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On the 7T--System on a Surface,
by
Kinvosvre Ocura in Sendail.

Among special systems, each of which consists of 2! curves on a

surface, the following five are well known.

Asymptotic lines, lines of curvature, characteristic lines,

lines of torsion, Occhipinti’s lines(*).
Besides these there exists a more general system called the conjugate
system which contains the lines of curvature and the characteristic
lines as particular cases. In this paper I will deal with another system
of curves containing all the five systems above mentioned as particular
CASES.

Fundamental properties and some particular cases.

1. et us consider a system of 2w’ curves on a smface. When
the two curves of the system which pass through any point have the
geodesic torsions 1: 7" which ave different only in sign at this point,
the system of curves is called the T-system.

If we take a 7'-system as the parametric carves u, v and denote
the geodesic torsions of u=const. and v=const. by 1: 7, and 1: T,
respectively, then :
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(') TFor the last three systems, see Ch. Dupin, Développements de géométrie
(1813), p. 192; K. Peterson, Uber Kurven und Flichen (1868), p. 35; R. Hoppe,
Archiv d. Math. u. Physik, I, ¢9 (1883), p. 19; E. Puceci, Atti della R. Accad. dei Lincei,
IV, 5 (1889), p. 501; V. Reina, Ibid, p. 881; R. Raffy, Bulletin de la Société Math.
de France, 30 (1902), p. 226; R. v. Lilienthal, Math. Annalen, 62 (1906), p. 539; L.
P. Eisenhart, Treatise on the differential geometry (1909), p. 130; R. v. Lilienthal,
Vorlesungen iiber Differentialgeometrie, II, 1 (1913), p. 196; J. Knoblauch, Grundlagen
der Differentialgeometrie (1913), pp. 595-6; R. Occhipinti, I enseignement mathéma-
tique (1914), p. 38; R. D. Beetle, Annals of math,, IL, 15 (1914), p. 179; T. Hayashi,
Science reports of the Tohoku Imperial University, Series I, 3 (1911), p. 217; H. Hilton
and R. H. Colomb, Messenger of math., 44 (1915), p. 167.
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where K, I, G are the fundamental quantities of the first order and I,
M, N those of the second order. Hence it follows that

L N
1 S iy,
(1) G
Consequently we have either
(2) F=0,
or
B AN
3 i
(8) e

Now we consider another system of 2! curves on the swface.
When the two curves of the svstem which pass through any point have
the equal normal curvatures 1: B at this point, the system of curves is
called the R-system.

If we take an FR-system as the parametric curves u, v and denote
the normal curvatures of u=const. and v=const. by 1: R, and 1: R,
respectively, then

1 £ 1_
mEER.

Hence

~
o =

Therefore we get the theorem :

Any T-system is either an orthogonal system or an R-system ; con-
versely, any orthogonal system(') and any R-system belong to T-systems.

2. In the following table the well known five particular cases of
the T-system and their characteristic properties are arranged. The
curves of the systems there mentioned respectively are taken for the
parametrics. The total curvature K and the mean curvature I of the
surface are connected by the well known formula :

s i g
4 =
. T B R

— K(*).

(') See Bianchi, Vorlesungen iiber Differentialgeometrie, 2. Aufl. p. 165.
(?) J. Knoblauch, p. 197; Beetle.
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Hence when Ly = Ry,

Meyer).

Fr.

of DIrof.

37 (1868), p. 1; W. Fr.

J

1
1

is nothing but Gilbert’s flexion (or the first normal curvature ——

Rz
(7p)v; and conversely.

1
barter Geraden (1911), p. 94, p. 141
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From this table we can see that
I. The lines of torsion are the only curves which belong to botl, an
~ orthogonal system and an Li-system.

II. The lines of curvature and the characteristic lines are the only
curves which belong to both a conjugate system and a T-system.

8, I From Euler’s formula for the normal curvature it follows
that the directions of the two curves of an BR-system passing through o
point (being no umbilical point) are symmelric with respect to the directions
of the lines of curvature passing through that point, and conversely.

In order to prove the first part of this theorem by another way,
let us consider the equation of the lines of curvature referred to an R-
system. In this case

dv* K L
—audy - r (=0
du® + N

becomes by (3

but since we have

Lo N M
E“G¢F

at any point (being no wmbilical point), the above equation becomes
(5) F dv'— G dv*=0,

which proves the first part.

