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Prof. A, Hurwitz proved the following theorem('): If in the
interval (0=2=27) the function f(z) be finite and integrable and if
all its Fourier constants be zero, then J(®) is zero at .every point of
the interval at which it is continuops,

Now I will prove the following theorem :

Let f(x) be any function which is absolutely integrable (or, more
generally, integrable in the sense of Lebesgue) in the interval (0=2=2n)
and s such that the corresponding Fourier series

1= L5 ar . sl
—ff.(t) dt+ — El cos N f(t)cosntdt—i—mnmvff(t) sinntdt| .
2 0 T 0 0

n=1

converges uniformly to the function f(x) at every point of the interval
(@e=e=0, where 0=a<b< 27 or 0<a<b=2x) at which the function
@ continuous.  Then there exists either (i) none or (i) an infinite number
of the inequalities

f F (t) cos mit di=0,

f "F (¢) sin nt dt=£0,

where m and n are integers.
And in the case (i) the function f(z) is zero at every point of the
interval (a=w=b) at which it is continuous(*).

(1) A Hurwitz, Uber die Fourierschen Konstanten integrierbarer Funktionen,
Math, Ann, 57 (1903), p. 425. For a generalization of this theorem, see Steklov, Su
la théorie de fermeture des systimes de fonctions orthogonales, Mém. de I'Acad. St.
Pétersbourg, (8) 30 (1911), p. 27. -

i (%) Prof. C. N. Moore proved that if in the interval
- save for a finite number of points, and is integrable and if
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Supposc that there is a finite number of positive i IGEPOTS My, Myae < os , é
My; Ny, Ngyoeeee , My such that
b g
S (t) cosm,t dt= Am, +0 St [ B RU (1) ; |
& ;
s
b pat XY ) ‘
f £ (t) cosmt dt=0 for all non-negative integers |
a m. except my, my, .- , My, %

b
ff(t) sinn,t dt= Bn,==0 oges Ve [EOACN
a
for all positive integers
n except Ty s Thyyrvos oo

b
ff(t) sinné dt =0

2
vhere 0<a<b<2r.
If we consider the function ¢ (x) defined by |
¢ (2)=0 0=2<aq,
~f(@) aSe=y, |
=0 b<a=2n, :

then we see that the Fourier series corr
uniformly to this function at every
at which it is continuous(?),

esponding to ¢ (w) converges
point of the nterval W=a=97)
But since

In
¢ (8) cos myt dt= A,
0

fore 119 Bl
2
] {0 cosmt QL0 for all non-negative integers
0 m except m;, my,---.-. y My s
2
/ 0 J )
fo ¢ (t) sin n,t dt= B, E ey =1[tR05 Tk, Sl

27 o .
f & (8) sin nt dt=0) for all positive integers
0 n except ng, n,, ----- , N
in the interval (0=2=2nr) the Fourier

: series corresponding to ¢ ()
converges uniformly to the function S (

x), where

71' P_gl

1 < Tiend
S (z)=-—— Zl Am,, cos M, T+ 2; B, sinn,a ;
T v=1

then f (¢) is zero at every point of the interval (4 =g =b)
C. N. Moore, On a certain const

Math. Soc., 14 (1908), p. 371.

at which it is continuous. See
ants analogous to Fouriers constants, Bull, Amer

(1) X8 mi =0, then 4, |shonld be replaced by Ao
iz 2

(*) Vallée Poussin, Cours d’analyse infinitésimale, t. 2, (2. éd. 1912), p. 144.

(INNOSUKE OGURA :
. KINNOSUKI

£00

so that

1 < s 0=z<
‘ . ) e A ' L] ____v & (C
e A COIM T} —— By sinn,a =r a4,
SR o)== 2 e e
7T =1 ve=]
1 Z 1 2'1‘ ) - . f(x a=x=0
—_ — 2 AJ?I?/L COS 7”/1'{"*' i J)n‘ S M, _—-‘/‘(1’) ll:‘ ——
7r 1 =1 ﬂ =l
: p 1~ i hep=<9
—— E Amu, COS M+ Z B, sinn, @ HR=27.
T T p=]

p=1 \
i i =2 =
Since ¢ (@) is continuous in the intervals (0=x<a) and (b<e=27),

we must have

p g
> Am,, cos m,x+ 2 Bn, sln n,e=0
p=1 v=1

' ; _ ‘ <<97) : consequentl
at every point of the intervals (0= < a) and (G 2a 5 OBy RaY

_‘Alj,‘,?#:() (\‘U‘:], ‘2’....." ]))’
J_))n,:O (‘,:]’ 2, ..... ‘ (j)'

