 | 0.194756 13.76 | 0.230990 16.32 | 0.240320 16.98
do7 0.023662 | 0.023880 1.01 | 0.030536 1.29 | 0.199398  8.43 0.239556  10.12 | 0.244384 10.33
dog 0.453780 | 0.451656 1.00 | 0.471604 1.04 | 0.631653 1.39 0.682695 1.50 | 0.690858 1.52
do9g 0.647165 | 0.672215 1.04 | 0.673479 1.04 | 0.830863 1.28 0.873128 1.35 | 0.893085 1.38
d10 1.322830 | 1.353020 1.02 | 1.365600 1.03 | 1.504090 1.14 1.571830 1.19 1.596110 1.21
d11 0.029155 | 0.030772 1.06 | 0.034068 1.17 | 0.271822  9.32 0.336441 11.54 | 0.350774 12.03
d12 0.056612 | 0.058349 1.03 | 0.063365 1.12 | 0.302639 5.35 0.371917  6.57 | 0.382110  6.75
d13 0.920823 | 0.936751 1.02 | 0.937840 1.02 | 1.136455 1.23 1.247678 1.35 1.305372 1.42
d14 1.390310 | 1.421520 1.02 | 1.440000 1.04 | 1.612860 1.16 1.755200 1.26 1.855030 1.33
d15 2.725090 | 2.790180 1.02 | 2.833720 1.04 | 2.946440 1.08 3.159010 1.16 3.354340 1.23
d16 0.066609 | 0.067688 1.02 | 0.073381 1.10 | 0.685917 10.30 | 0.823334 12.36 | 0.850114 12.76
di7 0.122433 | 0.086934 0.71 | 0.095680 0.78 | 0.722413 5.90 0.892647  7.29 | 0.934493 7.63
d18 1.815680 | 1.815800 1.00 | 1.832810 1.01 | 2.423100 1.33 2.641050 1.45 2.843370 1.57
d19 2.803780 | 2.723770 0.97 | 2.752760 0.98 | 3.357950 1.20 3.706540 1.32 | 4.023010 1.43
d20 5.496720 | 5.444730 0.99 | 5.468100 0.99 | 5.952150 1.08 6.510130 1.18 7.035080 1.28
ave 0.917132 | 0.919855 1.00 | 0.931051 1.02 | 1.186350 1.29 1.302930 1.42 1.379190 1.50
14 ‘ g 2
13 1 2 18§ 1
12} l l l , “5?) 16 1 ,
Liié;ése e &8 o & 8 8 8 e e g o - %% le,l ? I I 1
09 | T 4 gE 1¢ ¢ &8 8§ 8 ¢ o 8 B8 & e © 8 8 o o 6 @ o -
08 - ] 1 & o8t l 1
0.7 : : : : : : : : £ 06 : : : : : : : : :
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Instance index Instance index
(a) degree centrality (b) eigenvector centrality
25 g =
20t 1 .5 =20f 1
S &
15 s 1 %g 15 1
10 & . . 1 @ 10} |
* 25
5 . . 1 =% 5f 1
Oee ® 6 6 & ® ®© § © © © e © © & e e goseeeeeeaeeeaeeeeaes)
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

Instance index

Increase of
the average CPU time

30

(c) closeness centrality

Instance index

(d) vertex betweenness centrality

25
20
15 -
10 -
5,

0 °

Instance index

14

16 18

(e) edge betweenness centrality

20

Figure 3.41: Increase of CPU time from the original method (DNH, D)
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Table 3.34: CPU time [s] (DNH, 1080)

wc dy ey Cov by be

name ave ave inc ave inc ave inc ave inc ave inc
i080-001 | 0.000274 | 0.000463 1.69 | 0.001050 3.83 | 0.001368 4.99 | 0.001572 5.74 | 0.001485 5.42
i080-002 | 0.000285 | 0.000527 1.85 | 0.001082 3.80 | 0.001460 5.12 | 0.001528 5.36 | 0.001619 5.68
i080-003 | 0.000287 | 0.000439 1.53 | 0.000909 3.17 | 0.001369 4.77 | 0.001411 4.92 | 0.001612 5.62
i080-004 | 0.000270 | 0.000542 2.01 | 0.001120 4.15 | 0.001406 5.21 | 0.001503 5.57 | 0.001478  5.47
i080-005 | 0.000304 | 0.000524 1.72 | 0.001051 3.46 | 0.001387 4.56 | 0.001576 5.18 | 0.001575 5.18
i080-011 | 0.000477 | 0.000697 1.46 | 0.001241 2.60 | 0.001927 4.04 | 0.002050 4.30 | 0.002078 4.36
i080-012 | 0.000461 | 0.000718 1.56 | 0.001156  2.51 | 0.001876  4.07 | 0.002047 4.44 | 0.002076  4.50
i080-013 | 0.000471 | 0.000675 1.43 | 0.001169 2.48 | 0.001846 3.92 | 0.002092 4.44 | 0.002103 4.46
i080-014 | 0.000519 | 0.000698 1.34 | 0.001207 2.33 | 0.002075 4.00 | 0.002113 4.07 | 0.002201 4.24
i080-015 | 0.000457 | 0.000729 1.60 | 0.001136  2.49 | 0.001996 4.37 | 0.002155 4.72 | 0.002057 4.50
i080-021 | 0.001825 | 0.002272 1.24 | 0.003109 1.70 | 0.006753 3.70 | 0.006938 3.80 | 0.007068  3.87
i080-022 | 0.001830 | 0.002277 1.24 | 0.003156 1.72 | 0.006824 3.73 | 0.006701 3.66 | 0.007002  3.83
i080-023 | 0.001891 | 0.002293 1.21 | 0.003080 1.63 | 0.006849 3.62 | 0.006895 3.65 | 0.007346  3.88
i080-024 | 0.001816 | 0.002215 1.22 | 0.003214 1.77 | 0.006838 3.77 | 0.006703 3.69 | 0.007150 3.94
i080-025 | 0.001943 | 0.002369 1.22 | 0.003215 1.65 | 0.006984 3.59 | 0.006932 3.57 | 0.007393 3.80
i080-031 | 0.000319 | 0.000529 1.66 | 0.001162 3.64 | 0.001589 4.98 | 0.001608 5.04 | 0.001690 5.30
i080-032 | 0.000302 | 0.000489 1.62 | 0.001153 3.82 | 0.001538 5.09 | 0.001600 5.30 | 0.001676  5.55
i080-033 | 0.000314 | 0.000573 1.82 | 0.001127 3.59 | 0.001511 4.81 | 0.001592 5.07 | 0.001703 5.42
i080-034 | 0.000331 | 0.000506 1.53 | 0.001010 3.05 | 0.001494 4.51 | 0.001674 5.06 | 0.001682 5.08
i080-035 | 0.000311 | 0.000564 1.81 | 0.001216 3.91 | 0.001540 4.95 | 0.001746 5.61 | 0.001702 5.47
i080-041 | 0.000643 | 0.000837 1.30 | 0.001395 2.17 | 0.002476 3.85 | 0.002657 4.13 | 0.002720 4.23
i080-042 | 0.000671 | 0.000884 1.32 | 0.001382 2.06 | 0.002574 3.84 | 0.002561 3.82 | 0.002893 4.31
i080-043 | 0.000631 | 0.000889 1.41 | 0.001347 2.13 | 0.002508 3.97 | 0.002699 4.28 | 0.002795 4.43
i080-044 | 0.000673 | 0.000965 1.43 | 0.001452 2.16 | 0.002605 3.87 | 0.002754 4.09 | 0.002597 3.86
i080-045 | 0.000640 | 0.000834 1.30 | 0.001364 2.13 | 0.002491 3.89 | 0.002597 4.06 | 0.002776 4.34
i080-101 | 0.000342 | 0.000582 1.70 | 0.001139 3.33 | 0.001459 4.27 | 0.001507 4.41 | 0.001555 4.55
i080-102 | 0.000332 | 0.000589 1.77 | 0.001087 3.27 | 0.001491 4.49 | 0.001537 4.63 | 0.001611 4.85
i080-103 | 0.000300 | 0.000568 1.89 | 0.001147 3.82 | 0.001479 4.93 | 0.001500 5.00 | 0.001528 5.09
i080-104 | 0.000290 | 0.000553 1.91 | 0.001160 4.00 | 0.001405 4.84 | 0.001602 5.52 | 0.001614 5.57
i080-105 | 0.000333 | 0.000616  1.85 | 0.000979 2.94 | 0.001538 4.62 | 0.001593 4.78 | 0.001587 4.77
i080-111 | 0.000627 | 0.000798  1.27 | 0.001399 2.23 | 0.002128 3.39 | 0.002238 3.57 | 0.002219 3.54
i080-112 | 0.000544 | 0.000808 1.49 | 0.001157 2.13 | 0.001932 3.55 | 0.002174 4.00 | 0.002225 4.09
i080-113 | 0.000588 | 0.000786  1.34 | 0.001241 2.11 | 0.002094 3.56 | 0.002279 3.88 | 0.002239 3.81
i080-114 | 0.000548 | 0.000829 1.51 | 0.001307 2.39 | 0.001993 3.64 | 0.002166 3.95 | 0.002251 4.11
i080-115 | 0.000537 | 0.000746  1.39 | 0.001179 2.20 | 0.002076  3.87 | 0.002208 4.11 | 0.002278 4.24
i080-121 | 0.002151 | 0.002517 1.17 | 0.003461 1.61 | 0.007119 3.31 | 0.007003 3.26 | 0.007362 3.42
i080-122 | 0.002064 | 0.002476 1.20 | 0.003407 1.65 | 0.007053 3.42 | 0.007082 3.43 | 0.007499 3.63
i080-123 | 0.002051 | 0.002458 1.20 | 0.003396 1.66 | 0.007023 3.42 | 0.007051 3.44 | 0.007568  3.69
i080-124 | 0.002040 | 0.002470 1.21 | 0.003362 1.65 | 0.006963 3.41 | 0.006823 3.34 | 0.007385 3.62
i080-125 | 0.002049 | 0.002449 1.20 | 0.003367 1.64 | 0.007189 3.51 | 0.007071 3.45 | 0.007502 3.66
i080-131 | 0.000368 | 0.000624 1.70 | 0.001201 3.26 | 0.001640 4.46 | 0.001706 4.64 | 0.001769 4.81
i080-132 | 0.000392 | 0.000570 1.45 | 0.001235 3.15 | 0.001637 4.18 | 0.001675 4.27 | 0.001717 4.38
i080-133 | 0.000386 | 0.000609 1.58 | 0.001144 2.96 | 0.001539 3.99 | 0.001733 4.49 | 0.001731 4.48
i080-134 | 0.000388 | 0.000646 1.66 | 0.001171 3.02 | 0.001564 4.03 | 0.001749 4.51 | 0.001675 4.32
i080-135 | 0.000376 | 0.000569 1.51 | 0.001191 3.17 | 0.001594 4.24 | 0.001656 4.40 | 0.001800 4.79
i080-141 | 0.000796 | 0.001038 1.30 | 0.001544 1.94 | 0.002622 3.29 | 0.002804 3.52 | 0.002836  3.56
i080-142 | 0.000781 | 0.000996 1.28 | 0.001499 1.92 | 0.002709 3.47 | 0.002677 3.43 | 0.003066  3.93
i080-143 | 0.000772 | 0.000934 1.21 | 0.001486 1.92 | 0.002675 3.47 | 0.002631 3.41 | 0.002936 3.80
i080-144 | 0.000757 | 0.001003 1.32 | 0.001387 1.83 | 0.002709 3.58 | 0.002744 3.62 | 0.003015 3.98
i080-145 | 0.000814 | 0.000924 1.14 | 0.001442 1.77 | 0.002497 3.07 | 0.002724 3.35 | 0.002820 3.46
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wcC dy €y Cy by be

name ave ave inc ave inc ave inc ave inc ave inc
i080-201 | 0.000580 | 0.000828 1.43 | 0.001413 2.44 | 0.001755 3.03 | 0.001815 3.13 | 0.001870 3.22
i080-202 | 0.000499 | 0.000750 1.50 | 0.001277 2.56 | 0.001577 3.16 | 0.001785 3.58 | 0.001757  3.52
i080-203 | 0.000596 | 0.000806 1.35 | 0.001455 2.44 | 0.001636 2.74 | 0.001911 3.21 | 0.001870 3.14
i080-204 | 0.000559 | 0.000746  1.33 | 0.001600 2.86 | 0.001760 3.15 | 0.001870 3.35 | 0.001865 3.34
i080-205 | 0.000518 | 0.000758 1.46 | 0.001396 2.69 | 0.001718 3.32 | 0.001814 3.50 | 0.001837 3.55
i080-211 | 0.000880 | 0.001198 1.36 | 0.001838 2.09 | 0.002430 2.76 | 0.002569 2.92 | 0.002647 3.01
i080-212 | 0.000954 | 0.001255 1.32 | 0.001717 1.80 | 0.002480 2.60 | 0.002625 2.75 | 0.002835 2.97
i080-213 | 0.000891 | 0.001120 1.26 | 0.001620 1.82 | 0.002512 2.82 | 0.002594 2.91 | 0.002615 2.93
i080-214 | 0.000899 | 0.001153 1.28 | 0.001630 1.81 | 0.002448 2.72 | 0.002553 2.84 | 0.002651 2.95
i080-215 | 0.000987 | 0.001208 1.22 | 0.001815 1.84 | 0.002493 2.53 | 0.002625 2.66 | 0.002694 2.73
i080-221 | 0.002774 | 0.003240 1.17 | 0.004284 1.54 | 0.007752 2.79 | 0.007747 2.79 | 0.008387 3.02
i080-222 | 0.002814 | 0.003226  1.15 | 0.004280 1.52 | 0.007943 2.82 | 0.007853 2.79 | 0.008294 2.95
i080-223 | 0.002792 | 0.003263 1.17 | 0.004196 1.50 | 0.007933 2.84 | 0.007813 2.80 | 0.008215 2.94
i080-224 | 0.002775 | 0.003215 1.16 | 0.004143 1.49 | 0.007783 2.80 | 0.007710 2.78 | 0.008033 2.89
i080-225 | 0.002747 | 0.003201 1.17 | 0.004170 1.52 | 0.007840 2.85 | 0.007649 2.78 | 0.008327 3.03
i080-231 | 0.000681 | 0.000858 1.26 | 0.001629 2.39 | 0.001830 2.69 | 0.001983 2.91 | 0.002050 3.01
i080-232 | 0.000671 | 0.000904 1.35 | 0.001528 2.28 | 0.001784 2.66 | 0.001959 2.92 | 0.002006 2.99
i080-233 | 0.000661 | 0.000792 1.20 | 0.001534 2.32 | 0.001833 2.77 | 0.002037 3.08 | 0.002067 3.13
i080-234 | 0.000646 | 0.000903 1.40 | 0.001437 2.22 | 0.001875 2.90 | 0.002084 3.23 | 0.002101 3.25
i080-235 | 0.000637 | 0.000843 1.32 | 0.001539 2.42 | 0.001793 2.81 | 0.001972 3.10 | 0.001934 3.04
i080-241 | 0.001292 | 0.001538 1.19 | 0.002109 1.63 | 0.003216 2.49 | 0.003229 2.50 | 0.003474 2.69
i080-242 | 0.001238 | 0.001493 1.21 | 0.001988 1.61 | 0.003198 2.58 | 0.003122 2.52 | 0.003377 2.73
i080-243 | 0.001198 | 0.001382 1.15 | 0.001816 1.52 | 0.002985 2.49 | 0.003027 2.53 | 0.003309 2.76
i080-244 | 0.001173 | 0.001469 1.25 | 0.001958 1.67 | 0.003072 2.62 | 0.003163 2.70 | 0.003334 2.84
i080-245 | 0.001165 | 0.001434 1.23 | 0.001860 1.60 | 0.002974 2.55 | 0.003130 2.69 | 0.003351 2.88
i080-301 | 0.000646 | 0.000859 1.33 | 0.001708 2.64 | 0.001756 2.72 | 0.001928 2.98 | 0.001817 2.81
i080-302 | 0.000631 | 0.000820 1.30 | 0.001425 2.26 | 0.001716 2.72 | 0.001822 2.89 | 0.001989 3.15
i080-303 | 0.000665 | 0.000880 1.32 | 0.001361 2.05 | 0.001779 2.68 | 0.001877 2.82 | 0.001906 2.87
i080-304 | 0.000655 | 0.000841 1.28 | 0.001712 2.61 | 0.001777 2.71 | 0.001943 2.97 | 0.001889 2.88
i080-305 | 0.000660 | 0.000892 1.35 | 0.001737 2.63 | 0.001794 2.72 | 0.001998 3.03 | 0.002007 3.04
i080-311 | 0.001089 | 0.001367 1.26 | 0.002002 1.84 | 0.002563 2.35 | 0.002659 2.44 | 0.002868 2.63
i080-312 | 0.001100 | 0.001290 1.17 | 0.001902 1.73 | 0.002547 2.32 | 0.002726 2.48 | 0.002778 2.53
i080-313 | 0.001070 | 0.001333 1.25 | 0.002039 1.91 | 0.002632 2.46 | 0.002653 2.48 | 0.002808 2.62
i080-314 | 0.001147 | 0.001367 1.19 | 0.001882 1.64 | 0.002534 2.21 | 0.002783 2.43 | 0.003068 2.67
i080-315 | 0.001109 | 0.001350 1.22 | 0.001865 1.68 | 0.002622 2.36 | 0.002778 2.50 | 0.003002 2.71
i080-321 | 0.003110 | 0.003597 1.16 | 0.004607 1.48 | 0.007956 2.56 | 0.007900 2.54 | 0.008434 2.71
i080-322 | 0.003204 | 0.003716 1.16 | 0.004431 1.38 | 0.008271 2.58 | 0.008244 2.57 | 0.008671 2.71
i080-323 | 0.003015 | 0.003516  1.17 | 0.004347 1.44 | 0.007979 2.65 | 0.007965 2.64 | 0.008423 2.79
i080-324 | 0.003067 | 0.003539 1.15 | 0.004273 1.39 | 0.008177 2.67 | 0.008014 2.61 | 0.008351 2.72
i080-325 | 0.003159 | 0.003653 1.16 | 0.004442 1.41 | 0.008209 2.60 | 0.008143 2.58 | 0.008589 2.72
i080-331 | 0.000762 | 0.000986 1.29 | 0.001546 2.03 | 0.002036 2.67 | 0.002150 2.82 | 0.002148 2.82
i080-332 | 0.000784 | 0.000984 1.26 | 0.001807 2.30 | 0.001905 2.43 | 0.002047 2.61 | 0.002168 2.77
i080-333 | 0.000751 | 0.000993 1.32 | 0.001571 2.09 | 0.002025 2.70 | 0.002077 2.77 | 0.002084 2.77
i080-334 | 0.000745 | 0.001013 1.36 | 0.001646 2.21 | 0.002025 2.72 | 0.002160 2.90 | 0.002344 3.15
i080-335 | 0.000780 | 0.001056 1.35 | 0.001520 1.95 | 0.001978 2.54 | 0.002160 2.77 | 0.002148 2.75
i080-341 | 0.001489 | 0.001813 1.22 | 0.002256 1.52 | 0.003428 2.30 | 0.003488 2.34 | 0.003807 2.56
i080-342 | 0.001370 | 0.001769 1.29 | 0.002172 1.59 | 0.003316 2.42 | 0.003401 2.48 | 0.003504 2.56
i080-343 | 0.001390 | 0.001647 1.18 | 0.002129 1.53 | 0.003327 2.39 | 0.003418 2.46 | 0.003664 2.64
i080-344 | 0.001442 | 0.001633 1.13 | 0.002154 1.49 | 0.003359 2.33 | 0.003627 2.52 | 0.003646 2.53
i080-345 | 0.001499 | 0.001715 1.14 | 0.002277 1.52 | 0.003321 2.22 | 0.003443 2.30 | 0.003438 2.29
ave 0.001035 | 0.001306 1.26 | 0.001927 1.86 | 0.003159 3.05 | 0.003244 3.13 | 0.003393 3.28
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Figure 3.42: Increase of CPU time from the original method (DNH, 1080)
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Table 3.35: CPU time [s] (DNH, 1160)

wcC dy ey Co by be

name ave ave inc ave inc ave inc ave inc ave inc
i160-001 | 0.000638 | 0.000882 1.38 | 0.001817 2.85 | 0.004395 6.89 | 0.004829 7.57 | 0.004993 7.83
i160-002 | 0.000631 | 0.000844 1.34 | 0.001454 2.30 | 0.004078 6.46 | 0.004563 7.23 | 0.004798 7.60
i160-003 | 0.000583 | 0.000814  1.40 | 0.001397 2.40 | 0.004172 7.16 | 0.004854 8.33 | 0.005135 8.81
i160-004 | 0.000586 | 0.000903 1.54 | 0.001890 3.23 | 0.004022 6.86 | 0.004606 7.86 | 0.004734 8.08
i160-005 | 0.000616 | 0.000908 1.47 | 0.001663 2.70 | 0.004198 6.81 | 0.004750 7.71 | 0.004942 8.02
i160-011 | 0.001255 | 0.001544 1.23 | 0.002363 1.88 | 0.006554 5.22 | 0.007212 5.75 | 0.007566 6.03
i160-012 | 0.001364 | 0.001810 1.33 | 0.002549 1.87 | 0.006753 4.95 | 0.007419 5.44 | 0.007702 5.65
i160-013 | 0.001277 | 0.001519 1.19 | 0.002431 1.90 | 0.006582 5.15 | 0.007086 5.55 | 0.007374 5.77
i160-014 | 0.001262 | 0.001546 1.23 | 0.002406 1.91 | 0.006684 5.30 | 0.007257 5.75 | 0.007498 5.94
i160-015 | 0.001196 | 0.001388 1.16 | 0.002159 1.81 | 0.006479 5.42 | 0.007397 6.18 | 0.007377 6.17
i160-021 | 0.007795 | 0.009133 1.17 | 0.010546 1.35 | 0.041244 5.29 | 0.040270 5.17 | 0.042364 5.43
i160-022 | 0.007386 | 0.008738 1.18 | 0.010062 1.36 | 0.041259 5.59 | 0.040297 5.46 | 0.043036 5.83
i160-023 | 0.007393 | 0.008753 1.18 | 0.010114 1.37 | 0.041102 5.56 | 0.040929 5.54 | 0.043016 5.82
i160-024 | 0.007555 | 0.008942 1.18 | 0.010119 1.34 | 0.041222 5.46 | 0.040074 5.30 | 0.042932 5.68
i160-025 | 0.007763 | 0.009092 1.17 | 0.010410 1.34 | 0.041314 5.32 | 0.040163 5.17 | 0.042434 5.47
i160-031 | 0.000867 | 0.001143 1.32 | 0.001952 2.25 | 0.004871 5.62 | 0.005450 6.29 | 0.005572 6.43
i160-032 | 0.000804 | 0.001116 1.39 | 0.001897 2.36 | 0.004628 5.76 | 0.005142 6.40 | 0.005550  6.90
i160-033 | 0.000706 | 0.000963 1.36 | 0.001710 2.42 | 0.004590 6.50 | 0.005455 7.73 | 0.005557 7.87
i160-034 | 0.000764 | 0.001082 1.42 | 0.001959 2.56 | 0.004699 6.15 | 0.005343 6.99 | 0.005363 7.02
i160-035 | 0.000795 | 0.001136 1.43 | 0.001896 2.38 | 0.004712 5.93 | 0.005283 6.65 | 0.005487  6.90
i160-041 | 0.002787 | 0.002856 1.02 | 0.003936 1.41 | 0.012630 4.53 | 0.012978 4.66 | 0.013443 4.82
i160-042 | 0.002830 | 0.002788 0.99 | 0.004090 1.45 | 0.012795 4.52 | 0.012882 4.55 | 0.013658 4.83
i160-043 | 0.002810 | 0.003262 1.16 | 0.004149 1.48 | 0.012763 4.54 | 0.013041 4.64 | 0.013448 4.79
i160-044 | 0.002530 | 0.002651 1.05 | 0.003905 1.54 | 0.012784 5.05 | 0.013070 5.17 | 0.013225 5.23
i160-045 | 0.002665 | 0.002925 1.10 | 0.003820 1.43 | 0.012888 4.84 | 0.013179 4.95 | 0.013290 4.99
i160-101 | 0.000942 | 0.001195 1.27 | 0.002064 2.19 | 0.004634 4.92 | 0.005141 5.46 | 0.005287 5.61
i160-102 | 0.000974 | 0.001263 1.30 | 0.002208 2.27 | 0.004527 4.65 | 0.005132 5.27 | 0.005614 5.76
i160-103 | 0.001000 | 0.001309 1.31 | 0.002404 2.40 | 0.004512 4.51 | 0.005308 5.31 | 0.005340 5.34
i160-104 | 0.000958 | 0.001466 1.53 | 0.002098 2.19 | 0.004633 4.84 | 0.005196 5.42 | 0.005271 5.50
i160-105 | 0.000884 | 0.001201 1.36 | 0.001888 2.14 | 0.004539 5.13 | 0.005044 5.71 | 0.005209 5.89
i160-111 | 0.002050 | 0.002294 1.12 | 0.003151 1.54 | 0.007223 3.52 | 0.007929 3.87 | 0.008122 3.96
i160-112 | 0.002027 | 0.002355 1.16 | 0.003161 1.56 | 0.007293 3.60 | 0.007900 3.90 | 0.008326 4.11
i160-113 | 0.002171 | 0.002254 1.04 | 0.003159 1.46 | 0.007368 3.39 | 0.007941 3.66 | 0.008823 4.06
i160-114 | 0.002216 | 0.002358 1.06 | 0.003144 1.42 | 0.007160 3.23 | 0.008294 3.74 | 0.008490 3.83
i160-115 | 0.002139 | 0.002274 1.06 | 0.003187 1.49 | 0.006989 3.27 | 0.007614 3.56 | 0.008157 3.81
i160-121 | 0.009628 | 0.010980 1.14 | 0.012201 1.27 | 0.042959 4.46 | 0.041783 4.34 | 0.044147 4.59
i160-122 | 0.009401 | 0.010773 1.15 | 0.011475 1.22 | 0.042995 4.57 | 0.041870 4.45 | 0.043954 4.68
i160-123 | 0.009400 | 0.010741 1.14 | 0.011870 1.26 | 0.043032 4.58 | 0.042397 4.51 | 0.045491 4.84
i160-124 | 0.008939 | 0.010397 1.16 | 0.011774 1.32 | 0.042943 4.80 | 0.042722 4.78 | 0.045311 5.07
i160-125 | 0.009126 | 0.010480 1.15 | 0.011611 1.27 | 0.043131 4.73 | 0.041428 4.54 | 0.043726 4.79
i160-131 | 0.001224 | 0.001581 1.29 | 0.002457 2.01 | 0.005192 4.24 | 0.005663 4.63 | 0.005830 4.76
i160-132 | 0.001142 | 0.001442 1.26 | 0.002235 1.96 | 0.004916 4.30 | 0.005592 4.90 | 0.005641 4.94
i160-133 | 0.001221 | 0.001466 1.20 | 0.002579 2.11 | 0.005174 4.24 | 0.005633 4.61 | 0.006051 4.96
i160-134 | 0.001156 | 0.001421 1.23 | 0.002183 1.89 | 0.005116 4.43 | 0.005646 4.88 | 0.005995 5.19
i160-135 | 0.001280 | 0.001549 1.21 | 0.002493 1.95 | 0.005044 3.94 | 0.005727 4.47 | 0.006026 4.71
i160-141 | 0.003819 | 0.004085 1.07 | 0.005139 1.35 | 0.013943 3.65 | 0.014049 3.68 | 0.014707 3.85
i160-142 | 0.003899 | 0.004261 1.09 | 0.005204 1.33 | 0.013621 3.49 | 0.014102 3.62 | 0.014287 3.66
i160-143 | 0.003981 | 0.003634 0.91 | 0.004702 1.18 | 0.013471 3.38 | 0.013959 3.51 | 0.015409 3.87
i160-144 | 0.003963 | 0.004256 1.07 | 0.004805 1.21 | 0.014332 3.62 | 0.013992 3.53 | 0.014813 3.74
i160-145 | 0.003883 | 0.003637 0.94 | 0.005005 1.29 | 0.013519 3.48 | 0.014374 3.70 | 0.014525 3.74
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we dy ey Co by be

