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Note on W-Curves.
By K. Oaunra.
[ReAp Juny 3, 1909.]

1. Consider two W-curves IV, and IV, belonging to the same system
and given by the equations

@)y ) = ky, (1)
s gy = £y (2)
where a-t+b+c = 0.

If @ (5,8,&) be one of the intersections of the curve IV, and

the tangent to the curve W, at a point P (2, ), ), then the relation
ak, bz, 5y 2
T S (3)

@ @y @3

b

will be satisfied. Eliminating a; and &; from (1), (2) and (3), we
§u v )a_ Laveqa B { ( § @ ) gl
(f: o = (-1) (...,I_H. o | — wd rb}.

52 ¥l

IV

Solving the last equation with respect to —é— ’ r;:’_ , we obtain
2 1
g_;._w%-~e DR N
: _‘.where ¢, depends upon a, b, ky, and F,.
- Now the equatlon of CP is
N, = X, =0, (4)
, and that of CQ,
5 7 Vr‘ig. K : e i, A
which may be written
oy Xy—e 2, X, = 0. (5)

2. Let us take two W-curves W, e
W, belonging to the same system, and
let @, @/, @, Q" be four intersections
of the curve W, ;md the four tangents o
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case, by (4), the equations of CP, CP', CP", OP'" are
9.1-2 Xl—m] X‘g e O, alzl ‘{Yl_:cl’ Xz . O,
@y X — X, = 0, e XE — o G ()
respectively, and by (5) those of CQ, CQ/, CQ,’, CQ/
7‘2 Xl -—C; .’L‘l X_’ = (), .’L'_:’ ,(Yl—(’,iai‘l' X_, — ())
2 Xi—e x)' X, =0, e G =y X I= (0
respectively. Hence we obtain
f D ST NG / 7 ' :
C(PP P" P") = O(Q, Q' Q" &) (6)
and similar relations for 4 and B. Therefore we have the following
theorem :
Theorem I. If two W-curves belonging to the same system, the
anharmonic ratio of a pencil joining a vertex of the invariant triangle
to the four points in which any four tangents to the one of the curves

meet the other is equal to that of a penecil joining
the vertex to the four points of contact.

Fig. 2.

In the particular case of two conics having

double contacts, we have the well-known relation
(P I)I 1)” PHI) e (Q] Ql Q) 1 IH)
= (@ & 6" Q’”)

which bears the name of Townsend or Gopel.

Therefore our theorem may be considered as an
extension of Townsend-Gopel’s theorem.

3. lLet us take four W-curves W, W, 1V, W, belonging to the
same system, and let ), 1, S; be three intersections of the three
curves W, W, W, and the tangent to the
curve W, at a point P (z, @, ;). In this
case, by (4) and (5), the equations of CP,
0@, CR, CS, are

X X =04 - a, Xi—ex; X, =0,

@ el X =0, a, Xi—el 0; X, = 0
reépectively. Hence C (P @, IR, S;) depends
upon a, b, Iy, Fooy Toy oy butb is independent of
e Xk Thus we get the following

Fig. 3.

i
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Theorem II. Tf we take four W-curves belonging to the same
system, and draw the tangent to the one of the curves at a point P, then
the point P and the three intersections of the tangent and the remaining
three curves will form a range whose snharmonic ratio is independent of P.

When the curve IV, reduces to an invariant point, we obtain the
following corollary :

If we take three W-curves belonging to the same system and draw
a line through a vertex of the invariant triangle, then the vertex and
the three intersections of the line and the three curves will form a
range whose anharmonic ratio is independent of the line.

Ifrom this corollary we get the following theorem :

Theorem IIT. If we take four W-curves belonging to the same
system, and draw a line passing through a vertex of the invariant
triangle, then the four intersections of the four curves and the line will
form a range whose anharmonic ratio is independent of the line.

The direct analytic or synthetic proof of this theorem is mnot
difficult.

Corollary. If we take four inverse curves of four W-curves belong-

ing to the same system with respect to a vertex of the invariant

Pig, 4, triangle, and draw a line through

: the vertex, then the four intersec-

7 tions of the four inverse curves

and the line will form a range

whose anharmonic ratio sz _inde
- pendent of the line.