And therefore Ll
8 (@)—¢ (z)=—f(2) forisr 0= T==0.
But since
S(@)=¢ @)

' hi b (x) 1 L1Uuous.
at every point of the interval (a=w=b0) at which ¢ (z) is contin
Hence we must have

f (.17):()
hie )) 18 continuous.
at every point of thie interval (¢ =a=0b) at which [ (x) is conti ks
o S ases 0= 271 ;
It is evident that these resulls hold good for the cases 0=a, b<2n;
: i
and 0<a, 6=2m. i |
: i »case svelopments
The method of proof may be applied to the case of dCV] 1 ;
i3 i jons, sue S : cendre poly-
in terms of any other normal functions, such as the Liege 11 5
: i i i ions, ete.(? ‘henever we Know
nomials(*), the Sturm-Liouy ille functions, ete.(*), \\henue'l : ¢ ;
. (S0 ) b} 2 i L A S 5 - v S l‘.lll.‘: eﬂ
that the series corresponding to any discontinuous function which s %
e \ 1f at every poin
o certain condition converges uniformly to that function at every }

at which it is continuous.

! V ]I()l (0] () Ill [} 3 l) S S O Legendleb fllI]B-
L2 > 0 v

i 30¢C.. 1908), p. 24. )
jons, Proc. London Math. Soc.. (2) 7 ( : i
u”ng( )1 Lzl“o example, see Kneser Die Theorie der Integmlgluchunge;n umz3 e

2 S - i i > ilz. Math. Ann,, 907),

1 kiirli . en in der mathematischen Physil, I .

stellung willkiirlicher TFunktionen 1in R e S e e
b, 477+ Kneser, Die Integralgleichungen (1911); Jure tz‘l\.n., Die Ll);t\\(;nmd ger e
?F.unl'ti;)m-n nach den Eigenfunktionen des schwingenden Stabes au

der Integralgleichungen, Diss. Breslau (1909).
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II.
Let f(x) be the function defined by the series

oo
(1) ay+ 2 (a, cos nw+0b, sin nr)
n=1

which converges uniformly at every point of the interval (0 =<=ap= 2m).
Take any two fived numbers a and b within the interval (0, 27), and
Jorm the 2n+1 rowed determinant

= &8

~ ~3

~ N

= o

I~ =

=Y S~
s o~ -
~ ~
2 = o 3
2 = o e
S = (S <2
(=] n e
4= o = —
= & S= =
=~ s = o o .55

/]

I
COS @ COS m.'(l."cif s sin nade |
: .

./;

I
f COS N sin na de

a

)

o P
- ~
S = =
P - > <
S L il 7
o S : = o
3 = 3 = =
3 . or [ng
o = ; n &>
O e § = =
S ) <
> S moe L E e =
. ~ = W
& ~ o
% e ~ S
= = S
= 2 =
2 — =
] . e =
F-: = v 5 w2
= =
— o
e = 2 £
o B S S i

(/]
41
b
L

f ;
];
g b
SIN & cOos & (Z,’L‘,f S].ﬂ.".’?? (l.?f
a
f
811 N COS L(sz
7

=
~—5
~
P o
o < =
o o, (~
o (@) L
ekl PN T 5

cos @ da

dx
/]
Q

.

fa

[’)

/] b
COs N (/.uf
@

0 b
|1 Na r?'z'f
a

b

J.
.
I
/

and let AL be the determinant obtained from A, by replacing the elements

8

82
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of the (r+1)-th column by the elements

[/ b b
f f () da, f () cos zda, f(x)sin ada, .-
(2 a @

b b
------ ; f}" (@) cos nx de, f () sin nw d.
(21

a
Then
S e EXs0
gy e g
n=ow ATL
PN G g
lim —*-=a,,. (@=1, 8, - , 2n—1),
The=(CC An 2
(i) (r=2, 4,------ 5 2m),

the limits (the Fourier constants) being independent of a and b(*).

Consider the identity due to Prof. I. Schur(?):

f o (@) o () dz f 00(2) () d- - f oo (@) &, (@) da

f:%(‘d?) o () da ,f:sol(m) b (x)da - f:%(%) ¢ (@) de

............................................................

b ] b ‘
f ¢y () o (@) dw f 0y (@) P () diw- - - f 0y (%) ¢y () dee

a
b b
= AT ﬂf f day dwy-- -+ - dv,
okt DA 0T
(p+1)
Po (o) Pol@1)--++ oo () do (@) o) - Po(p)
@, (%) @ (@) @ (%) &y (@) Py(@y) oo ¢y (z,)
@p(0) 9011(:"1) """ @) do(wo) Pofr) - ¢y ()
= (1) This belongs to the case where the so-called « principe des réduites” is valid.
7.

