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On the Differential Geometry of Inversion,

by
KINNOSURE OGURA in Sendai.

The main object of this note is to introduce two differential forms
of a surface, which are appropriate to the investigation of invariantive
properties of the surface for inversion. .

Without any loss of generality we may suppose that the centre of
mversion is the origin of coordinates «, 7, » and its power is —1; that
is, the inversion is defined by

— €r =t =
T R e — 2= £

T o o A T i o T

1. Let
; O=FE dw*+2 F du dv+ G dv?,
do=Ldu*+2 M du dv+ N di®

be the ordinary fundamental forms of a swface S. Then the six
quantities

T VEG—F* S VEG—F

__FIL_EY oa— GL—EN N GM—FN
EG=FTT U pma=pE i e

are absolute invariants for the inversion(!). Moreover, by a theorem
due to Prof. R. Rothe, the above six quantities only are the essential
surface-theoretic invariants for the inversion, which depend upon the
fundamental quantities E, F, @, I, M, N alone; and all the invariants,
which depend upon the fundamental quantities alone, can be expressed
as functions of B, I, G, L,, M,, N,. ‘

Now if we put

(1) e=p B, [f=pF, g=pG,

(') R. Rothe, «Uber die Inversion einer Fliche, etc.”, Math. Ann., 72 (1912), p.
H705 AL R. Forsyth Lectures on the differential geometry (1912), pp. 105-6.
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=y(FL—-EM), 2m=y(GL— EN), n=v(GM—FN),

where
_ (GL—EN) —4FL—EM)(GM - FN) f
o (EG—F?
]/(GL—ENY-—4(FL—E.M)(G]lf—FN)
VEG=F"

e

we have

e=4(M>*—LN)E, [f=4M’-LN)F, g¢g=4M—LN)G,

=2 M2—LN,.L, m=2V M N M =2V M= NN
or
e 7 g
J = F e B G e
2 2Vm*—1n W mi—in A mi—In
. ! n
L1: e m AT e

e, . Vv m—In

Now, for the sake of brevity, we will call
i fi=edw?+2 1 du dv+ g dv?,
(1I) fo=ldw® +2 m du dv+n dv?
the fundamental forms of the suifuce for inversion. The discriminants of
these forms are ‘

d(f)=eqg—7*>0, A(_/‘T_,):Zﬂ—??t"’:—%d(‘/})<0

respectively, and the simultaneous invariant is
6(/, /2) =en—2fm+ gl=0.

The above definition leads us to the following theorem immedi-
ately :

The cogficients of the two fundamental forms for inversion only are
the essential surface-theoretic invariants for inversion, which depend upon
the fundamental quantities (in the ordinary sense) alone.

2. In order to consider the geometrical meaning of the funda-
mental forms for inversion f; and /i, we will introduce the notion of
semi-osculating sphere due to Prof. . Demartres(!).

(') Demartres, “Sur la torsion sphérique des courbes gauches et la torsion
géodesique des lignes tracées sur une surface,” Bulletin des Sciences math., II, 21 (1897),
p. 182; Demartres, Cours de géométrie infinitésimale (1913), p. 263, p. 434.
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Let € be the centre of normal curvature for the direction of the
tangent to a surface-curve " at a point P on a swrfaces S. Then the
sphere o, which passes through the point P and has the point € as
point P for the
curve /. For the inverse surface S, if we denote by (" the centre of
the normal curvature for the direction of the tangent to the inverse
curve I at the inverse point £, then the two centres €' and ¢ lie on
a right line with the centre of inversion('). Hence, for the inverse

its centre, is called {#he semi-osculating sphere at the

surfaces S, the semi-osculating sphere & at P for the curve I° is the
inverse of the sphere o.

Suppose that dr is the angle of geodesic torsion of the linear
element PP'=ds of I', and o, o' are the semi-osculating spheres at P
and P’ respectively. Also let R, B, be the principal radii of normal
curvature at P; and let 4, 5, be the semi-osculating spheres for the
directions corresponding to B, B, at P(?), and o/, ¢, be the cor-
responding spheres at the point P'. If ¢ be the angle between the
tangent to /" and the divection corresponding to R, at P; and (o, '),
(o1, /'), (62, 0)') be the angles between each pair of the spherves o, o

gy, 0,5 o, 0, respectively, then

() dc=PP' ( i -]131 ) sin ¢ cos o= (g, '),
() = ( I __) sin ¢=(oy, ay'), PP’ ( = _1_) c0s 0 = (0, oy);

£ 2 % S

so that
(5) PP’( 1 - 1 ): (61, 0,) (a,, g.')
-R-j Rl (0’, O'/) )
) 1 1 1
(©) Lt
(O" ag ) ((;1 , 0, )- (G2 0.2/)..

Now since

1 et
im0

)
=

it dsh,

we have from (5)

(') Salmon, A treatise on the analytic geometry of three dimensions, 5. ed., Vol:
2 (1915), p. 157.

(%) Since the lines of curvature on S correspond to the lines of curvature on S,
two semi-osculating spheres o, o, for S are the inverses of the corresponding spheres
07 o R TOTSY
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fx'—_ (U:, 0'1’)2 (0'2: 0'2’)2 ;

7 :
( ) . (0', a/)z
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1

Comparing the following two expressions for the geodesic torsion o

1:(22' & 1(1 3 1>Si112g0,

T (ZS 2 Rz Rl
T j.;:(l__l)‘_f;_
e vvmeEr: . B SRS
we find
®) Vo i)
J1 2

From (3), (5), (8) and (7) we have immediately

(a, a'):PP’( L ) s A7) ("f’”;’l) /i
R" Rl 2 (0’ ‘7) il
= (01, 0,) (02, 7)) : (0', o')? ey
(o,0) (ehig ) on, 6z )

whence it follows that
(IT') J2=(01, 0)') (2, 0)).
Also we have from (7) and (II)

J7
J1

92

=(0,0)";

but since

1 e (0'1, 0_11)2_*_(0_2:, a, )

(a,0") (gtonl) (03,65 )

) ‘/;2:(0.“ 01’)2 (023 62’)27

we obtain
() fi= (01, Y + (00, 02

Therefore we may take

(') Compare with
o i

iy By

where R denotes the radius of normal curvature,
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fi i e
(015 1)’ = 9 (./1+51/./1£—4,/2"’ ) ;

) S N ="

where e=+1 or —1 according as (o1, ¢/)*> or <(o,, o))

Thus by (I') and (X1') we have found the geometrical meaning of the
Jundamental forms for inversion.