As a consequence of this, /e directions of the two curves of an E-
system passing through « point (being no wmbilical point) are isogonal
conjugate with respect to the directions of the two curves of any other R-
system passing through that point.

II. Now we see from (5) that a necessary and sufficient conditvon
that an isothermal system should be an B-system is that the surfuce s
gsotherniic ; and in this case the I—system consists of the lines of torsion.
Hence by Lie’s theorem(') the lines of torsion on an isothermic surface
can be found by quadratures only.

(X)) Branchi, p. 73
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TII.  Lastly, when the smface is referred to the lines of cavvature,
the equations to the lines of torsion, the characteristic lines and

Occhipinti’s lines are respectively( ')

(6) Edu— Gdv =0,
(7) V' EL du*—1" GN dv*=0,
(8) L du*— N dv*=0.

Tn what follows we will confine ourselves to consider the surfaces,
exclusively the sphere and the developable surface. For, when and only
when the surface is either a sphere or a developable surfuce, two or three
systems of  the lines of torsion, the characteristic lines and Occhipinti’s

lines coincide with one another.

Laplace’s equation for the F-system.

4. Gauss obtained the following fundamental formulae for the

Cartesian coordinates @, 7, z of any point of a surface :

olm L1 9w ML 9 LT ¥ _

i e e e ’
e _J 292 }-E/:)L +_{ 22 }_LJ f LN X )
2?2 " 1 /(j” I 2 ’?; ..... ( )

where X, Y, Z arve the direction-cosines of the mnormal to the surface

sl
(.llld l 1 .", i,

taken for the parametric curves, we must have by (3)

S *E%%:{G{l1]“E{zlgﬂ’:d'?*[a{lzl}”{222}] -

. Christoffel's symbols. Hence if an R-system be

.....
-------------------------------

Thus we can state the fundamental theorem :

The Cartesian coordinales x, y, = of a movable point of a surface
referred to an R-system are solutions of one and the same Laplace’s
equation of the jform

&) Occhipinti..
(?) Bianchi, p. 88
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Conversely, if @ (4, v), ¥ (4, ), z(u, v) be solutions of one and the same
Laplace’s equation (9), the curves u=const. and wv=const. on the

surface
e=a (4, v), y=y ), =z 1)

form an R-system.
In order to prove this converse, let us take the three equations
Ga-x_E ':.;_a_a:v avb
Dl o ou v’
O 500
o o v’ ou Sv’
E d.- % a & ? a &

ow e au dv
Multiplying these equations by X, Y, Z vespectively and adding,
o ow

o'z R N o _ O
A ‘7' 7 _‘.X_ il “X —.__—+ X_ ,'*';
G ZA a,u‘l 2 a,v‘l & Z o L.J o

so that by using the well known formulae

D Yoy ZX_;Z ) Z‘"W—,

ou o

we have
(3) GL— EN=0,
which proves our converse theorem.
5. For an example, we consider the equation
Skl EROI
ouw v
‘The general solution is the sum of two arbitrary functions, one of which
depends upon #+wv only and the other upon #—wv only. Hence if we

put
u=u+v, V=uU—7,
and
(10) =A@+ (v), y=£ @)+, W), 2=f (w)+d; (),

the two families u+v=const., z—v=const. form an R-system on the
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surface (10). But it is well known that equations (10) represent the
general surface of translation and », v form a conjugate system. There-
fore on the surface of translation (10), the diagonal curves w+v=const.,
W — v = Const. Qf the ('()71./.7/.(/1!(‘(3 .\’.//.s'/('m ')(:f'(m.‘;l‘., :U:(J()?Z-Si. /'brm an R-
system.
Particularly, let © and v be the curve lengths of the two generating
CUrves
2= A@), y=fill), =/
=d)(v), y=0y(®), v=y(v)

respectively.  Then the linear element of the surface (10) takes the form
dst= it 2 b+ &'+ e) i A+ 5",

where prime denotes differentintion with respect to the corresponding

(11)

argument. Hence

(23222(14‘/1/ ¢LI+/:I (b:, *f/:sf (b:i,)(z'“*: i ")‘(L”‘/l’ ¢ll _/)./ cf)_,’ ”'./?‘%’ (i)gl)(,l?)?,

which shows us that «» and v form an orthogonal system.

Consequently, by Art. 2, I, we infer that o/ u and v be the curve
lengths of any two curves respectively, the diagonal curves u-+v =const.,
u—v=const. on the surfuce of translation generated by the two given curves
are the lines of torsion.

