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Chapter 1

Introduction

The development of methods for analyzing categorical data that began in

early the twentieth century has continued in recent years. Also, the develop-

ment of the statistical analysis methods for categorical data has been used

in many areas, such as biomedicine, epidemiology, education, social sciences,

marketing, and quality control.

The simple categorical variables in one that has just two categories. Such

variables, for which the two categories are often given the generic labels as

“yes-no” or “success-failure”, are called binary variables. When a categorical

variables has more than two categories, we distinguish between two types of

categorical scales. Variables having categories without a natural ordering are

said to measured on a nominal scales and are called nominal variables. Exam-

ple is favorite type of music (“classical”, “country”, “folk”, “jazz”, “rock”).

On the other hand, many categorical variables have natural ordering. Such

variables are said to be measured on an ordinal scale and are called ordinal

categories. Examples are eye grade (“best”, “second”, “third”, “worst”) and

value level (“upper”, “middle”, “lower”).

In an example of two-way contingency tables, Table 1 comes from one

of the link between lung cancer and smoking. For the data in Table 1, we

are interested in whether there is a structure of independence. Thus, we are
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interested in whether onset of lung cancer is independent on the smoking

behavior. For the data in Table 1, when there is a structure of independence,

the probability that the patients of cases will fall in category “yes” is equal

to the probability that the patients of controls will fall in category “yes”.

We next consider contingency tables with the same row and column clas-

sifications such as Table 2. Such tables are called square contingency tables.

The data in Table 2 are constructed from unaided distance vision. Generally,

in contingency tables, we are interested in whether the independence between

the row and column classifications holds or not. However, for the analysis

of square contingency tables, we are interested in whether the row classifi-

cations are symmetric with the column classifications or not, instead of the

independence. For square contingency tables, the independence between the

row and column is unlikely to hold, because many observations fall in main

diagonal cells which indicate that the value of row category is the same as

the value of column category.

This thesis deals especially with the methods for analyzing square con-

tingency tables. In the analysis of contingency tables, we can only obtain

observed frequencies. The purpose of analyzing contingency tables is to es-

timate the unknown probability distribution with high confidence and easy

interpretation. It is necessary to introduce the statistical models that fit

the data well and provide easy interpretation. For the structure of sym-

metry, Bowker (1948) proposed the symmetry model. The extensions of

the symmetry model were proposed, for example, the marginal homogeneity

model (Stuart, 1955), the quasi-symmetry model (Caussinus, 1965). For the

structure of asymmetry, the conditional symmetry model (McCullagh, 1978),

the diagonals-parameter symmetry model (Goodman, 1979) and the linear

diagonals-parameter symmetry model (Agresti, 1983) were proposed.

Caussinus (1965) gave the decomposition of the symmetry model such

that the symmetry model holds if and only if both the quasi-symmetry and

3



the marginal homogeneity models hold. We see from this decomposition

which assuming that the quasi-symmetry model holds true, the hypothe-

sis that the symmetry model holds is equivalent to the hypothesis that the

marginal homogeneity model holds. The decompositions of the symmetry

model are given (see Section 1.1.2).

For the analysis of contingency tables, when a model does not hold, we

are interested in applying the extended models, analyzing the residual, and

also measuring the degree of departure from the corresponding model. For

contingency tables, various measures of association have been proposed (see

Agresti, 2013, Sec. 2.4). For square contingency tables, Tomizawa (1994),

Tomizawa, Seo and Yamamoto (1998), Tomizawa, Miyamoto and Hatanaka

(2001) and Tahata, Yamamoto, Nagatani and Tomizawa (2009) consider mea-

sures which represent the degree of departure from the symmetry model.

This chapter describes the background of the research, and describes out-

line for the Chapter 2 through 4 (although the outline of thesis is omitted the

contents of Chapter 2 thorough 4). Chapter 2 proposes an extended asym-

metry model based on quasi-symmetry, and gives the decomposition of the

symmetry model using the proposed model. Chapter 3 presents a measure

which represents the degree of departure from average marginal homogene-

ity for square contingency tables with ordered categories. Chapter 4 shows a

measure which represents the degree of departure from generalized marginal

homogeneity for square contingency tables with ordered categories.