See T, Riesz, Les systtmes d’équations linéaires i une infinité d'inconnues (1913), p.
{2) L Schur, Zur Theorie der linearen homogenen Integralgleichungen, Math
Ann 67 (1909), p. 319; Richardson—W. A. Hurwitz, Note on determinants whose
terms are certain integrals, Bull. Amer, Math. Soc., 16 (1909-10); Landsberg, Theorie
der Flementarteiler linearer Integralgleichungen, Math. Ann. €9 (1910), p. 231. For an
interesting application of this identity, see Fujiwara, Ein von Brunn vermuteter Satz
iiber konvexe Flichen und eine Verallgemeinerung der Schwarzschen und der
Tehebycheffschen Ungleichungen fiir bestimmte Integrale, Tohoku Math. Journal, 13

1918), p. 231.
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If we put
SDO(T):S'IJU(:C): 11
@1 (%) =¢, (2)=cos z,
@2 (2) = ¢, (@) =sin z,
Gon-1 (@) =a,_, () =cos na,
. (%) =, (¥)=sin na;
! 1 S T 1
-Dn (’EO: 4 SRR ) mZn) = S S S CO8its
7
SO GBI o s sin 2,
- 7
Al e et
COS T, Cos ne,  e----. COS N
: “on
S1N. N, Sin R Aot gil
- sin na.
then (2) becomes F
) A L ff ;
(2n+1)! o fa[ n(’CO,CCl, N Q/:n)]‘dfvudﬂﬂ ...... d-’U-n.

: ; T =y (1, k=0,1, 2....
m virtue of the identity e o)

where P:_Q are all duads from 0. 1
Again if we put R
w@=L_ d@)=f(z)

@1 () =¢, (@) = cos @,

@2(2) =, (v) =sin z,

.......
.....

Pony (¥) = (9 () =cos nx
D

Pon (T) =y, () =sin ne,

1
(1) Scott and Mathews, Theory of

determinants (3, ed.. 1904), p. 272

289
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(2) becomes

b b b
( 4 ) A&?):_(_Qni 1)‘ f f ...f da;odxl ...... dq;gn -Dn(m():! Byymne p 3;2,‘)

2n+l)

) S (@ S (@2n)

COB Ty COBTy =-r-=- COS Ty

........................

sin na, SN NLy----- SN NTay

Since the series (1) converges uniformly to f(x) at every point of the

interval (0=2=27), if we put

f (@)=, +(a, cos T+ b, sin &+ <o + a, cos na+b, sin n@) + By (),

positive number &, it may be possible to find

then, corresponding to any
a positive integer N which is independent of (o=z=—0) and is such

that
| B, (%) [<e n>N.
Also we have the identities :
| ‘:
f (xO) f (q’l) R f (a’.in) , o+ l}zn (‘EU) oy e Rn (1'1) """ @ S l%n ('Um)
COS T, COST --+ COS Loy COS Ty cos @y e COS Do,
sin ma, SN X SN T, sin M sin ne, e sin Ny,

'\! Rn('l"o) Jl)n(fbl) '-Rn("vzn)

e D G e 5 ) QOB A R COS @, -+ -COS Loy

...................

sinna, SINNE, ---SIMNTy, |-

i
|
|
[
|
i

2,,) be the Jeterminant obtained from

NO\V let DSi) (Q,U: Wy s ) ;
lements of the (r+1)-th row by

(g i , T,,) by replacing the ¢
the elements

Il)‘n('l‘()): Rn(ml): """ ) 113,,(3)2,,).
Then (4) becomes

b b b . :
f f z j ["qu (‘l’u » Lys™ 'y "U;’u)} dayd, - 'd’xin( ' )

e e e s

Oy Ay

(2n+1)!

(1) The number of the signs of int s 2n+1

egration in these expressions 1
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+ (2n+1)| ff f.D (T{))xl; . ,mzn)]) (TOJ Qe 7),1 (IQ.)([Z‘L ([L;n,

~

so that we have from (2)

(6) AQ/A,
L

*Dn(’LO’ Ty vty

f f f Dl ] dndr, rlt,,,

0)( 1
Do) D (D0, @1y ++5 Ty )y det, - - Ay,

Similarly we obtain
) AP/A,
b b b
f f 55 f D‘n(mm Ty x:!n) g .DSP(:Z‘O, Ty m?n) ‘lmo d;L‘k 3 'den
a

=a,y +

2 ff ][Dn(.7,0,m“~ To) |* Aoy day -+ - dy,,

(r=1, 3,--+, 2n—1),

f f j-Dn('LOa iyt e "’L’n) D ('UO:’CU ",-’l‘g,,,) dx()dxl"'dxmb .