6. In exactly the same way as in Art. 4, for the characteristic
lines we have the simultaneous Laplace’s equations of the form

E)"’_ ) 6‘" t/ ity aﬁcy i h

G — 7)) —
o u* D o u ov
(12) 2]
o e 5. f7 e
. e P
ouov 03 D u 2%,

(=2} 2D

Also we have for Occhipinti’s lines

ot / @hit ot 8 oY
—) =

% s o S
o) 2l ea 5 94
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(9}
(aq:Jﬂ, /}l:E, MIZI’H-{ 111 }‘{“H{ 112 }’ [3] :117{ 191 }+E{ 12u });
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which are equivalent to

a ——-——a‘z v 1 & - G o 431
Yo auav 8 u g
(18)’ : , 1
: o G e ) O
+ 2 \1
1 1)18u80+cl ovt  Ou i owv .

(CI:G, (lz-':ﬁ;{ 212 }+ G{ 11'2 }’ I?._,:]f’,l 222 }—{— ﬁ*{ 122 ],)

Inversion and collineation.

7. Now recalling Art. 3, I and the invariantive property for the
lines of curvature with respect to an inversion, we can state the theorem :

When a surfuce is transformed by an wnversion wnto a second surface,
any R-system of the former becomes an B-system of the latler.

Here we add an analytical proof (*): An inversion, or a transfor-
mation by reciprocal radii, is given by

= ' ) ¢y ¢z
= S = 2 DRl 2 2 1 2
'yt 2 249" -2 2’4y 42

o

where ¢ denotes a constant. Now if a, %, # be solutions of equation
(9), then 2°+9°47* is also a solution of it. Tor, if we put

2 2 o2
P=X Y +7,

we have

ou 2 v* ou

—213(
{*) Oecchipintii

(?) We can also prove this in the following manner: It is well known that for
the inverse surface

oz

o' p D o’z oy %z )
s —32 ¢ 2 b
G B G(o-S3ryslLte =y

+ i o v*

Y

,/2 +G)

il b
EN—-GL=——————(EN—- 8
@ty 2 (EN—-GL)

(See A. R. Forsyth, Lectures on the differential geometry (1912), p. 106; R. Rothe ,

Math. Ann., 72 (1912), p. 57.) Hence an R-system EN— GL=0 on a surface becomes an

R-system EN—G L=0 on the inverse surface. Compare with my paper “On the dif-
ferential geometry of inversion” which will appear in this journal in the near future.
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so that the resulting equation becomes

o L o oY

a o =q_—+¢ ,
o u* o v ou ov
(a=@ 1=8 a=" (= 2" 22, =2 (p =
? 2 ‘0"" 0 ouU ,02 0 ov

which is the same form as (9). Therefore # and v must be an fi-
system on the transformed surface
=1 (u, v),

o —@ (U, V); =t (W),

which proves the theorem.

Now by an inversion any orthogonal system on a surface is trans-
formed into an orthogonal system on the transformed surface. We also
infer from this, in combination with the above theorem, the following
result :

Wihen o surface is transformed by an inversion into a second surface,
any T-system of tlhe former becomes a T-system of the latler.

Particularly we can infer the following result from Art. 2, I and
Arxt. 7:

When a surface is transformed by an inversion into another suiface,
the lines of torsion of the former become the lines of torsion of the latler.

This may also be seen from the facts that the lines of torsion are
bisectors of the angle between the lines of curvature and that by an
inversion the lines of curvature on a surface become the lines of curvature
on the transformed surface.

8. On the contrary, for a collineation we have the following
theorem :

When o surface is transformed by any collineation into a second
surface, the asymptotic lines of the jformer constitute the only R-system
which becomes an R-system of the latter.

For, it is seen that for the surface transformed by a collineation
we have

W, NN,
= ok

g rreneeesaen ~ =, which does not

where A is a function of z, vy, z
ou ov

(') Lilienthal, Differentialgeometrie, 1I, 1, p. 201.
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vanish identically. Hence in order that
GL—FE N=0
should be transformed into
(r L—— H N=0,
it is necessary and sufficient that either

L=0, N=O0,

or
g G
E G

But the latter case does mot hold .n general. Tor example, if we
transform the helicoid

T=mCOS Y, Y—=usinuyy z=u,

by the collineation

V'3 8
T=—-F— 7, — _)3 r -+ lb Uy =k
2 ) 2 3
we have
E:l) _7!-:1"}"'2[—,
1-+2 i, 1421/
=1+ i (:/b sin 2 v, G:]+2°(1—-~——~—+26 6 SinZv);
so that
B . G
7
Deformation.