1.1 Analysis of square contingency tables

1.1.1 Symmetry and asymmetry models

Consider an R×R square contingency table with the same row and column

classifications. Let pij denote the probability that an observation will fall in

the ith row and jth column of the table (i = 1, . . . , R; j = 1, . . . , R).
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Bowker (1948) considered the symmetry (S) model, defined by

pij = ψij (i = 1, . . . , R; j = 1, . . . , R),

where ψij = ψji. This indicates that the probability that an observation will

fall in the (i, j) cell is equal to the probability that the observation falls in

the symmetric (j, i) cell. Namely, this describes a structure of symmetry of

the cell probabilities {pij} with respect to the main diagonal of the table.

For the data in Table 2, this model indicates that the probability that a

man’s/woman’s right eye grade is i and her left eye grade is j (> i) is equal

to the probability that the man’s/woman’s right eye grade is j and her left

eye grade is i.

Caussinus (1965) considered the quasi-symmetry (QS) model, defined by

pij = αiβjψij (i = 1, . . . , R; j = 1, . . . , R),

where ψij = ψji. A special case of this model obtained by putting {αi = βi}
is the S model. Denote the odds ratio for rows i and j (> i), and columns s

and t (> s) by θ(i<j;s<t), where

θ(i<j;s<t) =
pispjt
pjspit

.

Using the odds ratio θ(i<j;s<t), the QS model is also expressed as

θ(i<j;s<t) = θ(s<t;i<j) (i < j; s < t).

Thus, the QS model has characterization in terms of symmetry of odds ratios.

Let X and Y denote the row and column variables, respectively. Stuart

(1955) considered the marginal homogeneity (MH) model, defined by

Pr(X = i) = Pr(Y = i) (i = 1, . . . , R),

namely

pi· = p·i (i = 1, . . . , R),
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where pi· =
∑R

k=1 pik and p·i =
∑R

k=1 pki. The MH model indicated that the

row marginal distribution is identical to the column marginal distribution.

Note that the S model implies the MH model. For the data in Table 2, this

model indicates that the probability that a man’s/woman’s right eye grade

X is i is equal to the probability that the man’s/woman’s left eye grade Y

is i.

For square contingency tables with ordered categories, McCullagh (1978)

considered the conditional symmetry (CS) model.

pij =

{
δψij (i < j),
ψij (i ≥ j),

where ψij = ψji. A special case of this model obtained by putting δ = 1 is the

S model. For the data in Table 2, this model indicates that the probability

that a woman’s right eye grade is i and her left eye grade is j (> i) is δ times

higher than the probability that the woman’s right eye grade is j and her left

eye grade is i. If δ > 1, a man’s/woman’s right eye is better than her left eye,

and if δ < 1, a man’s/woman’s left eye is better than her right eye. Also, the

CS model indicates that the conditional probability Pr(X = i, Y = j|X < Y )

is equal to the conditional probability Pr(X = j, Y = i|X > Y ).

Agresti (1983) considered the linear diagonals-parameter symmetry (LDPS)

model, defined by

pij =

{
δj−iψij (i < j),

ψij (i ≥ j),

where ψij = ψji. This indicates that the probability that an observation will

fall in the (i, j) cell, i < j, is δj−i times higher than the probability that the

observation falls in the (j, i) cell.

When we can assign the ordered known scores u1 < · · · < uR, the ordinal

quasi-symmetry (OQS) model is defined by

pij =

{
δuj−uiψij (i < j),

ψij (i ≥ j),
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where ψij = ψji, see Agresti (2013, p. 431). Note that the OQS model with

{ui = i} is identical to the LDPS model.

Let

rXi =
i−1∑
k=1

pk· +
pi·
2
, rYi =

i−1∑
l=1

p·l +
p·i
2

(i = 1, . . . , R).

