


Trajectories in the Conservative Field of Force, Part I,

by

KmNosukE OGura in Sendai.

CmarTER V.,

Determination of the Function ¢ by the Families of Extremals
in Space, especially by the Parametric Curves
of Curvilinear Coordinates.

General Case.
35, Let any point (r, 7, 2z) in space be represented by any
curvilinear coordinates (u;, u,, u;) such that

L=12 (U Uy W)y Y=Y (U U, Us)y' B==2 (U5 Us Nls).

Then the linear element has the expression

-~

N,

dsz-—-d:_igr[— dyisindt i u, —C_Z’Z(.\. (7 s= 1 2580,

8:1:)2 (91/)2 (az )’3
(AP : 3
l (82{, = ou, T ou,
9% Jdw . By oy i O %
O, Oy U G, au O
Next let us denote by a the determinant

O Gy Ay

Uy Cyy (U

where

s =0Ug =

)

(3 Uyy (3 /

and by 4,, the algebraic complement of «,, divided by a, and {by «{ 4 e }z

2

the expression

1 I Ja da :
-———-— A r\ - AT — "_‘— 'l‘: ?‘, )"
R au#f ou, o u, (

And also the corresponding quantities obtained from «, A,., and {2 ~ }, by
?

u=1,9, 3).

substituting




188 RKINNOSUKE OGURA : : f
> {‘
=0 (0, %6, %) e, for a, (r,s=1, 2 3) §

2SN /
will be expressed by @, 4, and {/‘ /‘} respectively.
¢

Now it is well known that the extremals of

<y dn, | x,;
s — AR e & ds=—rnin.
s s

are given by | 7*

Gty {2 /1}' ST G N B a5 ' 3
1 E‘ e R =1, 2, 5):
gigt = L d ) ds ds e ) |

g du
ds=¢ cis:\/l 0 a,, ,-.]J_ ]" (s,
as: ds

Hence if we put

it follows that the extremals of

(87) fds :fga ds=min.

are given by :
A Aonl du, du S 55 f
8 .t (02, (1—1,9,3). v
o) s* +\‘?{ v t s ds Ch ' H
From the last equations we can derive the following three equations
T oo/ Ay Bl
e, & 1ty — claty oI 1, + { 191} i — { 312} i+ 595} duty A — { 51*‘5} dut, dod?
] et i 2‘ / Sio0 - 4
+(21122} _1111} )d“‘ ‘.'Z“"_(Zill } _{323} ) W s
— ot SN R
+% u; du_;—g{éld} du; iy + 2 ( {2‘)3} —{113} )d’ulduz du; =0,
du, Py — i, Pu +{2—Q rd'u’*—— 33 ,'7 3, (11 ,Z 2% — 1L ’Z d’
d a (L7, 3} L i 2}(,1z¢&+ 3 o, cuy o Ly LUy
S(TBI_ 1221 70 (23— B3 Y |
+( { 3 } . i 2 })du”hl"‘ 2{ 1 } { 3 })du"du“ G
(89) o , 2
’ .y e
+2{1Z/} duy du5—2{128} du du, + 2 ({ 13'3} —-{1‘)2} ) duy da, duy=0,

(') TFor example, see Bianchi, Vorlesungen iiber Differentinlgeometrie, 1. Aufl.
(1899), p. 569.
(?) J. Lipka, Trans. of Amer. Math, Soc., 13 (1912), p. 80.
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o o)/ ET o o)/ eyl
duy d*uy, — duy d*uy + {"’1"} s — {]‘O'I'}- i} -+ { 2,]'3} du, du;— 1 ")(')'} ol lu,
AL (2{113}’ = {.“303},) iz ol W(Z{ 1”;)’ : — 411]] JL ) s, r/'r/';!
o ) Sy
9 )/ Nl L o9/
it 2{ jld} ity ity — 2‘{ l'>l j '/”f‘i”:':'j( { ]]-2 } 5 le';))} )I]/"i']”:’]u:s =0(")-

Hence -« necessary and sufficient condition that the «=* parametric
CUrves
Un=CONRSL; U= COTLSE.

should be the ecxtremals is

{1]‘}»,:—()1 l J“j L — ()
9

I 5

b

which may be wrilten

flw_m(AnpyggﬁjuVP%£+A$3353):Q

(90) 2] 9t Q Uy O Uy

T oloco , Ologo & loc Ny se s
{ 3 } i (A“l = -Hlaz—iﬂ;-—%-zl.-,a'ﬁea—)—o( J-

o o U,

Similarly, such a condition for the parametric curves

u; =const., u, = const.,
is
el
Largee Uil
or
(22)/ ( 2log ¢ olog ¢ dlog ¢ )__
- il A P L e en G il Py,
o) ) - Uy s L U,
—"2 ¢ }’ = (‘L” T‘j 1709,“_99 s A:;:‘Q'l'%—?— + Ay, "a‘l'og £ ):O ;
| 3 B D Uy O uy

and that for the parametric curves
u, = const., U, = const.