name ave ave inc ave inc ave inc ave inc ave inc
i160-201 | 0.001812 | 0.002089 1.15 | 0.003045 1.68 | 0.005482 3.03 | 0.005951 3.28 | 0.006697 3.70
i160-202 | 0.001878 | 0.002267 1.21 | 0.003217 1.71 | 0.005657 3.01 | 0.006213 3.31 | 0.006478 3.45
i160-203 | 0.001895 | 0.002118 1.12 | 0.003116 1.64 | 0.005459 2.88 | 0.006179 3.26 | 0.006645 3.51
i160-204 | 0.001962 | 0.002338 1.19 | 0.003202 1.63 | 0.005356 2.73 | 0.006180 3.15 | 0.006175 3.15
i160-205 | 0.001851 | 0.002225 1.20 | 0.002969 1.60 | 0.005525 2.98 | 0.006207 3.35 | 0.006191 3.34
i160-211 | 0.003658 | 0.004075 1.11 | 0.004787 1.31 | 0.009223 2.52 | 0.009454 2.58 | 0.010851 2.97
i160-212 | 0.003633 | 0.003775 1.04 | 0.004653 1.28 | 0.008657 2.38 | 0.010232 2.82 | 0.009765 2.69
i160-213 | 0.003854 | 0.004235 1.10 | 0.004984 1.29 | 0.009316 2.42 | 0.009745 2.53 | 0.010208 2.65
i160-214 | 0.003854 | 0.003729 0.97 | 0.004682 1.21 | 0.008791 2.28 | 0.009993 2.59 | 0.010241 2.66
i160-215 | 0.003745 | 0.004085 1.09 | 0.005075 1.36 | 0.009310 2.49 | 0.010317 2.75 | 0.010326 2.76
i160-221 | 0.012825 | 0.014349 1.12 | 0.015415 1.20 | 0.045801 3.57 | 0.045505 3.55 | 0.048080 3.75
i160-222 | 0.013043 | 0.014580 1.12 | 0.015522 1.19 | 0.046355 3.55 | 0.045986 3.53 | 0.048256 3.70
i160-223 | 0.013047 | 0.014559 1.12 | 0.015483 1.19 | 0.046242 3.54 | 0.045584 3.49 | 0.047802 3.66
i160-224 | 0.012616 | 0.014159 1.12 | 0.015204 1.21 | 0.046230 3.66 | 0.046080 3.65 | 0.047940 3.80
i160-225 | 0.012988 | 0.014645 1.13 | 0.015479 1.19 | 0.046135 3.55 | 0.046125 3.55 | 0.048344 3.72
i160-231 | 0.002438 | 0.002786 1.14 | 0.003459 1.42 | 0.006511 2.67 | 0.007087 2.91 | 0.007174 2.94
i160-232 | 0.002258 | 0.002556 1.13 | 0.003627 1.61 | 0.006381 2.83 | 0.007165 3.17 | 0.007193 3.19
i160-233 | 0.002312 | 0.002631 1.14 | 0.003770 1.63 | 0.006220 2.69 | 0.007099 3.07 | 0.007385 3.19
i160-234 | 0.002289 | 0.002603 1.14 | 0.003497 1.53 | 0.006190 2.70 | 0.006772 2.96 | 0.006936 3.03
i160-235 | 0.002341 | 0.002809 1.20 | 0.003403 1.45 | 0.006457 2.76 | 0.007034 3.00 | 0.007424 3.17
i160-241 | 0.006427 | 0.006824 1.06 | 0.007921 1.23 | 0.015689 2.44 | 0.016553 2.58 | 0.017810 2.77
i160-242 | 0.006583 | 0.006948 1.06 | 0.007784 1.18 | 0.016899 2.57 | 0.016455 2.50 | 0.017254 2.62
i160-243 | 0.006506 | 0.006856  1.05 | 0.007882 1.21 | 0.016792 2.58 | 0.016552 2.54 | 0.017237 2.65
i160-244 | 0.006041 | 0.007119 1.18 | 0.007644 1.27 | 0.016393 2.71 | 0.016454 2.72 | 0.018239 3.02
i160-245 | 0.005933 | 0.006755 1.14 | 0.007620 1.28 | 0.016276 2.74 | 0.015960 2.69 | 0.019002 3.20
i160-301 | 0.003077 | 0.003461 1.12 | 0.004075 1.32 | 0.006832 2.22 | 0.007976 2.59 | 0.007878 2.56
i160-302 | 0.003307 | 0.003524 1.07 | 0.004697 1.42 | 0.006906 2.09 | 0.007744 2.34 | 0.007575 2.29
i160-303 | 0.003236 | 0.003587 1.11 | 0.004598 1.42 | 0.006760 2.09 | 0.007436 2.30 | 0.008253 2.55
i160-304 | 0.003140 | 0.003488 1.11 | 0.004365 1.39 | 0.006748 2.15 | 0.007499 2.39 | 0.007405 2.36
i160-305 | 0.003231 | 0.003473 1.07 | 0.004473 1.38 | 0.006978 2.16 | 0.007541 2.33 | 0.007892 2.44
i160-311 | 0.005752 | 0.006084 1.06 | 0.006974 1.21 | 0.010906 1.90 | 0.012966 2.25 | 0.012538 2.18
i160-312 | 0.006065 | 0.006668 1.10 | 0.007455 1.23 | 0.012041 1.99 | 0.011876 1.96 | 0.012226 2.02
i160-313 | 0.006003 | 0.006658 1.11 | 0.006856 1.14 | 0.011524 1.92 | 0.011902 1.98 | 0.012499 2.08
i160-314 | 0.005733 | 0.006170 1.08 | 0.006692 1.17 | 0.010637 1.86 | 0.012905 2.25 | 0.013137 2.29
i160-315 | 0.006025 | 0.006248 1.04 | 0.007389 1.23 | 0.010796 1.79 | 0.011993 1.99 | 0.012270 2.04
i160-321 | 0.018165 | 0.019951 1.10 | 0.021039 1.16 | 0.052116 2.87 | 0.051441 2.83 | 0.053681 2.96
i160-322 | 0.018773 | 0.020464 1.09 | 0.020769 1.11 | 0.052713 2.81 | 0.051770 2.76 | 0.054215 2.89
i160-323 | 0.017750 | 0.019473 1.10 | 0.020402 1.15 | 0.051130 2.88 | 0.050708 2.86 | 0.053751 3.03
i160-324 | 0.018159 | 0.020051 1.10 | 0.021495 1.18 | 0.052558 2.89 | 0.051373 2.83 | 0.053679 2.96
i160-325 | 0.018679 | 0.020479 1.10 | 0.021267 1.14 | 0.053088 2.84 | 0.051890 2.78 | 0.053992 2.89
i160-331 | 0.003891 | 0.004066 1.04 | 0.005171 1.33 | 0.007779 2.00 | 0.008523 2.19 | 0.009273 2.38
i160-332 | 0.003943 | 0.003982 1.01 | 0.005126 1.30 | 0.007563 1.92 | 0.008709 2.21 | 0.008475 2.15
i160-333 | 0.003900 | 0.004224 1.08 | 0.005306 1.36 | 0.007750 1.99 | 0.008932 2.29 | 0.009295 2.38
i160-334 | 0.003910 | 0.004040 1.03 | 0.005134 1.31 | 0.007867 2.01 | 0.008503 2.17 | 0.008707 2.23
i160-335 | 0.003683 | 0.003958 1.07 | 0.004833 1.31 | 0.007698 2.09 | 0.008579 2.33 | 0.008828 2.40
i160-341 | 0.009765 | 0.009970 1.02 | 0.011360 1.16 | 0.020098 2.06 | 0.019465 1.99 | 0.020565 2.11
i160-342 | 0.009597 | 0.010171 1.06 | 0.011414 1.19 | 0.020342 2.12 | 0.019143 1.99 | 0.020814 2.17
i160-343 | 0.009713 | 0.010553 1.09 | 0.011454 1.18 | 0.020495 2.11 | 0.019195 1.98 | 0.021416 2.20
i160-344 | 0.009605 | 0.010293 1.07 | 0.011007 1.15 | 0.020028 2.09 | 0.018247 1.90 | 0.021681 2.26
i160-345 | 0.009619 | 0.010117 1.05 | 0.011127 1.16 | 0.020144 2.09 | 0.019268 2.00 | 0.020536 2.13
ave 0.004879 | 0.005423 1.11 | 0.006345 1.30 | 0.016084 3.30 | 0.016341 3.35 | 0.017181 3.52
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Figure 3.43: Increase of CPU time from the original method (DNH, 1160)
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Table 3.36: CPU time [s] (DNH, 1320)

we dy e Cy by be
name ave ave inc ave inc ave inc ave inc ave inc
i320-001 | 0.001920 | 0.002415 1.26 | 0.003799 1.98 | 0.016195 8.43 | 0.018085 9.42 0.018529 9.65
i320-002 | 0.002040 | 0.002139 1.05 | 0.003506 1.72 | 0.015582 7.64 | 0.017618 8.64 0.018793 9.21
i320-003 | 0.001867 | 0.002218 1.19 | 0.002992 1.60 | 0.015931 8.53 | 0.018123 9.71 0.018540 9.93
i320-004 | 0.001947 | 0.002367 1.22 | 0.003669 1.88 | 0.016122 8.28 | 0.017894 9.19 0.018870 9.69
i320-005 | 0.001754 | 0.002350 1.34 | 0.003312 1.89 | 0.016061 9.16 | 0.018159 10.35 | 0.018723 10.67
i320-011 | 0.004869 | 0.005542 1.14 | 0.006645 1.36 | 0.027576 5.66 | 0.029943 6.15 0.030423 6.25
i320-012 | 0.004038 | 0.004256 1.05 | 0.005706 1.41 | 0.026320 6.52 | 0.028146 6.97 0.030400 7.53
i320-013 | 0.004582 | 0.004838 1.06 | 0.006376 1.39 | 0.026574 5.80 | 0.029160 6.36 0.030032 6.55
i320-014 | 0.004698 | 0.004052 0.86 | 0.005899 1.26 | 0.026631 5.67 | 0.028586 6.08 0.030011 6.39
i320-015 | 0.004359 | 0.004741 1.09 | 0.006501 1.49 | 0.026722 6.13 | 0.029349 6.73 0.030612 7.02
i320-021 | 0.034010 | 0.037316 1.10 | 0.044708 1.31 | 0.306640 9.02 | 0.294940 8.67 0.316933 9.32
i320-022 | 0.032334 | 0.035759 1.11 | 0.043486 1.34 | 0.304810 9.43 | 0.296870 9.18 0.313416 9.69
i320-023 | 0.032388 | 0.035672 1.10 | 0.044040 1.36 | 0.303695 9.38 | 0.293815 9.07 0.313107 9.67
i320-024 | 0.033928 | 0.037127 1.09 | 0.043937 1.30 | 0.302273 8.91 | 0.296341 8.73 0.318651 9.39
i320-025 | 0.033843 | 0.037188 1.10 | 0.044452 1.31 | 0.306306 9.05 | 0.293023 8.66 0.313872 9.27
i320-031 | 0.002519 | 0.002564 1.02 | 0.004535 1.80 | 0.017232 6.84 | 0.019687 7.82 0.020655 8.20
i320-032 | 0.002533 | 0.002915 1.15 | 0.004025 1.59 | 0.017194 6.79 | 0.019991 7.89 0.020057 7.92
i320-033 | 0.002533 | 0.002937 1.16 | 0.004459 1.76 | 0.017974 7.10 | 0.019571 7.73 0.020318 8.02
i320-034 | 0.002579 | 0.002766 1.07 | 0.004318 1.67 | 0.017835 6.92 | 0.019330 7.50 0.020725 8.04
i320-035 | 0.002372 | 0.002751 1.16 | 0.004264 1.80 | 0.017831 7.52 | 0.019227 8.11 0.020595 8.68
i320-041 | 0.010280 | 0.011515 1.12 | 0.012831 1.25 | 0.071693 6.97 | 0.075057 7.30 0.076840 7.47
i320-042 | 0.011076 | 0.013106 1.18 | 0.014347 1.30 | 0.071750 6.48 | 0.075414 6.81 0.081290 7.34
i320-043 | 0.012060 | 0.013294 1.10 | 0.014245 1.18 | 0.072539 6.01 | 0.077013 6.39 0.077954 6.46
i320-044 | 0.012650 | 0.013936 1.10 | 0.015379 1.22 | 0.073490 5.81 | 0.074588 5.90 0.078140 6.18
i320-045 | 0.012077 | 0.013843 1.15 | 0.015273 1.26 | 0.073192 6.06 | 0.075508 6.25 0.078960 6.54
i320-101 | 0.003953 | 0.004784 1.21 | 0.006033 1.53 | 0.017962 4.54 | 0.020021 5.06 0.020002 5.06
i320-102 | 0.003741 | 0.004684 1.25 | 0.005888 1.57 | 0.018130 4.85 | 0.019547 5.23 0.020117 5.38
i320-103 | 0.003697 | 0.004353 1.18 | 0.005442 1.47 | 0.017651 4.77 | 0.019395 5.25 0.020061 5.43
i320-104 | 0.003740 | 0.003951 1.06 | 0.005306 1.42 | 0.017710 4.74 | 0.019916 5.33 0.020727 5.54
i320-105 | 0.003491 | 0.004288 1.23 | 0.005416 1.55 | 0.017698 5.07 | 0.020349 5.83 0.020500 5.87
i320-111 | 0.008497 | 0.008781 1.03 | 0.010165 1.20 | 0.030242 3.56 | 0.034759 4.09 0.034150 4.02
i320-112 | 0.009584 | 0.010381 1.08 | 0.011589 1.21 | 0.030702 3.20 | 0.032820 3.42 0.034358 3.58
i320-113 | 0.009026 | 0.008961 0.99 | 0.010810 1.20 | 0.030230 3.35 | 0.032119 3.56 0.034229 3.79
i320-114 | 0.008243 | 0.009233 1.12 | 0.010566 1.28 | 0.030726  3.73 | 0.032242 3.91 0.033066 4.01
i320-115 | 0.008328 | 0.008707 1.05 | 0.009693 1.16 | 0.031198 3.75 | 0.032106 3.86 0.032981 3.96
i320-121 | 0.043305 | 0.046880 1.08 | 0.053791 1.24 | 0.311590 7.20 | 0.306275 7.07 0.321102 7.41
i320-122 | 0.043811 | 0.047183 1.08 | 0.053541 1.22 | 0.314825 7.19 | 0.302099 6.90 0.326801 7.46
i320-123 | 0.044537 | 0.048009 1.08 | 0.054509 1.22 | 0.314608 7.06 | 0.304258 6.83 0.323239 7.26
i320-124 | 0.045285 | 0.048702 1.08 | 0.055761 1.23 | 0.312140 6.89 | 0.305985 6.76 0.323586 7.15
i320-125 | 0.043771 | 0.047304 1.08 | 0.053785 1.23 | 0.313682 7.17 | 0.301816 6.90 0.323131 7.38
i320-131 | 0.004325 | 0.004616 1.07 | 0.006370 1.47 | 0.019056 4.41 | 0.021364 4.94 0.022458 5.19
i320-132 | 0.004562 | 0.004897 1.07 | 0.006013 1.32 | 0.020039 4.39 | 0.021397 4.69 0.022124 4.85
i320-133 | 0.004597 | 0.005204 1.13 | 0.006437 1.40 | 0.019507 4.24 | 0.021474 4.67 0.022140 4.82
i320-134 | 0.005005 | 0.005875 1.17 | 0.007151 1.43 | 0.020036 4.00 | 0.023263 4.65 0.023300 4.66
i320-135 | 0.004674 | 0.004862 1.04 | 0.006322 1.35 | 0.019784 4.23 | 0.021489 4.60 0.022433 4.80
i320-141 | 0.020323 | 0.020918 1.03 | 0.023511 1.16 | 0.081504 4.01 | 0.082889 4.08 0.089555 4.41
i320-142 | 0.020184 | 0.021300 1.06 | 0.022244 1.10 | 0.081442 4.03 | 0.081323 4.03 0.085956 4.26
i320-143 | 0.020373 | 0.021841 1.07 | 0.023599 1.16 | 0.080840 3.97 | 0.080510 3.95 0.087157 4.28
i320-144 | 0.021080 | 0.022482 1.07 | 0.024184 1.15 | 0.082171 3.90 | 0.080186 3.80 0.088236 4.19
i320-145 | 0.021903 | 0.022531 1.03 | 0.025039 1.14 | 0.083749 3.82 | 0.081226 3.71 0.089911 4.10
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we dy ey Co by be

name ave ave inc ave inc ave inc ave inc ave inc
i320-201 | 0.008027 | 0.009088 1.13 | 0.010751 1.34 | 0.022605 2.82 | 0.025640 3.19 | 0.025560 3.18
i320-202 | 0.007522 | 0.008371 1.11 | 0.010032 1.33 | 0.022052 2.93 | 0.025335 3.37 | 0.024963 3.32
i320-203 | 0.008657 | 0.009625 1.11 | 0.010999 1.27 | 0.022585 2.61 | 0.026379 3.05 | 0.027023 3.12
i320-204 | 0.007956 | 0.009085 1.14 | 0.010083 1.27 | 0.021840 2.75 | 0.024265 3.05 | 0.025239 3.17
i320-205 | 0.007431 | 0.008101 1.09 | 0.009682 1.30 | 0.021568 2.90 | 0.024182 3.25 | 0.026955 3.63
i320-211 | 0.017654 | 0.017336  0.98 | 0.017502 0.99 | 0.038121 2.16 | 0.041384 2.34 | 0.042812 2.43
i320-212 | 0.017027 | 0.014638 0.86 | 0.019298 1.13 | 0.036973  2.17 | 0.044474 2.61 | 0.043291 2.54
i320-213 | 0.016646 | 0.016500 0.99 | 0.017883 1.07 | 0.037256  2.24 | 0.042511 2.55 | 0.039748 2.39
i320-214 | 0.017046 | 0.016736 0.98 | 0.017884 1.05 | 0.039010 2.29 | 0.041451 2.43 | 0.041163 2.41
i320-215 | 0.016691 | 0.016219 0.97 | 0.017580 1.05 | 0.037254 2.23 | 0.042367 2.54 | 0.049876 2.99
i320-221 | 0.064420 | 0.068933 1.07 | 0.072101 1.12 | 0.332595 5.16 | 0.323443 5.02 | 0.340481 5.29
i320-222 | 0.065233 | 0.068536  1.05 | 0.073718 1.13 | 0.334363 5.13 | 0.322616 4.95 | 0.343847 5.27
i320-223 | 0.063696 | 0.067367 1.06 | 0.071723 1.13 | 0.331768 5.21 | 0.324758 5.10 | 0.342134 5.37
i320-224 | 0.063190 | 0.067199 1.06 | 0.073037 1.16 | 0.331117 5.24 | 0.322732 5.11 | 0.340747 5.39
i320-225 | 0.063793 | 0.067970 1.07 | 0.073101 1.15 | 0.330851 5.19 | 0.322724 5.06 | 0.344424 5.40
i320-231 | 0.009796 | 0.011234 1.15 | 0.012501 1.28 | 0.025081 2.56 | 0.027192 2.78 | 0.027493 2.81
i320-232 | 0.010169 | 0.010483 1.03 | 0.011880 1.17 | 0.025098 2.47 | 0.026928 2.65 | 0.027574 2.71
i320-233 | 0.009886 | 0.009859 1.00 | 0.012022 1.22 | 0.024533 2.48 | 0.027200 2.75 | 0.028114 2.84
i320-234 | 0.009096 | 0.010431 1.15 | 0.011564 1.27 | 0.024924 2.74 | 0.026145 2.87 | 0.028234 3.10
i320-235 | 0.009344 | 0.009903 1.06 | 0.011329 1.21 | 0.024956 2.67 | 0.026541 2.84 | 0.027765 2.97
i320-241 | 0.037417 | 0.040045 1.07 | 0.042170 1.13 | 0.093439 2.50 | 0.098088 2.62 | 0.104888 2.80
i320-242 | 0.036135 | 0.037584 1.04 | 0.039255 1.09 | 0.090685 2.51 | 0.090471 2.50 | 0.104958 2.90
i320-243 | 0.033913 | 0.037430 1.10 | 0.037604 1.11 | 0.090089 2.66 | 0.091267 2.69 | 0.107048 3.16
i320-244 | 0.034618 | 0.036818 1.06 | 0.037951 1.10 | 0.091236 2.64 | 0.091476 2.64 | 0.102542 2.96
i320-245 | 0.033361 | 0.035235 1.06 | 0.037606 1.13 | 0.089392 2.68 | 0.090941 2.73 | 0.104923 3.15
i320-301 | 0.017946 | 0.018744 1.04 | 0.021093 1.18 | 0.032391 1.80 | 0.034627 1.93 | 0.038324 2.14
i320-302 | 0.017899 | 0.017969 1.00 | 0.020219 1.13 | 0.031227 1.74 | 0.034114 1.91 | 0.034310 1.92
i320-303 | 0.018722 | 0.018630 1.00 | 0.021538 1.15 | 0.032730 1.75 | 0.036459 1.95 | 0.036095 1.93
i320-304 | 0.019158 | 0.020019 1.04 | 0.021571 1.13 | 0.032797 1.71 | 0.036094 1.88 | 0.037066 1.93
i320-305 | 0.018940 | 0.019444 1.03 | 0.021058 1.11 | 0.031788 1.68 | 0.036923 1.95 | 0.040733 2.15
i320-311 | 0.039413 | 0.040592 1.03 | 0.042975 1.09 | 0.063756 1.62 | 0.070193 1.78 | 0.062348 1.58
i320-312 | 0.036892 | 0.038965 1.06 | 0.040460 1.10 | 0.061223 1.66 | 0.069878 1.89 | 0.062343 1.69
i320-313 | 0.037914 | 0.038838 1.02 | 0.041425 1.09 | 0.062733 1.65 | 0.068442 1.81 | 0.064593 1.70
i320-314 | 0.039049 | 0.038433 0.98 | 0.041818 1.07 | 0.063648 1.63 | 0.070002 1.79 | 0.065065 1.67
i320-315 | 0.037841 | 0.038445 1.02 | 0.040919 1.08 | 0.056712 1.50 | 0.067084 1.77 | 0.062211 1.64
i320-321 | 0.119622 | 0.125340 1.05 | 0.123443 1.03 | 0.385489 3.22 | 0.377822 3.16 | 0.396690 3.32
i320-322 | 0.115473 | 0.122015 1.06 | 0.124326 1.08 | 0.381282 3.30 | 0.376981 3.26 | 0.392027 3.39
i320-323 | 0.117841 | 0.123771 1.05 | 0.129060 1.10 | 0.382355 3.24 | 0.377888 3.21 | 0.393161 3.34
i320-324 | 0.115551 | 0.121786 1.05 | 0.122381 1.06 | 0.382224 3.31 | 0.375236 3.25 | 0.393879 3.41
i320-325 | 0.113313 | 0.120380 1.06 | 0.124508 1.10 | 0.378520 3.34 | 0.373495 3.30 | 0.388449 3.43
i320-331 | 0.023469 | 0.023131 0.99 | 0.025111 1.07 | 0.038236 1.63 | 0.041157 1.75 | 0.043011 1.83
i320-332 | 0.024129 | 0.024233 1.00 | 0.026406 1.09 | 0.039433 1.63 | 0.041474 1.72 | 0.042177 1.75
i320-333 | 0.022483 | 0.023035 1.02 | 0.025584 1.14 | 0.037809 1.68 | 0.043498 1.93 | 0.040786 1.81
i320-334 | 0.023672 | 0.023956 1.01 | 0.025620 1.08 | 0.038965 1.65 | 0.041919 1.77 | 0.041530 1.75
i320-335 | 0.024418 | 0.025079 1.03 | 0.026697 1.09 | 0.039244 1.61 | 0.046775 1.92 | 0.046916 1.92
i320-341 | 0.074003 | 0.076261 1.03 | 0.079023 1.07 | 0.135332 1.83 | 0.119077 1.61 | 0.165237 2.23
i320-342 | 0.077376 | 0.081951 1.06 | 0.083899 1.08 | 0.141239 1.83 | 0.119127 1.54 | 0.179017 2.31
i320-343 | 0.075232 | 0.080026 1.06 | 0.082530 1.10 | 0.140672 1.87 | 0.117861 1.57 | 0.151255 2.01
i320-344 | 0.073387 | 0.077550 1.06 | 0.079278 1.08 | 0.137419 1.87 | 0.121138 1.65 | 0.146009 1.99
i320-345 | 0.074431 | 0.079314 1.07 | 0.081777 1.10 | 0.137996 1.85 | 0.127997 1.72 | 0.145462 1.95

ave 0.026794 | 0.028326 1.06 | 0.030672 1.14 | 0.102079 3.81 | 0.101585 3.79 | 0.108399 4.05
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Figure 3.44: Increase of CPU time from the original method (DNH, 1320)
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Table 3.37: CPU time [s] (ADH, B)

we dy ey Co by be
name ave ave inc ave inc ave inc ave inc ave inc
b01 0.000689 | 0.000892 1.29 | 0.001368 1.99 | 0.001261 1.83 | 0.001296 1.88 | 0.001390 2.02
b02 0.000862 | 0.001012 1.17 | 0.001642 1.90 | 0.001476 1.71 | 0.001503 1.74 | 0.001475 1.71
b03 0.002033 | 0.002215 1.09 | 0.002736 1.35 | 0.002667 1.31 | 0.002568 1.26 | 0.002577 1.27
b04 0.000883 | 0.001058 1.20 | 0.001654 1.87 | 0.001615 1.83 | 0.001570 1.78 | 0.001626 1.84
b05 0.001094 | 0.001208 1.10 | 0.001802 1.65 | 0.001712 1.56 | 0.001825 1.67 | 0.001871 1.71
b06 0.002243 | 0.002431 1.08 | 0.002955 1.32 | 0.002908 1.30 | 0.002961 1.32 | 0.002917 1.30
b07 0.001735 | 0.001926 1.11 | 0.002807 1.62 | 0.002707 1.56 | 0.002972 1.71 | 0.002936 1.69
b08 0.002444 | 0.002598 1.06 | 0.003355 1.37 | 0.003452 1.41 | 0.003477 1.42 | 0.003559 1.46
b09 0.006936 | 0.007050 1.02 | 0.007877 1.14 | 0.007748 1.12 | 0.007773 1.12 | 0.007907 1.14
b10 0.002257 | 0.002496 1.11 | 0.003201 1.42 | 0.003318 1.47 | 0.003547 1.57 | 0.003639 1.61
bl1l 0.003004 | 0.003096 1.03 | 0.003835 1.28 | 0.004153 1.38 | 0.004297 1.43 | 0.004298 1.43
b12 0.007605 | 0.007826 1.03 | 0.008374 1.10 | 0.008682 1.14 | 0.008932 1.17 | 0.008878 1.17
b13 0.003543 | 0.003868 1.09 | 0.004566 1.29 | 0.004930 1.39 | 0.005364 1.51 | 0.005722 1.62
bl4 0.005268 | 0.005412 1.03 | 0.006217 1.18 | 0.006545 1.24 | 0.006874 1.30 | 0.006900 1.31
b15 0.016692 | 0.016835 1.01 | 0.017734 1.06 | 0.018138 1.09 | 0.018386 1.10 | 0.018598 1.11
b16 0.004700 | 0.004730 1.01 | 0.005642 1.20 | 0.006245 1.33 | 0.006808 1.45 | 0.006937 1.48
b17 0.006607 | 0.006672 1.01 | 0.007640 1.16 | 0.008324 1.26 | 0.008661 1.31 | 0.008697 1.32
b18 0.017748 | 0.018128 1.02 | 0.018927 1.07 | 0.019779 1.11 | 0.019985 1.13 | 0.020147 1.14
ave 0.004544 | 0.004708 1.04 | 0.005386 1.19 | 0.005561 1.22 | 0.005726 1.26 | 0.005793 1.27
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Figure 3.45: Increase of CPU time from the original method (ADH, B)
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we dy ev Cy by be
name ave ave inc ave inc ave inc ave inc ave inc
c01 0.135164 | 0.136630 1.01 | 0.142728 1.06 | 0.159905 1.18 | 0.185836  1.37 | 0.185352 1.37
c02 0.137760 | 0.139868 1.02 | 0.144047 1.05 | 0.164233 1.19 | 0.180867 1.31 | 0.182181 1.32
c03 0.367741 | 0.375989  1.02 | 0.371690 1.01 | 0.402407 1.09 | 0.409461 1.11 | 0.411880 1.12
c04 0.691080 | 0.700115 1.01 | 0.704293 1.02 | 0.733406 1.06 | 0.739423 1.07 | 0.743572 1.08
c05 2.438500 | 2.515390 1.03 | 2.517290 1.03 | 2.544290 1.04 | 2.576470 1.06 | 2.556160 1.05
c06 0.228076 | 0.205538 0.90 | 0.218926 0.96 | 0.234845 1.03 | 0.277928 1.22 | 0.284732 1.25
c07 | 0.228374 | 0.223192 0.98 | 0.233342 1.02 | 0.259147 1.13 | 0.280712 1.23 | 0.284868 1.25
c08 | 0.470448 | 0.478786 1.02 | 0.482610 1.03 | 0.514042 1.09 | 0.528885 1.12 | 0.532246 1.13
c09 | 0.776203 | 0.801461 1.03 | 0.816711 1.05 | 0.839860 1.08 | 0.851752 1.10 | 0.853980 1.10
c10 | 2.563080 | 2.683160 1.05 | 2.683250 1.05 | 2.715990 1.06 | 2.729350 1.06 | 2.735980 1.07
cll | 0.465899 | 0.434664 0.93 | 0.452482 0.97 | 0.502317 1.08 | 0.545483 1.17 | 0.588997 1.26
c12 | 0.459424 | 0.454184 0.99 | 0.465223 1.01 | 0.471795 1.03 | 0.537374 1.17 | 0.627677 1.37
c13 | 0.691839 | 0.699922 1.01 | 0.708715 1.02 | 0.745307 1.08 | 0.785456 1.14 | 0.822537 1.19
cl4 | 0.989714 | 1.020770 1.03 | 1.028940 1.04 | 1.064350 1.08 | 1.126680 1.14 | 1.143620 1.16
cl5 | 2.709790 | 2.907190 1.07 | 2.914580 1.08 | 2.945730 1.09 | 2.967150 1.09 | 2.995040 1.11
c16 | 0.937587 | 0.732649 0.78 | 0.732867 0.78 | 0.922856 0.98 | 1.117175 1.19 | 1.204280 1.28
c17 | 0.944734 | 0.900293 0.95 | 0.907470 0.96 | 1.027264 1.09 | 1.104107 1.17 | 1.213370 1.28
cl8 1.157650 | 1.139630 0.98 | 1.145540 0.99 | 1.273480 1.10 | 1.372390 1.19 | 1.455730 1.26
c19 | 1.449900 | 1.474140 1.02 | 1.481530 1.02 | 1.500910 1.04 | 1.684650 1.16 | 1.786190 1.23
c20 3.072990 | 3.111320 1.01 | 3.280290 1.07 | 3.133590 1.02 | 3.553970 1.16 | 3.642950 1.19
ave | 0.9959098 | 1.006420 1.01 | 1.020600 1.02 | 1.055030 1.06 | 1.121670 1.13 | 1.154830 1.16
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Table 3.39: CPU time [s] (ADH, D)