The {rXi } and {rYi } are the marginal ridits; see Bross (1958). When it

may be difficult to assign known scores {ui} for the given data, Iki, Tahata

and Tomizawa (2009) considered the ridit score type quasi-symmetry (RQS)

model, defined by

pij =

{
δvj−viψij (i < j),

ψij (i ≥ j),

where ψij = ψji and vi = (rXi + rYi )/2 for i = 1, . . . , R. Note that {vi} are

unknown scores. A special case of this model obtained by putting δ = 1 is

the S model. The RQS model is the LDPS model with {i} replaced by the

ridit scores {vi}.
As the extension of the LDPS model, Tomizawa (1987) considered the

two-ratios-parameter symmetry (2PS) model, defined by

pij =

{
τδj−iψij (i < j),

ψij (i ≥ j),

where ψij = ψji. A special case of this model obtained by putting τ = 1 is

the LDPS model. Also, the 2PS model with δ = 1 is the CS model. Further,

the 2PS model with τ = δ = 1 is the S model. This indicates that the

probability that an observation will fall in the (i, j) cell, i < j, is τδj−i times

higher than the probability that the observation falls in the (j, i) cell.

1.1.2 Decomposition of symmetry model

This section shows the decomposition of the S model.
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If the S model holds, the MH model holds; but the converse does not

hold. We are interested in what the structure is necessary for obtaining the

S model, in addition to the MH model.

Caussinus (1965) gave the following theorem for a decomposition of the

S model using the MH model.

Theorem 1: The S model holds if and only if both the QS and MH models

hold.

When the S model fits the data poorly, this theorem would be useful for seeing

which of the lack of QS model, the lack of MH model influences stronger.

Also, we see from this decomposition that assuming that the QS model holds

true, the hypothesis that the S model holds is equivalent to the hypothesis

that the MH model holds.

We are next interested in what the structure is necessary for obtaining

the S model, in addition to the asymmetry (e.g., CS, LDPS, RQS and 2PS)

model.

Consider the global symmetry (GS) model defined by∑∑
i<j

pij =
∑∑

i>j

pij;

see Read (1977).

Read (1977) gave the following theorem for a decomposition of the S

model using the CS model.

Theorem 2: The S model holds if and only if both the CS and GS models

hold.
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The marginal mean equality (ME) model can be considered as follow:

R∑
i=1

ipi· =
R∑

j=1

jp·j.

This model indicates that the mean of row variable X equals to the mean of

column variable Y , i.e, E(X) = E(Y ). The mean ridit for the distribution

of Y when the distribution of X is the identified distribution for calculating

the ridits is

RX(Y ) =
R∑

j=1

rXj p·j.

Similarly, we have

RY (X) =
R∑
i=1

rYi pi·.

We shall refer to the structure of RX(Y ) = RY (X) as the marginal mean

ridits equality (MR) model (see Agresti, 1984, p. 209).

Yamamoto, Iwashita and Tomizawa (2007) gave the following theorem

for the decomposition of the S model using the LDPS model.

Theorem 3: The S model holds if and only if both the LDPS and ME models

hold.

Also, Iki et al. (2009) showed the following therem for the decomposition of

the S model using the RQS model.

Theorem 4: The S model holds if and only if both the RQS and MR models

hold.

In addition, Tahata and Tomizawa (2009) gave the following theorem for the

decomposition of the S model using the 2PS model.
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Theorem 5: The S model holds if and only if all of the 2PS, ME and GS

models hold.

1.1.3 Goodness-of-fit test

Let nij denote the observed frequency in the (i, j) cell of the table (i =

1, . . . , R; j = 1, . . . , R). Assume that a multinomial distribution applies to

the R×R table. The maximum likelihood estimates of expected frequencies

under the model could be obtained using, e.g., the Newton-Raphson method

in the log-likelihood equation.

Each model can be tested for goodness-of-fit by the power-divergence

statistic with the corresponding degrees of freedom. The power-divergence

statistic is defined by

I(λ) =
2

λ(λ+ 1)

R∑
i=1

R∑
j=1

[
nij

{(
nij

m̂ij

)λ

− 1

}]
(−∞ < λ <∞),

where m̂ij is the maximum likelihood estimate of expected frequency mij

under the model, the values at λ = 0 and λ = −1 are taken to be the

continuous limits as λ → 0 and λ → −1, respectively. For instance, the

power-divergence statistic includes the likelihood ratio chi-square statistic

(denoted by G2) when λ = 0, and Pearson’s chi-squared statistic (denoted

by X2) when λ = 1. For more details of the power-divergence statistics I(λ),

see Cressie and Read (1984), and Read and Cressie (1988, p. 15).

