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Introduction.

1. Let
fi= Edw’+ 2 Fdudv + Gdv?,

Jo= L + 2 Mdudv + Nev?

be the first and second fundamental forms of a surface, and let J(f,f.)
be the Jacobian of f,/f,. Then

f=0, /=0, J(f1,£2)=0, J(fi; J (1, £))=0, J(fo, J(1,2))=0
are the equations to the minimal lines, the asymptotic lines, the lines of
curvature, the lines of torsion and the characteristic lines respectively.

I have proved that the minimal lines, the lines of curvature and
the lines of torsion form a cycle (the first eyele) in the sense that the
directions of any one of these families are the double rays of the involu-
tion determined by the directions of the other two; similarly the
asymptotic lines, the lines of curvature and the characteristic lines form
the second cycle.  And these five families of curves form the complete
system( ). The characteristic properties of these five families and the
five involutional systems and relations(*) among them are shown by the
following table( *) :

(') Ogura, Some theorems concerning binary. quadratic forms and their applica-
~tions to the differential geometry, Science Reports of Téhoku Imperial University, Series
I, 5 (1916), p. 95.

(?) T. Hayashi, On the usual parametric curves on a surface, Science Reports of
Tohoku Imperial University, Ser. I, 5 (1916), p. 63. Compare with Ogura, On the 7-
system on a surface, Tohoku Math. Jour., 9 (1916), p. 88, where the bibliography concern-
ing the lines of torsion and the characteristic lines will be found.

(%) Tor example, when the parametric curves uw=const, v=const. form an inverse-
-orthogonal system, we have

1(]2 LN 5 ol af -0
ST i T e e
and conversely. (In this table we adopt the notation = ;}; for the normal curvature

and the geodesic torsion respectively). The lines of torsion are the double rays of this
involutional system, and the minimal lines and the lines of curvature belong to this
system.
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Inverse- o] ate InV_erse—
orthogonal & rth?tgonal I:og&?g Cé))lrlsJEg,m conjugate
system( 1) BYERTL % W ﬁysgln )

E(E <|_A_‘ xﬂj F=0(2) £= ;1 M=0 _1_(_‘ ) 1"
‘2 Ha G b FH LIANTI iya
lines of o " *
torsion
|
minimal | 3 S *
lines
lines of + * = K P
curvature f
|
asymptotic ‘ ® ¥k *
lines j
|
Ew
characteristic - * 5
lines
1 1 Ity R,
e e SR o[ B _ By
Hisrenidls 1 s et 5t 1 e | ol IE5
P 0 TR

2., In Part I we will treat the harmonic property concerning some
surface-curves when the representation preserves any one of the five
families above mentioned. Prof. P. Stickels theorems(®) for the
curves of equal normal curvature in the conformal and the conjunctive
representations are generalized in several directions.

Considerable light has been thrown upon the theory of representation

(1) Or the complementary system.

() I take this opportunity to add a remark concerning the converses of two theorems
du¢ to Dupin. (i) Dupin proved that when the parametric curves form an orthogonal
system,

1 L 1 1

BT o B
Ry, R; being the radii of principal normal curvature, Conversely, if 21 curves satisfy
this relation, they belong to an orthogongl system or an inverse-orthogonal system. (ii)
Dupin also proved that when the parametric curves form a conjugate system,

By +Ry =Ry +R:.

Conversely, if 2! curves satisfy this relation, they belong to a conjugate system or an
inverse-conjugate system,

(%) Stickel, Beitriige zur Flichentheorie, Leipziger Berichte, 48 (1896), p. 489.

ON THE THEORY OF REPRESENTATION OF SURFACES. 239
by the celebrated theorem due to Prof. Stickel('): Any surface (ex-

cluding the so-called C-surface) admits no representation (excluding the
similitude) which is conformal and conjunctive. We prove in Part IT the
fundamental theorem: The necessary and sufficient condition that any
surface (excluding the Ctsurfaces) may be related to an infinite number
of surfaces (which are not similar to one another) by the representations
in which any two of the five families are preserved respectively or inter-
changed into each other is that the two families should belong to the same
cycle.  Thus the conception of the cycle is valuable in developing the
theory of representation.

Part 1IL deals with the necessary and sufficient condition that the
relations between corresponding quantities such as normal curvatures or
geodesic torsions, cte. in a representation should be independent of corres-
ponding directions. As particular cases we give some formulas among the
corresponding quantities for the representation in which two families of
the same cycle are preserved respectively or interchanged into each other.

The secondary object of the present paper is to show how several
important transformations in the literature (such as collineation, polar
reciprocation, inversion, parallel transformation, Laguerre transforma-
tion, ete.) are included as special cases of our representation.

PATRTT

3. It has been shown that the harmonic property for certain swrface-
curves 1s of fundamental importance in the theory of repressntation of
surfaces( *).

Now let us consider the representation of two surfaces S and S, in

which the 2 «!

(i)l E 4'[1’[”/‘: + QA,[:(Z“CZP + ;L;(ll"', == () ) (A(\(bl) E 4'11;13 o= 4’1_!‘2# O),
on S correspond to the 2w’ curves

b, = A/ dut+ 24, dudy + A/ d*=0, (A(d,)= A/ A4S — 4,°+0),

on S'. Then

curves

4’.[1’ j— )\.[11 3 4’1;3/ = )\.:12 5 4‘1 ,, == l 4‘13 -

(1) Stickel, loc. cit. See also Stiickel, Uber Abbildungen, Math. Ann., 44 (1894),
p. 953.

(2) Lie, Untersuchungen tiber geodiitische Curven, Math. Anmn., 20 (1882), p. 533;
Stickel, Math, Ann,, 44; Ogura, Notes on the representation of surfaces, Tohoku Math.
Journal, 10 (1916), p. §7.
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The directions for which

where

/
2

G

o

¢, = Bydu’ + 2 Bydude + By,

J =B/ d’+ 2B dudv + By dv?,

are given by

(B £ AB) ) du®+ 2(

necessary and sufficient that

(B +AB,)( By~ ABy) -+ (B + AB:)( By — .B,)

and hence

Y £ AB,)dudv+ (By 2= B5)dv*=0.

In order that the two pairs of directions should be harmonie, it is

By +AB,) (B, —2B,);

B/B))— B,)* =/} B,B;— B,).

Consequently

.Bl’,B_',;I_]-))zll R Bl_[)):;_“"Bo;

b &

€.

A(¢.) _ A(d)

=L
All;' _L;l == jL_)” _{11.‘1:; — _4".1 :-

Ay
directions are

du’
B,
By

VE = = g : . . .
4, Now we proceed to show some applications of the above results.
r] . .
Throughout Part I we exclude the developable surface and the imaginary
ruled surface having constant curvature(® ), hesides the plane, the sphere

and the minimal developable.

As the first case consider the conformal representation in which the

minimal lines

A= Edw’ + 2 Fdudy + Gdp* =0

A(dy)

The double rays of the involution determined by the two pairs of

— dudy
b,
B

dv”
B,

o

By

—

(1) For this surface such quantit

2 ies as I, T, ete. become fractional linear functions
v

du ’
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correspond to the minimal lines
A =Edd+ 2F dude + G'de=0.

s 1 ;

(1) The normal curvature 1 has the expression :
)
v

s I',({.r!."f—{— 2 My + Nl o 1

R Edvi+ 2Fdedot Gdd f.