For example, four rectangular
hyperbolas belonging to

2

x’—y* = const.,

and four lemniseates belonging to

(' + y*)*= const. (2? —-1/ )
will be cut in a projective range by anyline thlough the origin.
4, Now reciprocating Theorem II with respect to
al+at+ay =0,
we get the following theorem : el el
Theorem II'. Tf we take four W—curves W, W‘,, W I:“
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and the tangent at P to the curve IV,
will form a pencil whose anharmonic ratio
is independent of P.

Corollary. If we take two “r'-cur;\é'ﬂ
W, W, belonging to the same system,
and draw the tangent at a point P to
the curve W, and a tangent from P to
the curve MW, then these two tangents
and the two lines I’4, P will form a
pencil whose anharmonic ratio is  in-
dependent of 2.

Now I will prove the converse of this corollary.

Let us take two W-curves having the same invariant triangle 45,
and draw the tangent P 7" at a point P to the curve ¥, and the tangent
PT" to another curve W' from P. If P(ABTT') be independent of
P, then P (ABCT) will be independent of P; because P (4ABOT) is
independent of P. Therefore, by the well-known theorem (1), #is a
W-curve belonging to the same system as .

Next T will prove the converse of theorem IT'.

Take W, W, W, be three W-curves belonging to the same sys-
tem. Tet us draw a tangent P7, at a point P to the curve IV, and

 three tangents P17, PT,, P1" from P to the two curves W, W, and
another curve W. If P (T, 7, T;1") be independent of P, then
P(ABT, T") will be independent of P; because, by the corollary of
Thesem IU, P (ABT,Ty) is independent of P. Therefore by the
converse of the corollary just obtained, we see that JI7 is also a W-
~eurve belonging to the same system as W, W, and W,

The quasi-evolute (*) of a W-curve with respect to two vertices of
: Y&na.nt triangle is also a W-curve belonging to the same system.

on (1662), p. 114,
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)
Q" & ' =
N 2P
(i T)
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5 2 o | i

4 @ It M, be the moment of two null-lines /, and [, and 7' the
common tangent of the two corresponding circles O, and C,, then

(=) (8—=8) — (o, — ar ) (1 — %)
I —

VirFt s+l Vird+sé+1

TR = bt =T (BB

= = -—(P' = pi)(8i—8) — (a1 —a) (1 — %)
488V r2+ 82+ 1 Vri+82+1

Hence we obtain the relation

and

e b o S R
R, cos(l, z) cos(fy z) ‘
O, if @y be the angle between the two circles €, and O, and if 4, the
quantity — My related to the two null-lines 7, and 1,
; cos (lz) cos (h) ,
then ‘

.y (D
Argimp ik e,
2 d

Therefore, when two ecireles have a line-element in common, the two
corresponding null-lines will intersect at a point. :
Next, when we consider four null-lines and their four correSpondimg '
circles, we have e
T
Tiy Do v My _AMm ot

f we call the quantity :_1.:11 et

28 e L1 BN

circles, then we obtain tho follo
- Grassmann’s anha
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our circles should he touched by a fifth, then we get the condi-

iihat four null-lines should be cut by a ﬂfth This expresion is the
same as Cayley’s condition fm' the 0([111111)1'111111 ()f fom' fou*os( N

wt ‘bhe given angle w, the c¢
generators of a
p equatlom

'ms-,pmuh o null- hﬁg 4 .md e \\Jlﬁ\f{nm
ol surf: Ce of th(\- Sec (m\] ordey (13%11—

\
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|
\

\

il o R -J-p,\‘ J},,—Zpu 77“{ A" R’ s o,

" Pt put P-t\(\ Py= 2731 \]’n AH-f’u” Pae = 0,
pzl‘f'pdl.h 0. y \ l

call this q,str‘m the - sy ht(,\; with 1.'(>§pt:ct to the two null-

Put

xR

conxal (‘ii‘g:h;ﬁ cutting €’ and* (" or

in the plane gegmetry of grdes are
aher theorems in the geometry
ev. Here I will give some example
respect to tw
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