WC dv (%) Cy bv be
name ave ave inc ave inc ave inc ave inc ave inc
d0l | 0939428 | 0962629 1.02 | 0066013 1.03 | 1075111 1.14 | 1285280 1.37 | L.156546 1.23
d02 | 0906859 | 0.951994 1.05 | 0.942231 1.04 | 1.068794 1.18 | 1.133208 1.25 | 1.244190 1.37
d03 | 3.167550 | 3.269060 1.03 | 3.295970  1.04 | 3.335920 1.05 | 3.461460 1.09 | 3.469470  1.10
do4 | 5.883150 | 6.133010 1.04 | 6.152040 1.05 | 6.268680 1.07 | 6.326290 1.08 | 6.331840  1.08
do5 | 22.261000 | 23.796800 1.07 | 23.664340 1.06 | 23.543560 1.06 | 23.402520 1.05 | 23.434960 1.05
do6 | 1.639920 | 1.609790 0.98 | 1.670600 1.02 | 1.760650 1.07 | 1.898320 1.16 | 2.168050  1.32
d07 | 1.624090 | 1.599740 0.99 | 1.614360 0.99 | 1.645560 1.01 | 1.874680 1.15 | 1.891670 1.16
d08 | 3.846880 | 3.973370 1.03 | 3.980320 1.03 | 4.054830 1.05 | 4.130320 1.07 | 4.230700 1.10
d09 | 6.544010 | 6.797050 1.04 | 6.770450 1.03 | 6.825570 1.04 | 6.875410 1.05 | 6.908000  1.06
d10 | 22.700700 | 23.366760 1.03 | 23.250900 1.02 | 23.409800 1.03 | 23.710520 1.04 | 23.875520 1.05
dll | 3.387480 | 3.379900 1.00 | 3.504100 1.03 | 3.363700 0.99 | 3.836240 1.13 | 4.048720  1.20
d12 | 3.400800 | 3.095990 0.91 | 3.181860 0.94 | 3.510440 1.03 | 3.690730 1.09 | 4.029250  1.18
d13 | 5.540600 | 5.688090 1.03 | 5.764550 1.04 | 5799090 1.05 | 6.094440 1.10 | 6.271040  1.13
dl4 | 8246220 | 8715330 1.06 | 8779560 1.06 | 8.839560 1.07 | 9.133550 1.11 | 9.238770  1.12
d15 | 23.881500 | 25.860720 1.08 | 25.786580 1.08 | 25.436180 1.07 | 25.721400 1.08 | 26.325120 1.10
d16 | 6.923630 | 5.875820 0.85 | 6.540740 0.94 | 6.224760 0.90 | 7.450420 1.08 | 8.368310 1.21
d17 | 6.932840 | 6.498000 0.94 | 6.603000 0.95 | 7.040150 1.02 | 7.692410 1.11 | 8.480910  1.22
d18 | 8.990840 | 8946840 1.00 | 8971770 1.00 | 9.415510 1.05 | 10.052630 1.12 | 10.721170 1.19
d19 | 11.564200 | 11.822120 1.02 | 11.913700 1.03 | 12.336640 1.07 | 13.017700 1.13 | 13.594280 1.18
d20 | 26.291400 | 27.620060 1.05 | 28.250900 1.07 | 25.594500 0.97 | 28.060540 1.07 | 28.567720 1.09
ave | 8317770 | 8.569710 1.03 | 8.647810 1.04 | 8.597570 1.03 | 8.992770  1.08 | 9.255060  1.11
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Figure 3.47: Increase of CPU time from the original method (ADH, D)
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Table 3.40: CPU time [s] (ADH, 1080)

wc dy ey Cov by be

name ave ave inc ave inc ave inc ave inc ave inc
i080-001 | 0.001600 | 0.001803 1.13 | 0.002366 1.48 | 0.002665 1.67 | 0.002848 1.78 | 0.002795 1.75
i080-002 | 0.001543 | 0.001865 1.21 | 0.002378 1.54 | 0.002713 1.76 | 0.003005 1.95 | 0.002905 1.88
i080-003 | 0.001531 | 0.001831 1.20 | 0.002324 1.52 | 0.002630 1.72 | 0.002896 1.89 | 0.003051 1.99
i080-004 | 0.001572 | 0.001857 1.18 | 0.002407 1.53 | 0.002715 1.73 | 0.002817 1.79 | 0.002754 1.75
i080-005 | 0.001594 | 0.001853 1.16 | 0.002354 1.48 | 0.002699 1.69 | 0.002899 1.82 | 0.002874 1.80
i080-011 | 0.002560 | 0.002861 1.12 | 0.003351 1.31 | 0.003865 1.51 | 0.004337 1.69 | 0.004155 1.62
i080-012 | 0.002591 | 0.002785 1.07 | 0.003232 1.25 | 0.004041 1.56 | 0.004196 1.62 | 0.004419 1.71
i080-013 | 0.002538 | 0.002671 1.05 | 0.003237 1.28 | 0.003835 1.51 | 0.004146 1.63 | 0.004203 1.66
i080-014 | 0.002555 | 0.002781 1.09 | 0.003299 1.29 | 0.004207 1.65 | 0.004199 1.64 | 0.004291 1.68
i080-015 | 0.002591 | 0.002739 1.06 | 0.003282 1.27 | 0.004214 1.63 | 0.004236 1.63 | 0.004278 1.65
i080-021 | 0.006018 | 0.006385 1.06 | 0.007223 1.20 | 0.010798 1.79 | 0.010955 1.82 | 0.011101 1.84
i080-022 | 0.005968 | 0.006299 1.06 | 0.007218 1.21 | 0.010847 1.82 | 0.010752 1.80 | 0.011032 1.85
i080-023 | 0.005981 | 0.006268 1.05 | 0.007249 1.21 | 0.010812 1.81 | 0.010870 1.82 | 0.011298 1.89
i080-024 | 0.005960 | 0.006256  1.05 | 0.007283 1.22 | 0.010876 1.82 | 0.010756 1.80 | 0.011281 1.89
i080-025 | 0.005947 | 0.006300 1.06 | 0.007165 1.20 | 0.010931 1.84 | 0.010864 1.83 | 0.011309 1.90
i080-031 | 0.001867 | 0.002050 1.10 | 0.002779 1.49 | 0.003051 1.63 | 0.003152 1.69 | 0.003222 1.73
i080-032 | 0.001782 | 0.001989 1.12 | 0.002622 1.47 | 0.003006 1.69 | 0.003080 1.73 | 0.003154 1.77
i080-033 | 0.001837 | 0.002112 1.15 | 0.002722 1.48 | 0.002972 1.62 | 0.003123 1.70 | 0.003270 1.78
i080-034 | 0.001799 | 0.002036 1.13 | 0.002542 1.41 | 0.002938 1.63 | 0.003213 1.79 | 0.003213 1.79
i080-035 | 0.001813 | 0.002041 1.13 | 0.002690 1.48 | 0.002990 1.65 | 0.003226 1.78 | 0.003136 1.73
i080-041 | 0.003279 | 0.003222 0.98 | 0.004108 1.25 | 0.005216 1.59 | 0.005059 1.54 | 0.005383 1.64
i080-042 | 0.003276 | 0.003413 1.04 | 0.003779 1.15 | 0.005217 1.59 | 0.005167 1.58 | 0.005380 1.64
i080-043 | 0.003299 | 0.003548 1.08 | 0.003684 1.12 | 0.005172 1.57 | 0.005336 1.62 | 0.005414 1.64
i080-044 | 0.003320 | 0.003604 1.09 | 0.004038 1.22 | 0.005256 1.58 | 0.005363 1.62 | 0.005251 1.58
i080-045 | 0.003336 | 0.003166 0.95 | 0.003781 1.13 | 0.004802 1.44 | 0.005145 1.54 | 0.005446 1.63
i080-101 | 0.001627 | 0.001877 1.15 | 0.002446 1.50 | 0.002760 1.70 | 0.002878 1.77 | 0.002864 1.76
i080-102 | 0.001691 | 0.001946 1.15 | 0.002471 1.46 | 0.002834 1.68 | 0.002892 1.71 | 0.002989 1.77
i080-103 | 0.001637 | 0.001906 1.16 | 0.002475 1.51 | 0.002801 1.71 | 0.002841 1.74 | 0.002881 1.76
i080-104 | 0.001631 | 0.001874 1.15 | 0.002481 1.52 | 0.002707 1.66 | 0.002898 1.78 | 0.002909 1.78
i080-105 | 0.001674 | 0.002050 1.22 | 0.002357 1.41 | 0.002851 1.70 | 0.002960 1.77 | 0.002994 1.79
i080-111 | 0.002679 | 0.002869 1.07 | 0.003491 1.30 | 0.004243 1.58 | 0.004296 1.60 | 0.004327 1.62
i080-112 | 0.002661 | 0.002766 1.04 | 0.003308 1.24 | 0.003882 1.46 | 0.004316 1.62 | 0.004401 1.65
i080-113 | 0.002710 | 0.002973 1.10 | 0.003260 1.20 | 0.004279 1.58 | 0.004403 1.62 | 0.004373 1.61
i080-114 | 0.002676 | 0.002987 1.12 | 0.003439 1.29 | 0.004214 1.57 | 0.004237 1.58 | 0.004351 1.63
i080-115 | 0.002650 | 0.002936  1.11 | 0.003338 1.26 | 0.004244 1.60 | 0.004339 1.64 | 0.004371 1.65
i080-121 | 0.006079 | 0.006386  1.05 | 0.007344 1.21 | 0.010982 1.81 | 0.010839 1.78 | 0.011202 1.84
i080-122 | 0.006053 | 0.006393 1.06 | 0.007395 1.22 | 0.010961 1.81 | 0.010994 1.82 | 0.011401 1.88
i080-123 | 0.006075 | 0.006348 1.04 | 0.007312 1.20 | 0.010702 1.76 | 0.010950 1.80 | 0.011468 1.89
i080-124 | 0.006081 | 0.006348 1.04 | 0.007322 1.20 | 0.010896 1.79 | 0.010744 1.77 | 0.011293 1.86
i080-125 | 0.006027 | 0.006323 1.05 | 0.007315 1.21 | 0.011073 1.84 | 0.010959 1.82 | 0.011369 1.89
i080-131 | 0.001902 | 0.002149 1.13 | 0.002823 1.48 | 0.003137 1.65 | 0.003251 1.71 | 0.003290 1.73
i080-132 | 0.001949 | 0.002145 1.10 | 0.002798 1.44 | 0.003134 1.61 | 0.003235 1.66 | 0.003293 1.69
i080-133 | 0.001934 | 0.002211 1.14 | 0.002699 1.40 | 0.003031 1.57 | 0.003284 1.70 | 0.003279 1.70
i080-134 | 0.001964 | 0.002196 1.12 | 0.002748 1.40 | 0.003027 1.54 | 0.003383 1.72 | 0.003280 1.67
i080-135 | 0.001970 | 0.002119 1.08 | 0.002783 1.41 | 0.003169 1.61 | 0.003231 1.64 | 0.003398 1.72
i080-141 | 0.003346 | 0.003595 1.07 | 0.003963 1.18 | 0.005126 1.53 | 0.005346 1.60 | 0.005531 1.65
i080-142 | 0.003383 | 0.003442 1.02 | 0.003886 1.15 | 0.005120 1.51 | 0.005270 1.56 | 0.005559 1.64
i080-143 | 0.003365 | 0.003323 0.99 | 0.003783 1.12 | 0.005167 1.54 | 0.005251 1.56 | 0.005829 1.73
i080-144 | 0.003379 | 0.003637 1.08 | 0.004108 1.22 | 0.005399 1.60 | 0.005350 1.58 | 0.005571 1.65
i080-145 | 0.003410 | 0.003436 1.01 | 0.004142 1.21 | 0.005225 1.53 | 0.005229 1.53 | 0.005484 1.61
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wcC dy €y Cy by be

name ave ave inc ave inc ave inc ave inc ave inc
i080-201 | 0.002435 | 0.002669 1.10 | 0.003212 1.32 | 0.003581 1.47 | 0.003763 1.55 | 0.003722 1.53
i080-202 | 0.002401 | 0.002644 1.10 | 0.003162 1.32 | 0.003494 1.46 | 0.003679 1.53 | 0.003670 1.53
i080-203 | 0.002437 | 0.002639 1.08 | 0.003312 1.36 | 0.003462 1.42 | 0.003743 1.54 | 0.003710 1.52
i080-204 | 0.002426 | 0.002599 1.07 | 0.003461 1.43 | 0.003565 1.47 | 0.003725 1.54 | 0.003742 1.54
i080-205 | 0.002382 | 0.002588 1.09 | 0.003230 1.36 | 0.003495 1.47 | 0.003623 1.52 | 0.003712 1.56
i080-211 | 0.003475 | 0.003703 1.07 | 0.004376 1.26 | 0.004857 1.40 | 0.005094 1.47 | 0.005151 1.48
i080-212 | 0.003495 | 0.003799 1.09 | 0.004243 1.21 | 0.005027 1.44 | 0.005016 1.44 | 0.005231 1.50
i080-213 | 0.003513 | 0.003748 1.07 | 0.004158 1.18 | 0.005037 1.43 | 0.005132 1.46 | 0.005154 1.47
i080-214 | 0.003500 | 0.003712 1.06 | 0.004176 1.19 | 0.005056 1.44 | 0.005021 1.43 | 0.005182 1.48
i080-215 | 0.003479 | 0.003758 1.08 | 0.004196 1.21 | 0.005051 1.45 | 0.005108 1.47 | 0.005158 1.48
i080-221 | 0.006769 | 0.007102 1.05 | 0.008127 1.20 | 0.011681 1.73 | 0.011703 1.73 | 0.012284 1.81
i080-222 | 0.006783 | 0.006985 1.03 | 0.008087 1.19 | 0.011748 1.73 | 0.011673 1.72 | 0.012110 1.79
i080-223 | 0.006780 | 0.007118 1.05 | 0.008164 1.20 | 0.011826 1.74 | 0.011717 1.73 | 0.012070 1.78
i080-224 | 0.006742 | 0.007107 1.05 | 0.008076 1.20 | 0.011802 1.75 | 0.011614 1.72 | 0.012000 1.78
i080-225 | 0.006749 | 0.007057 1.05 | 0.008086 1.20 | 0.011706 1.73 | 0.011630 1.72 | 0.012233 1.81
i080-231 | 0.002757 | 0.002924 1.06 | 0.003689 1.34 | 0.003896  1.41 | 0.004057 1.47 | 0.004069 1.48
i080-232 | 0.002775 | 0.002938 1.06 | 0.003579 1.29 | 0.003760 1.35 | 0.004035 1.45 | 0.004068 1.47
i080-233 | 0.002739 | 0.002930 1.07 | 0.003581 1.31 | 0.003973 1.45 | 0.004099 1.50 | 0.004143 1.51
i080-234 | 0.002688 | 0.002933 1.09 | 0.003462 1.29 | 0.003947 1.47 | 0.004122 1.53 | 0.004142 1.54
i080-235 | 0.002674 | 0.002853 1.07 | 0.003587 1.34 | 0.003745 1.40 | 0.004111 1.54 | 0.004044 1.51
i080-241 | 0.004187 | 0.004228 1.01 | 0.004926 1.18 | 0.005926 1.42 | 0.006184 1.48 | 0.006249 1.49
i080-242 | 0.004155 | 0.004277 1.03 | 0.004754 1.14 | 0.005892 1.42 | 0.005974 1.44 | 0.006152 1.48
i080-243 | 0.004125 | 0.004373 1.06 | 0.004749 1.15 | 0.005758 1.40 | 0.005981 1.45 | 0.006390 1.55
i080-244 | 0.004147 | 0.004432 1.07 | 0.004627 1.12 | 0.005999 1.45 | 0.006151 1.48 | 0.006298 1.52
i080-245 | 0.004154 | 0.004422 1.06 | 0.004617 1.11 | 0.005876 1.41 | 0.005980 1.44 | 0.006173 1.49
i080-301 | 0.003046 | 0.003201 1.05 | 0.004097 1.35 | 0.004070 1.34 | 0.004239 1.39 | 0.004157 1.36
i080-302 | 0.003007 | 0.003127 1.04 | 0.003793 1.26 | 0.004033 1.34 | 0.004146 1.38 | 0.004185 1.39
i080-303 | 0.003011 | 0.003224 1.07 | 0.003716 1.23 | 0.004126  1.37 | 0.004209 1.40 | 0.004267 1.42
i080-304 | 0.003025 | 0.003183 1.05 | 0.004050 1.34 | 0.004062 1.34 | 0.004271 1.41 | 0.004250 1.40
i080-305 | 0.003043 | 0.003222 1.06 | 0.004036 1.33 | 0.004111 1.35 | 0.004246 1.40 | 0.004230 1.39
i080-311 | 0.004143 | 0.004251 1.03 | 0.004899 1.18 | 0.005534 1.34 | 0.005571 1.34 | 0.005751 1.39
i080-312 | 0.004167 | 0.004421 1.06 | 0.005037 1.21 | 0.005606 1.35 | 0.005749 1.38 | 0.005734 1.38
i080-313 | 0.004103 | 0.004367 1.06 | 0.004980 1.21 | 0.005516 1.34 | 0.005604 1.37 | 0.005903 1.44
i080-314 | 0.004116 | 0.004344 1.06 | 0.004698 1.14 | 0.005618 1.36 | 0.005758 1.40 | 0.005868 1.43
i080-315 | 0.004111 | 0.004438 1.08 | 0.004835 1.18 | 0.005494 1.34 | 0.005685 1.38 | 0.005770 1.40
i080-321 | 0.007396 | 0.007761 1.05 | 0.008760 1.18 | 0.012145 1.64 | 0.012095 1.64 | 0.012715 1.72
i080-322 | 0.007410 | 0.007785 1.05 | 0.008691 1.17 | 0.012395 1.67 | 0.012394 1.67 | 0.012831 1.73
i080-323 | 0.007349 | 0.007721 1.05 | 0.008613 1.17 | 0.012214 1.66 | 0.012177 1.66 | 0.012685 1.73
i080-324 | 0.007358 | 0.007686  1.04 | 0.008612 1.17 | 0.011794 1.60 | 0.012211 1.66 | 0.012557 1.71
i080-325 | 0.007368 | 0.007711 1.05 | 0.008723 1.18 | 0.012444 1.69 | 0.012267 1.66 | 0.012717 1.73
i080-331 | 0.003435 | 0.003488 1.02 | 0.004148 1.21 | 0.004509 1.31 | 0.004717 1.37 | 0.004771 1.39
i080-332 | 0.003390 | 0.003541 1.04 | 0.004392 1.30 | 0.004488 1.32 | 0.004638 1.37 | 0.004744 1.40
i080-333 | 0.003377 | 0.003558 1.05 | 0.004158 1.23 | 0.004582 1.36 | 0.004692 1.39 | 0.004699 1.39
i080-334 | 0.003339 | 0.003529 1.06 | 0.004193 1.26 | 0.004589 1.37 | 0.004676 1.40 | 0.004731 1.42
i080-335 | 0.003643 | 0.003663 1.01 | 0.004166 1.14 | 0.004582 1.26 | 0.004790 1.31 | 0.004839 1.33
i080-341 | 0.004789 | 0.004997 1.04 | 0.005282 1.10 | 0.006701 1.40 | 0.006790 1.42 | 0.006954 1.45
i080-342 | 0.004811 | 0.004984 1.04 | 0.005540 1.15 | 0.006640 1.38 | 0.006623 1.38 | 0.006772 1.41
i080-343 | 0.004846 | 0.005061 1.04 | 0.005387 1.11 | 0.006613 1.36 | 0.006757 1.39 | 0.006966 1.44
i080-344 | 0.004816 | 0.005010 1.04 | 0.005397 1.12 | 0.006717 1.39 | 0.006838 1.42 | 0.006875 1.43
i080-345 | 0.004794 | 0.004936  1.03 | 0.005458 1.14 | 0.006552 1.37 | 0.006552 1.37 | 0.006673 1.39
ave 0.003627 | 0.003849 1.06 | 0.004474 1.23 | 0.005690 1.57 | 0.005798 1.60 | 0.005949 1.64
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Figure 3.48: Increase of CPU time from the original method (ADH, 1080)
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Table 3.41: CPU time [s] (ADH, 1160)

wcC dy ey Co by be

name ave ave inc ave inc ave inc ave inc ave inc
i160-001 | 0.007891 | 0.008392 1.06 | 0.009716 1.23 | 0.011786 1.49 | 0.013039 1.65 | 0.012310 1.56
i160-002 | 0.007543 | 0.007894 1.05 | 0.008504 1.13 | 0.011171 1.48 | 0.011751 1.56 | 0.011962 1.59
i160-003 | 0.007690 | 0.008153 1.06 | 0.008644 1.12 | 0.011416 1.48 | 0.011900 1.55 | 0.012095 1.57
i160-004 | 0.007606 | 0.008341 1.10 | 0.009396 1.24 | 0.011061 1.45 | 0.011749 1.54 | 0.012004 1.58
i160-005 | 0.007553 | 0.007960 1.05 | 0.008668 1.15 | 0.011215 1.48 | 0.012303 1.63 | 0.011976 1.59
i160-011 | 0.014691 | 0.015247 1.04 | 0.015696 1.07 | 0.020407 1.39 | 0.020215 1.38 | 0.020982 1.43
i160-012 | 0.014773 | 0.015017 1.02 | 0.015705 1.06 | 0.020344 1.38 | 0.020551 1.39 | 0.021567 1.46
i160-013 | 0.014958 | 0.015164 1.01 | 0.015618 1.04 | 0.018794 1.26 | 0.020630 1.38 | 0.021172 1.42
i160-014 | 0.014750 | 0.014419 0.98 | 0.015086 1.02 | 0.019254 1.31 | 0.020904 1.42 | 0.021106 1.43
i160-015 | 0.014943 | 0.015378 1.03 | 0.015826 1.06 | 0.020436 1.37 | 0.020998 1.41 | 0.021198 1.42
i160-021 | 0.037625 | 0.037714 1.00 | 0.039367 1.05 | 0.069795 1.86 | 0.068890 1.83 | 0.070901 1.88
i160-022 | 0.037673 | 0.037671 1.00 | 0.039272 1.04 | 0.070350 1.87 | 0.069241 1.84 | 0.071970 1.91
i160-023 | 0.037772 | 0.037601 1.00 | 0.039362 1.04 | 0.070227 1.86 | 0.069805 1.85 | 0.071939 1.90
i160-024 | 0.037641 | 0.037817 1.00 | 0.039024 1.04 | 0.070068 1.86 | 0.069012 1.83 | 0.071711 1.91
i160-025 | 0.037640 | 0.037731 1.00 | 0.039203 1.04 | 0.070075 1.86 | 0.068873 1.83 | 0.071098 1.89
i160-031 | 0.009530 | 0.010019 1.05 | 0.010673 1.12 | 0.013294 1.39 | 0.014356 1.51 | 0.014341 1.50
i160-032 | 0.009366 | 0.009808 1.05 | 0.010556 1.13 | 0.013011 1.39 | 0.013787 1.47 | 0.014173 1.51
i160-033 | 0.009328 | 0.009781 1.05 | 0.010590 1.14 | 0.013346 1.43 | 0.014001 1.50 | 0.014208 1.52
i160-034 | 0.009465 | 0.009859 1.04 | 0.010776 1.14 | 0.013222 1.40 | 0.014165 1.50 | 0.014153 1.50
i160-035 | 0.009246 | 0.009739 1.05 | 0.010673 1.15 | 0.013332 1.44 | 0.013819 1.49 | 0.014058 1.52
i160-041 | 0.024144 | 0.023147 0.96 | 0.023920 0.99 | 0.033859 1.40 | 0.032642 1.35 | 0.035236  1.46
i160-042 | 0.023966 | 0.021695 0.91 | 0.022092 0.92 | 0.030509 1.27 | 0.030870 1.29 | 0.036502 1.52
i160-043 | 0.023942 | 0.020742 0.87 | 0.022614 0.94 | 0.030210 1.26 | 0.034203 1.43 | 0.037774 1.58
i160-044 | 0.024029 | 0.022032 0.92 | 0.023146 0.96 | 0.032252 1.34 | 0.031485 1.31 | 0.036079 1.50
i160-045 | 0.024173 | 0.024411 1.01 | 0.025298 1.05 | 0.033810 1.40 | 0.034520 1.43 | 0.035240 1.46
i160-101 | 0.008585 | 0.009066 1.06 | 0.009798 1.14 | 0.012365 1.44 | 0.012940 1.51 | 0.013052 1.52
i160-102 | 0.008516 | 0.008909 1.05 | 0.009771 1.15 | 0.011978 1.41 | 0.012650 1.49 | 0.013224 1.55
i160-103 | 0.008478 | 0.009460 1.12 | 0.009849 1.16 | 0.012057 1.42 | 0.013758 1.62 | 0.013014 1.54
i160-104 | 0.008432 | 0.009006 1.07 | 0.010584 1.26 | 0.012063 1.43 | 0.012895 1.53 | 0.013551 1.61
i160-105 | 0.008502 | 0.009074 1.07 | 0.010280 1.21 | 0.012167 1.43 | 0.013539 1.59 | 0.013074 1.54
i160-111 | 0.015613 | 0.015147 0.97 | 0.016725 1.07 | 0.021148 1.35 | 0.021178 1.36 | 0.021821 1.40
i160-112 | 0.015578 | 0.015849 1.02 | 0.016454 1.06 | 0.020961 1.35 | 0.021498 1.38 | 0.021767 1.40
i160-113 | 0.015611 | 0.015415 0.99 | 0.016139 1.03 | 0.021537 1.38 | 0.021668 1.39 | 0.022140 1.42
i160-114 | 0.015657 | 0.016032 1.02 | 0.016975 1.08 | 0.021247 1.36 | 0.021882 1.40 | 0.022203 1.42
i160-115 | 0.015747 | 0.015871 1.01 | 0.016237 1.03 | 0.020983 1.33 | 0.021367 1.36 | 0.021945 1.39
i160-121 | 0.038928 | 0.038554 0.99 | 0.040181 1.03 | 0.070592 1.81 | 0.069378 1.78 | 0.071733 1.84
i160-122 | 0.038334 | 0.038606 1.01 | 0.040149 1.05 | 0.070825 1.85 | 0.069711 1.82 | 0.071751 1.87
i160-123 | 0.038319 | 0.038525 1.01 | 0.040125 1.05 | 0.070825 1.85 | 0.070247 1.83 | 0.073257 191
i160-124 | 0.038280 | 0.038383 1.00 | 0.040299 1.05 | 0.070961 1.85 | 0.071048 1.86 | 0.073526  1.92
i160-125 | 0.038247 | 0.038497 1.01 | 0.040241 1.05 | 0.070816 1.85 | 0.069307 1.81 | 0.071761 1.88
i160-131 | 0.010237 | 0.010723 1.05 | 0.011527 1.13 | 0.014232 1.39 | 0.014772 1.44 | 0.014973 1.46
i160-132 | 0.010274 | 0.010717 1.04 | 0.011334 1.10 | 0.014077 1.37 | 0.014602 1.42 | 0.014756 1.44
i160-133 | 0.010191 | 0.010435 1.02 | 0.011593 1.14 | 0.013834 1.36 | 0.015249 1.50 | 0.015535 1.52
i160-134 | 0.010280 | 0.011046 1.07 | 0.011429 1.11 | 0.014064 1.37 | 0.015055 1.46 | 0.015152 1.47
i160-135 | 0.010241 | 0.010617 1.04 | 0.011424 1.12 | 0.014028 1.37 | 0.014634 1.43 | 0.014880 1.45
i160-141 | 0.024637 | 0.022703 0.92 | 0.023038 0.94 | 0.034597 1.40 | 0.034665 1.41 | 0.035466 1.44
i160-142 | 0.024510 | 0.024731 1.01 | 0.024697 1.01 | 0.034109 1.39 | 0.033902 1.38 | 0.038850 1.59
i160-143 | 0.024685 | 0.021477 0.87 | 0.023336 0.95 | 0.034711 1.41 | 0.032019 1.30 | 0.035603 1.44
i160-144 | 0.024639 | 0.024902 1.01 | 0.022470 0.91 | 0.032607 1.32 | 0.035033 1.42 | 0.036189 1.47
i160-145 | 0.024590 | 0.025055 1.02 | 0.023602 0.96 | 0.034370 1.40 | 0.033490 1.36 | 0.036278 1.48
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we dy ey Co by be

