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Five ruled surfaces of a line congruence.

1. We may define a line congruence by means of the coordinates
(v, v, 2) of any point on the surface of reference in terms of two para=
meters #, », and by the direction-cosines (X, V, Z) of the line [ passing

through the point in terms of these parameters, If we put
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then the two fundamental forms of Prof. G. Sannia®™ have the expressions :

Si = do' = DAX? = G dit+ 2F dudo+ @ dv, (0)

Jo=—p = Qdu4 20 dudv+ Nd?’, (2)

where 7 is the linear element of the spherical representation, that is,

(1) GiSannia, “Nuova esposizione della geometria infinitesimale delle congruenze refti-
linee ", Annall di Mat, (3) 15 (1008), 1433 Sannia, «Geometria differentiale delle congrus
enze rettilinee ™, Math. Ann, 68 (1910), 400, See also K. Zindler, Liniengeometric mit
Anwendungen, B, 2(1906), Abschn, 11y Zindler, « Bamerkungen zum Berichte des Heren
Sannia tiber seine Arbeiten zue differentiellen Liniengeometrie ™, Math, Ann, 69 (1010) 446+ B
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the infinitesimal angle between the two lines (u, v) and (u+ du, v+ dv);
~and p is the moment of these two lines.

The discriminants of these two forms are
Af) = 66—F >0,  4(f) = LR—M!
respectively and the simultaneous invariant is
A O(f1. /o) = EN—2FM +GL. (3)

The congruence is said to be elliptic, parabolic or hyperbolic according as
A(f)) >0, =0 or < o; and to be normal when

0(f1,./2) = o. (3)
The angle @ between //(u+du, v-+dv) and "(u+o0u, v+0v) for Lu, v) is
the angle between the corresponding central planes for f, and hence is

given by
€ dudu+F (duov+ dviu) + & dvdv
V€ &+ 2 dudo+ S dv* /€ 0+ 2§ dudv+ O 0

COS w =

The lines of congruence which pass through a curve on the surface
of reference form a ruled surface. Such a curve, and consequently a ruled
surface of the congruence, is determined by a relation between # and 2.

Hence a differential equation of the form

A (u, v) du+ B (u, v) do = 0

fi eé a family of ruled surfaces, and the direction of progress of the
fa é passing through the line /(x,v) is determined by dv:du
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2. Now the differential equation

Si=o0 ()
defines the two families of imaginary ruled surfaces, through [(u, v), whose
spherical representations are the minimal lines™.

Next the differential equation
fe=0 (2)
denotes the developable surfaces through /®. They are real or imaginary
according as the congruence is hyperbolic or elliptic.
If J(/1./:) be the Jacobian of /; and f;, then

Cant+§adv Fdut+® dv

S f) = Ladu+Mde  Mdu+N do ; (4)

but since the parameter of distribution is

QA+ 2M dudo + Nt

& S du'+ 2F dudv+ & av®’ (s)

the swifaces of distribution (after Prof. Sanni a)® for ¢ have the differ-
ential equation

S 3= 0k ' (4)

The values of p corresponding to the surfaces of distribution are
called the principal paramcters of distribution and they are given by

A Y
21 _=‘“'—@—: V23 ='—-@.—, » . (6)

where the surfaces of distribution are taken for the parametric surfaces.
Also the quantities :

(1) Compare with G. Scheffers, Einfiihrung in die Theorie der Flichen, 1, Aufl, (1902), e
215. L T

(2) Prof. Sannia called these the asymplotic surfaces. But this name is inconvenient. See
St. Jolles, Fortschritte d. Math., 41 (Jahrg, 1910), 733-4. . 1 ‘

