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Darboux determined the conservative forces acting on a particle
whose equations of motion possess an integral (other than the integral of
energy) of the form

(1) P&+ Qzy+ Ry’ + Sz + Ty + I{=const.,

where P, €, R, S, 7, K ar: functions of the position of the particlé-
(z,7) ('). In this note I will treat the problem of similar nature for
the central forces.

Tet the equations of motion of a particle which is free to move
under the central force F be :

2) T RN j=——J . F(z,v)

( Vot (v, ), ¥ VA (, ¥)

It is required to find the function F(2,7) in order that the differential
equations (2) may possess an integral of the form (1), other than the
integral of angular momentum.

Differentiating equation (1), and substituting for & and 3 from (2),

we have ,.
(3) %a‘c"-{» 254—%% 24 g§+%{f x-g‘z+%-§_ S
302t

i 1) Da.r-bgux, Archieves Néerlandaises, (2) 6 (1901), p. 871; W hittaker, Treatise A
n the analytical dynamics (2. ed., 1917), p. 332. | i Lt
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Equating to zero the term of the third degree in @ and 7, we have

BP:O, 8P+9Q 0, 2@ , OR 0, 8]?,:0,
ow ady  duz 2y awx 2y

from which it is casily seen that the terms of the second degree in the
integral (1) must have the form

(ay*+by+ec) B4 (—2axy—br—by+c) zy+ (ax*+ b x+c) 3,

where @, b, ¢, b,¢, e, are constants.
Again equating to zero the terms of the second degree in 2 and 7
i (3),
o8 e o T oT

=0, — 0. S ==());
e 8y+8;v

from which we have
S=my+p, T=—ma+q,

where m, p, ¢ are constants.

Further equating to zero the terms independent of # and # in (3),
we have

Sax+Ty=0,
i.e.
patqy=0.
This equation shows us that if p and ¢ be different from zero, the force

has the constant direction ; for

O R )

o —_——

& i g

Hence the constants p and ¢ must each be zero.

Lastly equating to zero the terms of the first degree in 2 and 7
in (3),

oK. 7 =
e EPa+ Qy),
ol

oy Vaty PGty
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Differentiating the former with respect to y, and the latter with respect

to @, and equating the two values of 2GR thus obtained, we have
or oy
(2 Pax+ (L) '1/)_()__ ( - + (f_, Q ,)1 ,l “a£> S s ‘/' —
oy Va+y oy oy / Va4
= ((() l —}—2 ]t) 'l/)_la_ SR [._ﬁm+(1' _aA{‘) }72'1/ a ll ) 'P;Af‘;_ .
o ]/l—f!/' cx 1V 17

and replacing P, ¢), I? by their values as found above, we obtain

) v
1 x+2c y—bat+b wa — log e S
(4) Rt et e e R
—{—(——2 cr—e y—bay—bq°) ——a— log ,]1
L Gy V@ +y

= (/) x—0 .!/) :

This partial differential equation can be integrated in the following

way. The characteristics are determined by

dux d y __ dlog Flvat+y
(6717 +2¢ )/—[)2 +b'xy —‘)cz—cla/——/)u/+b 0 3(ba—=0b"vy)

go that putting

and

L=c,x+2¢y, M=—-2cx—e¢y, N=bz—-by,

we geb

dalies (li

g b

Ne—L N y— M Nz

—
i
S

1 b [ ‘l (> aY 3
which belongs to the type treated by Fouret('). Consequently it
follows that if we regard @, y, z as the rectangular point coordinates
space, this system represents (special) W-curves wn space.

Now since

(1) Fouret, Comptes Rendus, Paris (1876); Wilezynski, Projective differential

O
geometry of curves and ruled surfaces (1906), p. 282.



DETERMINATION OF THE CENTRAL FORCES.

158 KINNOSUKE OGURA :
, (ay’+dy+e) T+ (—2avy—-ba—by+e)tg+iar*+b x+c)y
dx dy

D e yi—x )+ K (z, y)=const. (1)
Ne—L Ny—M | +m (y2—a )+ K (x, y)=const. (1),

K (x,y) standing for the integral
is a Jacobi equation, it can be integrated by the ordinary method, and

7
the integral is ./._P— [(Ny—M)de—(Na—1L)dy].
7

W OR s —conist:, _
Here we add some particular cases:

e I. If we put
w
v w i (IOHSt‘) . b:b, :“7 C= GIZ%; C‘-lZO,
where T
u=ax+py—1, v=2cax+(c;—A)y, w=2cx+(ci+4)y; e W(_lm) i
a=(bc,+20¢) 273 B=("e,+20c) 277, A=e—4ed . b
Next in virtue of the identity and the first integral becomes
o 4 : e |
o L+3 M=N, % (Z*+7°) —f ?P'(m_,—) r dr = const.,
. =

we obtain from (5 : : : :
5 which is nothing but the equation of energy.

o de+ 2 dy i dz II. If we put
gx+fBy—1 z

¥ ()=-const.,
whose integral is

then
Z T
—const. . i = , -
u (7) (Ax+By+C) 4
Therefore the general integral of (4) is A, B, C being arbitrary constants.

St _ Again, if we put

(6) e A gr(._;w_) Lo

: w’ R ' Y (€)=,

o : : i : we have
where 7 is an arbitrary function. Thus we have arrived at the

theorenl : ‘ (8) 11‘1: __________k;_z;_, A
-
The only cases of the motion of « particle, under the action of the (A, 2%+ Biay+ C)®
central forces, which possess an wnlegral quadratic in the wvelocilies other _ ; :
) . : : A;, By, C; being arbitrary constants.
than the integral of angular momentum, are those for which the force has
the f Gl (1) If we use the integral of angular momentum
S I0] 2 r—xy=rk, (e, any constant),
v : S
e b he above equation may be written

cutde, wy+e/ Y +k (b= y)+K (@,y) =const..
where ¥ is an arbitrary function, and then the wntegral has the form
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= - Now remembering that (7) and (8) give the laws of force discovered

. by Darb‘ouxla‘n'd‘;‘H‘al'phen in the Bertrand problem ('), we infor
~ the theorem: ' - :

~ When a particle describes a conic for any initial condition under a

 central force, the equations of motion have an integral quadratic in the

© Tkeda near Osaka, May 1918,

‘84 (1877), p. 936; Halphen, ibid,
1 (3. ¢d., 1909), p. 400. b
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