name ave ave inc ave inc ave inc ave inc ave inc
i160-201 | 0.012802 | 0.013354 1.04 | 0.014020 1.10 | 0.016225 1.27 | 0.016975 1.33 | 0.017129 1.34
i160-202 | 0.012778 | 0.013039 1.02 | 0.013875 1.09 | 0.016403 1.28 | 0.016933 1.33 | 0.017153 1.34
i160-203 | 0.012591 | 0.012716 1.01 | 0.013839 1.10 | 0.016065 1.28 | 0.017021 1.35 | 0.016986 1.35
i160-204 | 0.012741 | 0.012847 1.01 | 0.013909 1.09 | 0.016033 1.26 | 0.016848 1.32 | 0.016899 1.33
i160-205 | 0.012790 | 0.012844 1.00 | 0.013809 1.08 | 0.016295 1.27 | 0.016872 1.32 | 0.017019 1.33
i160-211 | 0.019901 | 0.020297 1.02 | 0.020938 1.05 | 0.025575 1.29 | 0.025754 1.29 | 0.026321 1.32
i160-212 | 0.019750 | 0.019991 1.01 | 0.020838 1.06 | 0.025404 1.29 | 0.025755 1.30 | 0.026077 1.32
i160-213 | 0.019612 | 0.020199 1.03 | 0.020840 1.06 | 0.025256  1.29 | 0.025422 1.30 | 0.026332 1.34
i160-214 | 0.019584 | 0.019536  1.00 | 0.020412 1.04 | 0.025234 1.29 | 0.025372 1.30 | 0.025796 1.32
i160-215 | 0.019675 | 0.020200 1.03 | 0.020852 1.06 | 0.025614 1.30 | 0.025854 1.31 | 0.025921 1.32
i160-221 | 0.041853 | 0.042585 1.02 | 0.044383 1.06 | 0.073735 1.76 | 0.073706 1.76 | 0.076213 1.82
i160-222 | 0.041773 | 0.042302 1.01 | 0.044094 1.06 | 0.074186 1.78 | 0.073918 1.77 | 0.076191 1.82
i160-223 | 0.041836 | 0.042396 1.01 | 0.044696 1.07 | 0.074339 1.78 | 0.073628 1.76 | 0.075584 1.81
i160-224 | 0.042663 | 0.042463 1.00 | 0.044472 1.04 | 0.074567 1.75 | 0.074294 1.74 | 0.076320 1.79
i160-225 | 0.041825 | 0.042417 1.01 | 0.044477 1.06 | 0.074265 1.78 | 0.074101 1.77 | 0.076408 1.83
i160-231 | 0.014538 | 0.014586 1.00 | 0.015495 1.07 | 0.018383 1.26 | 0.019096 1.31 | 0.019286 1.33
i160-232 | 0.014438 | 0.014652 1.01 | 0.015694 1.09 | 0.018395 1.27 | 0.019204 1.33 | 0.019295 1.34
i160-233 | 0.014513 | 0.014581 1.00 | 0.015794 1.09 | 0.018251 1.26 | 0.019280 1.33 | 0.019364 1.33
i160-234 | 0.014301 | 0.014926 1.04 | 0.015600 1.09 | 0.017876 1.25 | 0.018863 1.32 | 0.018956 1.33
i160-235 | 0.014343 | 0.014699 1.02 | 0.015233 1.06 | 0.018414 1.28 | 0.018821 1.31 | 0.019201 1.34
i160-241 | 0.028344 | 0.028631 1.01 | 0.027423 0.97 | 0.034867 1.23 | 0.039059 1.38 | 0.040069 1.41
i160-242 | 0.028043 | 0.028603 1.02 | 0.028464 1.02 | 0.037950 1.35 | 0.039168 1.40 | 0.040049 1.43
i160-243 | 0.028310 | 0.028603 1.01 | 0.027072 0.96 | 0.033074 1.17 | 0.038735 1.37 | 0.039440 1.39
i160-244 | 0.028145 | 0.027941 0.99 | 0.029681 1.05 | 0.038664 1.37 | 0.038253 1.36 | 0.039285 1.40
i160-245 | 0.028012 | 0.027230 0.97 | 0.026969 0.96 | 0.038610 1.38 | 0.038535 1.38 | 0.040013 1.43
i160-301 | 0.022970 | 0.022934 1.00 | 0.023504 1.02 | 0.026213 1.14 | 0.027122 1.18 | 0.027288 1.19
i160-302 | 0.023044 | 0.022889 0.99 | 0.023790 1.03 | 0.026062 1.13 | 0.026816 1.16 | 0.027094 1.18
i160-303 | 0.022623 | 0.022539 1.00 | 0.023668 1.05 | 0.025775 1.14 | 0.026541 1.17 | 0.026819 1.19
i160-304 | 0.022937 | 0.022889 1.00 | 0.023947 1.04 | 0.026230 1.14 | 0.026735 1.17 | 0.026874 1.17
i160-305 | 0.022877 | 0.022746 0.99 | 0.023708 1.04 | 0.026218 1.15 | 0.026794 1.17 | 0.027159 1.19
i160-311 | 0.030363 | 0.030704 1.01 | 0.031540 1.04 | 0.035814 1.18 | 0.035881 1.18 | 0.036074 1.19
i160-312 | 0.029896 | 0.029871 1.00 | 0.031632 1.06 | 0.035691 1.19 | 0.035751 1.20 | 0.035999 1.20
i160-313 | 0.030218 | 0.030755 1.02 | 0.032236 1.07 | 0.035876 1.19 | 0.036336 1.20 | 0.036037 1.19
i160-314 | 0.029986 | 0.030606 1.02 | 0.031731 1.06 | 0.036722 1.22 | 0.035935 1.20 | 0.036604 1.22
i160-315 | 0.030349 | 0.030821 1.02 | 0.032204 1.06 | 0.035964 1.19 | 0.035949 1.18 | 0.036460 1.20
i160-321 | 0.051751 | 0.052619 1.02 | 0.054650 1.06 | 0.084710 1.64 | 0.084087 1.62 | 0.086324 1.67
i160-322 | 0.051789 | 0.052821 1.02 | 0.054957 1.06 | 0.085174 1.64 | 0.083979 1.62 | 0.086521 1.67
i160-323 | 0.052265 | 0.053066 1.02 | 0.054200 1.04 | 0.084552 1.62 | 0.084195 1.61 | 0.086720 1.66
i160-324 | 0.051416 | 0.052845 1.03 | 0.053376 1.04 | 0.085227 1.66 | 0.084212 1.64 | 0.086316 1.68
i160-325 | 0.052002 | 0.052391 1.01 | 0.053382 1.03 | 0.084760 1.63 | 0.083766 1.61 | 0.085773 1.65
i160-331 | 0.024853 | 0.024672 0.99 | 0.025669 1.03 | 0.028538 1.15 | 0.029254 1.18 | 0.029349 1.18
i160-332 | 0.024824 | 0.024860 1.00 | 0.025711 1.04 | 0.028482 1.15 | 0.029223 1.18 | 0.029665 1.20
i160-333 | 0.025154 | 0.024941 0.99 | 0.025922 1.03 | 0.028524 1.13 | 0.029194 1.16 | 0.029484 1.17
i160-334 | 0.024951 | 0.024997 1.00 | 0.026157 1.05 | 0.028676 1.15 | 0.029410 1.18 | 0.029701 1.19
i160-335 | 0.024837 | 0.024935 1.00 | 0.025222 1.02 | 0.028308 1.14 | 0.028934 1.16 | 0.029193 1.18
i160-341 | 0.037874 | 0.037184 0.98 | 0.037547 0.99 | 0.047783 1.26 | 0.048147 1.27 | 0.049252 1.30
i160-342 | 0.037846 | 0.037274 0.98 | 0.038689 1.02 | 0.048238 1.27 | 0.048618 1.28 | 0.048976 1.29
i160-343 | 0.037540 | 0.037968 1.01 | 0.036893 0.98 | 0.047671 1.27 | 0.048147 1.28 | 0.048443 1.29
i160-344 | 0.037315 | 0.037297 1.00 | 0.038725 1.04 | 0.047735 1.28 | 0.047872 1.28 | 0.048130 1.29
i160-345 | 0.037690 | 0.036207 0.96 | 0.038306 1.02 | 0.047535 1.26 | 0.048129 1.28 | 0.049318 1.31
ave 0.023540 | 0.023634 1.00 | 0.024534 1.04 | 0.034302 1.46 | 0.034680 1.47 | 0.035665 1.52
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Figure 3.49: Increase of CPU time from the original method (ADH, 1160)
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Table 3.42: CPU time [s] (ADH, 1320)

wc dy ey Cov by be

name ave ave inc ave inc ave inc ave inc ave inc
i320-001 | 0.044484 | 0.046286 1.04 | 0.047273 1.06 | 0.059947 1.35 | 0.063906 1.44 | 0.063096 1.42
i320-002 | 0.044835 | 0.048453 1.08 | 0.048653 1.09 | 0.059428 1.33 | 0.064189 1.43 | 0.063909 1.43
i320-003 | 0.044015 | 0.045397 1.03 | 0.046621 1.06 | 0.059047 1.34 | 0.062354 1.42 | 0.061966 1.41
i320-004 | 0.044720 | 0.047086 1.05 | 0.048280 1.08 | 0.060239 1.35 | 0.062973 1.41 | 0.064346 1.44
i320-005 | 0.044661 | 0.046473 1.04 | 0.048639 1.09 | 0.060296 1.35 | 0.062092 1.39 | 0.062660 1.40
i320-011 | 0.096802 | 0.097773 1.01 | 0.097750 1.01 | 0.117700 1.22 | 0.120959 1.25 | 0.123612 1.28
i320-012 | 0.096047 | 0.096441 1.00 | 0.099065 1.03 | 0.119997 1.25 | 0.122318 1.27 | 0.124462 1.30
i320-013 | 0.095344 | 0.091941 0.96 | 0.099367 1.04 | 0.112454 1.18 | 0.122146 1.28 | 0.123214 1.29
i320-014 | 0.095829 | 0.097239 1.01 | 0.092906 0.97 | 0.119903 1.25 | 0.120886 1.26 | 0.122774 1.28
i320-015 | 0.095840 | 0.096422 1.01 | 0.099101 1.03 | 0.109810 1.15 | 0.118970 1.24 | 0.122414 1.28
i320-021 | 0.270273 | 0.255113 0.94 | 0.262801 0.97 | 0.525324 1.94 | 0.513252 1.90 | 0.531367 1.97
i320-022 | 0.270598 | 0.252664 0.93 | 0.261084 0.96 | 0.522373 1.93 | 0.512877 1.90 | 0.529692 1.96
i320-023 | 0.271530 | 0.252406 0.93 | 0.260281 0.96 | 0.520650 1.92 | 0.511330 1.88 | 0.529299 1.95
i320-024 | 0.270567 | 0.252550 0.93 | 0.260565 0.96 | 0.517931 1.91 | 0.511910 1.89 | 0.533109 1.97
i320-025 | 0.270251 | 0.252557 0.93 | 0.260758 0.96 | 0.521227 1.93 | 0.507952 1.88 | 0.528391 1.96
i320-031 | 0.055517 | 0.057096 1.03 | 0.060784 1.09 | 0.071082 1.28 | 0.074116 1.34 | 0.074922 1.35
i320-032 | 0.055662 | 0.057327 1.03 | 0.057609 1.03 | 0.071439 1.28 | 0.073796 1.33 | 0.074723 1.34
i320-033 | 0.055800 | 0.057940 1.04 | 0.058698 1.05 | 0.071830 1.29 | 0.074745 1.34 | 0.075093 1.35
i320-034 | 0.056336 | 0.058931 1.05 | 0.059664 1.06 | 0.073488 1.30 | 0.074703 1.33 | 0.075415 1.34
i320-035 | 0.055976 | 0.058471 1.04 | 0.059136 1.06 | 0.072032 1.29 | 0.074838 1.34 | 0.075010 1.34
i320-041 | 0.194672 | 0.172431 0.89 | 0.172889 0.89 | 0.244508 1.26 | 0.256813 1.32 | 0.281644 1.45
i320-042 | 0.194884 | 0.147785 0.76 | 0.186639 0.96 | 0.254791 1.31 | 0.259336 1.33 | 0.270935 1.39
i320-043 | 0.194716 | 0.194949 1.00 | 0.185312 0.95 | 0.244629 1.26 | 0.256591 1.32 | 0.281043 1.44
i320-044 | 0.194503 | 0.159988 0.82 | 0.171925 0.88 | 0.210847 1.08 | 0.250084 1.29 | 0.268606  1.38
i320-045 | 0.194555 | 0.195706 1.01 | 0.163720 0.84 | 0.255578 1.31 | 0.261195 1.34 | 0.270799 1.39
i320-101 | 0.048980 | 0.050279 1.03 | 0.051799 1.06 | 0.063711 1.30 | 0.068091 1.39 | 0.067716 1.38
i320-102 | 0.048580 | 0.051908 1.07 | 0.051747 1.07 | 0.063344 1.30 | 0.067168 1.38 | 0.069867 1.44
i320-103 | 0.049455 | 0.050615 1.02 | 0.051780 1.05 | 0.063028 1.27 | 0.065783 1.33 | 0.066054 1.34
i320-104 | 0.050325 | 0.052194 1.04 | 0.052529 1.04 | 0.064595 1.28 | 0.067539 1.34 | 0.068940 1.37
i320-105 | 0.050460 | 0.051843 1.03 | 0.052834 1.05 | 0.065048 1.29 | 0.068031 1.35 | 0.067695 1.34
i320-111 | 0.100650 | 0.097495 0.97 | 0.101984 1.01 | 0.115421 1.15 | 0.124189 1.23 | 0.129344 1.29
i320-112 | 0.100602 | 0.095204 0.95 | 0.101951 1.01 | 0.123764 1.23 | 0.124088 1.23 | 0.126457 1.26
i320-113 | 0.099744 | 0.097671 0.98 | 0.102390 1.03 | 0.122259 1.23 | 0.123855 1.24 | 0.125510 1.26
i320-114 | 0.100819 | 0.101894 1.01 | 0.102345 1.02 | 0.123397 1.22 | 0.124811 1.24 | 0.126245 1.25
i320-115 | 0.100526 | 0.100894 1.00 | 0.104825 1.04 | 0.126375 1.26 | 0.126029 1.25 | 0.126134 1.25
i320-121 | 0.272316 | 0.255254 0.94 | 0.264256 0.97 | 0.519433 1.91 | 0.514552 1.89 | 0.528964 1.94
i320-122 | 0.273098 | 0.254616 0.93 | 0.264963 0.97 | 0.522574 1.91 | 0.509911 1.87 | 0.533513 1.95
i320-123 | 0.272725 | 0.254694 0.93 | 0.264513 0.97 | 0.521376 1.91 | 0.512007 1.88 | 0.530322 1.94
i320-124 | 0.272064 | 0.254668 0.94 | 0.264922 0.97 | 0.518199 1.90 | 0.513131 1.89 | 0.529411 1.95
i320-125 | 0.272657 | 0.254970 0.94 | 0.264655 0.97 | 0.521897 1.91 | 0.509811 1.87 | 0.530013 1.94
i320-131 | 0.061309 | 0.062365 1.02 | 0.063497 1.04 | 0.076408 1.25 | 0.078950 1.29 | 0.079673 1.30
i320-132 | 0.059829 | 0.061407 1.03 | 0.062740 1.05 | 0.074097 1.24 | 0.077472 1.29 | 0.078181 1.31
i320-133 | 0.060781 | 0.061962 1.02 | 0.066238 1.09 | 0.076856 1.26 | 0.078267 1.29 | 0.079023 1.30
i320-134 | 0.061708 | 0.062904 1.02 | 0.064266 1.04 | 0.076620 1.24 | 0.079339 1.29 | 0.081852 1.33
i320-135 | 0.060410 | 0.061717 1.02 | 0.062671 1.04 | 0.075831 1.26 | 0.077790 1.29 | 0.079725 1.32
i320-141 | 0.197044 | 0.202426 1.03 | 0.191057 0.97 | 0.260027 1.32 | 0.263556 1.34 | 0.273543 1.39
i320-142 | 0.197053 | 0.162016 0.82 | 0.163880 0.83 | 0.256851 1.30 | 0.264614 1.34 | 0.272128 1.38
i320-143 | 0.197381 | 0.198052 1.00 | 0.187537 0.95 | 0.255526  1.29 | 0.260687 1.32 | 0.271935 1.38
i320-144 | 0.197292 | 0.187436 0.95 | 0.199362 1.01 | 0.251880 1.28 | 0.263418 1.34 | 0.273011 1.38
i320-145 | 0.197086 | 0.175709 0.89 | 0.173006 0.88 | 0.248258 1.26 | 0.257221 1.31 | 0.271202 1.38
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wcC dy €y Cy by be

name ave ave inc ave inc ave inc ave inc ave inc
i320-201 | 0.068385 | 0.069292 1.01 | 0.070702 1.03 | 0.083061 1.21 | 0.085009 1.24 | 0.084764 1.24
i320-202 | 0.067834 | 0.067641 1.00 | 0.069022 1.02 | 0.080408 1.19 | 0.084186 1.24 | 0.084528 1.25
i320-203 | 0.069398 | 0.072218 1.04 | 0.071462 1.03 | 0.083126  1.20 | 0.085626 1.23 | 0.086395 1.24
i320-204 | 0.068652 | 0.069610 1.01 | 0.072282 1.05 | 0.082586  1.20 | 0.085287 1.24 | 0.085730 1.25
i320-205 | 0.068006 | 0.068273 1.00 | 0.070519 1.04 | 0.082056 1.21 | 0.083943 1.23 | 0.085067 1.25
i320-211 | 0.119050 | 0.118778 1.00 | 0.115896 0.97 | 0.143312 1.20 | 0.143565 1.21 | 0.144961 1.22
i320-212 | 0.118371 | 0.118887 1.00 | 0.116316 0.98 | 0.142139 1.20 | 0.142817 1.21 | 0.144086 1.22
i320-213 | 0.119155 | 0.119594 1.00 | 0.119917 1.01 | 0.140843 1.18 | 0.141320 1.19 | 0.144501 1.21
i320-214 | 0.118232 | 0.117969 1.00 | 0.117780 1.00 | 0.138388 1.17 | 0.141994 1.20 | 0.143504 1.21
i320-215 | 0.118650 | 0.119764 1.01 | 0.120924 1.02 | 0.144937 1.22 | 0.145055 1.22 | 0.147055 1.24
i320-221 | 0.286831 | 0.272523 0.95 | 0.282172 0.98 | 0.537259 1.87 | 0.527806 1.84 | 0.543993 1.90
i320-222 | 0.286623 | 0.272398 0.95 | 0.283007 0.99 | 0.538901 1.88 | 0.526810 1.84 | 0.547126 1.91
i320-223 | 0.286933 | 0.272155 0.95 | 0.281472 0.98 | 0.536488 1.87 | 0.528939 1.84 | 0.546378 1.90
i320-224 | 0.286469 | 0.272896 0.95 | 0.283234 0.99 | 0.537265 1.88 | 0.528730 1.85 | 0.545566  1.90
i320-225 | 0.287178 | 0.272520 0.95 | 0.282922 0.99 | 0.535486 1.86 | 0.527368 1.84 | 0.548012 1.91
i320-231 | 0.078413 | 0.081210 1.04 | 0.080754 1.03 | 0.092324 1.18 | 0.095231 1.21 | 0.096443 1.23
i320-232 | 0.078826 | 0.079011 1.00 | 0.081136 1.03 | 0.093926 1.19 | 0.095415 1.21 | 0.097011 1.23
i320-233 | 0.080715 | 0.080999 1.00 | 0.082138 1.02 | 0.093755 1.16 | 0.097328 1.21 | 0.098050 1.21
i320-234 | 0.080381 | 0.082348 1.02 | 0.082999 1.03 | 0.094037 1.17 | 0.098073 1.22 | 0.098609 1.23
i320-235 | 0.078341 | 0.079365 1.01 | 0.080672 1.03 | 0.093408 1.19 | 0.095401 1.22 | 0.096786 1.24
i320-241 | 0.210925 | 0.178965 0.85 | 0.177502 0.84 | 0.274237 1.30 | 0.269341 1.28 | 0.285390 1.35
i320-242 | 0.212115 | 0.203623 0.96 | 0.214741 1.01 | 0.274073 1.29 | 0.276843 1.31 | 0.284788 1.34
i320-243 | 0.211153 | 0.179490 0.85 | 0.213464 1.01 | 0.274107 1.30 | 0.277030 1.31 | 0.286416 1.36
i320-244 | 0.211576 | 0.214605 1.01 | 0.202572 0.96 | 0.272154 1.29 | 0.278978 1.32 | 0.286660 1.35
i320-245 | 0.212304 | 0.186630 0.88 | 0.180244 0.85 | 0.258409 1.22 | 0.278144 1.31 | 0.285667 1.35
i320-301 | 0.184505 | 0.184868 1.00 | 0.183154 0.99 | 0.197029 1.07 | 0.198093 1.07 | 0.203389 1.10
i320-302 | 0.187823 | 0.184964 0.98 | 0.186483 0.99 | 0.196985 1.05 | 0.200324 1.07 | 0.200853 1.07
i320-303 | 0.190435 | 0.185786 0.98 | 0.188832 0.99 | 0.199170 1.05 | 0.202598 1.06 | 0.203730 1.07
i320-304 | 0.189703 | 0.186529 0.98 | 0.190168 1.00 | 0.199494 1.05 | 0.205813 1.08 | 0.204398 1.08
i320-305 | 0.187638 | 0.184158 0.98 | 0.185713 0.99 | 0.197144 1.05 | 0.202307 1.08 | 0.202728 1.08
i320-311 | 0.234461 | 0.237008 1.01 | 0.237555 1.01 | 0.262175 1.12 | 0.258772 1.10 | 0.259659 1.11
i320-312 | 0.236700 | 0.237480 1.00 | 0.236383 1.00 | 0.260455 1.10 | 0.259868 1.10 | 0.259616 1.10
i320-313 | 0.233546 | 0.234023 1.00 | 0.235789 1.01 | 0.256966 1.10 | 0.256084 1.10 | 0.256161 1.10
i320-314 | 0.236468 | 0.238304 1.01 | 0.239865 1.01 | 0.261004 1.10 | 0.258478 1.09 | 0.259504 1.10
i320-315 | 0.235855 | 0.237196  1.01 | 0.235749 1.00 | 0.258000 1.09 | 0.256415 1.09 | 0.257756  1.09
i320-321 | 0.389554 | 0.381441 0.98 | 0.396700 1.02 | 0.641596 1.65 | 0.641011 1.65 | 0.651904 1.67
i320-322 | 0.386673 | 0.379123 0.98 | 0.394640 1.02 | 0.638822 1.65 | 0.634423 1.64 | 0.648123 1.68
i320-323 | 0.391279 | 0.382390 0.98 | 0.397112 1.01 | 0.642020 1.64 | 0.635985 1.63 | 0.651838 1.67
i320-324 | 0.391039 | 0.382260 0.98 | 0.398190 1.02 | 0.642555 1.64 | 0.636166 1.63 | 0.652904 1.67
i320-325 | 0.391058 | 0.381992 0.98 | 0.398291 1.02 | 0.640899 1.64 | 0.636640 1.63 | 0.649695 1.66
i320-331 | 0.198663 | 0.194321 0.98 | 0.194192 0.98 | 0.210834 1.06 | 0.215181 1.08 | 0.218088 1.10
i320-332 | 0.198813 | 0.194936 0.98 | 0.198063 1.00 | 0.208134 1.05 | 0.213915 1.08 | 0.215778 1.09
i320-333 | 0.200863 | 0.194432 0.97 | 0.199412 0.99 | 0.211189 1.05 | 0.214344 1.07 | 0.214962 1.07
i320-334 | 0.199860 | 0.197580 0.99 | 0.197942 0.99 | 0.206764 1.03 | 0.213526 1.07 | 0.216739 1.08
i320-335 | 0.200876 | 0.196592 0.98 | 0.200833 1.00 | 0.212002 1.06 | 0.215372 1.07 | 0.216267 1.08
i320-341 | 0.316194 | 0.323558 1.02 | 0.318220 1.01 | 0.374145 1.18 | 0.382560 1.21 | 0.392235 1.24
i320-342 | 0.319130 | 0.325455 1.02 | 0.313862 0.98 | 0.382325 1.20 | 0.379344 1.19 | 0.389555 1.22
i320-343 | 0.315670 | 0.313375 0.99 | 0.317413 1.01 | 0.380250 1.20 | 0.386403 1.22 | 0.394508 1.25
i320-344 | 0.314519 | 0.322808 1.03 | 0.322919 1.03 | 0.377008 1.20 | 0.384019 1.22 | 0.392103 1.25
i320-345 | 0.315165 | 0.320814 1.02 | 0.312012 0.99 | 0.376443 1.19 | 0.383572 1.22 | 0.392365 1.24
ave 0.170122 | 0.165067 0.97 | 0.168065 0.99 | 0.240628 1.41 | 0.242239 1.42 | 0.248726 1.46
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Figure 3.50: Increase of CPU time from the original method (ADH, 1320)
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Next, we investigate the tradeoff between the increase in CPU time and the decrease in
average gap. It is natural that the computation time increases as the average gap become
smaller. Thus, the balance of these aspects is important for evaluating the performance of
algorithms.

The tradeoff between the increase in CPU time and the decrease in average gaps for
benchmark problem is shown in Figs. 3.51-3.53, and we composed them in Fig. 3.54. In
Figs. 3.51-3.54, the horizontal axis is the increase in CPU time from the original method,
and the vertical axis is the decrease in average gap, where d,, is the degree centrality, e, is the
eigenvector centrality, ¢, is the closeness centrality, b, is the vertex betweenness centrality,
and b, is the edge betweenness centrality. Thus, plots in the top left indicate a small increase
in computation time and large decrease in average gap, i.e., using network centralities shows
good performance.

From Fig. 3.51, it is revealed that using network centralities decreases the average gap
for almost all instances because almost all plots are in the positive area. From Fig. 3.51 (d),
(e), and (f), the average gap decreases by approximately 40% with double the computation
time. These instances are the last five instances of each benchmark problem set. These
instances have the largest number of terminals. Thus, using the network centrality, especially
betweenness centrality shows good performance.

From Fig. 3.52, it is revealed that using network centralities decreases the average gap for
almost all instances because almost all plots are in the positive area. From Fig. 3.52 (d), (e),
and (f), the average gap decreases by approximately 40% with double the computation time.
This trend is the same as the results of SPH. These instances are the last five instances of
each benchmark problem set. These instances have the largest number of terminals. Thus,
using the network centrality, especially betweenness centrality shows good performance.

From Fig. 3.53, it is revealed that using network centralities decreases the average gap
for almost all instances because almost all plots are in the positive area. The increase of the
computation time by using the network centrality is at most twice the computation time of
the original ADH. From Fig. 3.53 (c), the average gap decreases at most 30% with 1.1 times
the computation time of the original ADH. This trend differs from the results of SPH and
DNH.

Figure 3.54 shows the composed figures of Figs. 3.51, 3.52, and 3.53. From Figs. 3.54
(a) and (b), the increase of the computation time of using degree centrality is very small,
on the other hand, the increase of the computation time of using betweenness centralities is
large. However, the decrease of the average gap of betweenness centrality is very large and
the average gap is improved almost all instances. The computation time of SPH and DNH is
still short unless combined with the network centrality. From Fig. 3.54 (c), the distribution
of plots are different from Figs. 3.54 (a) and (b). This is because the range of the increase in
the computation time of ADH is tighter than that of SPH and DNH.