1

Hence in order that the two pairs of directions for which

1 1

I T

may be harmonic in the conformal representation, it is necessary and
sufficient that
LN —M"*  LN—M*

BG —F®  EG—F

)

or
M=,
K, K" being the total curvatures at corresponding points.

The double rays of the involution determined by the above two pairs
of directions form the common conjugate system of S and S

du’ — dudy dv?
JJ J[ A\.’ == U A
1 M '

These results were already stated by Prof. Stédckel(®).

5 . : ; i :
(i1) The geodesic torsion v has the expression :

1 ___77'[(fl)f;i_ﬁ

T VA(R) - fi
Hence in order that the two pairs of directions for which

1 1

jf[i: T2
may be harmonic in the conformal representation, if is necessary and

sufficient that

(1) Stickel, Leipziger Berichte, 48.
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AWCAL LY A1)
AR A1)

b

1.e.
4N'— H"*=4K—- H",
H, H' being the mean curvature at corresponding points( ' ).

The double rays of the involution determined by the above two
pairs of directions form the common isoclinal system of S and S

dw? — 2dudy dv’
FIL—EM GL—EN GM—FN =0.
T meye G — BN G — BTN

(iif) Since
B 1 _J(fRffd)

2 B AR -fi

in order that the two pairs of directions for which

(H’_ 1 )"’:( IR )
T 2 R

may be harmonic in the conformal representation, it is mnecessary and
sufficient that

ACLCA, J(HL1) . ACTCf, U )
AYf) A'(f) ’

i.e.
4K H2P_—_AK - H

Therefore if the two pairs of directions for which

1 1

e

be harmonic in the conformal representation, then those for

e Ly
G w)-T7

= =3

are also harmonic; and conversely.
The double rays of the involution determined by the two pairs of
directions form the common inverse-orthogonal system of S and S

(1) Ogura, Téhoku Math Journal, 10, p. S7.
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du’ — 2eluddy d® |

E EM_FT, B EM-FL
|

| | F §(BEN— GIL)
| F 3(BEN-GL) || G FN-GN |
|

|
7 FN—GM |
|

|7 BM-FL || B Ew-rr || ymy-en)
, S l i e sl
RN - G G PN qr @ PN —aa |

|

(iv) Since

e U ))

2R N e

in order that the two pairs of directions for which

(- -]

may be harmonic in the conformal representation, it is necessary and
sufficient that

A('](.f:’) ']{f!,:.f-’,))) = A(j(f.‘) ']\fl).f'f’,)).)

AYA) A'()

)

1.c.
K'(4K' — ") = K4 K— IT°).
The double rays of the involution determined by the two pairs of
directions form the common inverse-conjugate system of S and S’

dw? — 2 dudv dv* l
T BM— L T, BM—FL || 3EN—GL) ||=0.
| M 3BN-GL) N EN— G N FN—GM |
l
L EM-FL I/ E'M—FL | M Y(EN-GCL)
| i 2 i
M OWEN-GL)| | N PN -G || N N -G

5. Next, we take the conjunctive representation in which the asymp-
. . g ¥ b fa=
totic lines f=0 correspond to the asymptotic lines fi'=0.
(i) Tn order that the two pairs of directions for which
1 1

S )
R v

. . . i ns  alokios . S acessary and
may be harmonic 1n the conjunctive representation, 1t Is necessary anc

sufficient that
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R
The double rays of the involution determined by these directions
form the common orthogonal system (the principal curves of Tissot) of S
and &

du? — dudv dv*
E I ' =00 ).
H! il G’

(ii) Since

E___Jhf)

T V' A(fi) 'fz’

in order that the two pairs of directions for which

( R )L/ R )
TN

may be harmonic in the conjunctive representation, it is necessary and

sufficient that
1 - 1 :
== G H A — = (A ),
K’( - ) K( )

= : . ; T
The double rays of the involution determined by these directions
form the common isoclinal system of S and S,
(iii) Since

H_1\p_ _ Kf Kfinf)
( )R Alf)-fe

R
in order .that the two pairs of directions for which

T s iNA T E e |
e e N S A e 2
( 2 R’) ( or )R

i L ; s
y - ¢ harmonic in the conjunctive representation, it is necessary and
sufficient that
1
K
The double rays of i i i
The double rays of the involution determined by these directions

form the com Inverse-or
! o mon mverse-orthogonal system of S and .
(iv) Since

(4K’——]I’2):_1;_(4K__Hz) g
K

(1) Stickel, loe. cit.
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("][ U K) sy S (i, f2) )
2R A(fl) 'fg

in order that the two pairs of directions for which

( H 1c')'15'-'~( 1 —-]()2]%3

2R/ OR

may be harmonic in the conjunctive representation, it is necessary and

sufficient that
4K'— H"*=4K— II",
The double rays of the involution determined by these directions
form the common inverse-conjugate system of S and 5.
6. Again, we consider the representation in which the lines of
curvature
S(fv /) =0
correspond to the lines of curvature
IR =0
(i) In order that the two pairs of directions for which
1 o
"1712——‘?
may be harmonic in this representation, it is mnecessary and sufficient
that
4K — H"*=4K— 1"
The double rays of the involution determined by these directions

form the common orthogonal system.
(i) In order that the two pairs of directions for which

(EY~(2)

may be harmonic in this representation, it is necessary and sofficient that
L g gy 1 2
_ (4K — H*=—_(4K—H*).
JiC K
The double rays of the involution determined by these directions form
the common conjugate system.
(iil)  The two pairs of directions for which

IO e e
S

Ll d

are harmonic in this representation. Ior, sinee
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(ELjp o)
2 R VAT . f(f,,f,,
the condition for the harmonic pencils becomes
AYf) - (4K —H?) _ A(f) - (4K - H?)
R(f)- (4K —H")  A(f)- AE—HY)
which is an identity.
The double rays of the invelution determined by these directions
form the common inverse-orthogonal system.
(iv) Since

V7 VAR - JUfinfo)

in order that the two pairs of directions for which

e Gty

may be harmonic in this representation, it is necessary and sufficient that
=G,
The double rays of the involution determined by these directions
form the common inverse-conjugate system.
7. Further, we consider the representation in which the lines of
torsion

T (for T (fur £2))=0

correspond to the lines of torsion

S T (W, )=0.
(i) TZhe two pairs of directions for which

o m oy,
o P

are harmonic in this representation. And the double rays of the involution
determined by these pairs form the common isoclinal system.
(ii) In order that the two pairs of directions for which
\ 2

II/ 1 o
(7_77) :(_2"— 5

may be harmonic in this representation, it is necessary and sufficient
that

4/\-,-—111":‘;4[\'— ]]3
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The double rays of the involution determined by these directions
form the common orthogonal system.
(iii) In order that the two pairs of directions for which

(l N _)'" = (ﬂ_. _],) R
R TR

may be harmonic in this representation, it is necessary and sufficient that
1 > B 3
— (4K —H"?*)=—_(4K—H?.
I K

The double rays of the involution determined by these directions
form the common conjugate system.
(iv) Since
E)Kf{ Jiici ” v -[(:f-;' 'f(:,f'uf-_f)‘J
— R Ty Aoy f2)

in order that the two 1):111'5 of directions for which

(h)/l*_j_.],,.)g_( )]\11 1‘[):
VRES P FTR

may be harmonic in this representation, it is necessary and sufficient that
I =
The double rays of the involution determined by these directions

form the common inverse-conjugate system.
8. Lastly we consider the representation in which the characteristic

lines

./'(_f, .f(ij],f_;))::()
correspond to the characteristic lines

S =

(i) In order that the two pairs of directiomns for which

( sl = J{f)g'z’f—'_—_(if.-_/ ) I
2R 20

aos

may be harmonic in this representation, it 1s necessary
Rl =l
The double rays of the involution determined by these directions

form the common isoclinal system.
(i) In order that the two pairs of directions for which

(H’ ) (‘37 5 )

and sufhicient that
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may be harmonic in this representation, it is necessary and sufficient that
KA4K —H)=K4K—-H?).