The test statistic G2 is given by

G2 = 2
R∑
i=1

R∑
j=1

nij log

(
nij

m̂ij

)
.
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The test statistic X2 is given by

X2 =
R∑
i=1

R∑
j=1

(nij − m̂ij)
2

m̂ij

.

Under the model, these statistics have asymptotically a central chi-squared

distribution with the corresponding degrees of freedom.

1.1.4 Measures of departure from symmetry and asym-
metry models

For the analysis of square contingency tables, when the model does not hold,

we are interested in applying the extended model. Also, we are interested in

measuring the degree of departure from the model. We point out that the test

statistic (e.g., Pearson’s chi-squared statistic or likelihood ratio chi-squared

statistic) is used for testing the goodness-of-fit of the model, however, the test

statistic would not be useful for comparing the degree of departure from the

model in several tables. Because the test statistic depends on the dimension

R and sample size. Therefore, we are interested in measuring or comparing

the degree of departure from the model in several tables using the analysis

method of independent of the dimension R and sample size.

For square contingency tables with nominal categories, Tomizawa (1994)

considered a measure (denoted by φ) which represents the degree of departure

from symmetry. Assume that {pij + pji > 0}. The measure φ is expressed as

follows:

φ =
1

log 2
IS,

where

IS =
∑∑

i �=j

aij log

(
aij
bij

)
,

with

δ =
∑∑

i �=j

pij, aij =
pij
δ
, bij =

aij + aji
2

.
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Note that IS is the Kullback-Leibler information between {aij} and {bij}.
Note that (1) the measure φ lies between 0 and 1, (2) φ = 0 if and only if

the S model holds, and (3) φ = 1 if and only if the degree of departure from

symmetry is the largest, in the sense that pij = 0 (then pji > 0) or pji = 0

(then pij > 0) for i �= j. Tomizawa et al. (1998) considered a generalization

of φ using Cressie-Read power-divergence between {aij} and {bij}. Measures

which represent the degree of departure from marginal homogeneity were

proposed by Tomizawa (1995a) and Tomizawa and Makii (2001).

For square contingency tables with ordered categories, measures which

represent the degree of departure from symmetry were proposed by Tomizawa

et al. (2001), Tahata et al. (2009), and Tahata, Miyazawa and Tomizawa

(2010). Also, measures which represent the degree of departure from marginal

homogeneity were proposed by Tomizawa, Miyamoto and Ashihara (2003)

and Tahata, Iwashita and Tomizawa (2006). Although the detail is omitted,

for various models, measures which represent the degree of departure from

the corresponding model were proposed.

1.2 Outline of Chapters

We point out that (1) Chapter 2 is constructed from Tahata, Ando and

Tomizawa (2011), (2) Chapter 3 is constructed from Yamamoto, Ando and

Tomizawa (2011), and (3) Chapter 4 is constructed from Ando, Tahata and

Tomizawa (2015).

Chapter 2 (1) proposes the ridit score type two-parameters symmetry

(R2PS) model, which is the 2PS model with {i} replaced by {vi}, and (2)

gives a decomposition of the S model using the R2PS model.

For an R×R square contingency table with ordered categories, consider

the R2PS model defined by

pij = δijα
viβvjφij (i = 1, . . . , R; j = 1, . . . , R),
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where φij = φji and

δij =

{
γ (i < j),
1 (i ≥ j).

Note that v1 < · · · < vR are unknown scores based on the ridits, defined in

Section 1.1.1. The model may be expressed as

pij
pji

= γθvj−vi (i < j).

This indicates that the probability that an observation will fall in the cell

(i, j), i < j, is γθvj−vi times higher than the probability that the observation

falls in the cell (j, i). Special cases of this model obtained by putting γ = 1

and {vi = i} are the RQS and 2PS models, respectively. The R2PS model

with γ = θ = 1 is the S model.