From these results, we found that using network centralities has a good balance between
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the increase of the computation time and the decrease of the average gap. Additionally, using
the network centrality is effective for the instances that have a large number of edges and
terminals because the computation time of construction methods depends on them.
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3.6 Discussion of Chapter 3

We evaluated the performance of three construction methods combined with five network
centralities. In detail, we used the shortest path heuristic, distance network heuristic, and
average distance heuristic as the construction methods and the degree, eigenvector, closeness,
vertex betweenness, and edge betweenness centralities as the network centralities. Thus, we
evaluated 18 combinations in total. Also, we used six benchmark problems in SteinLib. The
benchmark problem sets B, C, and D are random graphs with randomly assigned edge weights
from 1 to 10. In addition, the densities of their edges are sparse at less than 10%. On the other
hand, the benchmark problem sets 1080, 160, and 1320 are random graphs with incidentally
distributed edge weights; the weight of an edge between terminals is approximately 300, the
weight of an edge between a terminal and a non-terminal is approximately 200, and the
weight of an edge between non-terminals is approximately 100. In addition, some instances
have a high density of the edges, including the complete graph. For ease of comparison, we
summarize the average gaps of 18 combinations in Table 3.43-3.45.

First, we evaluate the performance of the shortest path heuristic combined with network
centralities because the shortest path heuristic is one of the most popular construction meth-
ods for Steiner trees. In the case of the shortest path heuristic, the average gaps of using
network centralities are smaller than that of the original shortest path heuristic for almost
all instances. The average gap of all instances of the original shortest path heuristic is 9.70.
However, that of using the degree centrality is 9.63, eigenvector centrality is 9.35, closeness
centrality is 9.79, vertex betweenness centrality is 6.46, and edge betweenness centrality is
6.54. Thus, we can arrange the network centralities in order of effectiveness as follows: vertex
betweenness, edge betweenness, eigenvector, degree, and closeness centrality.

The reason why the betweenness centrality shows good performance is it uses the flow in
the graph. The high betweenness vertices and edges frequently appear on all of the shortest
paths, and these become relay points of the flow in the graph. The minimum Steiner tree
may minimize the total low between terminals. Thus, using the betweenness centrality shows
good performance to solve the Steiner tree problem in graphs.

The results of using the vertex and edge betweenness centralities are different. For ex-
ample, the vertex betweenness centrality of an edge connecting vertices with small and large
vertex betweenness centrality is larger than its edge betweenness centrality. If one vertex
of an edge frequently appears on the shortest path but the other vertex does not frequently
appear on the shortest path, the edge connecting these vertices does not frequently appear
on the shortest path. Thus, the edge betweenness centrality of the edge close to the smaller
value of the vertex betweenness centrality of the two vertices to which the edge connects.

The use of the eigenvector and degree centralities also shows good performance. The
eigenvector centrality treats vertices adjacent to important vertices as important. Thus, these
vertices are also important to find minimum Steiner trees. On the other hand, the degree
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Table 3.43: Summary of the average gaps of the SPH combined with network centralities.

name | Wwc d, €y Cyo by be
B 1.59 | 140 149 1.71 1.05 0.80
C 2.18 | 3.30 321 3.08 215 2.46
D 3.16 | 394 370 444 282 2.32
1080 | 14.58 | 13.44 12.86 13.61 9.74 10.13
1160 | 17.44 | 16.92 16.50 17.08 11.09 11.22
1320 | 19.27 | 18.76 18.36 18.85 11.93 12.33
ave | 9.70 | 9.63 9.35 9.79 646 6.54

Table 3.44: Summary of the average gaps of the DNH combined with network centralities.

name | Wwc d, €y Cy b, be
B 2.15 | 218 242 237 1.74 1.39
C 518 | 5.38 584 499 475 4.03
D 586 | 5.72 586 7.13 431 4.38
1080 | 18.58 | 15.45 15.02 15.64 12.60 13.52
1160 | 22.32 | 19.96 20.01 20.13 14.60 16.48
1320 | 25.25 | 22.05 22.40 22.46 16.58 1891
ave | 13.22 | 11.79 11.93 12.12 9.10 9.79

Table 3.45: Summary of the average gaps of the ADH combined with network centralities.

name

wC

dy

€y

Cy

by

be

B

C

D
1080
1160
1320

1.11
3.96
4.70
2.87
3.81
3.02

1.31
3.39
3.37
1.76
1.86
2.30

0.83
3.76
3.27
1.50
2.18
1.93

1.25
3.60
3.54
1.65
2.06
2.14

0.70
2.70
2.72
1.44
1.88
1.84

0.61
4.47
3.24
1.25
1.79
1.91

ave

3.25

2.33

2.25

2.37

1.88

2.21
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centrality treats vertices directly connecting many vertices as important. These vertices may
play an important role in making minimum Steiner trees.

However, the use of the closeness centrality increases the average gap from the original
shortest path heuristic. The closeness centrality uses only the shortest distance information
from a vertex to all other vertices. In a random graph, the sum of the shortest distances
from a given vertex to all other vertices is similar for any given vertex. Thus, the closeness
centrality is not effective to distinguish important vertices to find minimum Steiner trees.

We evaluated the performance of the proposed method by using other construction meth-
ods: the distance network heuristic and average distance heuristic. For the distance network
heuristic, the average gaps of using network centralities are smaller than that of the original
distance network heuristic for almost all instances. The average gap of all instances of the
original distance network heuristic is 13.22. However, that of degree centrality is 11.79, eigen-
vector centrality is 11.93, closeness centrality is 12.12, vertex betweenness centrality is 9.10,
and edge betweenness centrality is 9.79. Thus, we can arrange the network centralities in
order of effectiveness as follows: vertex betweenness, edge betweenness, degree, eigenvector,
and closeness centrality. Comparing these results with those of the shortest path heuris-
tic, the general trend is the same (only the order of the eigenvector and degree centralities
switches).

In the case of using the average distance heuristic, the average gaps of using network
centralities are smaller than the one of the original average distance heuristic for almost
all instances. The average gap of all instances of the original distance network heuristic is
3.25. However, that of the degree centrality is 2.33, eigenvector centrality is 2.25, closeness
centrality is 2.37, vertex betweenness centrality is 1.88, and edge betweenness centrality
is 2.21. The average gaps are much smaller than those of the shortest path and distance
network heuristics because the computation cost of the average distance heuristic is larger
approximately twice as a large. Thus, we can arrange the network centralities in order
of effectiveness as follows: vertex betweenness, edge betweenness, eigenvector, degree, and
closeness centrality. This trend is the same as that for the shortest path heuristic.

To evaluate the performance of approximation methods, computation time is also impor-
tant. Thus, we evaluated the balance between the increase in CPU time and the decrease in
average gap in Fig. 3.54.

The trends of the shortest path heuristic and distance network heuristic are very similar.
These methods decrease the average gap by approximately 40% within twice the CPU time of
the original construction methods for some instances: i320-341, i320-342, i320-343, 1320-344,
and i320-345. These instances have a common feature in that density of terminals is high
(25%). In contrast, these methods failed to find smaller weight Steiner trees than the original
construction method for some instances: d01, d06, d11, and d16. In fact, the densities of
terminals of these instances are very low (0.5%). From these results, the construction method
combined with network centrality is efficient when the density of terminals is high.
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On the other hand, for the average distance heuristic, the average gap decreases by
approximately 30% for the instance d11. This result implies that using the average distance
heuristic is effective for instances where the shortest path and distance network heuristics
show poor performance.

In addition, using the average distance heuristic reduces the CPU time for some instances.
An example of this phenomenon is shown in Fig. 3.55. The vertical axis indicates the CPU
time of the average distance heuristic (not including the CPU time for calculating network
centralities) and the horizontal axis indicates the frequency of 50 trials. From Fig. 3.55, the
CPU time of the average distance heuristic combined with network centralities is shorter
than that of the original average distance heuristic. The mechanism of this phenomenon is
still unclear, but using network centralities may realize an efficient construction process for
Steiner trees.

155



frequency frequency frequency frequency frequency

frequency

14
12
10

ronvDhoo

1
12
10

AODNDMO O

1
12
10

AP ODNMOOO®

1
12
10

ronvDhoo

1
12
10

ronvDro o

1
12
10

oON B~ O

Figure 3.55: Difference in CPU time distribution with the ADH (i160-044).

T T
- (a) without network centralities

- (c) with the eigenvector centrality

~ (d) with the closeness centrality

~ (€) with the vertex betweenness centrality

T
~ (f) with the edge betw:

eenness centrality

0.021

0.022

0.023

0.024

the CPU time[g]

156

0.025

0.026




3.7 Summary of Chapter 3

The approximation method is one of the practical approaches to solve N/P-hard combinatorial
optimization problems. There are two approaches to the approximation method: construction
method and improvement method. The construction method priorities finding a feasible
solution as soon as possible. On the other hand, the improvement method priorities finding
the best solution possible. Both methods are closely related, so the development of both
methods is desired. From this viewpoint, in this chapter, we focus on the construction
method to solve the Steiner tree problem in graphs.

Many construction methods have been proposed to solve the Steiner tree problem in
graphs; however, the shortest path heuristic, distance network heuristic, and average distance
heuristic are the most popular. These construction methods use the shortest paths between
arbitrary vertices and a minimum spanning tree to find a Steiner tree because these are
special cases of the Steiner tree problem and easy to solve. If the number of terminals is
two, the Steiner tree problem in graphs becomes the shortest path problem, and it can be
solved optimally in reasonable time using the Dijkstra algorithm. Similarly, if all vertices are
terminals, the Steiner tree problem in graphs becomes the minimum spanning tree problem,
and it can be solved optimally in reasonable time using the Kruskal algorithm. If there are
many shortest paths between arbitrary vertices and many minimum spanning trees exist in a
graph, these methods can be selected arbitrarily. This arbitrariness sometimes leads to large
weight Steiner trees. If the selected shortest paths share many edges, the total weight of
the Steiner tree becomes smaller than the sum of the shortest distances, and we can obtain
small-weight Steiner trees. However, if the selected shortest paths do not share edges, the
total weight of the Steiner tree is not reduced and we cannot obtain small-weight Steiner
trees.

To overcome this issue, we propose using the network centrality to distinguish the vertices
and edges that can share the edges included in the shortest paths selected by the construction
methods to solve the Steiner tree problem in graphs. Network centrality is an important
factor in complex network theory. Network centrality measures the importance of vertices
and edges in a graph. The vertices and edges that are important in the graph can also be
expected to be important in the construction of small-weight Steiner trees. Thus, we use
network centrality to distinguish which vertices and edges should be included in the Steiner
tree.

The construction methods to solve the Steiner tree problem in graphs use the shortest
path between arbitrary vertex pairs. To distinguish which shortest path can find small-
weight Steiner trees, we propose using not only shortest path information but also network
centrality information to select the shortest path. However, enumerating all of the shortest
paths between arbitrary vertex pairs and calculating the sum of the network centrality of
edges included in each shortest path has high computation cost. To suppress the increase in
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computation cost, we propose using a new edge weight: a weighted sum of the original edge
weight and network centrality. We expect that calculating the shortest path with this new
edge weight has the same effect as enumerating all of the shortest paths between arbitrary
vertex pairs and selecting one of them that maximizes the sum of the network centrality
of included edges. Note that the objective of the shortest path problem is finding a path
that minimizes the sum of the edge weights of included edges; however, the value of network
centrality is large where vertices and edges are important. To overcome this contradiction,
we use the reciprocal of the network centrality to calculate the new edge weight.

Many network centralities are defined on vertices, not edges. However, we want to use
the network centrality of edges. Thus, we treat the average value of the network centralities
of both vertices of each edge as the network centrality of edges. Besides, many network
centralities have been proposed. We select the most popular network centralities: degree,
eigenvector, closeness, and betweenness centralities.

In this chapter, we use three construction methods (shortest path heuristic, distance net-
work heuristic, and average distance heuristic) and four network centralities (degree, eigen-
vector, closeness, and betweenness centralities). Because the betweenness centrality can be
defined for both vertices and edges, we use both centralities and call them vertex between-
ness centrality and edge betweenness centrality, respectively. Thus, we propose 3 x 5 = 15
combinations. Then, we compare the performance of these methods to that of the original
methods. To evaluate the performance of the approximation methods, the gap and compu-
tation time are the most important aspects. Thus, we evaluated the average gap and CPU
time for solving benchmark instances. We used six benchmark problems: B, C, D, 1080, 1160,
and 320 in SteinLib, which is one of the most popular benchmark libraries for the Steiner
tree problem in graphs. Each benchmark problem consists of some instances; we used 358
instances in total. The instances in the benchmark problem sets B, C, and D are sparse
random graphs with randomly assigned edge weights from 1 to 10. The instances in the
benchmark problem sets 1080, 1160, and 1320 are random graphs with incidentally assigned
edge weights; the weight of an edge between terminals is approximately 300, the weight of an
edge between a terminal and a non-terminal is approximately 200, and the weight of an edge
between non-terminals is approximately 100. Our proposed method has a scaling parameter
a. We tune this parameter per instance by pre-numerical experiments.

From the results of numerical experiments, it is revealed that using network centralities
reduces the average gap for almost all instances. In particular, the vertex and edge between-
ness centralities show the best performance for all construction methods. This is because the
betweenness centrality is calculated based on the flow in the graph. The minimum Steiner
tree is considered as a tree that connects all terminals with the minimum flow. Thus, the
inclusion of vertices and edges that become relay points of the flow contributes to making a
small-weight Steiner tree. On the other hand, using the closeness centrality is not efficient
to find a small-weight Steiner tree. This is because the closeness centrality does not consider
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the structure of the graph. In a random graph, the average distance from a given vertex to
all other vertices is very similar for any given vertex. Thus, the closeness centrality cannot
distinguish vertices and edges that should be included in the Steiner tree.

In our proposed method, the computation time becomes longer than that of the original
methods because it must calculate of the network centrality of all vertices and edges. From
this viewpoint, we also evaluate the increase in CPU time from the original methods. The
results of numerical experiments indicate that using network centralities reduces the average
gap by at most 40% within twice the CPU time of the original methods for some instances. In
particular, using network centralities is effective for instances with a high density of terminals.

For the average distance heuristic, the computation time of using network centralities is
shorter than the computation time not using network centralities for some instances. The
mechanism of this is still unclear; however, using network centrality may contribute to efficient
selection of the shortest path among construction processes.

From these results, we found the followings:

e Using betweenness centrality combined with any construction method is the most ef-
fective way to find small-weight Steiner trees.

e The CPU time of our proposed method is longer than that of the original method
because the proposed method must calculate the network centrality; however, the CPU
time of our proposed method is still reasonable.

Thus, network centrality can be applied to other types of Steiner tree problems, such as the
constrained Steiner tree problem and prize-collecting Steiner tree problem.
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Chapter 4

Improvement method using chaotic
neurodynamics

4.1 Background of Chapter 4

Improvement methods are applied to a solution obtained by a construction method. Im-
provement methods can be divided into two types: local search and meta-heuristic. The
local search method tries to find neighborhood solutions by applying a small change to an
original solution. Thus, we can improve solutions by repeating moving to the best solution
from neighborhoods. However, this method is trapped at a local minimum solution and fails
to find good solutions. To overcome this demerit, meta-heuristics control local searches by
escaping from local minima.

There are two popular local search methods to solve the Steiner tree problem in graphs:
Steiner vertex search and key path search. Steiner vertex search makes neighborhood solu-
tions based on adding or removing non-terminal vertices. Thus, we can make at most |V '\ T'|
Steiner trees. However, this number includes not only feasible solutions but also infeasible
solutions. Thus, the number of feasible solutions may smaller than |V '\ T| On the other
hand, key path search finds neighborhood solutions based on dividing trees and reconnecting
trees.

To control these local searches, many meta-heuristics have already been used, such as the
genetic algorithm, tabu search, and greedy randomized adaptive search procedure. In 1997, a
meta-heuristic that uses chaotic neurodynamics to solve the traveling salesman problem was
proposed by Hasegawa, Ikeguchi, and Aihara [12]. This method was called the chaotic search,
and it shows good performance. After that, the chaotic search was applied to solve many
combinatorial optimization problems, such as the traveling salesman problem [12, 13, 14, 15],
quadratic assignment problem [16, 17, 18], vehicle routing problem [19, 20], packet routing
problem [21, 22, 23, 24, 25, 26, 27, 28], and motif extraction problem [29, 30].

From this viewpoint, we investigate the performance of the chaotic search to solve the
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Steiner tree problem in graphs. In addition, the chaotic search can convert to the tabu search
by changing its parameters. Thus, we compared the performance of the chaotic search with
the tabu search.
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4.2 Steiner vertex neighborhood

We present an algorithm for finding neighborhood solutions of the Steiner tree problem in
graphs or neighborhood Steiner trees. This algorithm is called the Steiner vertex neighbor-
hood. A Steiner vertex is a non-terminal vertex included in a Steiner tree. A solution of
the Steiner tree problem in graphs or a Steiner tree is represented by a set of vertices. This
means that if we have an optimal vertex set, we can generate an optimal solution or optimal
Steiner tree by its minimum spanning tree on a subgraph induced in an input graph G by
the optimal vertex set.

From this viewpoint, if Vg is a set of vertices of a solution or a Steiner tree S, we can
easily define a neighborhood solution S’ by adding or removing an arbitrary non-terminal
vertex v from Vg, such as

Vg = {Vg \ {U} | v e VS} U {VS N {U} | v ¢ VS}, (41)

where V'\ T is a set of non-terminals.

Selecting an arbitrary non-terminal vertex for addition or removal from Vg takes O(1)
time. Then, making a subgraph and its minimum spanning tree can be processed simultane-
ously by using the Kruskal algorithm, i.e., sorting all edges E in ascending order at first and
then making a minimum spanning tree with edges in an induced subgraph. The computation
cost of sorting E is O(|E|log|E|) by using the quick sort. The computation cost of making a
minimum spanning tree is O(|E|) by using the Kruskal algorithm. The computation cost of
evaluating whether an edge is included in a induced subgraph is O(1). Therefore, the total
computation cost of finding a neighborhood solution is O(|E|log |E|).

The pseudo code of the Steiner vertex neighborhood is shown in Fig. 4.1. In Fig. 4.1, a
function SortInAscendingOrder sorts the array in ascending order, a function InducedSub-
graph returns the induced subgraph of the input graph and its subset of vertices, a function
Group returns the group index of the vertex, and a function MergeGroup merges groups
of these vertices. Edges in E are sorted in ascending order in line 6. A vertex set of the
neighborhood solution S’; Vg, is made in line 7. An induced subgraph of the input graph
G of a vertex set Vg, G, is made in line 8. The loop from lines 9 to 16 is repeated |E|
times. If an edge (1, j) is included in an edge set of the induced subgraph E’, we try to insert
this edge to the neighborhood solution. If inserting this edge does not make any loops in
the neighborhood solution or both side vertices of this edge belong to different groups, we
insert this edge to the neighborhood solution in line 12. Then, we merge groups of both side
vertices of the inserted edge in line 13. This procedure can be implemented easily by using
the union-find data structure. Finally, the Steiner vertex neighborhood returns S’ in line 17.

Unfortunately, S’ sometimes does not satisfy the requirements of a Steiner tree. For
example, removing a Steiner vertex results in a disconnected induced subgraph, and an
added Steiner vertex forms a single element disconnected component. In such cases, we treat
these solutions as infeasible and ignore them.
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/* Definition */

v € V\ T: the arbitrary selected non-terminal;
w: the weight function of edges;

G = (V, E): the input graph;

S = (Vs, Eg): the current solution;

S" = (Vg, Esr): the neighborhood solution;

/* Make a neighborhood solution */

SortInAscendingOrder(E, w);

Vi %{VS\{U} | UEVS}U{V,sU{U} | U¢Vs};

G' = (V', E') - InducedSubgraph(G, w, Vg );

for each edge (7,7) € E in ascending order of w do

if (i,j) € £’ then

if Group(i) # Group(j) then

Esq +— Eg U {(Z,j)
MergeGroups(i, 7);

I

end
end

end
return S’

Figure 4.1: Pseudo code of the Steiner vertex neighborhood.
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Examples of the Steiner vertex neighborhood are shown in Fig. 4.2. In Fig. 4.2, circles
indicate vertices and lines indicate edges; red circles indicate terminals, bold lines indicate
edges included in a Steiner tree, and dotted lines indicate edges not included in an induced
subgraph. Let Fig. 4.2 (a) be the current Steiner tree. Its objective function value is nine.
If the Steiner vertex neighborhood is applied to a pink colored vertex in Fig. 4.2 (a), we
can obtain the Steiner tree in the Fig. 4.2 (b). Its objective function value is ten because
the weight of the newly inserted edge is unity. Then, if the Steiner vertex neighborhood is
applied to a blue colored vertex in Fig. 4.2 (b), we can obtain the Steiner tree in Fig. 4.2 (c).
Its objective function value is improved to eight because the weight of the removed edge is
two. However, if the Steiner vertex neighborhood is applied to an orange colored vertex in
Fig. 4.2 (c), we cannot find a feasible solution because there are no edges to connect the left
top terminal in the induced subgraph.

The Steiner vertex neighborhood can make at most |V \ 7’| neighborhood solutions. If
we repeat replacing a neighborhood solution that improves the objective function value, we
may reach a better solution than the initial solution. This method is called the local search
method. However, the local search method almost finds near optimal solutions because it
gets trapped at local optima. To escape from such local optima, metaheuristics are usually
used.
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Figure 4.2: Examples of the Steiner vertex neighborhood. Circles indicate vertices and lines
indicate edges; red circles indicate terminals, bold lines indicate edges included in a Steiner
tree, and dotted lines indicate edges not included in an induced subgraph. Let (a) be the
current Steiner tree (objective function value is nine). If the Steiner vertex neighborhood is
applied to a pink colored vertex in (a), we can obtain the (b) Steiner tree (objective function
value is ten). Then, if the Steiner vertex neighborhood is applied to a blue colored vertex
in (b), we can obtain the (c) Steiner tree (objective function value is improved to eight).
However, if the Steiner vertex neighborhood is applied to an orange colored vertex in (c), we
cannot find a feasible solution because there are no edges to connect the left top terminal in
the induced subgraph.
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4.3 Improvement method using chaotic neurodynamics

Given a feasible solution or a feasible Steiner tree, we can easily improve it by a local search
method. However, a local search method gets trapped at local minima and fails to find
global minimum solutions in almost all cases. The chaotic search [12] uses chaotic neuro-
dynamics [11] to escape from such local minima. The most important features of chaotic
neurodynamics are as follows: (1) a neuron fires when its internal state exceeds a threshold,
(2) the internal states of neurons are updated by an input and its current internal state, and
(3) if a neuron fires, this neuron cannot fire for a while.

The chaotic search has been applied to several NP-hard combinatorial optimization prob-
lems, such as the traveling salesman problem [12, 13, 14, 15], quadratic assignment prob-
lem [16, 17, 18], vehicle routing problem [19, 20], packet routing problem [21, 22, 23, 24,
25, 26, 27, 28|, and motif extraction problem [29, 30]. Thus, it is expected that the chaotic
search also shows good performance in solving the Steiner tree problem in graphs.

In the chaotic search, firing of a chaotic neuron corresponds to each neighborhood solution
and decides whether movement to the corresponding neighborhood solution should be carried
out or not. In other words, the movement to the corresponding neighborhood solution is
carried out only when the corresponding neuron fires.

In this thesis, we use the Steiner vertex neighborhood to find neighborhood solutions.
Thus, we prepare |V \ T'| neurons. Unfortunately, we cannot directly apply the chaotic
search proposed by Hasegawa et al. in 1997 [12] because we use |V \ T'| neurons, however,
they used |V|* neurons. Hasegawa et al. also proposed the chaotic search that neurons
correspond to vertices (not edges) in 2002 [17]. Thus, we introduce this new chaotic search.

A neuron fires when its internal state exceeds a threshold. The internal state of neurons
is defined as the sum of these equations:

Gi(t+1) = BA(1), (4.2)

Glt+1) = —a i kit — d) + 6, (4.3)
|:v0\T|

m(t+1) = =W Y a(t)+ W. (4.4)
=1

Equation (4.2) express the input to the ith neuron at time ¢. In Eq. (4.2), § is a scaling
parameter and A;(¢) is an amount of improvement in the movement to the neighborhood
solution, which is obtained by applying the Steiner vertex neighborhood to the ith non-
terminal vertex, namely, A;(t) = {F(t) — F;(t)}/n, where F(t) = ZeeEs(t) w(e)z(e) is the
weight of the current solution at time ¢, Fi(t) = ZeeEsm w(e)z(e) is the weight of the
neighborhood solution obtained by applying the Steiner vertex neighborhood to the ith non-
terminal vertex at time ¢, Fg) is the set of edges included in the current solution at time
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t, Eg, ) is the set of edges included in the ¢th neighborhood solution at time ¢, and n is a
normalization parameter. In other words, Eq. (4.2) works to reflect the improvement of the
objective function value in the internal state of neurons. If A;(¢) is positive, the internal
state of the neuron becomes positive and large. By using Eq. (4.2), a simple local search is
realized.

Equation (4.3) express the refractory effect. It prevents the firing of neurons that fired
in recent iterations. In other words, the refractory effect contributes to escape from local
minima. In Eq. (4.3), a (a > 0) is a scaling parameter, k (0 < k < 1) is a decay factor, ;(t)
is the output of the ith neuron at time t (described later), and 6 (# > 0) is a bias.

Equation (4.4) expresses the input from other neurons. In Eq. (4.4), W is the connection
weight between neurons. This equation regulates the firing rates. If many neurons fire in
the previous iteration, 7;(t + 1) in Eq. (4.4) becomes negative, which prevents the firing of
neurons. On the other hand, if no neurons fired in the previous iteration, n;(t+1) in Eq. (4.4)
becomes positive, which increases the firing rates.

Then, the output of the ith chaotic neuron is defined by Eq. (4.5).

ri(t+1) = f{&EHE+ 1) + G+ 1) +n(t+ 1)}, (4.5)

where f(x) = 1/(1+e7%/¢) is a sigmoidal function and e is a steepness parameter. Thus, the
range of outputs of neurons is [0, 1]. From this viewpoint, if x;(t + 1) > 0.5, the ith chaotic
neuron fires at time ¢ + 1 and the current solution is replaced with the ¢th neighborhood
solution. Therefore, x; keeps the history of firing of the 7th neuron. Here, firing means the
addition or removal of the ith vertex from the solution or the Steiner tree.

In the chaotic search, the internal states of neurons are asynchronously updated in random
order. Thus, ¢ in Eqgs. (4.2)—(4.5) expresses the local time of the ith neuron. Unfortunately,
the Steiner vertex neighborhood finds not only feasible solutions but also infeasible solutions.
If a neuron corresponds to an infeasible neighborhood solution, the internal state of the
neuron is not updated and the current internal state is left. Thus, neurons corresponding
to infeasible neighborhood solutions cannot fire. On the other hand, if the corresponding
neighborhood solution is feasible, the internal state of the neuron is updated by Egs. (4.2)—
(4.4). If the output (calculated by Eq. (4.5)) is larger than 0.5, a neuron fires and the current
solution is replaced by its corresponding neighborhood solution immediately. Namely, the
current solution could be updated more than once before all neurons are updated once.

The computation cost is one of the important aspects in evaluating the performances of
algorithms. If we simply implement the calculation of the refractory effect (;(¢t + 1), it takes
O(t—1) where t is the current time, because it is calculated by the summation of the history
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of outputs of the neuron. However, it can be transformed as follows:

Glt+1) = —aikdxi(t— d)+0, (4.6)
= —a{lgoxi(t) + kit — 1) + Kot —2) + -+ k(D)) + 0, (4.7)
= —ax;(t) + k{—az;(t — 1) — akx;(t —2) — -+ — ak'2z;(1)} + 6.

If we consider (;(t) (at previous time),

Gi(t) = —a i kot —1—d)+0, (4.9)
= —a{l;%,-(t — 1)+ kot —2) + K2a(t —3) 4+ -+ K (1)} + 0, (4.10)
= —az;(t — 1) — akz;(t — 2) — ak®z;(t — 3) — - — ak'?2;(1) + 0. (4.11)

Thus, substituting Eq. (11) into Eq. (8),

= —ax;(t) + kG(t) + 0(1 — k). (4.13)

Therefore, we can calculate (;(t 4 1) only from five scalars and do not need to memorize the
history of the neuron outputs. From Eq. (13), the computation cost of the refractory effect
Gi(t + 1) can be reduced to O(1).

In addition, if we simply implement the calculation of the mutual connection »;(t + 1), it
takes O(|V \ T'|) because it is calculated by the summation of outputs of neurons z;(t) (j =
1, 2, ..., [V\T|). However, this summation of outputs of all neurons can be updated by
subtracting x;(¢) from and adding x;(¢ + 1) to the current summation of outputs of neurons
because asynchronous updating is used in the chaotic search. The computation cost of this
process is O(1); thus, the computation cost of 7;(t41) is O(1). By using these techniques, the
bottleneck of the computation cost of updating a neuron is making a neighborhood solution,
which takes O(|E|log|E]|).