3. The Jacobian of £ and £, viz.,

(‘(]2:14—‘/'(7'1; '_/'(711,—%9(7”0

[ du+mdv mdutndv

I o=

is connected with /; and 7, by the well known identity

S S [ ==/ L) A0S 60, L) =2 A(f)

__ ¢y ;/" (./;2"4./"-’2)'
Whenece
(10) ’J(./'l’./"-’)_: 4 oy, 0} —(a,, a,')°
AT 2

Jut since

s )
- =

(61,07 )Y —(ay, 0)/)’=PP (%—-_]1?_1) (cos® ¢ —sin® @)= /] cos 2¢,

we have

J(f1,.73) £ e 1
1]. ‘,‘—f___z_ — ] .
(11) e 7 F 5 cos 2¢

Consequently, if 6 be the angle between the tangent to I" and the
direction to the first principal radius of geodesic curvature 7T} ('), then

O=g— " .
E
and hence
T il et
(12) DS — — gin26(2).
Vieg—7 fa 2 £

(') T. Hayashi, “On the usual parametric curves on a surface,” Science reports
of the Tghoku Imperial University, Series I, 5 (1916), pp. 65-66.
(?) Compare with
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The ambiguity of signs in equations (10), (11) and (12) depends upon

the selection of parametric curves. TFor instance, suppose that the

directions corresponding to R,, B ave taken for wv=const., w=-const.
{

- - - U 7T
respectively. In this case when ¢ increases from 0 to i the values

. gy :
of sin2¢ and o increase monotonously ; also since
24
x ! [
®) S =L oy,
O i
i

i must inerease monotonously. Differentiating this equation (8) with
1
respect to ¢, we see that J( /], /5) must be positive within the interval

O<gp<% . On the other hand, in this interval cos2 ¢ is positive ;

hence by (11) in this interval the lower sign must be taken. In exact-
ly the same way, we can show that when the parametric curves are
chosen as above, we must take the lower sign in the whole interval
0=p< 27z

4. Let o be the angle between the two linear elements PP’ and PP
whose directions are determined by dv:du and dv:du vespectively at
P. If these two directions make the angles ¢ and ¢ respectively
with the direction corresponding to the first radius of normal curvature
R, at P, then

/!

cos w=¢cos (¢’ —¢")=cos ¢’ cos ¢ +sin ¢’ sin ¢"'.
Hence we have from (4) and (I') the expression

(G'la 0'1/) (Ula 0'1”)+(‘72; ’72I) (‘Tza 0'1”)

(71, 00) + (0, 0, ) '/(&17 a5 )+ (@, a:l)

(13) cos w=

Also, since

e du ou+ f (du dv+ dv ou) -+ g dv ov
Viedu*+ [ dudv+gdv* Ve duw*+2 Jouodv+g ov

COS W =

it follows that
(14) ¢ dudu+ / (du ov+ dv 6u) + g dv dv

:(0'1: a') (a1, 0'1“)"‘(0'2, a,') (a2, 0,").

q dv

I too= , /L :
(1) tgp=p/L =

9299 KINNOSUKE OGURA-

8, Lastly we will mention some invariantive systems of surface-
curves for inversion.
I. If the two directions dv :du and v : du be ortliogonal, then
. hef

(15) 2 du du+ f(du dv+dv du)+g dv dv=0.
The self-orthogonal system consists of the minimal lines
(16) =0,
which is equivalent to
(16)’ (01, 01"+ (03, 6,)*=0.

II. Tf the two directions dv:du and dv:ou be isocknal (with
respect to the lines of curvature), then

(17) b du~m (du 0v+dv ou) +n dv dv=0 (1).
The self-isoclinal system consists of the lines of curvature

(18) /=0,
which is equivalent to

(18)’ (01, 01') (025 03')=0- or (g,6")=0(").

III. If the two directions dv:du and dv:du be inverse-orthogo-
nal (°) (or complementary), then

(19)  (fn—mg) du du+ % (en—gl) (du dv+dv ou)

+ (em— f1) dv 0v=0.

The self-complementary system consists of the lines of torsion

(20) J(/1:/2)=0,
which is equivalent to

(21) (o1, a:0)2—{(g3, 65/)F=0.

IV. Since

8(/1,/2)=0,

we have

(') K. Ogura, “On the T-system on a surface,” Tohoku Math. Journal, 9 (1916),
p- 88; T. Hayashi, loc. cit..

(2) Demartres, loc. cit..

(8) T. Hayashi, loc. at..
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S S /))=—Af) - foo S S )= - /(1)

Therefore the lines of torsion, the minimal lines and the lines of
carvature form the only orthogonal-isoclinal system, the only isoclinal-
complementary system and the only orthogonal-complementary system

respectively.

February 1916.

(') K. Ogura, “Some theorems concerning binary quadratic forms and their ap-
plications to the differential geometry,” Science reports of the Tohoku Imperial University»
Series I, 5, (1916), p. 95.
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