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1. Consider the motion of a particle which is free to move on a
smooth surface, and is acted on by a conservative force. If we take an
isothermal system as the parametric curves -on the surface, the element
of arc length may be written

ds’= 2 (u,v) (du?+ dv®).

Let the field be defined by the force-function U(w,») and the energy
; constant /4, and putb

¢ =V"2(U+h).
Then thé differential equation of the orbits is
d*v G, ) b i dv
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For each orbit ¢ which passes through a point P, we can draw
the curve g which osculates ¢ at that point and which has constant
geodesic curvature (the osculating geodesic circle of ¢); and it was shown
by Prof. J, Lipka that there are two directions, which are orthogonal,
through each point in which the osculating geodesic circles hyperosculate
their corresponding orbits. These directions are determined by

(1) adw’—8dudv—ad*=0 ("),
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“« Gieometric oha.motenzahou of isogonal trajectories on a surface,”
e Ser ]I, Vol 15 (1913), p 71. For the case Ofg the plane, the cor-
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For the sake of brevity, the curves defined by (1) will be called
the Kasner curees.

Now I will prove the theorem: The Kasner curves coincide with
the equipotential lines and the lines of force when and only when the lines
of force are geodesics, that is, the lines of force may be orbils in the Jield.

The equipotential lines and the lines of force ave given by

(899 du+ 22 dn )(25” D22 g ) 0,
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In order that (1) and (3) coincide, it is necessary and sufficient that
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Since (2) nay be written
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the above condition becomes
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This is nothing but the condition that the lines of force
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should be geodesics.

9, Now a necessary and sufficient condition that there exists a
conservative force under which each family of an orthogonal system of
curves can be orbits is that these families form an isothermal system ;
and if w, v be isothermal parameters and w=const., v=const. be orbits
the linear element is of the form

ds* = A (dw’ + dv?),

and then we have

k
{,:: (2
7
 being an arbitrary constant; so that the Kasner curves take the
form
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Particularly for the isothermal surface which is referred to the lines

of eurvature, the differential equation
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has equal Liaplace-Darboux invariants o, 7, such that
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Hence if and only if

g=1=0;

the Kasner eurves coincide with the lines of curvature. .
Consequently, there evists a conservative filld of foree in which the
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lines of curvature are orbits and the Kasner curves simultancously, when
and only when the surface belongs to Peterson’s P-surface having conical
lines of curvature, that is, the surface of revolution, the cone, the cylinder,
or their transforms by inversion(').

®

1I.

3. A particle is free to move on a surface under a conservative
force. Now I will establish a connection among any 2 oo' orbits, the
total curvature of the surface and the force function.

Let w=const.,, v=const. be any two sets of the orbits under the
foree derivable from a force-function U (u, v), the total energy being 7/ ;
and let us put

¢=1"2(U+h).
Then we have (*)
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where E, F, G are the fundamental quantities of the first order of the
surface and {121}, {212} the Christoffel symbols as usual.

By use of Liouville’s formula for the total curvature K, we
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(1) See K. Ogura, “On the theory of Stiickel curvature,” Toholtu Math. Journal,
Vol. 16 (1919), p. 270 §7.

(%) Ogura, Trajectories in the conservative field of force,” Tohoku Math, Journal,
Yol. 7 (1915), p. 179
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o standing for the angle between the parametric curves.
Consequently we find the relation :
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the left hand being the differential parameter of the second order of
lo
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Vhen and only when the angle @ is of the form w=f(u)+g(v),
the above formula becomes
A, (log ¢)= K.

It follows from this the following result immediately : Let two sets
of o' ewrves on a surface, which form an isogonal system, be orbits in a
certain conservative field of force. In order that log ¢ be the isothermal
parameter of the isothermic system (consisting of the equipotential lines and
the lines of force), it is mecessary and sufficient that the surface should be
developable.

4. Lastly I will add some remarks concerning the applicability of
two surfaces. TLet w=const., v=-const. and %= const., 5=const. be orbits
on two surfaces S and S respectively corresponding to the functions
¢ (u, v) and @ (%, v); and let

(A) K (u,v)=K (%, )
and

(B) ¢ (u, v)=c @ (%, v),
¢ being a constant, for the representation

U=, V=0
These two conditions (A), (5) are necessary, but not suffictent to secure
that these two surfaces should be isometric in this representation. .

For example, if we take the two spiral surfaces having the linear
elements (')
ds* =e* [du® + &’ (1 +w) dv’], ds’ = [dw* +a* (1+7°) dv’), (a*=a’)

respectively, we have

(1) K. Ogura, “Two surfaces ‘having equal measures of curvature but not deform-
able into each other,” Proe. Tokyo Math -Phys. Soc., Ser. II, Vol. 14 (1908), p. 338; T.
Hayashi, “On the applicability of two surfaces having the same total curvature at
corresponding points,” Tohoku Math. Journal, Vol. 5 (1914), p. 197. Tt should be noted
that w=const.,, v=const. form an isothermal system, but u is no isothermal parameter

(compare with the last theorem of this note).
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V?-jk,’:ﬁ bemg constants. But these surfaces are not isometric in the
~ representation u=%u, v=>5v ().
- On the contrary, we can state : %

w  If w,v and %, v be isothermal parameters( > ) of two surfaces S and
- 8 respectively, and if i
ok R R ¢ (v, v)=c ¢ (, v),

c being a constant, for the representation w=7u, v=7u, these two surfaces
~are isometric in the representation combined with a similitude.

~ If u,v and @, 5 be isothermal parameters of two surfaces S and S
‘respectively, and if ’

K=K (%5

mi ¢ (u, v)=c 0 (%, v),
a constant, for the representation u="u, v=7s, these two surfaces are
¢ in this representation (* )
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pstant fo. u}“=‘1‘2;j_-‘i:f=5.' See Stickel and Wangerin, «Zur

ungsmasses,” Leipziger Berichte (1893), p. 163, p. 170
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