; f [ f[Dri Tpy Tpyeey xm)] da’f’d?"l Ay,

(r=2, 4,---, 2n).

Now let (&, &,-:-, &) be the rectangular point coordinates in space
of 2n+1 dimensions, and consider the 2n+1 planes

~ R . ;
So+&; cos xy+&, 8in ay 4+ 18 810 Ny =R, (),
1‘- - S . m
§+& cosw +& sina, - +Son 8in 0@, = B, (),
£ +$ " () gl ' &
S0+ 51 COS @+ 5, 810 Xyt o+ - - - G BI0 N2, — 17 (L o)

The angle 6,(z;, 2;) between the i-th and J-th planes is given by

1+ v COS Py COS PT;, g .
coslilay iy — , ( p o -*_f_li]fq_,mjn)_ Ll

\/ +2 (vos “pr;+sin’ pa; )\/1 +2 3 (cos* pay, +sin’pa;,)

p=1 p=1

{1—{—4,(«)\/)(7;—7'

n=1

+(14n)

9209 KINNOSUKE OGURA :
P s e R 5 P

('«).52 (x;—x,)-sin 5 (2, — )
('lu}wj\m (7—1)

Hence - cos 6,(xv,, x,) converoes uniformly to zero, that 18, the angle
n : i ) ] 2’

6, (@, w,) converges uniformly to -~—, as =n tends to infinity, when

%, @, lie in the interval (a, b) except |a;—a;|<<d. Next the distance

of i-th plane from the origin of coordinates is
2 a
I"n (’Li)
1V '14n
which converges uniformly to zero as n tends to infinity. Consequently
the common point of the 2n-+41 planes tends uniformly to the origin as

n tends to infinity, except
| oy —a,, | <6 (4, k=0, 1, 2,---+-

But the coordinates of the common point of these planes are

])(1 1,0 @y y-veene Ty )
5 (.”LO, Dggnmsien ; L_»,,)"— ( Mt o = UV : (7':0, 1, 2, ...... : 2’)’&)
Dn(fco: A 5 U ’n)
Hence if ay, @,------ 2., lie in the interval (@, b), excluding the domain
defimed by
I Ly — Ty, |<0 (13 ]‘;:UJ 1) 27 """ ’ h)n’\
then, corresponding to any positive numbers e, (r=0,1,2,---- , 2m), it

may be possible to find a positive integer N, which is independent of

and is such that

’ € 2n

I Er (l'UU 2 By ? ‘U:n) l < Ery n_> N.

f [l)n(.“,,- T T M L lw) day - - d2yy,

f f'.])n(lu: 3 l»,.)] (l.?u : dl,n

f o f 51(107 E q”n) []))l(ql‘7 2 I’n)‘ll(ho da"::n

f [Dn Loy oy Q"'.’.n)]g (,-vﬂ' 23 (,ﬂ,':”
@ a
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h b
f [ —Dn('lvua"':'/v:!n) Dgp(-""o:‘“: xQn) dmﬂ E dmzn

+ *ka ' %ka -

b b
./ i f [D,t ("UU:' =) 'T'zn)]zdxo' - dy,
a a

* . . - - 6
where f denotes the integration excluding the domains oy — @y | <,

(2, k=0, 1,---, 2n), and f that over these domains only.

Now
%D *D
f f Er(mo;"':Q"Zn)'[‘[)n(mm'“, {Um):lzd.’llu---d:?}m
) b ” 5
f j [Dn (%05 ++5 Tap) | dy: - - Ay,
*b
f f] (@ps = +5 op)| - [Dn(to, sy @) Py - - Ay
= 7#*0 *b 3 U T
j L_D,l(’lo, sy i ) dzu d.’cm
XD
f [D (’L{)a s m‘ln)]z(lwo"'dxzn
< & a*b a*b =
4 I:Dn (:Ush' s m.’n)]zdmo' : 'deN
—ec., n> N, =0, D e , 2n).

