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On specialﬁ Systems of linear Equaltions having
infinite Unknowns,

Dy

.

Kixxosuke Ocura, Osaka.

Poincaré treated a system of linear equations having infinite un-
knowns z, (n=1, 2,------) of the form (1)

x

\! ') g R

_L(LNQ'”_.O : (G=0,1,2,---),
n=

where

.

s | @, | < | @pser| and lim | @, | =co.
n=uwL

But his method can not be employed in the case of the following
system (%) :

(4)

In this small contribution I propose to find the general solution of
the system (A) and morcover that of

(G=0,1,2,--+).

(B) Saip it a0 dig ),
n=1
(i) Let the two systems (A) and (B) be given. In order that
all the series X n¥a, and X n¥*y, ((=0,1,2, -----) may converge, it
L J e et ) y 3 o
should be :
Iim n® 2,=0, lopm =0,
N=%w0 n=x .

p being any positive integer. Hence if we put

(1) Appell, “Sur une méthode élémentaire pour obtenir les développements en
séries trigonomdétriques des fonctions elliptiques,” Bull. Soc. math. de Frarce, 13 (1885).
- pp- 13-18; Poincaré, « Remarques sur lemploi de la méthode pricédente,” Ibid, pp.
19-27. See also F. Riesz, Les systémes d'équations linéaires & une infinité d'inconnues
- (1918), pp. 15-16. ‘

- (2) Applying Poincarés method to this system formally, we oBtain

ﬂ}n—_'—'d(—l)n n2, 1 (ﬂ:l, 2," . ')
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(1)  FO=2 (w,cosnfty,sinnl) —rT=0=+7,
n=1

the function f(f) is differentiable indefinitely and its successive derivatives
become

S (0)=(—=1) X p (i, cos b + 17, sin nf),

n=1

vl & : 4
FEED () =(—1)" 2 0’ (@, sin nf —y, cos nb).

N=1

Therefure we must have

¢ 47
@) 716 d9=0;
(3) g L= Cha) . (=0,1,2,.);
and from (A) and (B)
(4) FR{0)=0, @=0,1, 2, )
Lastly we have from (1) that
(5) :c,azi }29) cosnb db,
i (n=1, 2,02,
(6) Y= i f(0) sinnf d6,
TJ

(ii) Conversely, let f(#) be any function which is differentiable
indefinitely in the interval —7 =60 = + 7 and satisfics the conditions
{2), (3) and (4). Then the quantities @, 7, defined by (5) satisfy

() lim n? z,=0, lim n? 9, =0,

n=x n=w
~

where p denotes any positive integer ().

(1) For, we have
+7 5 +7T +7
J I (8)sinng dg +n ff(6)cosng dj = [f(@) sin ng] =0,
+’7t, +7 i e + 7
J17 @) cosng g —n 77 @) sinng ab=[ f/(@) cos g | = (—1pn [ 7 (+-m) =1 (1)) =0,
7 e —7C 3
and o on; whence
+ 7 5t +7 : i 1 47
S f(0)cosni do = —~—n——_f J/ () sin nf d = _n—"f I (0) cos nf dO
=7 -7 3 =TT

1 + COS .
— %D s s a s s R0 s n ey ::L"——‘— \p) 8 3 ')’ l .
ny -f:f,, ( )sm i
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[n virtne of (2), (3) and (7), f(¢) and all its successive derivatives

are expansible in the IFourier series such that

f(0)=2 (2, cos nb 41, sin nd),

ne=l

ow
SE2 (0)=(—=1) 2 a* (2, cos nf + v, sin n),

n=1

b asied () ==L X (g sin ntl — 1y, cos nt),

n=1

(—r=0= +=x).

Since all these series convevee uniformly in the given interval, we obtain
from (4) that

oC
(A) 3 1 ,=0,
n=1
(]))) .._\," "}L“”J"l J/"[:()’ (;:()’ . :_2, ..... )'
n=1

Thus we arrive at the theorem :
The general solution of

(A) 3 2, =0 (1=0,1,2, - -)
n=1
and
(B) N il 7y, =0 (1=0,1,2,--- )
n=1

are the Fourier conslants of f(6):

(9) B —1— )J‘('z@) cos nt db,
T -
4 1 +x . -
(6) o — ff (¢) sin nt db,
T —x

respectively, where f(6) is any fi wnction which is differentiable indefinitely us
the inderval —m =0 = +m and is su:h that

Consequently by Riemann-Lebesgue’s theorem

+ 7 ¥ 'i"fj oy COS —0
Jl}:a; np f f (6) cos ng df =t lm J TR ng d =0.
Similarly
PENEER 5
lima §f(0)sinnd df =0.
w=x -
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+x
2) F () da=0,
(4) S (0)=0,
3) FO(=m)=fC (4+n), (=0,1,2,.....).

L Thus the solution of (A) [or (B)] is not unique ; and any linear com-
bination of particular solutions of (A) [or (B)] is also a solution of that
__ system. :
It will Le noticed that the function f(f) used in the above_theorem
T s nmot analytic at #=0, that is, it can not be developed in the Maclau-
rin series; for we have

FE(0)=0, (G=0015 2, . ).

Lastly, as an example, I will find a particular solution of (A) and
that of (B). We can easily see that both

1
o (f)=e B2 0 for B m, 0, +m,
=0 for 5::——71:,7 0, +m,

¢, (f)=e T for 60,
=) for =0

are differentiable indeﬁ11ite1y in the interval —7 =0 = 4+ 7 and more-
over satisfy the conditions (3) and (4). Consequently if we put

FO=¢6). [¢(0)dI—0,6). [ (6) s,

then f(0) satisfies all ihe conditions imposed in the theorem ; so that (5)
gives a solution of (A) and (6) that of (B).

.

Deceﬁ:ber' 1918, Ikeda near 68&1;&_.




pEvel

THE TOHOKU MATHEMATICAL JOURNAL.

The Editor of the Journal, T. HAYASHI, College of Science,
Tohoku Imperial University, Sendai, Japan, accepts contributions from
any person. ?

Contributions should be written legibly in English, French, German,
Italian or Japanese and diagrams should be given in separate slips
and in proper sizes. The author has the sole and entire scientific
responsibility for his work. ISvery author is entitled to receive gratis
30 separate copies of his memoir; and for more copies to pay actual
expenses.

All communications intended for the Journal should be addressed
to the Iditor.

Subscriptions to the Journal and orders for back numbers should
be addressed directly to the Editor T. HAY ASHI, or to the bookseller
Y. OKURA, No. 19, Tori-itchome, Nihonbashi, Tékyd, Japan, or
MARUZEN COMPANY, LTD., Branch Office, Kokubunchd, Sendai,

”~

Japan.
Price per volume (consisting of four numbers) payable in advance :

3 yen=6 shillings=6 Mark=7.50 "francs=1.50 dollars. Postage in-

clusive. '



	3-L
	4-L
	5-L
	6-L
	8-L