The double rays of the involution determined by these dire tions
form the common 01‘th0gona1 systeni.
(iii) In order that the two pairs of directions for which

( I5l —](’)-11)4,2:( 1[ m]f):]ln
2R 28

may be harmonie in this representation, it is necessary and sufficient
that
4K'— H"*=4K—H"

The double rays of the involution determined by these directions
form the common conjugate system.

(iv) In order that the two pairs of directions for which

2K'R'—H' )"’_( 2KR——II)2
( 9—H'R' / \ 2—HR
may be harmonic in this representation, it is necessary and sufficient that
=G

The double rays of the involution determined by these directions
form the common inverse-orthogonal system.

Tt is thus apparent that the four Weingarten surfaces in which

() K =const. (i.c. R R,=const.)

(%) 4 K — H*=const. (i.e. e const.)( '),
.]}31 .1)::

(7) %(41(— IT?) = const. (i.c. i][:% = (5()115t-)( : ):

(5) I((‘—l]f— ]5[2):(:()115t. (i.c. 1/1111]32 ( 111)1 st éz):const_( 3 )

respectively are worthy of peculiar notice in the theory of representation.

(1) This surface is characterised by the property: T'he lines of torsion on this sur =
face correspond to the asymplotic lines on both sheets of the evolute ; and conversely.

For another property, see Mannheim, Principes et développements de géométrie
cinématique (1894), p. 236-7.

(2) This surface, belonging to the C-surface, was studied by Prof. Stiickel in Leip-
ziger Berichte, 48 (1836), p. 491; 50 (1898), p. 10. See also Ribaucour, Comptes rendus,
Paris, 74 (1872), p. 1399; Mannheim, loc. cit.

(%) This surface seems as yet to have received mo attention.
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AR
A. Representations of the same cycle.

9. In this Part IT we consider the surfaces only, excluding the
plane, the sphere and the minimal developable.

(i) When two surfaces S, S are represented in such a way that the
lines of torsion on S correspond to the lines of torsion on S and the
minimal lines on S correspond to the minimal lines on &', the isoclinal
system (the involution determined by the lines of torsion and the minimal
lines) on S corresponds to the isoclinal system on S ; and therefore the
lines of curvature (the double lines of the isoclinal system) on S correspond
to the lines of curvature on 5.

£ the lines of curvature be taken as the parametric eurves on both
surfaces, then

=0, M=05 F=0; =0
Tn order that the minimal lines
Edwi+ Gdv*=0, LE'dw+ G'dv'=0

on these two surfaces may correspond, we must have

B

_] ‘J' ( 7’

and also in order that the lines of torsion

)

Eduw— Gdv*=0, Fdw'—G'dv'=0

may correspond, we must have

T

oo
.l'f ('T
which is the same relation as before.
m
. . > AT CT » o) > o Tes -3 2 Te-
As the analysis iz manifestly reversible we get the result: The re
presentation, with preservation of  the lines of torsion and the minimal
1 : g s 3 " ) A 0 M . X m g} \'C \:‘\'511"'
lines respectively, preserves the lines of curvature also. ~ The necessar)
and sufficient condition that two surfaces may be represented in such a
way 1s

F=0, M=0, F'=0, M'=0,
(1) G _ G
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the lines of curvature being taken for the parametric curves.

(i) Next, when two surfaces are represented in such a way that
the minimal lines and the lines of curvature on a surface correspond to
the minimal lines and the lines of curvature respectively on the other,
the inverse-orthogonal system and the lines of torsion on a surface cor-
respond to the inverse-orthogonal system and the lines of torsion on the
other respectively. If the lines of torsion be taken as the parametric
curves on both surfaces, the condition for such a representation is given

by

Y X/ AT AT/
(2) _F:O, 1‘”:0, (7-:,,!’; :_‘,\_:.i\

T A T Ay T

(i) Lastly, when two sarfaces are represented in such a way that
the lines of curvature and the lines of torsion on a surface correspond
to the lines of curvature and the lines of torsion on the other respectively,
the orthogonal system and the minimal lines on a surface correspond to
the orthogonal system and the minimal lines on the other respectively.
If the minimal lines be taken as the parametric curves on both surfaces,
the condition for such a representation is given by

B0y G =0 =0, =0,

) e
e S

Recalling the definition of the cycle in § 1, we arrive at the theorem :

The wrepresentation with preservation of any two families of the first
cyele preserves the third family of this cycle also; this representation pre-
serves all involutional systems belonging to this cycle.

Such a represenmtion will be ecalled the representation of the first
eycle. The inversion(') is the most well known example of this repre-
sentation.

10. Now we proceed to prove the theorem :

Any surface admits of a continuous representation of the first cycle.

Let the fandamental quantities of a given surface S be

=0 WG =0 =0, M= N=—N.

Then these quantities satisfy the equations of Gauss and Codazzi

(1) Compare with Ogura, On the differential geometry of inversion, Tohoku Math,
Journal, 9 (1916), p. 216.
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LN e e
ouwov F ou ov’

B e
“ oL oM __ M 0

ov cu F 2u’
k ;C'Ar i oM 2 M OF
au ov o

If S and N Dbe related by our representation, it follows from (3) that
( the fundamental quantities of S’ must take the form

(6) FH=0,F=F,G=0,1T=1L, =M, N=IN.

Hence the three functions 4, /7, M’ must satisfy the equations
el e el

pelN= = ;
Duow F' ou o

ol oA oM M OF

'731 i ov e ——hli17 Bu

N oA O T

ou ou ov g

or by (4)

" SR oElell M,,_)(ar _L§€£+M>;

e ol e Suocv I’ Qu ov
oM’ M DR _)‘(BJI’_ M 3I7)+JJ oA

(6)

o P ou ou S ov
M M OF _)( eM M EF\ 8)
e \ Qv aen “ou

Since this system of three partial differential equations in three unknown
functions is satisfied by
).i:l, j‘"=]7, ﬂ[/:ﬂf,

and moreover has the complete solution (Ao M) which contains arbit-
rary functions, the theorem has been proved.

11, Here we add some examples:

(i) Tt is ecasily seen from equations (1) that the sui “face which s
related to an isothermic surface(*) by the representation of the first eycle

should be necessarily isothermic.