Under the R2PS model, if γ > 1 and θ > 1, then pij > pji for all

i < j, thus, FX
i > F Y

i for all i = 1, . . . , R − 1, where FX
i =

∑i
k=1 pk· and

F Y
i =

∑i
l=1 p·l. Also, if γ < 1 and θ < 1, then pij < pji for all i < j,

thus, FX
i < F Y

i for all i = 1, . . . , R − 1. Therefore the parameters γ and θ

in the R2PS model may be useful for making inferences such as that X is

stochastically less than Y or vice versa. Moreover, under the R2PS model,

if γ > 1 and θ < 1 (or γ < 1 and θ > 1), then it is likely that some pairs

of symmetric cells will have the structure of pij > pji (i < j) and others

will have that of pkl < plk (k < l) depending on the deference between ridit

scores. Thus, for the data having the above structure, the R2PS model may

be appropriate although the RQS model cannot have the above structure.

Next, in Chapter 2, we obtain the following theorem for a decomposition

of the S model using the R2PS model:

Theorem 6: The S model holds if and only if all of the R2PS, MR and GS

models hold.
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See Chapter 2 for the detail of the proof of this theorem.

Chapter 3 proposes a measure which represents the degree of departure

from average marginal homogeneity for square contingency tables with or-

dered categories.

Consider an R×R table with ordered categories. Let

G1(i) =
i∑

s=1

R∑
t=i+1

pst [= Pr(X ≤ i, Y ≥ i+ 1)],

and

G2(i) =
R∑

s=i+1

i∑
t=1

pst [= Pr(X ≥ i+ 1, Y ≤ i)],

for i = 1, . . . , R− 1. Then, by considering the difference between the cumu-

lative marginal probabilities, FX
i − F Y

i for i = 1, . . . , R − 1, we see that the

MH model may also be expressed as

G1(i) = G2(i) (i = 1, . . . , R− 1).

Namely, this model also states that the cumulative probability that an obser-

vation will fall in row category i or below and column category i+1 or above

is equal to the cumulative probability that the observation falls in column

category i or below and row category i+ 1 or above for i = 1, . . . , R− 1.

Let

Δ =
R−1∑
i=1

(G1(i) +G2(i)),

and for i = 1, . . . , R− 1,

G∗
1(i) =

G1(i)

Δ
, G∗

2(i) =
G2(i)

Δ
.

Assuming that {G1(i) +G2(i) �= 0}, Chapter 3 considers the measure defined

by

Ψ =
4

π

R−1∑
i=1

(
G∗

1(i) +G∗
2(i)

) (
θi − π

4

)
,
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where

θi = cos−1

⎛⎝ G1(i)√
G2

1(i) +G2
2(i)

⎞⎠ .

Noting that the range of θi is 0 ≤ θi ≤ π/2, we see that the measure Ψ lies

between −1 and 1. The measure Ψ has characteristics that (i) Ψ = −1 if

and only if G2(i) = 0 (then FX
i > F Y

i ) for all i = 1, . . . , R − 1, [marginal in-

homogeneity with all probabilities zero of lower left triangle (say, L-marginal

inhomogeneity)], and (ii) Ψ = 1 if and only if G1(i) = 0 (then FX
i < F Y

i ) for

all i = 1, . . . , R − 1, [marginal inhomogeneity with all probabilities zero of

upper right triangle (say, U-marginal inhomogeneity)]. In addition, Ψ = 0

indicates that the weighted average of {θi − π
4
} equals zero. Thus when

Ψ = 0, we shall refer to this structure as the average marginal homogeneity.

We note that if the marginal homogeneity holds then the average marginal

homogeneity holds, but the converse does not hold.

Therefore, using the measure Ψ, we can see whether the average marginal

homogeneity departs toward the L-marginal inhomogeneity or toward the

U-marginal inhomogeneity. As the measure Ψ approaches −1, the depar-

ture from the average marginal homogeneity becomes greater toward the

L-marginal inhomogeneity. While as the Ψ approaches 1, it becomes greater

toward the U-marginal inhomogeneity.

Next, we consider the relationship between the measure Ψ and the ex-

tended marginal homogeneity (EMH) model. The EMH model considered

by Tomizawa (1984), is defined by

G1(i) = τG2(i) (i = 1, . . . , R− 1).