(3) These surfaces are called the suzfaces of curvature by Prof. Zindler and also the i_
mean ruled suwijaces (rigate medie) by other mathematicians, Sce P, Burgatti, “Sopra aleune
formole fondamentali relative alle congruenze di retti”, Atti della Ace. dei 'I.inc:ei*;-('g 899),
515; T. Cifarelli, « Le congruenze”, Ann. di Mat. (3) 2 (1899), 1395 L. P. Eisenhart,
A treatise on the differential geometry of curves and surfac s (1909), 422.
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eN—M* _ A1)
KR=pp= @@_%2 e ‘J(fl)

and
. 2FM—CN—6L _ 6 /,/)
@@_%2 4(/1)

-‘é =ptp =

are éalled the zotal and mean parameters vespectively. Since

L04) (p—p.)y <o,

A( (/. 1R) = ;i— ) (4R — 9 =——

the surfaces of distribution are always real.
It is well known that abscissee of the central point and the middle point

for / are given by 3 dxdX

S

[‘3-’8 G(M — A) | dot* + (BL— EN +2°§/1)a’m{v+ [GB(M +2)—FN o
VEG —F (€ du’ +2F dudv + S dv*)

b
V/ECB—g”

7’0 =

ély Hence if we denote by ¢ the distance between the centyal

! the middle point for I, then g=r—r,; and consequently

(8‘8 M)+ (G — EN)dudy + (G — ‘f%)a’v )
e -,/(.,(55 — ¥ (@n’u + 2% dudv+ & dv’)

'.lﬁh, that  and ¢ are the intrinsic quantities of the con-

CM—38

is satisfied.

faces.
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SAJ(AS) =0 (8)
and they are always real.
3. Similarly, since

a8 EM—Fe

SAT S = | —duds M _(N—-68) |, (o)

N FR—GM
AT T /o)) = % L(1) A f) (s — £,

the ruled surfaces
S (i fe) =0 ©)

are real or imaginary according as the congruence is elliptic or hyperbollc
Now we proceed to prove the theorem :

for an  elliptic congruence there exists a unique system of conjugate
ruled surfaces S for which the angle between the directions of progress Jor
any line [ is the minimum angle between conjugate divections of progress
Yor the line [, it is the only conjugate system whose directions of pr‘agm's".s{
are symanetric with respect to those of the surfaces of distribution, and the
equation 10 S is (9. T o LR

In order to prove this, we note that the two ruled surfaces 'éorﬁe's; .
ponding to the directions a’w di and v : du are coujug'czte when a.nd @ ly
when the relation ;

$ dudu+ M (dudv + dvdu)+ N dodo =0
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(é) (I"U tO' H, =J (*S 67/ 3

tglt = A G on !

~ so that, by the aid of (6), equation (11) may be written

tg 0 tgl = — —g—, (12)
1
. ‘[' 0_ 0 = pz COt 1 2‘
s ( ) ]5-.'_]91 :

 If we differentiate the right hand member of this equation with respect

~ to 6 and equate the result to zero, we obtain

tgf =+ /2. (13)
pa ‘
Then from (12) we have
p tg 8’ — $ pf.
1
0 = —0.

ly, when /= —0, equation (12) becomes (13).
the necessary and sufficient condition that the central planes

ing to dv:du and dv :ou should be symmetric with respect to
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S AL TS ST = AT fo) - fa
(16)
= 7‘{ (CG—F (4R — )L d+ 2 dudo + N do?),

In the particular case where the congruence is normal, we have

oAk =0 (3)

whence it is seen that

f(fn./(fhfz)) =0 and

arce equivalent to

S S (S0 /) = o

= (0 AR =N
respectively.

Conscquently, for the normal congruence, the privcipal surfaces and
the characteristic surfaces coincide wwith the developable surfaces and the
ruled surfaces whose spherical representations are the minimal lines respect-
wvely.