) | wees can be related by the re-
Moreover, any two given tsother mic surfuc

) ics, surfaces ev ion and surfaces
(E)Rkon example, guadrics, surfaces of revolution

curvature are isothermic surfaces.

of cons‘ant mean
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presentation of the first cycle.  For, by the suitable choice of parameters
(u, v) on S we have
=0 M0 F=—G;

and similarly for («/, ©') on &,
O BT =G

Herce if we put

wi=u, =i

a representation of the first eycle is obtained.

An excellent example of such a representation is the problem of
Christoffel(*).

(ii) In general, the necessary and sufficient condition that any two
given surfaces may be related by a representation of the first cycle is
already obtained by Prof. R. Rothe(®) in an analytical manner.

(iii) A well known particular problem concerning the representa-
tion of the first cycle is to determine the surfaces which can be deformed
with preservation of their lines of curvature(”).

12, Now we pass to consider the representation which interchanges
two families belonging to the first cycle.

Any surface admits of an infinite number of representations which inter-
change any two families belonging to the first cycle.

(i) Firstly we will begin with the representation which inter-
changes the lines of curvature and the lines of torsion. If the lines
of curvature be taken as the parametric curves on S and the lines of
torsion be taken as those on &, then
e SN
e

=0 I — O O]

Since the equations to the lines of torsion on /5'is
FEdvu*— Gdv*=0
and that to the lines of curvature on N is

' dv’— G dv*=0,

it must Le

(1) Christoffel, Uber einige allgemeine Eigenschaften der Minimumsflicher, Jour-
nal fiir Math., 67 (1867), p. 218; Darboux, Théorie des surfaces, 2 (1889), p. 23).

(2) R. Rothe, Uber die Inversion einer Flichen, us.w, Math. Ann.,, 72 (1912), p.
57.

(3) Bonnet-Hazzidakis’ problem.

ON THE THEORY OF REPRESENTATION OF SURFACES. " 953
B! Ay
5 (+

But since the equations of the minimal lines on S aud S are
Fdw*+ Gdv*=0, E'duw*+ G'dv* =0
respectively, the minimal lines are preserved.
When the minimal lines are taken as the parametric curves on both
surfaces,
(7) BE=0,  G=0 H=0, =0

and the equations to the lines of curvature and the lines of torsion on

S are

Ldw— Ndvr=0), Lduw*+ Ndv* =0
respectively and those on S are
L'du— N'dv*=0, L'dw*+ N'dv* =0
respectively.  Ilence we must have

T/ N/
) e
() _]J ;\’r—

Now let the fundamental quantities of the given surface S be

=0 = F. 0 G=0 E= eel— N —I

then those for & must take the form

Bl =04 Fr=0 Gl =0 L == s WiV e N =) N
In a similar way as in §10 we see that the three functions 2, 47, M’
are determined as the solution of the three partial differential equations :

2 p el A/l 2 77 p IE
e s :(aj 1 oF oF +JF),
Quov. F' Su o ouov F ©Qu v

a9

; M M It ] bl 7 )

(8) *8[_ [ of :}\(81[__{~ 91)+L o), :
ou F ou ou F ou v
LR 8]1”:_)<8ﬂ[_£_a]ﬂ>_lv 52
ov JAE S ED) \ v S ou

Since the complete solution contains arbitrary functions, there exists an
infinite number of 5.

In similar ways we can treat

(ii) the representation which interchanges the lines of curvature

and the minimal lines, that is,
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v 0 & 64 s N e N :
(9) F=0, F'=0, _FT:—_J_I____]:____L,’

or
(iii) the representation which interchanges the minimal lines and
the lines of torsion, that iz,

,J/ (;YI
'v::() J :ﬂ _Z)/ :_0 J[’.:O, — = — .
(10) F=0, M=0, , - =

For an example let us eonsider two isothermic surfaces S and .
When the lines of curvature are taken as the parameters (u, v) and
(W, v'), we may put

Flu,v)=0, M(u,0)=0, ds'=d(u,v) (du*+dv?),
Hiulet) =0, M, v)=0, ds*=0o/(u/,v) (du*+dv"),

ds, ds' standing for the linear clements. If we apply the correspondence
Wi, v=1"—1 o,
then
Flu, v)=0, M'(u,v)=0, ds*=¢'(u,V —1 v)(du>—dv®).

Consequently it follows from (10) that any two wsothermic surfaces may
be related by the representation which interchanges the minimal lines and
the lines of torsion.

13. When two surfaces S and S’ are represented in such a way
that the asymptotic lines and the characteristic lines on both surfaces
correspond respectively, the lines of curvature on both surfaces corres-
pond also. If the lines of curvature be taken as the parametric curves
on both surfaces, we have the conditions for thé representation

G M om0 o L XN
oy

Now we can prove the theorem: ' Any surface admits of a con-

tinuous representation in which the asymptotic lines and the characteristic
lines are preserved respectively. '
Let the fundamental quantities of the given surface S be

Pep B0 -G D-1 M=0, N=N

If S and S be related by such a representation, the fundamental quanti-
ties of S must take the form

B'=E!' F'=0, @=@, L'=1L, M'=0, N'—=JN.
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But the three functions 4, I/, G/ must satisfy the equations of Gauss

and Codazzi which may be written

f2<*af})fﬁ | a‘f(;f) 1 {(E)If’)ﬂﬁ_a]-;f/am}

S0 Dt B’ o Ju ou
1 {(9(}" )"'E‘ oE' 9@ ) 5 %(8"1’] . ?)“3(7‘-)
GWNoaw/ v ow)  "\oF o
1 oE\ OFE 2G ) 1 OGN ol E)(i’[
anl  LJ(2BY, 28 86) 106y, on oy
\ o v ou Ju ) (+ ou ov S )

=YL ( I \) oLl ol ( B \)
N R T o e

Ul e o
ViR oL '

. ou ou

T e

Since this system of threz partial differential equations in three un-
knowns is satisfied by

1=1, E'=E G=@G

and has the complete solution (4, £’, G') which contains arbitrary func-
tions, the theorem has been proved.

Also the reasoning we have used in § 9 leads to the theorem: The
representation which preserves any two families belonging to the second cycle
presevves the third family of this eycle also; this representation preserves
any involutional system belonging to the second cycle.

Such a representation will be called the representation of the second
eycle.

14. Recently Prof. A. E. Young(') has dealt with the two
kinds of surfaces whose lines of curvature sre isothermic conjugate or
associate isothermic conjugate. ITor the sake of brevity we will call the
former the Young surface of the first type(*) and the latter the Young
surface of the second type(®).

It is easily seen from equations (11) that the surface which is relaled

(1) A E. Young, On the determination of a certain class of surface, American
Journal of Mathamatics, 39 (1917), p. 75.

(2) TFor example, the quadric having positive curvature, the surface of revolution
having positive curvature and the surface of constant positive curvature belong to this
type.