A special case of this model obtained by putting τ = 1 is the MH model. If

the EMH model holds true, then the measure Ψ can be expressed as

Ψ =
4

π
cos−1

(
τ√
τ 2 + 1

)
− 1.
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Therefore, Ψ = 0 if and only if the marginal homogeneity model holds, i.e.,

τ = 1, thus G1(i) = G2(i) for i = 1, . . . , R−1. As the value of τ approaches the

infinity, the measure Ψ approaches −1. While as the value of τ approaches

zero, Ψ approaches 1. Thus when the extended marginal homogeneity model

holds in a table, the measure Ψ represents the degree of departure from

marginal homogeneity toward the L-marginal inhomogeneity or toward the

U-marginal inhomogeneity.

Chapter 4 proposes a measure which represents the degree of departure

from generalized marginal homogeneity (GHM) for square contingency tables

with ordered categories.

Tomizawa (1995b) proposed the GMH model, defined by

G1(i) = ΔΘi−1G2(i) (i = 1, . . . , R− 1).

This model indicates that the cumulative probability that an observation

will fall in row category i or below and column category i + 1 or above,

is ΔΘi−1 times higher than the cumulative probability that the observation

falls in column category i or below and row category i + 1 or above for

i = 1, . . . , R − 1. A special case of this model obtained by putting Θ = 1

is equivalent to the EMH model. Also the GMH model with Δ = Θ = 1 is

equivalent to the MH model. Moreover, the GMH model may be expressed

as

ci = di (i = 1, . . . , R− 2),

where

ci =
G1(i)G2(i+1)

C
, di =

G1(i+1)G2(i)

D
,

C =
R−2∑
i=1

G1(i)G2(i+1), D =
R−2∑
i=1

G1(i+1)G2(i),

with C > 0 and D > 0. Namely the GMH model indicates that there is a

structure of homogeneity between {ci} and {di} for i = 1, . . . , R− 2.
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The power-divergence between two discrete probability distributions {ai}
and {qi} for i = 1, . . . , R− 2, is defined by

I(λ) ({ai} ; {qi}) = 1

λ(λ+ 1)

R−2∑
i=1

[
ai

{(
ai
qi

)λ

− 1

}]
(−∞ < λ <∞),

where the values at λ = 0 and λ = −1 are taken to be the continuous limits as

λ→ 0 and λ→ −1, respectively. For instance, the power-divergence includes

the Kullback-Leibler information when λ = 0, and the Pearson’s chi-squared

type discrepancy when λ = 1. For more details of the power-divergence

I(λ)(·; ·), see Cressie and Read (1984), and Read and Cressie (1988, p. 15).

Let

qi =
ci + di

2
for i = 1, . . . , R− 2.

Assume that ci + di > 0 for i = 1, . . . , R − 2, Chapter 4 considers the

measure defined by

Φ(λ) =
λ(λ+ 1)

2(2λ − 1)

[
I(λ) ({ci} ; {qi}) + I(λ) ({di} ; {qi})

]
(λ > −1). (1.1)

Note that (i) I(λ) (·; ·) is the power-divergence and (ii) if λ ≤ −1 in (1.1),

then Φ(λ) becomes diverging. Also note that a real value λ is chosen by user.

When λ = 0, we see

Φ(0) =
1

2 log 2

[
I(0) ({ci} ; {qi}) + I(0) ({di} ; {qi})

]
,

where

I(0) ({ai} ; {qi}) =
R−2∑
i=1

ai log

(
ai
qi

)
.

Note that I(0)(·; ·) is the Kullback-Leibler information. When λ = 1, we see

Φ(1) = I(1) ({ci} ; {qi}) + I(1) ({di} ; {qi}) ,

where

I(1) ({ai} ; {qi}) = 1

2

R−2∑
i=1

(ai − qi)
2

qi
.
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Note that I(1)(·; ·) is Pearson’s chi-squared type discrepancy.

Let

c∗i =
ci

ci + di
, d∗i =

di
ci + di

for i = 1, . . . , R− 2.