4. Thus we have from § 2 and § 3

& f(ﬁ.ﬁ
oL

also we can show that

—/d(f) - g L};ﬁl—yd(ﬁ).m (17)

¥
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respectively.

| "

respectively.

dn

.f(ﬁ’.f-’)) I av

7

7 4

Lo VACYOR 5 JUhd) |
& ﬁ ;I';;-':t’ fl‘ ;E'=t, .fl 37;:':
: JAS | JEh) |
TR St | = TATAS) |G-
i ,.:-“‘.a;ne' extremes respectively, are given by
B o ) e =0 TSRS e =
s duw = dn = du
f(f(ﬁ,f(ﬁ,f-.»)),f(ﬁ.ﬂ))I@__t =0 o f | s
du du
T S ) w_=0 o f{i _=o

Therefore we can find #ee five families of ruled surfaces of the con-

- grucnce corvesponding to the extrenies of

7,

?

_@_p %p—ﬂ

In the following table we will also give the ruled surfaces

2

‘ corresponding to the infinities of the above quantities.

Ioxtremals

Infinities

.f(fufz) =

Surfaces of distribution(h

(always real)

Ruled surfaces whose
spherical representations
are the minimal lines
(always imaginary)

Priucipal surfaces
(always real)

Ruled surfaces whose
spherical representations
are the minimal lines
(always imaginary)

;2

Characteristic surfaces

R > o, real ;
R < o, 1mag1nary

Developable surfaces

o, imaginary ;
,(ﬁzo real )

~ Principal surfaces

e

form the :‘-cpmpie-te:-fsyst&m\
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The normal congruence.

1

| Extremals Infinities
| Ruled surfaces whose
% . 3 Surfaces of distribution spherical representations
i , SInda) =2 (always real) are the minimal lines
! (always imaginary)
| Characteristic surfaces
l / - Principal surfaces = Ruled surfaces whose
7 S (S J(Ju/))=0 = Developable surfaces || spherical representations
(or f3=0) (always real are the minimal lines
y
(always imaginary)
Characteristic surfaces
q y e = Ruled surfaces whose Principal surfaces
*/, S j(["f‘)')) & spherical representations = Developable surfaces
(or/y=0) ~are the minimal lines (always real)
(always imaginary)

5, It is easily seen that the two pairs of central planes for /(u, v)

corresponding to the two ruled surfaces

¢y = A dit+ 2B, dudv+ Cy dv*

¢y = Ay dit+ 2B, dvdv+ C, dv* = 0

determine an involution of the pencil of planes through /; and the double

‘planes of the involution are the pair of central planes for / corresponimgﬂ :

to the ruled surfaces
J(¢1, @) = 0.

7 : f;sf’, f(ﬁ»ﬁ):

up to some constant multlp

XN,
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Therefore we arrive at the following theorem : : : S f) =0 and  J( /o J(Su /i) = o

The ruled surfaces whose spherical representations are the minimal lines, ‘ are equivalent to

} S S (S fe) =0 and A =@

sense tht the central planes (for any line of the congruence) corresponding ,

 the surfaces of distribution and the principal surfaces form a cycle in the

respectively.  This result is easily seen geometrically by introducing the

lo any one of these three surfaces arve the double planes of the involution
[ ddea of the Jacobian point™; for the point [ £)] lies on the straight

determined by the corvesponding contral planes of the other two ; the similar

R o A "
result holds good for th: developable surfaces, the surfaces of distribution and | line joining Z[ /1] and P[J(f, /2)].

i . o { T 2 P : RIS %
the characteristic supfaces. And these five families of vuled surfaces form Now in Sannia’s “theory we have theitwosself con_]ugate triangles

e compless system | whose vertices are

Particularly, for the normal congrucnce, the characteristic surfaces (¢%e ' PLAY PLICA L) PLIA TS s

vuled surfaces whose spherical rc;bresefz.z‘{ztz'olzs are the minimal lines), the ( PLAL PLAAEN PLI G S s