The pseudo code of the chaotic search is shown in Fig. 4.3. In Fig. 4.3, a function
RandomNumber returns a random number between the input values by using the mersenne
twister, a function ShortestPathHeuristic returns a feasible solution by using the shortest
path heuristic [35], a function SteinerVertesNeighoborhood returns a feasible or infeasible
solution by using the Steiner vertex neighborhood, a function ObjectiveFunction returns an
objective function value of the input solution, and a function SigmoidalFunction returns
the output of the sigmoidal function. The iteration counter t, the sum of the output of all
neurons r, the initial value of the refractory effect of each neuron and the initial value of the
output of each neuron are initialized in lines 1 to 4. An initial solution S is found in line 5
by using the shortest path heuristic [35]. Then, the initial solution is substituted with the
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best solution S* in line 6. The loop from lines 7 to 26 is repeated for t,., times. In each
iteration, all neurons are updated in random order. A neighborhood solution S’ is made in
line 9 by using the Steiner vertex neighborhood at the vertex v. If the obtained neighborhood
solution is feasible, the internal state of the neuron v is updated in lines 11 to 16. To reduce
the computation cost, the sum of the output of all neurons r is updated by subtracting the
output of the neuron v from r before updating it (in line 14) and adding the output of the
neuron v to r after updating it (in line 16). If the neighborhood solution is the best solution
ever found, the best solution and current solution are replaced by the neighborhood solution
in lines 18 and 19. Otherwise, if the internal state of the updated neuron v exceeds the
threshold, the current solution is replaced with the neighborhood solution in line 21. After
updates have been attempted on all neurons, the iteration counter ¢ is incremented in line
25.

The refractory effect of the chaotic search is similar to the tabu effect of the tabu search.
Thus, we can easily transform the chaotic search into the tabu search by changing these
points:

In Eq. (4.2), set 5 = 1.
In Eq. (4.3), set a—o0, k=1, # = 0, and replace ¢t — 1 with a tabu tenure s.

In Eq. (4.5), ignore 7;.

Neurons are updated in arbitrary order synchronously.

The output of only the neuron with the largest internal state is unity and the others
are zero.

From this viewpoint, we compared the performance of the chaotic search and tabu search
transformed by the chaotic search.
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/* Definition */

t: the iteration count;

r: the sum of the output of all neurons;

S: the current solution;

S*: the best solution;

S’: the neighborhood solution;

&: the vector of the gain effect of all neurons;

(: the vector of the refractory effect of all neurons;

7: the vector of the mutual connection of all neurons;
x: the vector of the output of all neurons;

/* Initialization */

([l VAT 0

z[1,...,|[V\T]|] + RandomNumber(0, 1);
re S alj)

t+1;

/* Find an initial solution */
S <+ ShortestPathHeuristic(V, E, w);
S* «+ S,

while ¢t < limit do

for cach v € V'\ T do

/* Find the neighborhood solution v */

S’ + SteinerVertexNeighborhood(Vs, {v}, E, w);

if S’ is a feasible solution then

/* Update the internal state of the neuron v */
&[v] < B {ObjectiveFunction(S) — ObjectiveFunction(S’)};
(lo]  —aafo] + KC[o]O(1 — b);

nv] + —wr + w;

r <+ r—zxv);

x[v] + SigmoidalFunction(&[v] 4 ([v] 4+ n[v]);

r 1+ xv];

/* Update the best and current solutions */
if ObjectiveFunction(S’) < ObjectiveFunction(S*) then
S* S,
S« 5
else if z[v] > threshold then
| S« S

end

end
end
t—t+1;

end

Figure 4.3: Pseudo code of the chaotic search to solve the Steiner tree problem in graphs.
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4.4 Performance evaluation

4.4.1 Experimental conditions

We compared the performance of the chaotic search to that of the tabu search. We used
the benchmark problem sets B, C, 1080, and 1160 in SteinLib [61]. We construct an initial
solution by using the shortest path heuristic [35], which constructs a wide variety of Steiner
trees by changing the root terminal. On the other hand, we find neighborhood solutions by
using the Steiner vertex neighborhood, which finds neighborhood solutions by addition or
removal of a non-terminal vertex from the current solution.

The most biggest difference between the chaotic search and tabu search is how to update
a current solution or how to decide which neurons are fired. In the chaotic search, a neuron
fires when its internal state exceeds a threshold. Thus, many neurons could fire during an
iteration. Here, we define an iteration as updating all neurons once. In contrast to the
chaotic search, in the tabu search, only the neuron that has the largest internal state fires
during an iteration. If a neuron fires, the current solution is replaced with the corresponding
neighborhood solution.

To avoid overlook of the best solution among the search, we introduce an aspiration
criterion [12]. If a neighborhood solution has the smallest objective function value during
the search, the current solution is forced to move to this neighborhood solution even if the
corresponding neuron does not fire.

These meta-heuristics require a terminate condition. Thus, the upper limit of the itera-
tions is set to 5,000. This terminate condition is fair in terms of the number of neighborhood
solutions produced. Under this terminate condition, both the chaotic search and the tabu
search try to find neighborhood solutions 5,000|V \ T'| times. The computation cost of find-
ing a neighborhood solution is O(|E|log|E|). This is larger than the computation cost of
moving a solution O(|E|). Thus, the computation cost of finding neighborhood solutions
occupies the computation cost of an iteration. From this viewpoint, we set the same upper
limit of iterations for the chaotic search and tabu search. However, in the chaotic search,
many moving solutions could occur during an iteration. Thus, the computation time of the
chaotic search may be longer than that of the tabu search.

4.4.2 Parameter tuning

Meta-heuristics have many parameters that must be tuned carefully. Parameters control the
balance between the intensification and diversification of the search. Intensification means
searching around good solutions found in previous iterations. It is thought that good solu-
tions share some parts. Thus, searching around good solutions contributes to finding better
solutions. However, it is not guaranteed that the best solution ever found is a globally
good solution. Therefore, we should search for a variety of solutions. From this viewpoint,
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diversification is also introduced.

In the case of the tabu search, there is a parameter called tabu tenure s. If s is too short,
intensification is too strong and cannot escape from local minima. On the other hand, if s is
too long, diversification is too strong, which prevents the intensification of the search. Thus,
a tabu tenure must be tuned to an appropriate value.

In the case of the chaotic search, there are six parameters: a scaling parameter of the gain
effect 3, a scaling parameter of the refractory effect a, a decay factor of the refractory effect
k, a bias 6, a connection weight W, and a steepness parameter of the sigmoidal function e.
These parameters control the balance between the gain effect, refractory effect, and mutual
connection. If the gain effect is too large, the chaotic search becomes a local search and fails
to escape from local minima. If the refractory effect is too large, moving to good solutions
is prevented. If the mutual connection is too large, firing of neurons becomes synchronized.
Thus, parameters must be tuned to appropriate value.

We set parameters of both meta-heuristics by parameter tuning in pre-numerical experi-
ments, and the results are shown in Table 4.1.

Table 4.1: Selected parameters for the tabu search and chaotic search

tabu search chaotic search
name 5 g a k 0 w €
B 14 1.5 1 09 1 0.0 0.001
C 10 1.5 1 092 0.5 0.01 0.001
1080 12 0.8 1 09 1 0.005 0.001
1160 10 0.89 1 09 1 0.005 0.001

The tabu search has one integer parameter, tabu tenure s. Thus, we can tune the per-
formance of the tabu search by changing s and selecting the best s. On the other hand, the
chaotic search has six parameters, 3, a, k, #, W, and . Among these parameters, $ and «
are most important because they decide the strength of the gain effect and refractory effect,
respectively. In this thesis, we fixed @ = 1 and tuned 8. At first, we set 5 =1, a = 1,
k=095 60=1, W =0, and € = 0.001 and observed the firing rates. After we found a pa-
rameter set with which at least one neuron fires throughout 5, 000 iterations for all instances
of a benchmark problem set, we observed the time series of the gap and the raster plot. If
the gap becomes large during the search for an instance, the firing rate is too high for that
instance. In this case, we increase (3, k, and W or decrease 6 and € to decrease the firing
rate. On the other hand, if the firing rate is low and variety of the firing pattern of neurons
is small, we decrease 3, k, and W or increase 6 and € to increase the firing rate.

Figure 4.4 shows examples of the time series of the gap and raster plot when 6 is changed.
The raster plot is used to visualize when and which neurons were fired. The horizontal axis
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indicates the time, and the vertical axis indicates the neuron index. Each plot represents a
neuron firing at that time. In Fig. 4.4 (a), the gap does not change from ¢ = 20 to 5,000
because the number of firing neurons is small. In this case, we changed parameters to increase
the firing rate. In contrast, in Fig. 4.4 (b), the gap does not become small because of high
firing rate. In this case, we changed parameters to decrease the firing rate. Figure 4.4 (c)
shows the time series of the gap and raster plot when the firing rate is set to a suitable value.
In this case, the chaotic search finds an optimal solution. These results show that although
the performance of the chaotic search depends on the parameter set, it can be controlled by
changing parameter sets while observing firing rate and firing pattern.

To solve the Steiner tree problem in graphs, we introduce a normalization parameter
n. This is also an important parameter to keep the balance between intensification and
diversification of the search. We use the maximum edge weight as n for the benchmark
problem sets B and C because the maximum value of the gain by applying the Steiner vertex
neighborhood equals the maximum edge weight. We use the median of edge weights as n
instead of the maximum edge cost for the benchmark problem sets 1080 and 1160 because
the value of the maximum edge weight differs between whether the edge between terminals
exists or not. In Table 4.1, parameter values are shown with the above-mentioned parameter
tuning method.

4.4.3 Experimental results

The results of the numerical experiments are shown in Tables 4.2-4.5. In Tables 4.2-4.5, |V|
is the total number of vertices, |E| is the total number of edges, |7'| is the total number of
terminals of instances, gap is the gap of the objective function value of the obtained solution
from the optimum solution, # of opt is the number of optimum solutions found during the
search, time is the CPU time to terminate the search, and firing rate is the average firing
rate.

Gap is defined as the difference between the objective function value of the obtained
solution and the optimal solution normalized by the optimal solution [%], namely {F(S) —
F(S*)}/F(S*) - 100[%], where F(-) is the objective function value of the solution or the
Steiner tree -, S is the obtained solution, and S* is the optimum solution. Thus, small gaps
indicate good performance. # of opt is the number of optimal solutions found during the
search. If a meta-heuristic offers good solutions frequently during the search, it could be
a practical indicator for generally unknown optimal solutions. We increment it when the
objective function value of the current solution equals the objective function value of the
optimum solution at the end of an iteration. Thus, the maximum value of # of opt is the
same as the upper limit of the iterations, 5,000. Time is the CPU time from inputting
an instance to outputting the best solution. Both the chaotic search and tabu search were
implemented with the programming language C using the gcc compiler (ver. 4.2.1). All

173



gap [%]
©

neuron ID
=
8

t

(a) 8 = 0.7 and average firing rate is 0.11%

gap [%]
©

neuron ID
=
8

0 1000 2000 3000 4000 5000
t

(b) 6 = 2 and average firing rate is 17.6%

gap [%]
[

neuron ID
=
8

0 1000 2000 3000 4000 5000
t

(c) 8 =1 and average firing rate is 7.4%

Figure 4.4: Search process of the chaotic search when solving i160-345 with different firing
rates. In each figure, the upper plot is the time series of the gap and the lower plot is a
raster plot. Each raster plot indicates when and which neuron fired. Parameters are set to
f =089 a=1 k=09, W =0.005 ¢ = 0.001, and § = (a) 0.7, (b) 2, and (c) 1. (a)
Searching process of the chaotic search when the firing rate is low. In this case, the search
does not proceed. (b) Searching process of the chaotic search when the firing rate is high.
In this case, the diversification of the search is strong, and the gap does not reach a small
value. (c) Searching process of the chaotic search when the firing rate is a suitable value. In
this case, the search finds an optimal solution (shown with a black open circle).
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numerical experiments were performed on an iMacPro (2017) with 3.2 GHz Intel Xeon W
processor and 64 GB 2666 MHz DDR4 random access memory. We also show the firing rates
to compare the computation times.

We tried to obtain solutions 50 times per instance because the chaotic search and tabu
search include randomness (random selection of a root vertex and random order of neuron
updates). Thus, we compared the average value of the gap of the best solution for these 50
trials.

In Tables 4.2-4.5, bold numerals indicate better results; the smaller the gaps, the larger
the number of optimal solutions found and the shorter the computation time. We also
investigate the firing rates. The firing rate of the tabu search is 1/|V \ T'| because only one
neuron with the largest internal state fires. To compare with the firing rate of the chaotic
search, we show the firing rate of the tabu search in Tables 4.2—4.5.

From Table 4.2, the average gaps are 0.000%, which indicates that both meta-heuristics
can obtain optimal solutions for all instances of the benchmark problem set B. The average
number of optimal solutions found by the tabu search is 16.900 and that of the chaotic
search is 272.923. Thus, the average number of optimal solutions found by the chaotic search
is larger than that of the tabu search. The average calculation time of the tabu search is
0.627 [s] and that of the chaotic search is 0.619 [s]. Thus, the calculation time of the chaotic
search and the tabu search are approximately the same. The average firing rate of the tabu
search is 1.444% and that of the chaotic search is 2.066%. Thus, the difference in average
firing rate of the tabu search and chaotic search is small. These results indicate that the
chaotic search performs better than the tabu search for the benchmark problem set B.

From Table 4.3, the average gap of the tabu search is 0.032% and that of the chaotic
search is 0.105%. Thus, the average gap of the chaotic search is larger than that of the tabu
search. The tabu search found optimal solutions for 19 instances and the chaotic search
found optimal solutions for 14 instances. The average number of optimal solutions for the
tabu search is 773.688 and that for the chaotic search is 4.387. Thus, the average number of
optimal solutions of the chaotic search is smaller than that of the tabu search. The average
calculation time of the tabu search is 46.767 [s] and that of the chaotic search is 80.772 [s].
Thus, the average calculation time of the chaotic search is longer than that of the tabu search.
The average firing rate of the tabu search is 0.200% and that of the chaotic search is 1.906%.
Thus, the average firing rate of the chaotic search is larger than that of the tabu search. This
difference causes the difference in calculation time of the tabu search and chaotic search.
These results indicate that the chaotic search shows poor performance compared with the
tabu search for the benchmark problem set C.

From Table 4.4, the average gap of the tabu search is 0.032% and that of the chaotic
search is 0.000%. Thus, the average gap of the chaotic search is smaller than that of the
tabu search. The tabu search found optimal solutions for 99 instances and the chaotic search
found optimal solutions for all instances. The average number of optimal solutions of the
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tabu search is 17.151 and that of the chaotic search is 37.110. Thus, the average number of
optimal solutions of the chaotic search is larger than that of the tabu search. The average
calculation time of the tabu search is 1.494 [s] and that of the chaotic search is 1.413 [s].
Thus, the average calculation time of the chaotic search is shorter than that of the tabu
search, but the difference is small. The average firing rate of the tabu search is 1.250% and
that of the chaotic search is 5.551%. Thus, the average firing rate of the chaotic search is
larger than that of the tabu search. However, this difference does not affect the calculation
time because |V| is small. These results indicate that the chaotic search performs better than
the tabu search for the benchmark problem set 1080.

From Table 4.5, the average gap of the tabu search is 0.102% and that of the chaotic
search is 0.002%. Thus, the average gap of the chaotic search is smaller than that of the
tabu search. The tabu search found optimal solutions for 83 instances and the chaotic search
found optimal solutions for 98 instances. The average number of optimal solutions of the
tabu search is 14.133 and that of the chaotic search is 40.133. Thus, the average number of
optimal solutions of the chaotic search is larger than that of the tabu search. The average
calculation time of the tabu search is 7.452 [s] and that of the chaotic search is 7.549 [s].
Thus, the calculation time of the tabu search is shorter than that of the chaotic search, but
the difference is small. The average firing rate of the tabu search is 0.625% and that of the
chaotic search is 4.074%. Thus, the average firing rate of the chaotic search is larger than
that of the tabu search. However, this difference does not affect the calculation time because
|V| is small. These results indicate that the chaotic search performs better than the tabu
search for the benchmark problem set 1160.
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Table 4.2: Results of the tabu search and the chaotic search for the benchmark problem set
B

Gap (%] # of opt Time [s] Firing rate [%]
name |V| |E| |T|| TS CS TS CS TS CS TS CS

b0l 50 63 9 | 0.000 0.000 | 11.240 281.780 | 0.293 0.250 | 2.000 1.435
b02 50 63 13 | 0.000 0.000 5.160  694.720 | 0.266 0.250 | 2.000 1.159
b03 50 63 25 | 0.000 0.000 2.420 2457.340 | 0.266 0.260 | 2.000 0.974
b04 50 100 9 | 0.000 0.000 4.660 82.100 | 0.322 0.310 | 2.000 2.486
b05 50 100 13 | 0.000 0.000 | 27.820 63.500 | 0.338 0.341 | 2.000 2.874
b06 50 100 25 | 0.000 0.000 | 49.380 396.180 | 0.339 0.330 | 2.000 2.396
bO07 75 94 13 | 0.000 0.000 | 14.920 38.580 | 0.497 0.491 | 1.333 1.934
b08 75 94 19 | 0.000 0.000 8.580  120.720 | 0.527 0.515 | 1.333 1.715
b09 75 94 38 | 0.000 0.000 3.380 387.820 | 0.511 0.501 | 1.333 1.498
b10 75 150 13 | 0.000 0.000 6.540 27.940 | 0.633 0.646 | 1.333 2.814
bll 75 150 19 | 0.000 0.000 8.460 33.780 | 0.610 0.611 | 1.333 2.945
bi12 75 150 38 | 0.000 0.000 | 19.840 47.080 | 0.632 0.640 | 1.333 2.175
b13 100 125 17 | 0.000 0.000 6.180 29.360 | 0.809 0.750 | 1.000 1.406
b14 100 125 25 | 0.000 0.000 5.340 8.300 | 0.923 0.901 | 1.000 1.708
bl5 100 125 50 | 0.000 0.000 | 11.280 220.880 | 0.920 0.890 | 1.000 1.215

bl16 100 200 17 | 0.000 0.000 0.960 5.560 | 1.197 1.136 | 1.000 3.023
b17 100 200 25 | 0.000 0.000 | 50.520 2920 | 1.104 1.201 | 1.000 3.161
b1l8 100 200 50 | 0.000 0.000 | 67.520 14.060 | 1.108 1.114 | 1.000 2.270
ave 0.000 0.000 | 16.900 272.923 | 0.627 0.619 | 1.444 2.066
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Table 4.3: Results of the tabu search and the chaotic search for the benchmark problem set

C

Gap [%] # of opt Time [s] Firing rate [%]

name |V| |E|] |T]| TS CS TS CS TS CS TS CS
c01 500 625 5 | 0.000 0.000 26.180 30.040 2.583  2.497 | 0.200 0.169
c02 500 625 10 | 0.000 0.000 42.320 23.220 3.181 3.132 | 0.200 0.173
c03 500 625 83 | 0.000 0.000 9.600 0.000 | 13.439 14.054 | 0.200 0.582
c04 500 625 125 | 0.649 0.093 0.000 0.000| 17.475 18.194 | 0.200 0.393
c05 500 625 250 | 0.000 0.000 34.960 1.220 | 20.156  20.913 | 0.200 0.639
c06 500 1000 5 | 0.000 0.000 16.900 4.420 3.450 3.632 | 0.200 0.139
c07 500 1000 10 | 0.000 0.000 36.520 16.700 4.699 5.090 | 0.200 0.209
c08 500 1000 83 | 0.000 0.196 | 186.920 0.000 | 17.655 19.530 | 0.200 0.894
c09 500 1000 125 | 0.000 0.141| 158.900 0.000 | 22.654 24.251 | 0.200 1.057
cl0 500 1000 250 | 0.000 0.091 66.420 0.000 | 26.681  27.229 | 0.200 1.282
cll 500 2500 5 | 0.000 0.000 4.560 3.060 | 10.741  33.666 | 0.200 2.661
cl2 500 2500 10 | 0.000 0.000 11.680 2.240 | 14.065 33.862 | 0.200 2.635
cl3 500 2500 83 | 0.000 0.000| 373.660 0.020 | 39.129  54.460 | 0.200 2.919
cl4 500 2500 125 | 0.000 0.000 | 1053.820 0.080 | 44.421  59.569 | 0.200 2.833
cl5 500 2500 250 | 0.000 0.000 | 4999.780 4.100 | 48.496  53.245 | 0.200 2.186
cl6 500 12500 5 | 0.000 0.000 6.940 1.520 | 63.335 237.116 | 0.200 4.461
cl7 500 12500 10 | 0.000 0.000 35.540 0.160 | 71.298 233.455 | 0.200 4.443
cl8 500 12500 83 | 0.000 0.885 | 2983.020 0.000 | 139.045 274.847 | 0.200 3.995
cl9 500 12500 125 | 0.000 0.685| 449.360 0.000 | 165.387 279.820 | 0.200 3.715
c20 500 12500 250 | 0.000 0.000 | 4976.680 0.960 | 207.441 216.872 | 0.200 2.732
ave 0.032 0.105 | 773.688 4.387 | 46.767 80.772 | 0.200 1.906
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Table 4.4: Results of the tabu search and the chaotic search for the benchmark problem set
1080

Gap (%] # of opt Time [s] Firing rate [%)]
TS CS TS CS TS CS TS CS
0.000 0.000 3.840  34.280 | 0.410 0.442 | 1.250 3.327
0.000 0.000 2.320  39.600 | 0.356  0.406 | 1.250 3.610
0.000 0.000 10.360 222.680 | 0.406 0.391 | 1.250 3.616
0.000 0.000 0.460  38.620 | 0.438 0.447 | 1.250 3.999
0.000 0.000 17.540  18.960 | 0.423  0.452 | 1.250 3.586
0.000 0.000 3.580 12.480 | 0.720 0.764 | 1.250 6.336
0.000 0.000 0.960 5.680 | 0.702 0.759 | 1.250 5.859
0.000 0.000 1.780  32.380 | 0.751 0.758 | 1.250 5.737
0.000 0.000 1.040  37.120 | 0.722  0.755 | 1.250 6.073
0.000 0.000 2.740 9.020 | 0.729  0.747 | 1.250 6.013
0.000 0.000 11.920  25.640 | 3.969 3.463 | 1.250 7.331
0.000 0.000 6.280  32.680 | 4.011 3.447 | 1.250 7.225
0.000 0.000 | 70.600 32.080 | 3.968 3.459 | 1.250 7.345
0.000 0.000 11.360  65.340 | 3.901 3.461 | 1.250 7.331
0.000 0.000 | 133.060 42.780 | 3.944 3.453 | 1.250 7.262
0.000 0.000 4.940 126.480 | 0.488 0.502 | 1.250 4.290
0.000 0.000 0.140  10.560 | 0.572 0.604 | 1.250 4.324
0.000 0.000 6.100 17.100 | 0.522  0.543 | 1.250 4.145
0.000 0.000 2.840  24.900 | 0.475 0.501 | 1.250 4.155
0.000 0.000 0.940  15.420 | 0.490 0.543 | 1.250 4.372
0.000 0.000 1.880 59.640 | 1.093 1.087 | 1.250 6.588
0.000 0.000 0.560  60.380 | 1.086  1.090 | 1.250 6.574
0.000 0.000 0.600  46.000 | 1.061 1.079 | 1.250 6.441
0.000 0.000 1.260 8.880 | 1.065 1.104 | 1.250 6.590
0.000 0.000 0.700  16.920 | 1.066 1.091 | 1.250 6.431
0.000 0.000 0.660 7.480 | 0.488 0.490 | 1.250 3.280
0.000 0.000 1.580 4.260 | 0.490 0.501 | 1.250 3.605
0.000 0.000 3.300 7.040 | 0.566  0.592 | 1.250 3.661
3.218 0.000 0.000  50.340 | 0.496 0.496 | 1.250 3.576
0.000 0.000 4.020 691.860 | 0.399 0.355 | 1.250 2.950
0.000 0.000 4.460 1.660 | 0.805 0.841 | 1.250 5.855
0.000 0.000 2300 17.360 | 0.793  0.848 | 1.250 5.840
0.000 0.000 3.200 40.360 | 0.782 0.819 | 1.250 6.437
0.000 0.000 4.100  47.740 | 0.753  0.790 | 1.250 5.983
0.000 0.000 7.800  27.500 | 0.749 0.816 | 1.250 5.886
0.000 0.000 0.880  40.460 | 4.044 3.529 | 1.250 7.273
0.000 0.000 | 39.300 25.000 | 3.913 3.530 | 1.250 7.377
0.000 0.000 | 46.660 18.460 | 4.046 3.550 | 1.250 7.412
0.000 0.000 | 150.800 85.440 | 4.155 3.554 | 1.250 7.375
0.000 0.000 | 34.660 11.840 | 4.017 3.543 | 1.250 7.411
0.000 0.000 0.680  81.140 | 0.545 0.542 | 1.250 4.259
0.000 0.000 5.360  18.900 | 0.480 0.528 | 1.250 4.631
0.000 0.000 10.560  24.200 | 0.520 0.551 | 1.250 4.771
0.000 0.000 7.160  15.560 | 0.531 0.534 | 1.250 4.327
0.000 0.000 2400 37.680 | 0.451 0.477 | 1.250 4.488
0.000 0.000 1.140 8.520 | 1.115 1.168 | 1.250 6.696
0.000 0.000 1.020 20.540 | 1.120 1.173 | 1.250 6.562
0.000 0.000 1.220 8.980 | 1.132 1.174 | 1.250 6.596
0.000 0.000 1.900 14.460 | 1.136 1.172 | 1.250 6.542
0.000 0.000 1.500  26.460 | 1.150 1.164 | 1.250 6.483

name |[V| |E|
i080-001 80 120
i080-002 80 120
i080-003 80 120
i080-004 80 120
i080-005 80 120
i080-011 80 350
i080-012 80 350
i080-013 80 350
i080-014 80 350
i080-015 80 350
i080-021 80 3160
i080-022 80 3160
i080-023 80 3160
i080-024 80 3160
i080-025 80 3160
i080-031 80 160
i080-032 80 160
i080-033 80 160
i080-034 80 160
i080-035 80 160
i080-041 80 632
i080-042 80 632
i080-043 80 632
i080-044 80 632
i080-045 80 632
i080-101 80 120
i080-102 80 120
i080-103 80 120
i080-104 80 120
i080-105 80 120
i080-111 80 350
i080-112 80 350
i080-113 80 350
i080-114 80 350
i080-115 80 350
i080-121 80 3160
i080-122 80 3160
i080-123 80 3160
i080-124 80 3160
i080-125 80 3160
i080-131 80 160
i080-132 80 160
i080-133 80 160
i080-134 80 160
i080-135 80 160
i080-141 80 632
i080-142 80 632
i080-143 80 632
i080-144 80 632
i080-145 80 632

