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On the Summability of Series of Sturm-Licuville’s
Functions, ,

BY:

K. Ocura in Sendai.

(v o}
In the series 2 wu,, if we put
n=
2 r4l r+2 r+n
R =y 1 . ! 1 | 4
"Sn (wn) = Uy + 1 Up—1 ) Umin =t A - i u,
r /r+1 ' i
:Sn+ 1 Su-t-l""K 2 8:;—2+----T 0 0
being a number not negatively integral, and
(1) ¢
‘ Sﬂ(“?t):sn:?{o'*'ul‘f'-...+un,‘ ;
(v L e+ D+ 2) .0 (r +n)
e ) =
then we have
(r=Dyy @) -1
55 S ()= 87 (85
7 r+1 r+n—1
4 = Sn,+ 1 Sn-1+ 2 Sn-2+ ----+
0) ;

=08 ()%
Let us consider the Fourler series ;

S = Ul :c)f J@)v(x)de + vy(z) f J@)vy(@)dz + @.,(?)f Sl (x)dz+ . ...

n=0

with respect to the orthogonal funetions v,(2), v (z) sonlal e

where
: | v, (@) v, () dz = 0 (P=q), Ii?’i(ﬂ?)(zdw:l
- ‘ If \:re put e 0 :
K'-("’ 1) = ~>(z) 6,0 = S {v"(z)v (t)% (10 =0,1,2, ....)

-

*(r ! i (r=1)

:Sn':( ‘ n( t)
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-3

(]\

[/ @)= fz &0 @ dt= S )fﬂ, ot = (),

I -1 )

[ T e = o S, @] = —‘;({-T ,S‘” (%) 5

then we get the relation

Lf @], ff 07 @) dt.

But from the equation

2% (r) Eices TNl =1 ¥ ’i‘+//—1>},_ r+ntn
[Z (7>]n+p o ?“)z(z) {1'{_(1)'} ( .:3 )+ A I’ ( ]‘ ! -( 7Z-f—2) )

A e AN ot o ) -
:1‘,,(2)( 2)1)_(';11+2)/) =021, 9, g

which is obtained by short calculations, we see that

lim [’1*(1)(/’)]1‘1”1 = v, (;) %

p=®0
Hence by a lemma due to IHaar,(') we have the theorem :
Fourier series with respect to the orthogonal functions, corres-
ponding to a function which lies in the domain of the orthogonal func-
tions, is summable () for any value of » , provided that
: r T
J

is smaller than a finite tumber independent of 7 and 2.

Kn (/ t)|di

By applying this theorem I will prove the follswing theorem
which may be considered as an exlension of two theorems of Haar's (*)
and M. Riesz-Clapman’s : (* ) -

Any Fozn er series with rcspccl to Sturm-Liowville's funclions, cor-
responding to a Junction which lies. in the domain of Sturm-Liowville’s
functions is alway, ys summab’e (C.) fo: any value of v > 0. Particularly,
any Fourier series awilh respect 1o Sturm-Tiouville's Junctions, correspond-
g lo a cooztu‘mous fanctzon Jx) for 0 <z, s always summable (C)
Jor any value of 7 >:0; and the sum s egzzal io () Jor Oie 0 < %

Now in the case of Sturm- Llouvﬂle s function v,(z), it is wellknown
that

(*) Haar, Math. Ann 69 (19&0), p 357

(2) Haar, lot. cit. p. 338 P ) $

(#) M. Riesz, Comptes Rendus, \Towmber 22, 1909 ; Chapman, Proe, London Math.
Soc., I 9 (1910-11), p. 390; Chapman,, Quarterly Journal of Math 43 (1911), p. 1.

&

198 K. OGURA :
2 n
K (a,t) == 2cospa-cospt+ @,(a,t)
7C p=0
T \ b—a L+ a
( sin (20 +1) —— sin(2n+1) - 1) -
2 , Ol ; 4
v Flr+ @ (a, t)
7T 0 {—a 5 s VG ’
e S i L ’
\ ) 2
|5 Al S,
sin(2n + 1) —
whero | @.(a,t)] and
‘ i+ a

are smaller than a finite number ¢ independent of n, a, ¢, assuming

that e O =%=ln\
W(r—l) (1)
But since SR (G A, =
in order to prove our theorem, we are only to shew that
sin (27 + 1) k151
A 1 ‘f(‘r-]) : ( 2 ‘
f S f Ul
& - — @
Ay 1 2 sin S
0 .
P
is smaller than a finite number independent of n and a.
Now
L=y
x S sin (27 + 1) > =4
7' - D 2 % :
f -—1— B, = diti f V(n, r, ¥) d
) o #0 —4@
5 A; 2 sin gy _a

—{1

- ' 0 e ~2_
:f s +f?1nm +] ad + / rdd,
_a y £ 0 J

where ¢ is an arbitrary small positive number and
1 “'"“l sin (2n + 1) & j i

S
n .
A l sin ¢

T {npa)) —=

But it is easily seen that
f vdis< K, f2 Tdg < K, (r>0;

and Chapman (') has shewn that

(*) Chapman, loc. cit.
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f@"d&:f’ep‘da<1“ W .
- 0

where /U, K’ and K are independent of n and a. :
Hence our theorem is proved.
We can get similar theorems for the summability of the two series
treated in my previous note.(') y

Sendai, November 1911.

(1) This Journal, 1 (1911-12), p. 121-133. '
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