(#) Tor example, the quadric having negative curvature, the surface of revolution
having negative curvature and the surface of constant negative curvature belong to this

type.
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fo a Young surface by the representation of the second cycle should be

necessarily the Younqg surface of the same type.
Y g sur 2

Moreover any two Young surfaces S, S of the same type may be
related by the representation of the second cycle. Tor, by the suitable

choice of parameters (u,v) on S it may be written

=0, =0 =V ort L= — N ) ;
and similarly for (u/, ¢') on &

=0 s T =V 0 (or L= —N),

Ience if we put
W =, =0,

a representation of the second cycle is obtained.

An excellent example of such a representation is the Biiclklund

transformation for pseudospherical surfaces( ).

15. In a similar way as in § 12 we can prove the theorem :

Any surface admits of an infinite number of representations which
wnterchange any two families belonging to the second cycle.

For example, the surface which is related to a Young surface by
the representation which interchanges the asymptotic lines and the charac-
teristic lines should be mecessarily the Young surface of the different type.
Moreover any two Young surfaces of different types may be related by the
representation which interchanges the asymytotic lines and the characteristic
lines.

Prof. A. E. Young has stated the particular case of this theorem(?):
All isothermic surfaces S and S connected by the Bour-Darboux
theorem(®) are ascociates of one another, the asymptotic lines of
one corresponding to the characteristic lines on the other, and vice
versa(*).

B. Representations of different cycles.

16. I. Now we proceed to prove the theorem :

(') See Bianchi, Vorlesungen iiber Differentialgeometrie, 1. Aufl. (1899), pp.
451-455.

(%) A. E. Young, loc. cit,
(*) Darboux, loc. cit, p. 243.
(*) By the line-sphere transformation of Lie, the asymptotic lines on a surface S

correspond to the lines of curvature on the transformed surface S/; but the lines of
eurvature on § do not correspond to the asymptotic lines on .
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There exists, in general, no vepresentation, (evcluding the similitude)
which preserves any two families(* ) belonging to different cycles.

If there exist the representation which preserves the lines of torsion
and the asymptotic lines, it preserves the isoclinal system (the involutional
system determined by the lines of torsion and the asymptotic lines) and
consequently the lines of curvature. When the lines of curvature are
taken as the parametric curves on both surfaces S, 8, the condition for
the representation becomes

\f = (,‘)) J[T'T(), I - -()} J[,:—’D,
(l?)) t 'J” (7vl 11/ % ‘\7/

) G L v

In quite similar ways we have the same condition as above for the
representation which preserves any other pair of two families (except
the lines of curvature) belonging to different cycles.  But Prof.
Stickel(?) showed that any surface (excluding the so-called C-surface)(*)
admits no representation (excluding the similitude) which preserves the
minimal lines and the asymptotic lines. IHence equations (13) are in-
consistent in general. Thus the theorem has been proved.

Moreover, let two involutional systems I, and I, belong to different
cycles.  Then there evists, in general, no representation (excluding the
similitude) in which 2 ' curves 1y of I, and 2 o' curves I, of I, cor-
respond.

[f such a representation may exist, it preserves the common curves
I, of the two involutional systems I, I,. But it follows from §1 that
the common curves I, are the lines of curvature. Now the double rays
of the involution determined by [} and [, are preserved, and hence the
double rays 0, of I, are preserved ; similarly the double rays D, of I,
are preserved. This is impossible, for D), and D, are two families of
curves belonging to different cycles.

IT. On the contrary we can state the theorem concerning the C-
surface :

Any C-surface and only this admits of the representation (excluding
the similitude) in which all the five families of cwrves and all the five in-

volutional systems are preserved.

(1) Of course we can not take the lines of curvature.

(2) Stickel, Leipziger Berichte, 48,

(%) For esample, the surface whose asymptotic lines form infinitesimal rhombi
having constant angles (that is, the surface (y) in % 8) and especially the minimal sur-
face belong to the (-surface. Compare with Young, loc. cit., especially pp. 80-8L.



958 KINNOSUKE OGURA :

This theorem is readily proved from the consideration of the repre-
sentation in which the minimal lines and the asymptotic lines are pre-
served.

A well known example of such a representation is the Goursat
transformation for minimal surfeces( ).

17. Now we prove the theorem :

There exists, in general, no representation which interchanges the
minimal lines and the asymptotic lines.

To prove this it is sufficient to consider the developable surface S,

where

LN—M*=0.

If S” be related to S by a representation which interchanges the mini-
mal lines and the asymptotic lines, then
YL i el

P G e o)

I L R

and hence
G =R ().

Therefore the surface S’ must be the minimal developable which is
excluded.

Morcover, although we exclude the developable surface, the following
theorem may be stated :

Any surface S (exveluding the C-surfuce) can not be related to an
anfinale number of suifuces N (unless all these are similar) by the repre-
sentation which interchanges the minimal lines and the asymptotic lines.

If S" be one of the surfaces related to a
representation, we should have the relation

iven sarface S by such a

o
o

Now two cases arise :
I. % and g may be written

A=1.f(u,v),

where /,m are arbitrary constants, and f,¢ arve definite functions which
contain neither arbitrary constants nor arbitrary funections;

pr=m. (),

(') Goursat, Acta Mathematica, 11 (1888), p. 135.

AR S
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II. One of fand ¢, at least, may contain an wrbitrary constant

(which is not the multiplier) or an arbitrary function at least.

We will consider Case IT first. Let S/ and S/ be the two sur-

L

faces which correspond to any two values of the arbitrary constant (or
any two forms of the arbitrary function). Then S/ and S/ are related
to each other by a representation which preser.es the minimal lines and
the asymptotic lines.  But since the representation is not a similitude,
R

/and Sy must be C-surfaces. Censequently all the surfaces S” belong

to the C-surface. Now suppose that we apply the representation of this
type IL to the surface S/. Then, by the similar reasoning, all the

surfaces related to S, by this representation should belong to the €=

surface.

Hence S s mnecessarily a (=surface.

In order to prove the ewistence of such a representation, let us tale
the general minimal surface. Then the fundamental quantities may be
written :

F=0G T ), ];:()J, N=1.
Hence the fundamental quantities of & must take the form
B=0, e L G =0,
=l M=\, N'=2N.
Since the Codazzi equations are reducible to
0E) _, 0B _,
o ov
it follows that
AE =arbitr. const.=£k, say.

And therefore the function Z7 is determined by the (rauss equation

*log B L’
onuor F
which may be writien
|
%lool ——
o\ ( 1 )
Qucw R

This equation is of the Liouville type, and its complete solution is of
the form
2 )g(tl)%— (‘f’(?’) 5

=
2 ¢'(u) ¢'(v)
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where ¢(u) is an arbitrary fanction of u alone and ¢(v) of v alone; and
¢'(v), ¢'(v) denote the derivatives with respect to the corresponding
arguments.

It is easily seen that S is the general minimal surface. Hence a
minimal surface admits of an infinite number of representations whicl inter-
change the minimal lines and the asymptotic lines ; and all the correspond-
ing surfaces are of the same kind.

This result can be generalized for the surface whose asymptotic lines
form infinitesimal rhombi having constant angles.

18. ILet us now consider Case I. This case may occur, even when
S does not belong to the C-surface. But in this case all the surfaces S
are similar.