=
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Gap (%] # of opt Time [s] Firing rate [%)]
name |V| |E| |T|| TS CS TS CS TS CS TS CS
i080-201 80 120 16 | 0.000 0.000 8.680  90.920 | 0.594 0.600 | 1.250 3.729
i080-202 80 120 16 | 0.000 0.000 2.240  10.960 | 0.505 0.534 | 1.250 3.744
i080-203 80 120 16 | 0.000 0.000 11.740  49.180 | 0.560 0.578 | 1.250 3.967
i080-204 80 120 16 | 0.000 0.000 0.780  28.720 | 0.691 0.657 | 1.250 3.380
i080-205 80 120 16 | 0.000 0.000 33.200  92.060 | 0.544 0.543 | 1.250 3.377
i080-211 80 350 16 | 0.000 0.000 1.600  12.060 | 0.960 1.001 | 1.250 5.988
i080-212 80 350 16 | 0.000 0.000 1.700 9.460 | 0.959 1.001 | 1.250 6.012
i080-213 80 350 16 | 0.000 0.000 1.840 8.780 | 0.950 0.996 | 1.250 6.135
i080-214 80 350 16 | 0.000 0.000 2.000 4.720 | 0.970 1.011 | 1.250 6.154
i080-215 80 350 16 | 0.000 0.000 3.060 10.240 | 0.964 1.018 | 1.250 6.147
i080-221 80 3160 16 | 0.000 0.000 | 16.080 8.840 | 4.447 3.898 | 1.250 7.375
i080-222 80 3160 16 | 0.000 0.000 13.580  27.940 | 4.390 3.907 | 1.250 7.370
i080-223 80 3160 16 | 0.000 0.000 3.400 13.680 | 4.462 3.898 | 1.250 7.393
i080-224 80 3160 16 | 0.000 0.000 | 86.280 10.840 | 4.518 3.868 | 1.250 7.377
i080-225 80 3160 16 | 0.000 0.000 | 185.780 19.380 | 4.389 3.891 | 1.250 7.350
i080-231 80 160 16 | 0.000 0.000 4.840 13.280 | 0.740 0.757 | 1.250 4.251
i080-232 80 160 16 | 0.000 0.000 1.620 6.880 | 0.700 0.724 | 1.250 4477
i080-233 80 160 16 | 0.000 0.000 1.500  35.040 | 0.662 0.681 | 1.250 4.490
i080-234 80 160 16 | 0.000 0.000 2.500  25.180 | 0.596 0.644 | 1.250 4.965
i080-235 80 160 16 | 0.000 0.000 5.520  20.820 | 0.667 0.706 | 1.250 4.405
i080-241 80 632 16 | 0.000 0.000 1.980 1.260 | 1.296  1.357 | 1.250 6.528
i080-242 80 632 16 | 0.000 0.000 0.200 5.240 | 1.275 1.324 | 1.250 6.429
i080-243 80 632 16 | 0.000 0.000 0.700 7.020 | 1.277 1.322 | 1.250 6.562
i080-244 80 632 16 | 0.000 0.000 0.980 7.520 | 1.260 1.308 | 1.250 6.362
i080-245 80 632 16 | 0.000 0.000 0.880 7.760 | 1.318 1.358 | 1.250 6.545
i080-301 80 120 20 | 0.000 0.000 9.640  26.400 | 0.611 0.618 | 1.250 3.685
i080-302 80 120 20 | 0.000 0.000 4.080 17.560 | 0.683 0.692 | 1.250 3.861
i080-303 80 120 20 | 0.000 0.000 26.800  41.320 | 0.630 0.639 | 1.250 3.616
i080-304 80 120 20 | 0.000 0.000 63.240 323.580 | 0.571 0.568 | 1.250 3.549
i080-305 80 120 20 | 0.000 0.000 | 27.840 15.920 | 0.720  0.740 | 1.250 3.677
i080-311 80 350 20 | 0.000 0.000 0.760  21.440 | 0.991 1.033 | 1.250 5.803
i080-312 80 350 20 | 0.000 0.000 2.660 12.780 | 0.980 1.025 | 1.250 5.931
i080-313 80 350 20 | 0.000 0.000 2.300  35.320 | 0.992 1.034 | 1.250 5.777
i080-314 80 350 20 | 0.000 0.000 7.120 7.480 | 0.986  1.037 | 1.250 5.838
i080-315 80 350 20 | 0.000 0.000 4.740  37.680 | 0.990 1.030 | 1.250 5.766
i080-321 80 3160 20 | 0.000 0.000 | 61.880 22.580 | 4.634 4.111 | 1.250 7.146
i080-322 80 3160 20 | 0.000 0.000 20.680  20.720 | 4.584 4.035 | 1.250 7.130
i080-323 80 3160 20 | 0.000 0.000 | 150.880 7.340 | 4.654 4.064 | 1.250 7.139
i080-324 80 3160 20 | 0.000 0.000 | 69.540 15.440 | 4.586 4.095 | 1.250 7.089
i080-325 80 3160 20 | 0.000 0.000 | 184.120 36.300 | 4.657 4.118 | 1.250 7.109
i080-331 80 160 20 | 0.000 0.000 16.720  40.720 | 0.717 0.737 | 1.250 4.455
i080-332 80 160 20 | 0.000 0.000 4.520 13.620 | 0.719 0.733 | 1.250 4.627
i080-333 80 160 20 | 0.000 0.000 0.860 16.480 | 0.770 0.782 | 1.250 4.299
i080-334 80 160 20 | 0.000 0.000 | 16.140 12.720 | 0.751  0.777 | 1.250 4.663
i080-335 80 160 20 | 0.000 0.000 4.560  24.800 | 0.700 0.729 | 1.250 4.573
i080-341 80 632 20 | 0.000 0.000 2.080 20.860 | 1.346  1.383 | 1.250 6.183
i080-342 80 632 20 | 0.000 0.000 1.480 4.720 | 1.364 1.416 | 1.250 6.274
i080-343 80 632 20 | 0.000 0.000 1.080 25.100 | 1.359 1.391 | 1.250 6.176
i080-344 80 632 20 | 0.000 0.000 3.920 11.520 | 1.357 1.391 | 1.250 6.218
i080-345 80 632 20 | 0.000 0.000 0.340 1.980 | 1.359  1.420 | 1.250 6.187

ave 0.032 0.000 17.151  37.110 | 1.494 1.413 | 1.250 5.951

180



Table 4.5: Results of the tabu search and the chaotic search for the benchmark problem set
1160

Gap [%] # of opt Time [s] Firing rate (%]
TS CS TS CS TS CS TS CS
0.000 0.000 0.400 132.540 | 1.054 0.875 | 0.625 0.365
0.000 0.000 46.320  295.140 | 0.792  0.686 | 0.625 0.461
0.000 0.000 0.260 361.140 | 0.821 0.682 | 0.625 0.231
0.000 0.000 15.560 1600.760 | 0.809  0.720 | 0.625 0.397
0.000 0.000 8.340  103.860 | 0.959  0.838 | 0.625 0.116
0.000 0.000 0.660 17.900 | 1.983 2.262 | 0.625 4.086

name |V| |E|
i160-001 160 240
i160-002 160 240
i160-003 160 240
i160-004 160 240
i160-005 160 240
i160-011 160 812

=

i160-012 160 812 0.000 0.000 2.980 8.180 | 2.047 2.310 | 0.625 3.665
i160-013 160 812 0.000 0.000 3.220 41.940 | 1.922 2.184 | 0.625 3.890
i160-014 160 812 0.000 0.000 0.780 4.760 | 2.134 2.352 | 0.625 4.013
i160-015 160 812 0.000 0.000 2.860 2.620 | 2.079 2.353 | 0.625 3.952
i160-021 160 12720 0.000 0.000 | 210.440 9.240 | 22.637 22.593 | 0.625 5.663
i160-022 160 12720 0.000 0.000 | 22.600 2.400 | 23.801 22.875 | 0.625 5.652
i160-023 160 12720 0.000 0.000 | 19.060 17.220 | 23.239 22.612 | 0.625 5.630
i160-024 160 12720 0.000 0.000 | 13.640 3.040 | 23.610 22.589 | 0.625 5.653
i160-025 160 12720 0.000 0.000 | 21.640 4.680 | 23.708 22.723 | 0.625 5.626
i160-031 160 320 0.000 0.000 1.200 45.940 | 1.074 1.144 | 0.625 1.962
i160-032 160 320 0.000 0.000 0.140 4.380 | 1.045 1.064 | 0.625 1.270
i160-033 160 320 0.000 0.000 0.120 8.440 | 1.261 1.192 | 0.625 1.738
i160-034 160 320 0.000 0.144 | 19.180 0.000 | 1.040 1.121 | 0.625 1.478
i160-035 160 320 0.000 0.000 0.640 7.600 | 1.109 1.019 | 0.625 1.412

i160-041 160 2544 0.000 0.000 0.320 1.200 | 5.753 5.921 | 0.625 5.262

SRS RS RS e BEN BEN RPN EENEER BEN BEN SPESEEN BRI BEN EES EES EENEER BER SRS IR N

i160-042 160 2544 0.000 0.000 0.720 5.700 | 5.641 5.868 | 0.625 5.212
i160-043 160 2544 0.000 0.000 1.960 2.040 | 5.616 5.880 | 0.625 5.325
i160-044 160 2544 0.000 0.000 0.940 16.380 | 5.576 5.896 | 0.625 5.200
i160-045 160 2544 0.000 0.000 2.620 4.160 | 5.718 6.014 | 0.625 5.013

i160-101 160 240 12 | 0.000 0.000 11.120  114.980 | 1.157 1.106 | 0.625 0.910
i160-102 160 240 12 | 0.000 0.000 1.580 49.680 | 1.293  1.216 | 0.625 0.731
i160-103 160 240 12 | 0.000 0.000 5.500  256.940 | 1.130  1.025 | 0.625 0.714
i160-104 160 240 12 | 0.000 0.000 0.880 1.500 | 1.100 1.056 | 0.625 0.223
i160-105 160 240 12 | 0.000 0.000 28.240  540.860 | 1.045 1.026 | 0.625 1.052
i160-111 160 812 12 | 0.000 0.000 | 13.340 3.520 | 2.328 2.579 | 0.625 4.529
i160-112 160 812 12 | 0.000 0.000 0.760 0.280 | 2.573 2.801 | 0.625 4.520
i160-113 160 812 12 | 0.000 0.000 1.980 0.520 | 2.413 2.713 | 0.625 4.671
i160-114 160 812 12 | 0.067 0.000 0.000 0.380 | 2.550 2.746 | 0.625 4.582
i160-115 160 812 12 | 0.000 0.000 2.820 0.340 | 2.361 2.650 | 0.625 4.571
i160-121 160 12720 12 | 0.000 0.000 1.840 0.640 | 24.373 23.298 | 0.625 5.966
i160-122 160 12720 12 | 0.000 0.000 | 196.460 6.920 | 23.844 23.459 | 0.625 5.938
i160-123 160 12720 12 | 0.000 0.000 | 34.740 2.340 | 23.846 23.229 | 0.625 5.951
i160-124 160 12720 12 | 0.000 0.000 | 101.800 2.000 | 23.881 23.259 | 0.625 5.942
i160-125 160 12720 12 | 0.000 0.000 | 15.180 2.660 | 23.904 23.323 | 0.625 5.933
i160-131 160 320 12 | 0.000 0.000 13.620 14.220 | 1.376 1.515 | 0.625 2.376
i160-132 160 320 12 | 0.000 0.000 0.060 7.700 | 1.323 1.374 | 0.625 2.776
i160-133 160 320 12 | 2.092 0.000 0.000 8.860 | 1.426 1.565 | 0.625 2.314
i160-134 160 320 12 | 0.548 0.000 0.000 16.660 | 1.221 1.342 | 0.625 2.566
i160-135 160 320 12 | 0.000 0.000 1.500 5.960 | 1.374 1.477 | 0.625 2.271
i160-141 160 2544 12 | 0.000 0.000 1.020 3.560 | 5.952 6.265 | 0.625 5.501
i160-142 160 2544 12 | 0.000 0.000 0.380 0.440 | 5.970 6.365 | 0.625 5.525
i160-143 160 2544 12 | 0.000 0.000 1.020 3.740 | 5.936 6.384 | 0.625 5.549
i160-144 160 2544 12 | 0.192 0.000 0.000 0.040 | 5.869 6.321 | 0.625 5.463
i160-145 160 2544 12 | 0.000 0.000 0.260 0.120 | 5.945 6.416 | 0.625 5.497
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Gap [%] # of opt Time [s] Firing rate [%]
name |V| |E| |T|| TS CS TS CS TS CS TS CS
i160-201 160 240 24 | 0.000 0.000 16.360  24.520 | 1.614 1.654 | 0.625 2.290
i160-202 160 240 24 | 0.000 0.000 1.280 184.960 1.605  1.588 | 0.625 1.344
i160-203 160 240 24 | 0.000 0.000 0.640 15.700 | 1.668 1.783 | 0.625 2.141
i160-204 160 240 24 | 0.000 0.000 2.220 4.340 | 1.560 1.718 | 0.625 2.299
i160-205 160 240 24 | 1.474 0.000 0.000 0.660 | 1.518 1.643 | 0.625 1.930
i160-211 160 812 24 | 0.000 0.000 1.340 0.240 | 3.124 3.375 | 0.625 4.980
i160-212 160 812 24 | 0.000 0.000 0.240 0.020 | 3.112 3.350 | 0.625 5.071
i160-213 160 812 24 |1 0.000 0.000 0.040 0.160 | 3.071 3.355 | 0.625 5.044
i160-214 160 812 24 | 0.245 0.000 0.000 0.020 | 3.109 3.387 | 0.625 4.686
i160-215 160 812 24 | 0.870 0.000 0.000 0.620 | 3.142 3.372 | 0.625 5.169
i160-221 160 12720 24 | 0.000 0.000 | 136.960 0.180 | 25.542 25.339 | 0.625 6.411
i160-222 160 12720 24 | 0.000 0.000 | 110.500 2.000 | 25.289 25.086 | 0.625 6.358
i160-223 160 12720 24 | 0.000 0.000 | 138.760 0.480 | 25.203 25.034 | 0.625 6.355
i160-224 160 12720 24 | 0.000 0.000 8.640 0.780 | 25.371 25.136 | 0.625 6.365
i160-225 160 12720 24 | 0.000 0.000 5.380 0.300 | 25.441 25.147 | 0.625 6.430
i160-231 160 320 24 | 0.901 0.000 0.000 1.920 | 1.674 1.954 | 0.625 3.564
i160-232 160 320 24 | 0.000 0.000 1.080 1.020 | 1.789 1.978 | 0.625 3.059
i160-233 160 320 24 | 1.325 0.000 0.000 2.280 | 1.952 2.117 | 0.625 2.813
i160-234 160 320 24 | 0.167 0.000 0.000 2.800 | 1.836 2.057 | 0.625 2.552
i160-235 160 320 24 | 0.000 0.000 0.080 0.660 | 1.977 2.168 | 0.625 3.088
i160-241 160 2544 24 | 0.000 0.000 3.280 0.140 | 6.492 6.968 | 0.625 5.722
i160-242 160 2544 24 | 0.000 0.000 0.280 0.020 | 6.487 6.990 | 0.625 5.830
i160-243 160 2544 24 | 0.000 0.000 0.020 0.160 | 6.416 6.852 | 0.625 5.676
i160-244 160 2544 24 | 0.532 0.000 0.000 0.040 | 6.560 7.091 | 0.625 5.749
i160-245 160 2544 24 | 0.000 0.000 3.960 0.120 | 6.575 7.116 | 0.625 5.836
i160-301 160 240 40 | 0.000 0.000 7.780 1.500 | 1.977 2.228 | 0.625 2.922
i160-302 160 240 40 | 0.000 0.000 | 13.560 1.880 | 2.054 2.221 | 0.625 2.667
i160-303 160 240 40 | 0.542 0.000 0.000 1.400 | 1.867 2.085 | 0.625 2.619
i160-304 160 240 40 | 0.000 0.000 3.900 4.300 | 2.095 2.288 | 0.625 2.798
i160-305 160 240 40 | 0.306 0.000 0.000 0.760 | 1.880 2.076 | 0.625 2.685
i160-311 160 812 40 | 0.000 0.000 1.640 0.220 | 3.610 3.904 | 0.625 5.218
i160-312 160 812 40 | 0.000 0.000 0.020 0.040 | 3.735 4.000 | 0.625 5.121
i160-313 160 812 40 | 0.000 0.000 1.200 0.140 | 3.722 4.065 | 0.625 5.157
i160-314 160 812 40 | 0.145 0.000 0.000 0.160 | 3.756 3.999 | 0.625 4.993
i160-315 160 812 40 | 0.000 0.000 1.220 0.080 | 3.653 3.868 | 0.625 5.178
i160-321 160 12720 40 | 0.000 0.000 | 12.160 0.180 | 27.624  27.971 | 0.625 6.432
i160-322 160 12720 40 | 0.000 0.000 | 25.780 0.560 | 27.591  27.765 | 0.625 6.422
i160-323 160 12720 40 | 0.000 0.000 | 13.620 1.040 | 27.531  27.686 | 0.625 6.394
i160-324 160 12720 40 | 0.000 0.000 | 14.140 0.360 | 27.549  27.833 | 0.625 6.491
i160-325 160 12720 40 | 0.000 0.000 | 15.300 0.400 | 27.383  28.026 | 0.625 6.388
i160-331 160 320 40 | 0.077 0.000 0.000 2.260 | 2.265 2.472 1 0.625 3.575
i160-332 160 320 40 | 0.139 0.000 0.000 0.060 | 2.366 2.558 | 0.625 3.775
i160-333 160 320 40 | 0.000 0.000 | 31.480 1.120 | 2.099 2.315 | 0.625 3.826
i160-334 160 320 40 | 0.000 0.000 3.060 5.760 | 2.131 2.293 | 0.625 3.383
i160-335 160 320 40 | 0.623 0.000 0.000 0.460 | 2.317 2.552 | 0.625 3.276
i160-341 160 2544 40 | 0.000 0.000 1.920 0.180 | 7.284 7.800 | 0.625 5.595
i160-342 160 2544 40 | 0.000 0.048 0.060 0.000 | 7.170 7.671 | 0.625 5.611
i160-343 160 2544 40 | 0.000 0.000 1.200 0.140 | 7.249 7.530 | 0.625 5.513
i160-344 160 2544 40 | 0.000 0.000 0.300 0.000 | 7.231 7.390 | 0.625 5.672
i160-345 160 2544 40 | 0.000 0.000 3.240 0.020 | 7.316 7.748 | 0.625 5.570

ave 0.102 0.002 14.133  40.133 | 7.452 7.549 | 0.625 4.074
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Next, we compare the searching processes of the chaotic search and the tabu search. To
clarify the searching process, we take the time series of the gap and raster plots.

The searching processes of the chaotic search and the tabu search when solving i160-134
are shown in Fig. 4.5. In each figure, the upper part shows the time series of the gap, while
the lower part shows the raster plots. From Fig. 4.5 (a), the tabu search does not reach an
optimal solution and the same neurons fired repeatedly. On the other hand, from Fig. 4.5
(b), the chaotic search reaches the optimal solution 42 times, and almost all neurons fire
at least once. These results indicate that the chaotic search can search a wide variety of
solutions effectively.

The searching processes of the chaotic search and tabu search when solving i160-034 are
shown in Fig. 4.6. From Fig. 4.6 (a), the tabu search reaches the optimal solution 45 times,
and neuron firing continues during the search. However, from Fig. 4.6 (b), the gap of the
chaotic search does not move after t = 2,748 because no neurons fire after t = 2, 748. These
results indicate that the performance of the chaotic search depends on the parameter set.
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Figure 4.5: Example of searching processes of the (a) tabu search and (b) chaotic search
when solving i160-134. In (a), s = 10. In (b), # =0.89,a = 1,k = 0.9,0 = 1, W = 0.005,
and € = 0.001. Black circles indicate when the search finds optimal solutions. The results of
gaps show that the chaotic search finds optimal solutions 42 times during 5, 000 iterations.
However, the tabu search does not reach an optimal solution. The raster plots show that a
wider variety of firing is observed in the chaotic search than in the tabu search.
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Figure 4.6: Example of searching processes of the (a) tabu search and (b) chaotic search
when solving i160-034. In (a), s = 10. In (b), # =0.89,a = 1,k =0.9,0 = 1, W = 0.005,
and € = 0.001. Black circles indicate when the search finds optimal solutions. The results
of gaps show that the tabu search finds optimal solutions 45 times during 5,000 iterations.
However, the chaotic search does not reach an optimal solution. The raster plots show that
no neurons fire during ¢ = 760 to 1,201 and ¢ = 2,747 to 5000 in the chaotic search. This is
an example of a chaotic search with poor performance.
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4.4.4 Comparison with other meta-heuristics

Many meta-heuristics have been applied to solve the Steiner tree problem in graphs. Thus, we
compare the performances of some popular meta-heuristics with the chaotic search by using
the benchmark problem set C. We introduce three meta-heuristics: genetic algorithm [42],
tabu search [40, 41], and greedy randomized adaptive search procedure (GRASP) [57].

A genetic algorithm searches a solution based on the principles derived from the dynam-
ics of natural population genetics. In a genetic algorithm, each solution is expressed as a
chromosome. Then, new solutions are made by applying crossover, mutation, and inversion
operations. The solution of the Steiner tree problem in graphs is represented by a set of
vertices included in the Steiner tree. The fitness of any solution is computed as its mini-
mum spanning tree in an induced subgraph by a set of vertices included in the Steiner tree.
Esbensen [64] represented each gene by a pair of variables, one representing the number of
genes (vertices) and the second the allele of the gene (whether it is included or not).

A tabu search searches a solution following a steepest descent mildest ascent approach,
a solution which has the largest improvement or the smallest worsening is selected as the
next solution. To avoid selecting the same solutions repeatedly, i.e., cycling, the tabu search
prohibits some exchanges for a while. Gendreau et al. [65] presented a tabu search with diver-
sification. Starting from a certain number of feasible solutions constructed by the randomized
shortest path heursitic [35], they apply a tabu search on all these solutions and record the
best result. Then, a diversification mechanism is applied. They consider two approaches to
diversify the current solution: one is removing vertices included in the current solution for a
long time and the other is including vertices not included in the current solution for a long
time. If there are no improvements for a certain number of iterations, they apply a path
diversification; a path between two vertices ¢ and j is removed from a given solution S where
ds(i,j) — d(i,7) is largest for all vertices i,j € Vs (ds(i,j) denotes the shortest distance
between ¢ and j in the current solution S).

GRASP searches a solution in two phases: constructing a feasible solution and then
performing a local search. In the construction phase, feasible solutions are built using con-
struction methods, such as the shortest path heuristic [35], distance network heuristic [36],
and average distance heuristic [37]. Here, to obtain a variety of solutions, we introduce ran-
domness to construction methods. For example, in the case of the shortest path heuristic, we
can obtain a variety of solutions by randomly selecting a vertex to be added to the tree in the
next iteration. In the local search phase, a constructed solution is improved by applying a
local search. GRASP for the Steiner tree problem in graphs was implemented by [56]. They
use the distance network heuristic as the construction method and the Steiner vertex search
as the local search method.

Table 4.6 shows a comparison of the best gaps of the chaotic search (CS), genetic algo-
rithm (GA) [64], tabu search (TS) [65], and GRASP [56] for the benchmark problem set C.

186



From Table 4.6, the chaotic search finds the optimum solutions for 14 instances, the genetic
algorithm finds the optimum solution for all (20) instances, the tabu search finds the optimum
solutions for 18 instances, and GRASP finds the optimum solutions for 18 instances.

The chaotic search shows poor performance for this benchmark problem set because the
appropriate parameters are different for different edge densities. If we tune parameters for
solving low density instances, its firing rate is too low for solving high density instances. To
overcome this issue, we will develop an automatic parameter tuning method.

Table 4.6: Comparison of the best gaps [%)] of four metaheuristics

name |V| |E| |T| | CS GA [64] TS [65] GRASP [56]
c01 500 625 5 |0.00 0.00 0.00 0.00
c02 500 625 10 | 0.00 0.00 0.00 0.00
c03 500 625 83 | 0.00 0.03 0.00 0.00
c04 500 625 125 0.09 0.01 0.00 0.00
c05 500 625 250 | 0.00 0.00 0.00 0.00
c06 500 1000 5 | 0.00 0.00 0.00 0.00
c07 500 1000 10 | 0.00 0.00 0.00 0.00
c08 500 1000 83 | 0.20 0.00 0.00 0.00
c09 500 1000 125 | 0.14 0.06 0.14 0.00
cl0 500 1000 250 | 0.09 0.00 0.00 0.00
cll 500 2500 5 | 0.00 0.00 0.00 0.00
cl2 500 2500 10 | 0.00 0.00 0.00 0.00
cl3 500 2500 83 | 0.00 0.66 0.00 0.00
cl4 500 2500 125 | 0.00 0.12 0.31 0.00
cld 500 2500 250 | 0.00  0.00 0.00 0.00
cl6 500 12500 5 | 0.00 6.36 0.00 0.00
cl7 500 12500 10 | 0.00 0.00 0.00 0.00
cl8 500 12500 83 | 0.89 1.15 0.00 2.66
cl9 500 12500 125 | 0.69 0.68 0.00 0.68
c20 500 12500 250 | 0.00  0.00 0.00 0.00

average 0.11 0.45 0.02 0.17
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4.5 Discussion of Chapter 4

We evaluate the performance of the chaotic search by comparing it with that of the tabu
search. We used the benchmark problem sets B, C, 1080, and 1160 in SteinLib. The param-
eters of the tabu search and chaotic search are tuned to appropriate values per benchmark
problem set by pre-numerical experiments. We summarize the results of the numerical ex-
periments in Table 4.7. In Table 4.7, gap means the average gap from the optimum solutions,
time means the average CPU time, # of opt means the number of optimum solutions found
during the search. The bottleneck of the computation cost for the tabu search and chaotic
search is finding neighborhood solutions. Thus, we compare the performances of the tabu
search and chaotic search for finding the same number of neighborhood solutions. To realize
this, we set an upper limit on the number of iterations as 5,000. In other words, we finish
the search when all neurons have attempted to update 5,000 times or neighborhood solutions
are found 5,000|V \ T'| times.

Table 4.7: Summary of the results obtained by the tabu search and chaotic search.

Gap [%] Time [s] # of opt
name | TS CS TS CS TS CS
B 0.00 0.00 | 1.444 2.066 | 16.90 272.92
C 0.03 0.11 | 46.767 80.772 | 773.69 4.39
1080 |0.03 0.00| 1.494 1.413| 17.15 37.11
1160 | 0.10 0.00 | 7.452 7.549 | 14.13 40.13
average | 0.04 0.03 | 14.289  22.95 | 205.47  88.64

From Table 4.7, both the tabu search and the chaotic search always find optimum solutions
for the benchmark problem set B. The CPU time of the chaotic search is longer than that of
the tabu search because the total numbers of firings and moving solutions is different. In the
tabu search, only one neuron fires during one iteration. On the other hand, in the chaotic
search, up to |V \ T'| neurons fires during one iteration because neurons fire whenever their
output is above the threshold value. However, the computation cost of moving solutions is
smaller than that of finding neighborhood solutions. The total number of optimum solutions
found during the chaotic search is much larger than that during the tabu search. Frequent
hits of good solutions is very important when solving real-world problems, i.e., when the
optimum solution is unclear. From this aspect, the chaotic search significantly outperforms
the tabu search for the benchmark problem set B.

For the benchmark problem set C, the average gap of the chaotic search is larger than
that of the tabu search. One of the reasons why the chaotic search shows poor performance
is that the parameter tuning is very difficult for C. C has 20 instances that have different
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numbers of edges, terminals, and of course, structures. If we set parameters for low firing
rates, the chaotic search shows good performance for instances with a small number of edges;
however, it shows poor performance for instances with a large number of edges. Thus, we set
parameters for mid-range firing rates. If we tune parameters per instance (not per problem
set), the performance of the chaotic search may improve. The CPU time of the chaotic search
is approximately twice that of the tabu search. This is because the firing rate of the chaotic
search is very high for instances with a small number of edges, and the total number of
moving solutions becomes larger than that in the tabu search. The total number of optimum
solutions found during the chaotic search is much smaller than that during the tabu search.
This is because the chaotic search cannot find optimum solutions for almost all instances.

For the benchmark problem sets 1080 and 1160, the chaotic search always finds optimum
solutions; however, the tabu search fails to find optimum solutions for some instances. Be-
sides, the CPU times of the chaotic search and tabu search are similar. In particular, in the
case of 1080, the CPU time of the chaotic search is shorter than that of the tabu search. The
total number of optimum solutions found by the chaotic search is larger than that by the
tabu search. From these results, the chaotic search shows better performance than the tabu
search for 1080 and I160.

Benchmark problem sets 1080 and [160 are designed to disable the pre-processing; in
these problem sets edges larger than the shortest distance between both vertices are removed
to reduce the input size. From this perspective, these problems are more difficult than the
benchmark problem sets B and C. In spite of this, the chaotic search always finds optimum
solutions for them. This result indicates that the chaotic search shows good performance
without pre-processing.

One of the reasons why the chaotic search shows good performance is that it searches a
wide variety of solutions. In general, the meta-heuristics show good performance when the
balance between intensification and diversification fits the instance. Intensification refers to
searching around good solutions that have already been found. On the other hand, diversi-
fication refers to searching mainly in areas that have not yet been searched. Thus, they are
contradictory. To compare the strength of diversification of the chaotic search with that of
the tabu search, we investigate the distribution of the objective function value of the solutions
found during the search. Figures 4.7 and 4.8 show these distribution. It should be noted that
in Fig. 4.8 (b), the maximum frequency was 2,301, the second maximum was 444, and the
third maximum was 129. There are no neuron fired during ¢ = 760 to 1,201 (441 iterations)
and t = 2,747 to 5,000 (2,253 iterations). In these periods, the current solution was not
updated and its objective function value was not changed too. This is the reason why the first
and second maximum frequencies become very large (the same objective function value is
kept for these iterations). Thus, we ignore them and set the range of the vertical axis from 0
to 350. From Fig. 4.7, it can be seen that the chaotic search found a wide variety of solutions
than the tabu search. The maximum value of the objective function value found is 4,412 in
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the tabu search and 5,490 in the chaotic search. Thus, strong diversification may contribute
to find good solutions for the Steiner tree problem in graphs. In Fig. 4.8, it can be seen that
the chaotic search also found a wide variety of solutions than the tabu search. However, the
chaotic search repeatedly searching the same solution. This is because no neurons fire during
t =760 to 1,201 and t = 2,747 to 5,000. The current solution is not updated during these
periods, thus, the objective function value is also not changed during these periods. From
these results, strong diversification may contribute to finding good solutions for the Steiner
tree problem in graphs.