9, Let us suppose that there exists a deformation such that an
R-system on a surface S corresponds to an B-system on the other

surface S, and let

ds’=F du*+2 I du dv+ G dv’, ds=F dir +2F du dv+ G dv*

be the linear elements of § and S referred to these corresponding

systems respectively. Then for u=u, v=v, we have

E = E, F: _[TY, G = G— ;
80 that the lines of curvature on S
(5) E dv*— G dv*=0
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correspond to
B dut— G dv*=0.

Combining this with Art. 3, I, we can infer the theorem : :

A necessary and suficient condition that by « deformation an R-
system should be preserved ts that the lines of curvature are also preserved.

Also, @ necessary and sufficient condition that by a deformation the
lines of torsion should be preserved is that the lines of curvalure are also
preserved.

In order to prove this, it is sufficient to show that any deformation
with preservation of the lines of curvature will also preserve the lines
of torsion. ILet

ds*=F du*+ G dv’, ds*=F du*+ G dv*

be the linear elements of S, S referred to the lines of curvature res-

pectively. Then for #=wu, wv=v we have
E=E, G=G;

whence by this deformation the equation to the lines of torsion on S
(6) Edv*— G dv*=0

is transformed into
E du*— & dv*=0,

which denotes the equation to the lines of torsion on S.

Thus the so-called Codazzi-Bonnet’s problem (') is equivalent to
the following: To find all the surfaces which can be deformed with
preservation of their lines of torsion.

10. On the other hand, no surface can be deformed to a distinct
surface, such that Oecchipinti’s lines on the two surfaces correspond.

For, let any two surfaces S and § be referred to Occhipinti’s lines
respectively ; then

B e =T e R
e s VE

If these two surfaces be deformable to each other in such o way that

U= ?[, = ’U,
we must have

(') Codazzi, Annali di mat., I, 7 (1857), p. 410; Bonnet, Journal de I'Ecole
Yolyt., 42 (1867), p. 58.
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I=F, F=F, G=@G, K=K:

whence by a fundamental theorem due to Bonnet, S and S must be
congruent.

Such a result is also true for the characteristic lines. For, these
curves are determined by

W=0 el o O e
ST I

Now we will solve the problem::

To find the most general group of the surfuces of revolution of wariable
curvalure which are deformable to each otler such that the characteristic
lines of one surfuce correspond to Occhipinti’s lines of the other.

Tet S and S be the most general surfaces of revolution of variable
carvature deformable to each other by putting

=" D=0,

Then the equations to these surfaces are given, up to the rotation about
their axes and the symmetry with respect to their meridian planes, by
the following respectively(*):

2 :f\/l_—— ((_ZETCM :
cu

(15) Z=alU@) cos *, Y=alU@)sin->, z= f \/ 1—(5"’(%[_{)26121,
L au

L
where U denotes an arbitrary function of % (or «) only and « is an

(14) @@= U(u) cos v,

y= U(u) sin v,

arbitrary constant. The parametric curves u, v and u, v ave the lines
of curvature of these surfaces respectively.
The equation to Occhipinti’s lines of S is

(7) V' EL di—1V' NG dv*=0,

O

/ d*U

dv \2 du
(7/—'—2&——): U3.-!l—( d U)z} :

du

(') Hilton and Colomb.
(2) Minding, Journ. f. d. r. u. ang. Math,, 18 (1838), p. 367; Scheffers, Theorie
der Flichen, 1. Aufl. (1902), p. 296.
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and the equation to the characteristic lines of S is

(8) - L dw*— N dv*=0,
or
sl
G
( dv )HH qu
2w~ g (20
d u
In order that these two curves correspond when w=wu, v=v, the function

U must satisfy the differential equation

ae v f1-(4 TN {1 - - o

d u o u* U

d* U

2

provided that =0 (!). Consequently the differential equation to

the meridian curves

17) 2= Ulu), "':f \/1_(%5)2&1:.

of the surface S is

2 m 2,2
a gf—l—{l—l—(l—rﬁ)( g )} =0,

which gives

18 at ....> i t——-::i—_:,
(18) f\/:&(l—a)logba: L 5 L l—a? ¢

where b and ¢ are constants of integration.

November 1915.

az
(i) If d—g—:o, then L=0 and hence the surface must be developable which con-

tradicts our assumption.
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