In order to prove the evistence of the case, consider the wmaginary
ruled surface S of constant curvature( '), which does not belong to the
C-surface.  When the asymptotic lines are taken as the parametric
curves, the fundamental quantities of S are of the form:

<

E:O, _F‘—“ ————J——, G— D)y
(u+v)* 9()
9
e N0,
(u+v)*

where g(v) is any function of » alone. If & be related to the surface S
by the representation which interchanges the minimal lines and the
asymptotic lines, the fundamental quantities of &' must take the form :

B0, E—F . @=0

=2
2 )
LI:OJ J[l: _me‘f{’ ‘NT/ :g(l‘) CTD’

0 . . . ~y .
where ¢"==0, since we exclude the case in which S’ is a plane. Then
the equations of Gauss and Codazzi for S are

IS o B 4 2w
(14) - Ao = e

B Sow oy Qudv (u+v)
(15) 1 GHL & ow S ’

Hl iy ou 4o

1 °OF  Buw 2 1 ow
16 === —_— qglv). . 2
a5 T G ov -+ = 2 A ) ou

(1) Stickel, Leipziger Berichte. 48 (1896); Scheffers, Einfithrung in die Theo-
rie der Flichen, 1. Aufl. (1902), p. 113, p. 227.
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Integrating (15) we have
e i
(- T—'z)
¢(v) being an “rl’i“'ill‘}' function of » alone. From (16) and (17) we get

ow I dd ()
Su ¢(1) dy

[. Now we assume that ¢(r) is not a constant.
Integrating (18)

(1) -ty

9 TE
(1 9) = ({(b(’ ) . 1 — +o(v),
g(v) p(v) v w4
: : R fu : ow
¢(v) being an arbitrary function of v alone. Henee w, and
‘ b 77 v

are rational functions of w -+ .
Irom (17)

81 i 71 8 U —9 5) _32] 2
= -+ —2(u-+v
O e
=¢" ¥ (u+w,v),
81” w g
¢ - ¥ (utw,v),
s (w4 v, v)
GRIAET
= o Wy, 0),
ouov « ")

where &, ¥,, ¥, are rational functions of u-+twv. Tlence (14) takes
the form

Yy (u+ v, )

(2()) (@ — AD‘_I(M-{—T; ‘l')}
where &, ¥, arc rational functions of w+w, and
D do (v
e 3, ()

g(v)d(v) dv w4 v
Therefore whatever forms ¢(v), ¢(v), and o(v) may take, (20) can not be

an identity.
II. Hence we must consider the case where ¢(v) 1s constant.

In this case
w=¢(v) ,

¢(v) being any function of v alone. Hence by (17)
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1 Py
— L),
(u+v)
£(v) being a function of v alone. Irom (16) and (21) we obtain

1 di(v) _ dw
&v) de dv

(21) P

2

so that

L .
o

elU: el

(),

k being an arbitrary constant. Hence (14) becomes

Ly ey
2 §0)+50)=0.

Since &(v)=0,
D)= —2k, re’=Fk.

Therefore the fundamental quantities of S are

ey g L g
(u-{—v)“’ ¢
e e e o

(u T+ 'L:) 4

so that a system of the asymptotic lines v=const. coincide with a system
of the minimal lines, and the total curvature is

RL—=

1

kl
A Il 1 o e T 3

Hence S is an imaginary ruled surfice having constant curvature also.
19. Quife the same results hold good  for the representation  which

interchanges the lines of torsion and the characteristic lines.

If such a representation may exist, let us take the lines of torsion
as the parametric curves on S and the characteristic lines

Then

as those on Y.

gy

B (+° o G/ s
(1) Therefore
B B T
B TR e T
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Since the characteristic lines
LMde + (G L+ KN )dudo-+ GMdv* =0
on S correspond to the lines of torsion

L dvw+ (G’ L + B Ndude+ F' N'dv*=0

on N, we must have
]l \r/

VH A

unless both S and S are spheres, in which case M=0, I"=0. There-

)

fore the lines of curvature
Fdw— Gdv'=0
on S corresponid to the lines of curvature
U dip—Ndvr =0
on S
If the lines of curvature be taken as the parametric curves on both
surfaces, the equations to the lines of torsion and the characteristic lines
are

Fdw>— Gdv*=0, Ldu—Ndv=0
on S respectively and

Fdv'— F d*=0, L'dw— Nd*=0
on S respectively. Hence it must be

T S e

B G G
But since the equations to the minimal lines and the asymptotic lines are

Edw+ Gd*=0, Ldu*+ Ndv*=0

on S respectively and
FBdw?+ G'dv* —=10)» Lldu? - Nldpy =0

on S respectively, the two families must be interchanged, which is the
case treated in §17.

20. There exists, in general, no representation which interchanges the
lines of torsion and the asymptotic lines.

If such a representation may exist, take the asymptotic lines as
the parametric curves on S and the lines of torsion as those on S
Then
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L0,  N=0,
N

29
(..u.r) J'” A O : ,
E G

Since the lines of torsion

FFOE+2EGdudy + FGdvr =0
on S correspond to the asymptotic lines

Lldu*+ 2 dudv -+ N'dv* =0

on &, we must have

EF. BG __FG

923 i
) e

Now let us take for S the imaginary ruled surface of constant cur-
vature whose fundamental quantities are

2

=0 — G —g(v),
(w+v)* i=9()
0, om0
(w—}—’v)"‘
Then we have from (23)
(24) =0, M=0, N+

Hence it follows from (22) and (24) that
F=0,
so that
B'G—F*=0,

and consequently S is the minimal developable which must be excluded.

Moreover, although we exclude such an imaginary surface, the follow-
ing theorem can be established in a similar manner as in §§ 17-18:

Any surface (excluding the C-surface) can not be related to an infinite
number of surfaces (unless all these are similar) by the representation which
interchanges the lines of torsion and the asymptotic lines.

21. Lastly we have quite the same resulls for the representation which
interchanges the minimal lines and the characteristic lines.

If such a representation may exist, let us take the minimal lines
as the parametric curves on S and the characteristic lines as those on §'.
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Then

E=0, G=0, =0, L _ N

B SR
Since the characteristic lines
LMdu?4 2L Ndudy + MNdw*=0
on S correspond to the minimal lines
L' dw® 4+ 21 dudv -+ G'dv*=0)

on &, we must have

L N

- :'—_— ,
i G’

unless S is a minimal surface where M=0. Therefore the lines of

curvature-
Ldw?— Ndv*=0
on S correspond to the lines of curvature
F'du— G'dv*=0

on .

If the lines of curvature be taken as the parametric curves on both
surfaces, in order that the minimal lines and the characteristic lines shoula
be interchanged, it should be

L N G

== _"“_'H-J TR o 2
L G EE, N

But since the equations to the lines of torsion and the asymptotic lines

are
Fduw*— Gdv*=0, Ldw*+ Ndv’=0

on S and
B'd*— Qdv*=0, L'dw’+ Ndv*=0

on S respectively, these two families must be interchanged which is the
case treated in § 20.

22. It may be convenient to make a summary statement of the
main results obtained in §§ 10, 12, 13, 15, 16, 17, 19, 20 and 21.

Let us exclude the C=surface and the similitude. Then the funda-

mental theorem can be expressed as follows :
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The necessary and sufficient eondition that any surface may be related
to an wfinite number of surfaces by the representations in which any two of
the five families the lines of torsion, the minimal lines, the lines of cur-
vature, the asymptotic lines and the characteristic lines are preserved
respectively or interchanged into each other is that the two families should
belong to the same cyele.