We also compare the performance of the chaotic search with other meta-heuristics: the
genetic algorithm [64], tabu search [65], and greedy randomized adaptive search procedure
(GRASP) [56]. Note that these meta-heuristics are carefully tuned to solve benchmark
instances, i.e., applying pre-processing, including a special diversification mechanism, etc. In
contrast, our chaotic search is very simple.

From Table 4.6, the average gap of the chaotic search is smaller than that of the genetic
algorithm and GRASP. On the other hand, the average gap of the tabu search is smaller
than that of the chaotic search. However, the chaotic search found a smaller gap solution
than the tabu search for instance cl4. This result indicates that the chaotic search can
outperform the tabu search when it is sophisticated i.e., applies pre-processing, includes a
special diversification mechanism, etc.
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Figure 4.7: Example of distribution of found solutions of the (a) tabu search and (b) chaotic
search when solving i160-034. In (a), s = 10. In (b), 8 = 0.89,a = 1,k = 0.9,0 = 1,
W = 0.005, and € = 0.001. This is an example of a chaotic search with good performance.
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Figure 4.8: Example of distribution of found solutions of the (a) tabu search and (b) chaotic
search when solving i160-034. In (a), s = 10. In (b), f = 0.89,a = 1,k = 0.9,0 = 1,
W = 0.005, and ¢ = 0.001. This is an example of a chaotic search with poor performance.
The search has not proceed during ¢t = 760 to 1,201 and ¢ = 2,747 to 5,000. Thus, the first
and second maximum frequencies was 2301 and 444, respectively. However, frequencies less
than third is very small. To visualize these small values, we set the range of the vertical axis

from 0 to 5, 000.
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4.6 Summary of Chapter 4

The improvement method is another practical approach to solving N'P-hard combinatorial
optimization problems. There are two types of improvement methods: local search method
and meta-heuristics. The local search method is specialized for specific problems. For solving
the Steiner tree problem in graphs, the Steiner vertex neighborhood and key-path neighbor-
hood are frequently used to find neighborhood solutions, and the local search method is
realized by selecting the best solution among neighborhoods. Unfortunately, repeating the
local search method converges to local optima. To escape from such undesirable local optima,
meta-heuristics are used. Meta-heuristics control the application of the local search methods.
Many meta-heuristics have been applied to solve the Steiner tree problem in graphs, such as
the genetic algorithm, tabu search, and greedy randomized adaptive search procedure. Mean-
while, efficient meta-heuristics have been proposed to solve the traveling salesman problem,
which is a classical and well-studied NP-hard combinatorial optimization problem proposed
[12, 13, 14, 15]. This method uses chaotic neurodynamics [11] to find good solutions, i.e.,
chaotic search. After that, the chaotic search was applied to solve other N'P-hard combina-
torial optimization problems, such as the quadratic assignment problem [16, 17, 18], vehicle
routing problem [19, 20|, packet routing problem [21, 22, 23, 24, 25, 26, 27, 28], and motif
extraction problem [29, 30], and it has shown good performance for them. However, the
chaotic search has not been used to solve the Steiner tree problem in graphs yet. Therefore,
we apply this method to solve the Steiner tree problem in graphs.

The chaotic search uses chaotic neurodynamics to find good solutions. The most impor-
tant points to model chaotic neurodynamics are that (1) neurons fire when the sum of the
inputs surpasses the threshold and (2) after a neuron fires, this neuron cannot fire for a while.
Additionally, Hasegawa et al. [12] introduced a mechanism to tune firing rates using the his-
tory of the firing of all neurons. In their implementation, neurons correspond to application
of the local search to edges. Thus, |V|? are used. The firing rate is tuned by using the sum
of the self feedback and the sum of output of neurons that correspond to edges connecting
the same city. However, in our implementation, neurons correspond to the local search for
vertices not edges. Thus, we cannot directly apply this firing rate tuning method. On the
other hand, Hasegawa et al. also proposed the chaotic search that neurons correspond to
application of the local search to vertices in 2002 [17]. Thus, we introduce this firing rate
tuning method.

The biggest difference between the problems that have already solved by the chaotic
search and the Steiner tree problem in graphs is that the local search method produces not
only feasible solutions but also infeasible ones. Thus, if the local search method produces
infeasible solutions, we ignore them.

The chaotic search we use to solve the Steiner tree problem in graphs has six parameters:
scaling parameter of the gain effect [, scaling parameter of the refractory effect «, decay

193



factor of the refractory effect k, bias of the refractory effect 6, connection weight of neurons
W, and steepness parameter of the sigmoidal function €. Note that the o and § must be
balanced. Thus, we fix one of them and tune the other; we fix o to 1 and tune 3. For ease
of tuning 3, we normalize the gain or the improvement of the local search by the maximum
edge weight for the benchmark problem sets B and C and by the median of edge weights
for the benchmark problem sets 1080 and 1160, respectively. This is because the expected
value of the gain using the Steiner vertex neighborhood is at most the maximum edge weight.
However, in the benchmark problem sets 1080 and 1160, the maximum edge weight depends
on whether there is an edge between terminals. Thus, we use the median of edge weights
instead of the maximum edge weight.

If the refractory effect of the chaotic search is very strong and is valid for a limited time,
this effect is equivalent to the tabu effect of the tabu search. Thus, we use the tabu search
for comparison with the chaotic search.

The results of numerical experiments show that the chaotic search and the tabu search
always find optimal solutions for the benchmark problem set B. On the other hand, the chaotic
search shows poor performance compared to the tabu search for the benchmark problem set
C. One of the reasons why the chaotic search shows poor performance is that parameter
tuning is very difficult for this benchmark problem set. In these numerical experiments, we
use one parameter set for one benchmark problem set. Despite using the same parameter set,
the average firing rate varies between instances. Thus, we adjust parameters so that many
instances can be solved with small gaps. If we tune parameters per instance, the chaotic
search may show better performance.

For the benchmark problem sets 1080 and 1160, the chaotic search always finds optimum
solutions; however, the tabu search fails to find optimum solutions for some instances. One
of the reasons why the chaotic search shows better performance than the tabu search is that
the chaotic search searches a wide variety of solutions. We investigate the variety of solutions
found by the chaotic search and the tabu search as shown in Figs. 4.7 and 4.8. From Figs. 4.7
and 4.8, it can be seen the distribution of the chaotic search is wider than that of the tabu
search. Thus, for solving these benchmark problems, strong diversification of the search is
effective and the chaotic search can realize it.

We also compared the average gaps for the benchmark problem set C of the chaotic
search to that of the genetic algorithm [64], tabu search [65], and greedy randomized adaptive
search procedure (GRASP) [56]. These methods include the pre-processing and diversification
mechanism. It is revealed that the chaotic search shows better performance than the genetic
algorithm and GRASP. However, the chaotic search shows poor performance than the tabu
search. This is because our chaotic search is very simple; not including the pre-processing
and diversification mechanism. Thus, if we introduce them, the performance of the chaotic
search may improve.

The chaotic search that we used to solve the Steiner tree problem in graphs is very simple;
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thus, it has no mechanism to tune firing rates automatically. Our future work will introduce
a sophisticated mechanism to tune firing rates and an automatic parameter tuning method
for the chaotic search to solve the Steiner tree problem in graphs. Additionally, we will
introduce pre-processing and post-processing phases.
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Chapter 5

Conclusion

5.1 General conclusion

In this thesis, we aim to develop efficient algorithms to solve the Steiner tree problem in
graphs. The Steiner tree problem in graphs is a classical combinatorial optimization problem,
and it plays an important role in developing both exact and approximation algorithms. The
Steiner tree problem in graphs is easy to understand but difficult to solve, and it has attracted
many researchers. The input of the Steiner tree problem in graphs is an undirected graph
G = (V,E), where V is a set of vertices and FE is a set of edges, and a terminal set 7' C V.
The Steiner tree is a subgraph that spans 7" and does not have any loops. The objective
of the Steiner tree problem in graphs is to find a Steiner tree that minimizes the sum of
the weights of the edges included in it. The Steiner tree problem in graphs is an NP-hard
combinatorial optimization problem [33]. Thus, at present, many researchers believe that
there is no polynomial-time algorithm that can solve this problem exactly and optimally.
However, this problem lies in various real-world problems, such as designing very-large-scale
integration, multicast trees, and pipelines. The input size of such real-world problems is
usually very large, and applying exponential time algorithms to solve such large problems
is not practical. It should be noted that in the real world, it is often sufficient to obtain
an approximate solution that is close to optimal rather than an exact optimal. Thus, many
approximation algorithms have been applied to solve the Steiner tree problem in graphs.
Approximation methods can be roughly divided into two types: construction and im-
provement. Construction methods focus on finding a feasible solution from an input instance
as quickly as possible. The merit of using a construction method is that it can obtain ample
solutions very fast. However, we sometimes want a sophisticated solution even if its compu-
tation time is long. In this case, we use an improvement method. Improvement methods can
be divided into two types: local search and meta-heuristic. The local search receives an in-
stance and an initial solution; then, it repeats producing neighborhood solutions and moving
one of them. The local search has been developed independently for each problem because
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it must generate neighborhood solutions according to the characteristics of the problem. We
can find a better solution than the initial solution by using the local search. Unfortunately,
the local search gets trapped at local minima and sometimes cannot find good solutions. To
overcome this issue, meta-heuristics, which control local searches, are used. The merit of
using meta-heuristics is that they can escape from undesirable local minima and continue
the search. We must set some termination conditions when we use meta-heuristics. This is
because meta-heuristics do not converge to local minima, unlike the local search. Popular ter-
mination conditions are as follows: after a certain time, after a certain number of iterations,
and after a certain number of iterations since the last update of the best solution. The con-
struction method cannot generate ample solutions for almost all cases, and the improvement
method requires an initial solution generated by the construction method. Therefore, both
the construction and improvement methods are important approaches to solve combinatorial
optimization problems. From this viewpoint, we tried to develop efficient construction and
improvement methods to solve the Steiner tree problem in graphs in this thesis.

If there are two terminals, the Steiner tree problem is the same as the shortest path
problem. On the other hand, if all vertices are terminals, the Steiner tree problem is the
same as the minimum spanning tree problem. Thus, the shortest path and minimum spanning
tree are the results of special patterns of the Steiner tree problem in graphs. From this
viewpoint, the shortest path and minimum spanning tree are frequently used to find a Steiner
tree. The shortest path heuristic (SPH) [35], distance network heuristic (DNH) [36], and
average distance heuristic (ADH) [37] are popular methods to find a small-weight Steiner tree,
and these all use the shortest path and minimum spanning tree. However, these methods
sometimes find a large-weight Steiner tree because they do not consider the existence of
multiple shortest paths between arbitrary vertex pairs. If there are multiple shortest paths
between arbitrarily vertex pairs, these construction methods arbitrary select one of them to
find a Steiner tree. If selected paths share as many common edges as possible, the weight
of the obtained Steiner tree becomes smaller than the sum of the shortest distances of the
selected paths. On the other hand, if selected paths do not share common edges, the weight of
the obtained Steiner tree equals the sum of the shortest distances of the selected paths. Thus,
the performances of these construction methods are unstable for instances that have multiple
shortest paths between arbitrary vertex pairs. A typical example of such instances is designing
very-large-scale integration circuits. Circuits usually consist of vertical and horizontal lines
on a plane. In this case, the graph becomes a grid, and a grid graph has multiple shortest
paths between arbitrary vertex pairs. To improve the performance of these construction
methods for such instances, we propose using network centrality [7] to distinguish which
paths should be selected to find a small-weight Steiner tree.

Network centrality measures the importance of vertices and edges in a network. The
words “graph” and “network” are usually used interchangeably. Network centrality is one
of the major topics of complex network theory, which was born around 2000. However,
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network centrality was proposed around 1950. Thus, various network centralities have been
proposed over the past 70 years. We expected that important vertices and edges in a network
play an important role in finding small-weight Steiner trees or there is network centrality
to distinguish important vertices and edges to find small-weight Steiner trees. From this
viewpoint, we proposed introducing network centrality to solve the Steiner tree problem
in graphs. The popular construction methods to find Steiner trees use the shortest path
between arbitrary vertex pairs. Thus, we want to enumerate all shortest paths between
arbitrary vertex pairs, calculate the sum of the network centrality of vertices and edges
included in each path, and select the one with the largest network centrality. Unfortunately,
enumerating all shortest paths has a large computation cost. Thus, instead of enumerating
all shortest paths, we select the shortest path that minimizes the weighted sum of the original
edge weight and its network centrality. Note that important edges in a network have a large
network centrality, and we want to include such edges as much as possible. However, the
shortest path problem is a minimization problem. To overcome this contradiction, we use the
reciprocal of the network centrality when calculating the weighted sum. The strength of each
term is adjusted by a scaling parameter. By using this new edge weight, we can obtain the
shortest path that may minimize the sum of the original edge weight and maximize the sum of
its network centrality in reasonable time. Among the various network centralities, we selected
the degree [8], eigenvector [9], closeness [10], and betweenness centralities [8] because they are
very popular. Among them, only the betweenness centrality is defined for both vertices and
edges. Thus, we use the betweenness centrality of vertices (vertex betweenness centrality)
and edges (edge betweenness centrality) in this thesis.

The performance of exact algorithms is compared using the time and space complexity
because exact algorithms return the same solution. However, there is no guarantee that
approximation algorithms return the same solution. Thus, we must compare the perfor-
mance from various aspects, not only in time and space complexity but also in the quality
of returned solutions, stability of returned solutions, ease of implementation, scalability, etc.
For ease of comparison between approximation methods, benchmark instances are used. We
can directly compare the performances of algorithms by solving the same instances. As the
library of benchmark instances of the Steiner tree problem in graphs, SteinLib has been
maintained since 2001. Thus, we use benchmark instances published in SteinLib to evaluate
the performances of algorithms. The most important points to evaluate the performances of
algorithms are the quality of returned solutions and computation time. From this viewpoint,
we use the average gap from the optimum solutions and CPU time to compare the perfor-
mances of algorithms. In SteinLib, the objective function value of the optimum solution or
known best solution is listed. Thus, we calculate the average gaps from them.

We investigated the performances of the eighteen combinations of three construction
methods and five network centralities: SPH (without network centrality), SPH combined
with degree centrality, SPH combined with eigenvector centrality, SPH combined with close-
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ness centrality, SPH combined with vertex betweenness centrality, SPH combined with edge
betweenness centrality, DNH (without network centrality), DNH combined with degree cen-
trality, DNH combined with eigenvector centrality, DNH combined with closeness centrality,
DNH combined with vertex betweenness centrality, DNH combined with edge betweenness
centrality, ADH (without network centrality), ADH combined with degree centrality, ADH
combined with eigenvector centrality, ADH combined with closeness centrality, ADH com-
bined with vertex betweenness centrality, and ADH combined with edge betweenness cen-
trality.

The results of numerical experiments indicate that using network centralities contributes
to decreasing the objective function value for almost all instances. In particular, using the
vertex and edge betweenness centralities showed the best performance when combined with
any construction method. The reason why the betweenness centrality shows good perfor-
mance is that it measures the flow in the graph. The minimum Steiner tree is expected to
minimize the total flow between terminals. Thus, high betweenness centrality vertices and
edges contribute to finding a small-weight Steiner tree. The results of using the vertex and
edge betweenness centralities are different. This is because the value of edge betweenness
centrality depends on the vertex betweenness centrality of the smaller vertex (because each
edge connects two vertices). On the other hand, we use the average value of the vertex
betweenness centralities of both vertices as the centrality of an edge when using the vertex
betweenness centrality. Thus, the latter is larger than the former. This difference may cause
different results. In contrast, using the closeness centrality shows poor performance among
all five network centralities. This is because the closeness centrality ignores the structure of
the graph. The closeness centrality is calculated as the sum of the shortest distance from a
vertex to all other vertices. Benchmark instances that we used are random graphs; thus, the
sum of shortest distances from a given vertex to all other vertices is similar for any given
vertex. Therefore, the closeness centrality cannot distinguish important vertices and edges
to find a small-weight Steiner tree.

One of the demerits of using network centrality is an increase in computation time. The
computation costs of the eigenvector, closeness, and betweenness centralities of all vertices
and edges are larger than those of SPH and DNH. The computation cost directly affects com-
putation time. Thus, we compare the CPU time of the original (not using network centrality)
and proposed (using network centrality) methods. The results of numerical experiments re-
vealed that the proposed method successfully reduces the average gap by up to 40% from the
original method when the CPU time is twice that of the original method for some instances
using SPH and DNH. These instances have a common feature: the density of terminals is
high (25%). Thus, the proposed method may be efficient for instances with a high density
of terminals. Besides, for ADH, the CPU time of the proposed method is shorter than that
of the original method for some instances unless the calculation of the network centrality
phase is added. By comparing the CPU times of ADH, it is revealed that the CPU time of
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ADH of the proposed method is shorter than that of the original ADH. The reason for this
phenomenon is still unclear; however, using network centrality may affect the construction
process of ADH.

The major findings of the construction method combined network centralities are as
follows: (1) The use of network centrality, especially betweenness centrality, contributes to
finding small-weight Steiner trees. (2) The computation time clearly increases when using
network centrality. However, the use of network centrality reduces the average gap by up to
40% from the original methods for some benchmark instances within twice the CPU time of
the original methods.

In Chapter 4, we try to apply the chaotic search, which is an efficient meta-heuristic that
uses chaotic neurodynamics to escape from local minima to solve the Steiner tree problem in
graphs. The chaotic search was first proposed by M. Hasegawa, T. Ikeguchi, and K. Aihara in
1997, to solve the traveling salesman problem [12]. The traveling salesman problem is also a
classical and well-studied NP-hard combinatorial optimization problem. The chaotic search
combined with a popular local search method called the 2-opt shows better performance
than the random search. After that, the chaotic search was applied to solve other AN/P-hard
combinatorial optimization problems, such as the quadratic assignment problem [16, 17, 18],
vehicle routing problem [19, 20], packet routing problem [21, 22, 23, 24, 25, 26, 27, 28], and
motif extraction problem [29, 30]. The chaotic search also shows good performance for the
above problems.

In the chaotic search, selecting the next solution from the neighborhood of the current
solution is determined by chaotic neurodynamics. The most important points for reproducing
chaotic neurodynamics are (1) neurons fire when their output is over a threshold and (2)
neurons do not fire again for a while after firing. The latter feature is called the refractory
effect. Hasegawa et al. additionally introduced an adjustment mechanism for the firing
rates using the history of the firing of all neurons because the firing rate directly affects the
performance of the chaotic search. The firing rate reflects the balance between intensification
and diversification of the search. In general, it is thought that meta-heuristics show the best
performance when the balance between intensification and diversification of the search fits
the instance. Here, intensification means focusing on searching regions around good solutions
already found because it is expected that good solutions exist around other good solutions.
On the other hand, diversification means focusing on jumping from one search region to other
regions to avoid being trapped at local minima. Thus, a low firing rate corresponds to strong
intensification and a high firing rate corresponds to strong diversification. Therefore, it is
important to set an appropriate firing rate during the search. However, introducing such a
sophisticated mechanism causes an increase in the number of parameters that must be tuned.
Parameter tuning is a significant problem when using meta-heuristics. For ease of parameter
tuning, we use a simple mechanism to adjust firing rates instead of a sophisticated one; we
use the weighted sum of the outputs of neurons. If many neurons were fired at the previous
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iteration, the term works to decreasing the internal state of neurons at the next iteration.

The chaotic search we used to solve the Steiner tree problem in graphs has six parameters:
scaling parameter of the gain effect 3, scaling parameter of the refractory effect a, decay factor
of the refractory effect k, bias of the refractory effect 6, connection weight of neurons W, and
steepness parameter of the sigmoidal function e. Note that the o and f must be balanced.
Thus, we can fix one of them and tune the other; we fix a to 1 and tune . For ease of
tuning 3, we normalize the gain or the improvement of the local search by the maximum
edge weight for the benchmark problem sets B and C and by the median of edge weights for
the benchmark problem sets 1080 and [160. This is because the expected value of the gain
using the Steiner vertex neighborhood is at most the maximum edge weight. However, in
the benchmark problem sets 1080 and 1160, the maximum edge weight depends on whether
there is an edge between terminals. Thus, we use the median of edge weights instead of the
maximum edge weight. We tune parameters by pre-numerical experiments. First, we set the
parameters to arbitrary values. Then, we observe the time series of the objective function
value of the current solution and firing patterns. If the range of the objective function value
of the current solution is large and many neurons fire simultaneously, we regulate parameters
to decrease the firing rate because these features indicate too strong diversification. We can
decrease the firing rate by increasing 3, decreasing k, and increasing 6. On the other hand,
if the range of the objective function value of the current solution is small and few neurons
fire simultaneously, we regulate parameters to increase the firing rate because these features
indicate too strong intensification. We can increase the firing rate by decreasing (3, increasing
k, and decreasing 6.

If the refractory effect of the chaotic search becomes very strong and it is valid for a
limited time, this effect is equivalent to the tabu effect of the tabu search. The tabu effect
works by avoiding moving to solutions that were recently searched. From this viewpoint, the
chaotic search can easily convert to the tabu search by setting the scaling parameter of the
refractory effect o to oo, introducing a validity period referring to the history of firing, and
only the neuron with the largest internal state fires during one iteration. Therefore, we use
this tabu search for comparison with the performance of the chaotic search. There are many
aspects to evaluate the performance of approximation algorithms. We use the average gap
from the optimum solutions, CPU time, and the number of optimum solutions found during
the search. The last one was proposed by us. In real-world problems, the optimal solution
is usually unclear. In such situations, a frequent hit of good solutions becomes one of the
practical indicators of goodness of algorithms. Thus, we introduce this aspect to evaluate
the performances of the chaotic search and tabu search.

The meta-heuristics require a termination condition. We set the upper limit of iterations
to 5,000 as a termination condition. In other words, the searching solution is terminated when
each neuron has been updated 5,000 times. Thus, we make the total number of generated
neighborhood solutions the same. The reason why we use this termination condition is that
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the bottleneck of computation cost lies in the generation of neighborhood solutions. Note
that the chaotic search and tabu search employ different moving strategies: the immediate
moving strategy and best moving strategy, respectively. In the immediate moving strategy,
no more than |V \ T| neurons fire during one iteration. On the other hand, in the best
moving strategy, only one neuron fires during one iteration. Thus, the total number of
moving solutions is different between them. This difference is due to the difference in CPU
time.

However, the computation costs to update neurons of the chaotic search and tabu search
are the same. There are two differences between the tabu search and chaotic search: how the
refractory effect is decreased and how to decide the firing of neurons. First, we consider the
refractory effect of the chaotic search and tabu search. In the tabu search, if a neuron fires,
the refractory effect of this neuron becomes infinite. Then, this refractory effect is canceled
after a predetermined number (parameter) of iterations. Thus, the computation cost of the
refractory effect of a neuron of the tabu search is O(1). On the other hand, in the case
of the chaotic search, the refractory effect is decreased exponentially. We can calculate it
by keeping only the current refractory effect. Thus, the computation cost of the refractory
effect of a neuron of the chaotic search is O(1). Secondly, we consider the firing of neurons.
In the tabu search, only the neuron with the highest internal state is fired. Thus, the best
moving strategy is employed. The internal state is the weighted sum of the improvement of
the objective function value and refractory effect. On the other hand, in the chaotic search,
neurons with larger internal states than the threshold value are fired. Thus, an immediate
moving strategy is employed. In our numerical experiments, we set the terminating condition
for neuron updates to 5,000. This indicates that the total number of firings of the chaotic
search is larger than that of the tabu search. However, the total number local searches applied
is the same. Therefore, our numerical experiments are conducted fairly.

The results of numerical experiments revealed that the chaotic search and tabu search
always find optimum solutions for benchmark problem set B. The computation time of the
chaotic search is approximately twice that of the tabu search. This is because the number
of moving solutions is different between them. However, the total number of generated
neighborhood solutions is the same. In this sense, it is a fair comparison. On the other
hand, for benchmark problem set C, the average gap of the chaotic search is larger than
that of the tabu search. One of the reasons why the chaotic search shows poor performance
for benchmark problem set C is that parameter tuning is very difficult. In our numerical
experiments, we use the same parameter set for each benchmark problem. Thus, we use the
same parameter set to solve all instances in benchmark problem set C. However, the average
firing rate with a parameter set differs per instance. The average firing rate directly affects
the performance of the chaotic search. Thus, we set parameters that can produce as many
instances as possible with low gaps. If we set parameters per instance, the performance of
the chaotic search may improve. For the benchmark problem sets 1080 and 1160, the chaotic
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search finds smaller gap solutions than the tabu search. These instances disturb the pre-
processing by removing edges if there is a smaller weight shortest path between both vertices
of the edge. These results indicate that the chaotic search shows good performance for such
instances.

We also analyzed the searching processes of the chaotic search and tabu search to under-
stand why the chaotic search shows better performance than the tabu search for benchmark
problem sets 1080 and 1160. We observed the time series of the objective function value and
firing patterns. The chaotic search allows moving solutions at most |V \ 7| times during
one iteration. Thus, we use the smallest objective function value among moved solutions
during one iteration as the objective function value of that iteration. It is clarified that the
chaotic search successfully finds optimum solutions more frequently than the tabu search.
These results indicate that the solutions obtained by the chaotic search may be good for
such instances.

The major findings of the improvement method using chaotic neurodynamics to solve
the Steiner tree problem in graphs are as follows: (1) The chaotic search also shows good
performance, but when it is combined with the local search, it returns not only feasible
solutions but also infeasible solutions. (2) The chaotic search shows good performance for
benchmark instances that aim to disturb the pre-processing techniques.

In this thesis, we tried two approaches to solve the Steiner tree problem in graphs. One is
the construction method combined with network centrality and the other is the improvement
method using chaotic neurodynamics. Both construction and improvement methods are
closely related, and the development of both methods is strongly desired.

First, we highlighted the demerits of three popular construction methods for finding
a Steiner tree: these algorithms sometimes find a large-weight Steiner tree because they
ignore the existence of multiple shortest paths between arbitrary vertex pairs. To overcome
this issue, we proposed using the network centrality to distinguish the shortest path that
maximizes the sum of the network centrality of vertices and edges included in a path. These
shortest paths are expected to cause shared the common edges. We selected the degree,
eigenvector, closeness, and betweenness centralities combined with SPH, DNH, and ADH.
The results of numerical experiments indicate that using betweenness centrality contributes to
finding small-weight Steiner trees. One of the demerits of our proposed method is an increase
in computation time because our proposed method must calculate the network centrality of
all vertices and edges. However, the increase in the CPU time is relatively small and still
practical.

Next, we applied the chaotic search, which is a meta-heuristic using chaotic neurody-
namics to solve the Steiner tree problem in graphs. The chaotic search is an efficient meta-
heuristic, and has been applied to solve various NP-hard combinatorial optimization prob-
lems; however, it has not been applied to solve the Steiner tree problem in graphs before.
Thus, we used the chaotic search to solve the Steiner tree problem in graphs. The chaotic

203



search was combined with local search methods that always generate feasible solutions. Un-
fortunately, the local search method to solve the Steiner tree problem in graphs generates
not only feasible solutions but also infeasible solutions. Thus, we ignore neurons that cor-
respond to infeasible solutions at that time. The results of numerical experiments revealed
that the chaotic search also shows good performance to solve the Steiner tree problem in
graphs. In particular, the chaotic search shows significant performances for instances that
disturb pre-processing.

The major findings of this thesis can be summarized as follows: (1) We proposed using
network centrality to solve the Steiner tree problem in graphs. We experimentally showed
that using network centrality contributes to finding small-weight Steiner trees. In particu-
lar, betweenness centrality showed the best performance. Besides, the decrease in the gap
becomes large when the increase in the computation time is approximately twice that of the
original (not using network centrality) construction methods. These results indicate that
using network centrality will also show good performance for other types of Steiner tree
problems in graphs, such as the constrained Steiner tree problem and prize-collecting Steiner
tree problem. (2) We investigated the performance of the chaotic search to solve the Steiner
tree problem in graphs. The chaotic search successfully found smaller weight Steiner trees
than the tabu search. The reason why the chaotic search shows good performance is that it
frequently hits optimum solutions, especially for instances made to disturb pre-processing.
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5.2 Future work

In Chapter 3, we mentioned that ADH combined with network centralities decreases the
computation time for some instances. Our future works will clarify the reason why the
computation time becomes short in such cases and apply this method to solve other types
of Steiner tree problems, such as the constrained Steiner tree problem and prize-collecting
Steiner tree problem.

In Chapter 4, we also mentioned a manual parameter tuning method for realizing the ef-
fective chaotic search introduced in pre-numerical experiments and showed that a key factor
to realize such an effective search is a balance between search intensification and diversifica-
tion. This balance could be realized by setting an appropriate firing rate and firing pattern
for the chaotic neurons. Thus, it is an important issue to develop an automatic algorithm
for controlling these parameters by using the firing rates and firing patterns of the chaotic
neurons to solve the Steiner tree problem in graphs effectively.
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