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Binary Forms and Duality,

by :

-

Kixxosugke Ocura, Osaka.

Clebsch (') established the relation among 3 binary n—ic forms
and the Jacobians of the Jacobians formed from the given forms:;
this result has been extended by Rosanes(*) to the case of 4 binary
n—ic forms and also, by Lindemann (®) to the case of 4 binary cubic
forms. In this short note I will generalize these results to the case of 7
(8 =7=mn+1) binary n—ic forms, the method of proof being based entirely
upon the principle of duality, the starting point of Clebsch. v,

1. Take n binary n—ic forms: '

fl (51) 52)1 fz (Eu Ei): R fn (Eu 62)

and form from them the following determinants :
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: (1) Clebsch, Uber eine Eigenschaft von Funkticnaldeterminanten, Journ. f. Math.,
69 (1868), p. 355. See also Pascal, Die Determinanten (1900), p. 236.
(2) Rosanes, Uber Funktionen, welche ein den I‘unktmnaldetermmanten analoges
y 'Verhalten zeigen, Journ. f. Math., 75 (1873), p. 166.
(3) Llndemann, Uber die Darstellung biniirer Formen und ihrer Covarmnten

&

4 : ".durch geometrische Gebilde im Raume, Math. Ann., 23 (1884); p. 111. He stated ....

~die in....aufgestellten entsprechenden Relationen fiir e System von....cubischen For-
~men....auf Systeme biniirer Formen nter Ordnung erweitern lassen. Es wiirde mehr
- nmstiindlich als schwierig sein,....und es mng dies desnalb unterbleiben.” ;
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Ki,, io is the Jacobian J( fi, fi) of fu and fiy; and Ky, i, oo+, 4, is
the covariant which was called the Rosanesian by Prof. T. Haya-
shi('). For the sake of brevity, when

fu—_‘— K(fim.fim g f?:lr): BTy ffm = I((.fiml; fim‘b Ly f%r):
we will denote K ( fiy, fiz, -+, fim) by
K;:il RD T ey T e i tm e

It will be seen, by successive applications of Kuler’s formulae for
homogeneous functions, that the following identities hold good :
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: (1 ) Hayashi, Some theorems on binary forms, Science Reports of Tdhoku Imperial
University, 6 (1917), p, 123.
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2. Now since the case of 3 forms has been treated by Clebsch(?),
- . = o \
we begin with the case of the 4 forms:

(2) 1 _:_‘]"1(51, 53), Uy E_f-_’ (-’::1, 3:;3)_. T3=J3 (.‘E” 52), T, EJ; (‘El) 53)

If we regard xy, @, ¥y, @, as the homogeneous point coordinates in space,
" OQ K aty ¢ ¢ o WY, f= e ™

(2) 10})1Lb€:ﬂth a rational curve of degree n, &, &, being homogeneous para-

X :

meters. Then it follows from (1) that the plane coordinates of the

osculating plane at the point (§,5,) are given by

PUy = K.‘; By == K (.’P"_), Ly ;134),

3 Puy= — K, 4, 1= — K (5, v, ),

(3) |

I8
Puz— Koy tpa= ((L'“ Ty, T),

'ﬁili: __K], 2 _';: — I(‘(-’l‘l, 1‘3, fc;;).

Since (3) may be considered as the equations of the space curve (2) in

the plane coordinates, the principle of duality shows us that
7 e
K (g, tgy 1), =K (1045 007), K (g, gy ),  — K (g, 1y, u3)

must be proportional to

respectively. Hence

f 1 fz f:; ﬁi

Next we have from (1) the radial coordinates of the tangent to the
space curve (2) at the point (§,5,):

¢ P — B — KT, ), (4, k=1,2,38,4);

(4) -[{341) 4125123 — 1{112’ 1285 234 I{I?B} 234y 341 __ -K234’ 3415 412 __kg})

and the axial coordinates of the tangent are
/ / £l ! —
0Qu=DPs; 0 93=Pay 0 In=Py

U ! L= / s
O (3= P23 O = P31, 0 (3= P12-

(1) Clebsch's result is

531-12 ey I(l2~23 = ]{23'31 =IC(3).