We hope that attention will thus be directed to the importance of
the conception of cycles in the theory of representation.

EARE TTL

23. Let us define the quantity P for S by the expression

(25) P A du® + 2 A,dudy + Axdv?
- Bdw*+2B,dudv+ Bydv*’

and I for S by

(‘)G) Pl _(_{1’(7’[[3_4_ 24‘12’61'4(21:—{-‘/13’([@2
B/du*+ 2B,/ dudv+ By dv*

Eliminating du, dv among (25), (26) and
(27) Cdw’ + 2 Cydudv + Cydv* =0,
we have
& G G

lilmPBl Jiz—PBz A:;HJ)B3
A/ —P'B' A/—PB/ A/ —P' B

=0,

1.e.

(@)% 086G 566G .laaal, plaaa
Al Az .A_g Bi .Bz B.$ 4’11 _112 _;‘13 Bl .Bg _B3
A, A A Al A A SIS B BB Bt

Hence the relation between P and P’ depends, in general, upon the cor-
responding curves (27). We require under what conditions this relation
becomes independent of corresponding curves,

In this case the four determinants
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, |
v ! / | ’ '/ J v M g Y
G G C; ) G G G ) (1 Cy Gy ) (,’1 (3 C
‘[; '[: —AI:'. i T’)J -]’)_' ]’).". 4'11 41: 4‘13 ]'))1 ]32 B:;
|
,l1/ ;’1,_,’ ‘lﬂl f "’lil A.f j-:'.l -]’)1’ ])):l -]),:;, : 31, )2, B:;’

should have a common factor of the form C X+ C,Y+ (.7 ; for all these
determinants are linear with respect to €, C,, C,. Hence the four
systems of linear equations

A, X+ 4, ¥+ 4y Z=0, J];’l X+ DB, Y+ B, Z=0,

{A,L’:\'-}- ALY+ A Z2=0, l,fll’X+ A Y+ A4/7=0,

4"11 A\r“'}_ 4’13 )7'_%_ A‘I.:;’Z: (), { Bl ;\.—“{‘ B_l }’-*{" .B3 Z:O,

{]El’f\r[--- By Y Bl Z=0, 1 B X4 B, Y+ B; Z—=0
must have the common solution (X, Y, Z) other than X=Y=7=0.
Consequently the rank of the matrix

A, 4, 4
By Bty
Al Al A,

> DY 2/
)l, A ‘BJi

is smaller than 3. Therefore we can choose the eight constants 4, g, v, 0;

2, f v, 0" such that

HA B! NA B MA B

-7:1}—_;--‘” B, ¥ )\;’124—/11‘}3 )~;1;;+/1B3

,)/J,hr_*_‘nf]))lf = A o' B yf;tﬂl__}_‘nfl;)'{f ;
vA,+ 0B, z vA4,+ pbB, ok vAs+ 0B;

Ience the two families of 2 ' curves
(A4, + pB)dw?+2(A A, + pBy)dudy + (L—I; + nBy)dv*=0,
(vAy+ pBy)du? +2(v A, + pBy)dudv + (v + 0B;)dv*=0,
belonging to the involution determined by

A, du? + 2 A, dudy + Azdv* =0,
(29) {

B+ 2B,dudv+ Bydv*=0
on S must correspond to the two families

()",Alf SiE ‘u’Bl’)rZujl 7= 2 (')~l4‘12’ 1= ;MIB.'I)CILC(IU I (;{,11_», 7 ,hﬂ‘rlii’)dvi2 =0 )



268 KINNOSUKE OGURA :

(A + p' B )dw' + 2(v 4y + p! B )dudv+ (V' Ay + o' By )dv: =0
belonging to the involution determined by
{ A/ dw* + 24, dudv + A/ dv* =0,

(30) h .
B/dv*+ 24, dudv+ B/ dv*=0

on S respectively.

Conversely, if two families of 2 %' curves belonging to the involu-
tion determined by (29) correspond to two-families of 2 o' curves belong-
ing to the involution determined by (80), the rank of the above matrix
is smaller than 3; so the four determinants have the common factor of
the form C X+ GY+ CGZ. Consequently equation (28) becomes

(31) a+bP+c¢P +dPP =0,

a, b, ¢, d being functions of A’s and B’s alone.

Hence we have the theorem:  The necessary and sufiicient condition
that P and P’ should have the relation independent of corresponding direc-
tions s that two families of 2 ' curves belonging to the involution deter-
mined by (29) correspond to two families of 2w curves belonging to the
awvolution determined by (30).  When the condition is fulfilled, I and P’
have the bilinear relation (31). |

Particularly, if the double rays of the two involutions correspond, we

may put
112: _[13, = ,.Z'))_>: Bgl = O ;

and therefore (31) becomes

2y 4 4 |=P| B B, |-P| 4 4 |+PP| B B, |=0.
Al A | Ay A BB BB
24, Now we will show some applications of the above theorem.
Throughout this Part ITT we exclude the developable surface, the imagi-
nary ruled surface of constant curvature, besides the plane, the sphere
and the minimal developable.

: 2 ; : 1
Consider the relation between corresponding normal curvatures =
U

i :
and — . Since

L

1 i Lduw* 4 2 Mdudy + Ndv?
R Edu*+ 2 Fdudv + Gdv*
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1. Tdw+4 2 dudy+ N'dv*

i 7 = ;-77,‘—_\'*'—%,' L]
R Fd+ 2 dudy -+ G dv*

the above theorem becomes :

The necessary and sufficient condition that the normal eurvatures should
have the definite relation at corresponding points, independent of correspond-
g directions, is that two families of curves belonging to the isoclinal system
should be preserved in the representation.  When the  condition is Julfilled,
the centres of mormal curvature at corresponding normal  seetions form
projective ranges.  Henee the straight lines which Join the centres of
normal  curvature of  corresponding  normal  sections  at corresponding

points  form «  system of generators of «

' 3 et
quadiie, e [
Particularly for the representation in = 7~/ | e

. ; Dm0 -

. . 3 A X G

which the lines of curvature are presery- o -
1 1 > 1 L -—-if/

ed, the above quadric may exist, The e R

Lagwerre transformation(*) belongs to i ol

y . / < . ~. I

o ~. [

this case. S '

For the parallel transformation the i I

corresponding projective ranges have the .=‘
same base, and the relation between mnor-
mal curvatures becomes |

a KRR +(1— afl)R—(1 — @ )R+ W(2—all)=0,

@ bemg the distance between the parallel surfaces S and 8.

For the inversion the corresponding projective ranges become per-
spective, the centre of perspective being the centre of mversion( * ).

20. Next, the wnecessary and sufficient condition that the geodesie

: 1 1 o e o
lorsions 7 cnel i should have the definite velation (the bilinear wreli-

tion independent of corresponding divections) is that two families of curves
belonging to the inverse-orthogonal —system should be presevved in the 7re-
presentation.
(i) Xor the representation of the first cycle (for example, the
inversion), we may put
R G S R
' \ YRR i 7 e

Hence the bilinear relation becomes

(1) Darboux, Théorie des surfaces, 1 (1887), p. 253.
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(33) V' H—4K.-T=V H—3K'-T".
Converszely the representation having the absolute invariant
VIF—iK- T
must be of the first cycle.