Note that {c∗i + d∗i = 1}. The GMH model can be expressed as

c∗i = d∗i

(
=

1

2

)
for i = 1, . . . , R− 2.

Then the measure Φ(λ) may be expressed as

Φ(λ) =
λ(λ+ 1)

2(2λ − 1)

R−2∑
i=1

(ci + di) I
(λ)
i (λ > −1),

where

I
(λ)
i =

1

λ(λ+ 1)

[
c∗i

{(
c∗i
1/2

)λ

− 1

}
+ d∗i

{(
d∗i
1/2

)λ

− 1

}]
.

Therefore, the measure Φ(λ) would represent the weight sum of the power-

divergence I
(λ)
i . When λ = 0, we see

Φ(0) =
1

2 log 2

R−2∑
i=1

(ci + di) I
(0)
i ,

where

I
(0)
i =

[
c∗i log

(
c∗i
1/2

)
+ d∗i log

(
d∗i
1/2

)]
.

When λ = 1, we see

Φ(1) =
R−2∑
i=1

(ci + di) I
(1)
i ,

where

I
(1)
i =

1

2

[(
c∗i − 1

2

)2
1
2

+

(
d∗i − 1

2

)2
1
2

]
.

For λ > −1, the Patil-Taillie’s (1982) diversity index of degree λ for

{c∗i , d∗i }, is defined by

H
(λ)
i =

1

λ

[
1− (c∗i )

λ+1 − (d∗i )
λ+1

]
,

18



where the value at λ = 0 is taken to be the continuous limit as λ → 0. For

instance, the diversity index includes the Shannon entropy when λ = 0, and

the Gini concentration when λ = 1.

Moreover, the Φ(λ) may also be expressed by using the diversity index as

Φ(λ) = 1− λ2λ

2(2λ − 1)

R−2∑
i=1

(ci + di)H
(λ)
i (λ > −1).

Therefore, the measure Φ(λ) would represent the weight sum of the diversity

index H
(λ)
i . When λ = 0, we see

Φ(0) = 1− 1

2 log 2

R−2∑
i=1

(ci + di)H
(0)
i ,

where

H
(0)
i = −c∗i log c∗i − d∗i log d

∗
i .

When λ = 1, we see

Φ(1) = 1−
R−2∑
i=1

(ci + di)H
(1)
i ,

where

H
(1)
i = 1− (c∗i )

2 − (d∗i )
2 .

In Chapter 4, we obtain the following theorem.

Theorem 7: For each λ (> −1),

(i) the measure Φ(λ) lies between 0 and 1,

(ii) Φ(λ) = 0 if and only if the GMH model holds, namely {c∗i = d∗i =
1
2
}, and

(iii) Φ(λ) = 1 if and only if the degree of departure from GMH is the largest in

the sense that c∗i = 0 (then d∗i = 1) or d∗i = 0 (then c∗i = 1) [namely, ci = 0

(then di > 0) or di = 0 (then ci > 0)] for i = 1, . . . , R− 2.

See Chapter 4 for the detail of the proof of this theorem.
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Table 1

Cross-classification of smoking by lung cancer. Note that nij denote the

observed frequency in the (i, j) cell of the table (i = 1, 2; j = 1, 2), and n·1
and n·2 denote the marginal observed frequency (namely, n·j =

∑2
i=1 nij).

Lung Cancer
Smoker Cases Controls
Yes n11 n12

No n21 n22

Total n·1 n·2

24



Table 2

Cross-classification of the unaided vision data. Note that nij denote the

observed frequency in the (i, j) cell of the table (i = 1, . . . , 4; j = 1, . . . , 4),

n·1 and n·2 denote the marginal observed frequency (namely, ni· =
∑4

j=1 nij

and n·j =
∑4

i=1 nij), and N denote sample size.

Right eye Left eye grade
grade Best (1) Second (2) Third (3) Worst (4) Total

Best (1) n11 n12 n13 n14 n1·
Second (2) n21 n22 n23 n24 n2·
Third (3) n31 n32 n33 n34 n3·
Worst (4) n41 n42 n43 n44 n4·
Total n·1 n·2 n·3 n·4 N
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