J1 ROl e
When f,, fb, fs are quadratic forms, the proportional factor %) becomes constant,
If binary quadratic forms be referred to the normal curve in a plane, the above equations
are equivalent to the following theorem, which is self-evident: In a plane, the polar
triangle of the polar triangle of a given triangle, with respect to a fixed conic (the nor-
mal curve), coincides with the given triangle.
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: 7 K must be proportional to
But by the principle of duality, g; must be proportional to A" (u;, u) .

so that Byyd Loy Bgye o W T
s 3 - THO T *® ] .
(5) K234; 1o 1(341; 412 __A@ﬂ_ rOSpC(Jth Ll} y SO that
w7 =5 ; :
93 11 4 (8) »_171::451; 4512 51239 1234 __ Kisia, 51230 1315 9345 Ko, 1930 3345 i1
= I{m% 238 __ Ky, s B [(m, 412 = 9 .fl f_; f:»
- t— ey e L : (
K, , — K1 K, , P -
= 1Bh B 361 512 Dby 341y 45120 5128 __ 05)
(T S § s § (4 - == — v
When f; (¢=1,2,3,4) are cubic forms, %” and k> become con- i 1 %
stant('). If 4 binary cubic forms be referred to the normal curve in N i
(n) : g X . S : Next we have from (1) the radial coordinates of the tansent to the
space( *), (4) is equivaleng to !thwollowmg theorem, which is self-evident: St G e (6 ) 5 .
: 4 urve DoInt; (61,65
The polar tetrahedron ofya given tefrabedron, with respect to a fixed
space cubic (the normal curve), coincides with the given tetrahedron. opp=K, =K (z, 2,), (G, k=1,2,3,4, 5).

The given tetrahedron and its, polar tetrahedron are mutually inscribed.

3. We pass now to consider the 5 forms: S el

) " =16 &), B=EfE5), B=fi, &), { Uy Wy Uy B+ U By 0, 2+ v, 25 =0,

7,[;1 1-1 + ’U,'-_g ng "i' 7_/..3 -/133 + ’U,..‘i -’174 “f" ‘2(,'5 37,'5 = O

J‘]\

Uy E_}i(f], Ez): s Ef;(gl) 5:)
have the contact of the second order to the curve (6) at the point (&, &)

If we regard wy, x,, 2y, @, @5 as the homogeneous point coordinates in space
and let us put

of 4 dimensions, (6) represents a rational curve of degree n, 5,5, being
homogeneous parameters. Then it follows from (1) that the hyperplane Ui Ve

=< - e - - = L4 ﬂ.k : ¥
coordinates of the osculating hyperplane at the point (&1, &2) are given by i Wi Wy
A I : i , n L : s A
P =10, 3, 4, 5= K (23, v, v, @5), Then it follows from (1), by aid of Grassmann’s theorem( '), that
Oty =—b R S T (qx Ci. - 1-)
! e et 324y 551 M3y WMy W5, U] )y X 7%
Te= K 45 Any= By ay iy K= e e A=K, 4, 3-
(7) 1 Pw= Ky, 5,1, .=K (2, w5, ), X,), ey - ki
; ArTgne—1=URGren Moy = — ; AT — — -
oty = 1(5, 15 2y 3= I (;1'5, Ly, Ty, R’a); § e : % l(” i iy Kl’ o
P =K, 5, 3, 4= K (2, 2, 2, Ty). = Kysy Arm= Ky
But by the principle of duality, Ao o
K (g, ug, wyy5), K (ug, w, gy ), K (e, gy 113, 1), But by the principle of duality, 7,(2) must be proportional to Pi(w)

and py(u) to () ; consequently
K (us, uy, u,, us)y K (wy, w,, uy, ) ! :

(9) Kiﬁl'.’.’ 6123y 1234 Kﬁ-fﬁ]) 5123y 1234 _ ](:34:’)1) 4512» 1234

(1) For this case Lindemann gave

2 K, , — Ky s K,
1123, 234, 341 (€D K93, 034 :
o R ST S

73 I T Iey, s o K1y 15129 5123 s Hnis, 51235 1234 ki sl — 1.5

and determined these two constants, — K, 5 Hoos S
2 4 / 1§ . = "
int(g i:} Sr;’»‘ M;{YBI, A;)Olnrltat und mtmm‘xle Curven (1883), p. 46. If fi, f2, fs be given and
11?:%: ;motheli f;t o E ’W;S?Ezs the pole of the plane passing through the given 3 points.
interpretation o 5 3. 8ee E ST ;
P 11, 2,3, 8ee Hayashi, loc, cit. (1) See Fr. Meyer, loc. cit, p. 1
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