(i) TFor the representation which interchanges the minimal lines
and the lines of curvature we may put

AT Y/ AT?
F'— (')’ ]'V.:()) G = ,_{\, = —.(T = A -
B £ I

Hence the bilinear relation becomes

(34) VH>—4K T-VHZ 4K T'=1.

Conversely the representation in which the relation (34) holds good
must interchange the minimal lines and the lines of curvature.
26. Again, the necessary and sufficient condition that
, A
== and =
B R
should have the relation independent of corvesponding directions is that two
Jamilies of curves belonging to the inverse-conjugate system should be pre-
served in the representation.
(1) Tor the representation of the second cycle, we may put

M=0, M =0, (i — ‘\: = (11 — Af" .
]f JJ ]’J’ JJI

Hence the bilinear relation becomes

== e v
D e R K’ R

Conversely the representation in which the quantity

e e U
2 24 R

1s an absolute invariant must be of the second cycle.
(ii) For the representation which interchanges the lines of curva-
ture and the asymptotic lines, we may put

WD e e N G
{ e DL §ou b

.

() Salmon, Treatise on the analytic geometry of three dimensions, 5. ed,, 2
(1915) p. 157.
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Hence the Lilinear relation becomes

(@8] | e EE AR L e e e T
‘ 2 i BT 2 e Tl

Conversely the representation in which the relation (35) holds good
must interchange the lines of curvature and the asymptotic lines.
7. Iurther, the necessary and sufficient condition that

( H — ]~) T  and (Jl’—- 1 ) JH
2 R 2 I

should have the relation independent of corresponding dirvections is that two
SJamilies of curves belonging to the orthogonal system should be preserved in
the representation.

(i) TFor the representation of the first cycle (for example, the in-
version), we may put

]',‘_;(), (= 0, s =) G'=0 .. L =i

Hence the bilinear relation becomes

(e
2 R 2 Y

Conversely the representation in which the quantity

(JI_HL)T
T

is an absolute invariant must be of the first cyclo.

(ii) For the representation which interchanges the lines of curva-

ture and the lines of torsion, we may put

7 y nll : ~/ ‘\7' .iV,
H— 0, (7 :(), Y =0, GE=0; / == 7

Hence the bilinear relation becomes

(36) (J[,___.l )1(_1£_ 1 )1":1_
oy o

Conversely the representation in which the relation (36) holds good

must interchange the lines of torsion and the lines of curvature.
98, IFurther, the necessary and sufficient condition that

] /
(#{-[- —IC)T and ( H-A—-K’)T’
2R 2R

should have the relation independent of corresponding directions s that two
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Sfamilies of curves belonging to the conjugale system should be preserved i

the representation.

It is noteworthy that collineation and polar reciprocation belong to-

this case.
(1) Tor the representation of the second cycle, we may put
GG

L= O, N= 0, =0 ,;_\-'T":()’ =—.
A

Hence the bilinear relation becomes

I i SRR
_J{),,__;_‘_; ol SO ,) i
( 5n PR o vV ek

Conversely the representation in which the quantity

(._f_[, Lirinile e
G A

is an absolute invariant must be of the second cycle.
(ii) Tor the representation which interchanges the lines of curva-

ture and the characteristic lines we may put

=0 N =0l — 0 N —0), —=—

Hence the bilinear relation becomes

w7
:)7 = _I )"”"". ;_.(—‘—_h‘[&,)_' 7:]'
L ( R g O b=

Conversely the representation in which the relation (37) holds good

must interchange the lines of curvature and the characteristic lines.
29, Iurther, the necessary and sufjicient condition that

A 5 e
i On e T
2 I R 2

should have the relation independent of corresponding directions is that two
families of curves belonging to the isoclinal system should be preserved in
the representation.

For example, the inversion and the parallel transformation belong
to this case.

(i) For the representation of the first cycle, we may put
GG
Hi B

J,": “) ﬂ[:: ()’ 1"” :f‘(); 3‘[’;‘_“;

Hence the bilinear relation becomes

ON THY THEORY OF REPRESENTATION OF SURFACES. 7

ad

I (11_1) Sl (:1/' 1
V' H:—4K \ 2 R V H" 41K’ :“/c')

Conversely the representation in which the quantity

ﬁ_lw%#(][_ 1 )
VH?—4K \ 2 R

is an absolute invariant must be of the first evele.
(ii) IFor the representation which interchanges the minimal lines
and the lines of torsion we may put
F=0, M=0, F'=0, M'—=0, peahl gt
' B B

Hence the bilinear relation becomes

J!
L (e o SR
TV H*—4K \ 2 B/ VH 4R \2 R g
Conversely the representation in which the relation (38) holds oood
must interchange the minimal lines and the lines of torsion.
30. Lastly, the necessary and sujficient condition that
b - 7 R
(‘ - /\)1.’ and iL—A’ P
IR 2R/
should have the relation independent of corresponding directions is that two
Jamilies of curves belonging to the isoclinal system should be preserved in
the representation.
(i) Ior the representation of the second cycle we may put
NS

=0 =0 =) S e () =T e R
b ol L/

Hence the bilinear relation becomes

1 ( H 1 ST B
e (S K ) B e Ve
N AK—_F2 \ 2R : 1A AR A NS D R s
Conversely the representation in which the quantity
el (__H_
WAK—H* \ 2R

1s an absolute invariant must be of the second cvele.

mI()]ﬁ

(it) For the representation which interchanges the asymptotic
lines and the characteristic lines we may put

_DII:U’ _JV — —u‘_A_TJ._

B= O S0 ()
L L

b
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Hence the bilinear relation becomes

(39) e _K) e e
WIK—H* \2R WAK —H H’~\‘>I
Conversely the representation in which the relation (39) holds good
must interchange the asymptotic lines and the characteristic lines.
31. AIll absolute invariants obtained in §§ 256-30 may be arranged

as follows :

minimal lines of ; asymptotic characteristic
lines curvature | lines lines

1 (H _1) (”——1—)1" lines of
VH*—4K\2 R o CRTERY) 2 torsion
2 = minimal

NIE—4K 1 S

I[’—4R 12 1 (H ) i £

el K)T ines o
2 \/ A —K\2R curvature

1 (]l .
= (= _ g|plasymptotic
20/ 4K — AR ‘} lines

It will be noticed that we have the relation
1 (]I 1 ) l/“‘-;‘—_f Il (I{ 1 )r ]
e S ARSI G e (e T
VI 4R R 3 T 7

among the absolute invariants for the first cycle and

1 _.(ff _7(),_},_ T le_lﬁ(_ff-[{)y’
24K H? AT 2 L RE o BTV K A9OR

for the second cycle.

Ikeda near ésaka., July 1917.

(1) The geometrical meaning of the absolute !invariants of the first cycle is easily
seen from the identities :
1 II
NH —4K
where @ denotes the angle between the directions whose radii of normal curvature are
R and R],

H A
)-—-——cos29 ( )T_—-cot28 N H 4K T =2 cosec 24,
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