- principal supfaces (the developable surfaces) and the swifaces of distribution

Jorm the complete system. | respectively.  Oa the other hand, the two self-conjugate triangles for

g | Kummer’s theory have the vertices

Comparison of Kummer's and Sannia’s theories. | PLAL PLIVA)] (e PLIUA JUA DD, e
6, In Kummer’s theory of a line congruence we have the following ; PLIA S S)] Ge PLICASD : e
e PIAL  PLAAANIGS Pl Tl

vl 2 (o 2 ) %
S = Cdi + 2F dudv+ @ o, (1) 8 PL I T fD] e |
s 2 / 2 ; . ;
sl U g ao, (19) respectively ; and the two Jacobian points P[ f)) and P J(f, J(fo ) lie
on the straight line joining P 1| and P[J(fi,/5)]- ' b e
0X ox e Z 0X ox /7 ARG 0X ox & In fact, we can show that
o On’ ou v’ 0w ou’ S [Lidw ov ‘

i+ (GR — B8 — 2F N dudy + [FN ~ B + )],

and then
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Therefore we may conclude that in Sannia's theory the five ruled

surfaces

fi=0, fi=o, J(Auf)=o, J(AJSfuh)=0, J(fa (fif))=0

depend wupon the congruence itself, but independent of the surface of reference.

On the contrary, in Kunimev's theory the two ruled surfaces
- b

=0 J.JS)=0

depend not only wpon the congrucnce itself, but upon the surface of reference.

Special classes of ruled surfaces of a line congruence.
7. Let us consider a system of 200! ruled surfaces of a line congruence
which may be taken for the parametric surfaces #=const., =const. .
I. If the relation
qu=—g," (24)

 be satisfied for any line [ of the congruence, we have either

¥ % = 0 (25)

g W

O (e pu=2.); (26)

in ft:uhis case the 2w' ruled surfaces form an orthogonal system”?
al system (Sannia)®.

t is well known that for the principal surfaces

dudv+N &° _ EN—2FM+GL
dud+ G d? 2@0=me

/

S
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Next, if we put
I o /i Tl
e __+_.),
2 2 (P1 22

L di’ + 2N dudy + N do*
€ da* + 2§ dudv + & do*

we obtain

2 (8N —I?)
I — 2FW+ GY

which denotes the characteristic surfaces.

Again, if we take

2= P
we obtain
8 du’ + 2 dudv+Nd* [ —PF
€ du* + 2F dudv+ G dot CO—F

which may be called the swifaces of Occlipinti, from the similarity in
the theory of surface-curves®,
In the following table five particular familics (cach taken for the para-

metric surfaces respectively) belonging to the class ¢, = — g, are mentioned.

Surfaces of distribution g
Principal
Orthogonal ; § . faces
£ Rt ) surfaces
system o S ol
2u=E Py (in general) g s v
g o e BT
: V=0 T
Developable Characteristic ~Surfaces of A% )
surfaces surfaces Occhipinti
Tsoclinal , , | e S
. ma— Q=o0, M=o0. |M=o, _$_=_m_. g:h‘—’ -m‘:ﬁ. ‘
system (o ST Mo T TG
el J ,?u“ﬁu=°'
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M R SR
s ) (28)

system consists of the complementary surfaces™.
8 L If the relation
g e 7

? 2

be satisfied for any line / of the congruence, we have ecither

M =0

L N :
T (e 2 =205

hence in this case the 200! ruled surfaces form a comjugate system or an

wsoclinal system.

Conjugate
system

Surfaces of distribution
Characteristic

surfaces
Tsoclinal Developable Principal Surfaces of
system sur aces surfaces Occhipinti

II. Lastly, ¢ the relation

7

2

be satisfied for any line [ of the congruence, we have

W el (G =@
wz et (32)

~ This may be called the Znwerse-conjugate system, from the similarity in the

theory of surface-curves @,

~ January 1916.

5 (T!’)“ Zindler, Liniengeometrie, 2, 138.
(2) A. Voss, «Uber dicjenigen Flichen, auf denen zwei Schaaren geoditischer Linien ein
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