On the other hand we may put
D g5 o) = Ay B () £ Ay - R, (@) &+ + Ag o B, (@n)s
where 4, is the algebraic complement of £2,(z,) in the determinant

-D(O (ml): Thz 1.6.,

CORDy | COSMy.  xenes COB Toy, |

BIO @ | BMd, e sin @, ;
R e e |
COS N, L CUSMT, s GOBM@yy | ereeniiis :
sin e, sinnw, .- sin s
|

But we have

Ao s ; (@—a) . | SI(1),

(1) Scott and Mathews, loc. cit,, p. 272

e
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where
S_ Ay . 1 r g
=X cos = (@iy+Zio+ -+ iy —Bip g — - — Digy,)
is formed by dividing the 2n angles z,, ,,----- , By, Into two sets of n

angles in all possible ways and taking the cosine of half the difference
of the sums of these sets; so that there exists the inequality

| S |<(2n)!/(n!),

which becomes, by virtue of Stirling’s formula,

181<7;;; 2+, (lim 4,=0).

If » be any fixed positive number smaller than 1, we may take & such
that

sin %(:c,;—mk) <y for - lmpma <o, (0 k=0, 152 2k , 2m)

Hence

[ AO |<2MH+1 ( /" )77": 2211‘ 77“ ’)‘n, for I Ty — Ty l<(>"
]/7 7Z' Qun

where
D=,

n=uw

By similar ways we have
A ]<22ﬂ")7"’)m’ (p=1,2,-,2n) for |a;—ay |<0.
Consequently
| 2 -
| DO (@, ) [< 3 | Ay |- Baley) |<@n+1)27 5" 47 ¢,
p=0
for | @;—a, |<d, n>N.

Since

lim (2n+1) 9"=

n=w
it may be possible to find the positive integer N’ such that

ei) s (2n+1) gP<e, n>N'>N

/

corresponding to any positive number ¢ ; whence we obtain

] D%O)(x():"': 'T'ﬂ-u) |<.2'-’"' Sla ')"L>N’, l ol l<6'

Similarly
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l D> (2o, ) [<.22n ‘sl’ n>N’, | %—a, [ <0
(,,.____ 1, 2, ...... : 2-)1)_

Therefore

b h
dighy n x ( .
f Dy (Q’Ua' e Q’in) JERE (-770,' sy Loy ) AL+ - Aty

*a ¥ 1

b —

> —_— e VR
j f ['D“ (‘T'O:' S Q}Zn)J-‘ (Z;Uo' . -(l.?'zn
a a

b b
L I f*a HSHI “é— (-'Lt_.’lfk) . ])h) (Q?U,.. 5 ‘I’Zn) (i;lﬁu‘- da, J

*a s '

anl b [ f 1—_7 ; 2 By sy e
2 f f [Hsm - (a:,—a:,c)J day: - da,,

b b
g1 . il 2
= j; fa []I SIn o (%*-’%)J dzy: - da,, =l N =01 2+, 2m).

Thus we arrive at the identities

b b
lim f;"'ja‘Dn(mﬂ,"') m‘ln)DS‘r)(mU)"'J mZn)de"'d:vzn
N=0 - D s “———:O’
f "'[ [-Dn(xﬂy"':mzn)]g d"v()"’d"v‘Zn
(=019 5. 2n).
Consequently it follows from (5) and (5') that
lim AW/A, =q,, :
}E}; Af /A”:ai*i =18 ; 2n—1),
2
=b, (=224 00 , 2n).

(34

I'_eastly we remark that the method of
function defined by the

Interval (0=0=2, )k

o Ao proof may be applied to any
series, which ig uniformly convergent in the
of orthogonal functiong @n(®), such that

1
L som (:U) 90,,(.’8) d:v:() m==n

=l m=n,

and have one of the forms

n(2) =k cos (nma+ e M :
n

296 . OGURA : ON THE FOURIER CONSTANTS,
¢, () =lkcos (2nmae 4+ k') + et (n, 3“)_ :
n
‘)
O (2)=Fk cos (“—nj_—l— nm+k’)+M( 1y,
n n

................................................

where k, &' are constants and | @ (n, )| is smaller than a finite number
independent of n and z.

In such a case, if we take any two numbers a and 6 within the
interval (0,1), the theorem similar to the above holds good also. The
series of the Sturm-Liouville functions, that occurring in the theory
of cooling of a sphere, that in the theory of lateral vibration of a bar,

ete. belong to this case(”).

Ikeda near C)snka, April 1918.

(1) In these three forms we m‘ y replace the cosines by the sines respectively.
(2) Eneser, loc. cit.; Juretz ' a, loc. cit.; Ogura, Note on the rep;esentation of
an arbitrary function in mathematical physics, Tohoku Math. Journal, 1 (1911-12), p. 120
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