18

(*) . For another form of these equations, see O. Staude, Leipziger Berichte, 45
=893), p. 513.
(?) Compare with equations (31) and (80) in Part I of this paper, this Journal, 7
(1915). '
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(§3":()’ f%e}} __()

1] 2
or
(3 3]_'*_(“( | Olog e e dlog ¢ S dlog ¢ ),_-(7
Logiy = ou, ey U,y G s :
(92) ks 7
r d} —”'N(A 21 —L 042 + A, — ) 10” i P a—l(_)g : );4 3
9 : ou D 0 Uy

86. Ilor an example, take a triply pseudospherical orthogonal Sys-
tem. Let v;—const. be a family of pseudospherical surfaces having their
radii 22 which depend upon #; only, and let 2 w be the angle between
the two asymptotic curves u, =const. and u,—const. passing through any
point (u;, u,, ,) on the surface u,—const.. Then the linear element has
the expression

ds* =du; + 2 cos 2 o du, du, - du} + R* (”a“a‘“)-(l”ik )
O Uy
so that the oo* curves w,—const., #,—const. form a system of asymptotic
curves on the o' surfaces wy=const., and also form a system of geo-
desics on the other o' surfaces u,=—const..

Now the condition (90) for these w® curves to be extremals is given
by the differential equations

sl U 550,00 g Plep g

oy au,_ Dy O Uy :
which have always common integrals. Since we have .;_'@- —0 from
u.
the second equation, the gradient vector of ¢ at any point J(ul, Uyy Uy)
touches the surface u;=const. at this point, while u,=const., u,—const.
constitute a family of asymptotic curves on w,=—const.. Therefore from
Art. 9, we can infer the theorem :

In a triply pseudospherical orthogonal system, the * curves w,— const.,
uy=const. form a system of the free paths (described by a particle in the
conservative field of force) on the o' pseudosplierical surfuces w,— cons'.

In exactly the same way it may be proved that the oo curves

uw,=const., w=const. form the other system of the free paths on

=const.,, and the function ¢ for these trajectories is determined by

810 S¢ +cos 2w ologga qu‘)uﬁal_() Elog(,a =0.
u, O U,y o u, o uy

(') Bianchi, loc. cit, p. 530.
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Systems of parametric curves as extremals.

37. In Art. 3, we have proved that the function ¢ can be deter-
mined if ‘we know 3’ out of the totality of o' extremals, each of
three systems of o? curves passing through each point of space. Here
we will give a detailed discussion with the case where the three sys-
tems of parametric curves are the extremals.

It will be seen from Art. that a necessary and sufficient condi-

tion for the 3 oo® curves

wuy, Us==const.; w,, wy=const.; u, w,—const.

to be the extremals is that the six equations (90), (91), (92) have a
common integral. Now in order that these equations should be con-

sistent, we must have

09 i (e e i Bl B e REALIES 53 »xll,_’:____l_{22[’_
) ST r'!;;;;! i u;;;;’ s S e s B

and if the condition be satisfied, it will be sufficient to consider only

the three equations

( dlogey | ( ologc v | ( g loo o 22T
Ve G e 5 A S R e ] f2
o O Uy o Uy T L

: olog ¢ ologe |, 4 ologe _ 1 (33]
(94) "['.31' Fdy-—= Ay — SORp= i f2
i D ) U,y O Uz Qasi

- — oy
o log ¢ ologw i cloce LT
Ay S e = T Al e e o
o U, Sl o Uy o

It we introduce a new dependent variable /° such that

F=F (v, w, %, Uus), where v=loge,

and transform the equations (94) by means of the relations

',1/; ov il \_/l./ 0

v O U, o U

¢ ¢

(95) (=12, 33,

then the integral will be given by the equation
(v, u;, U, uy)=const..

Jut since

Ay Ay, Ay
Ol
A;!l A:: A:3 o )
L &7

Ay Ay Ay
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we find from (94) and (95),

s 9L o7 Of . e 9 lelor
96 JelaE : Loty gl :(), O AN B o s St A O O
(36) 8u1+{ e e e
where

( ]___(Zl_[ZL’ Gy 33}' e b B
e e

1 @ Vel Qa7 2 )
, [ e 2 0, (33) a4 (11) |
97 e R = S
\ ) .1 } 22{1J+ag312}1(rﬂ{3}’

i S22 e (B30 @ (113

gl "-ﬂ{ Gy [6 5] _i{ _

{} Uy 1} 033{2J+an :-z}

But equations (96) have a common integral when and only when

they form a complete system; and the condition of completeness of the

system is found to be

a;m:am @3t 0912} ol a3l

e ol 9u ou ow owm

Ii the condition (98) be satisfied, the system (96) has one common |

integral which is given by ‘
f:vmfglg(lul—l— )2 duy,+ § 3| duy,— const.,

(98)

and hence

(99) o=
i

where & denotes an arbitrary constant. Thus we have aivived at the

theorem :

A necessarg and sufficient condition that the thice systems of parametric

curves ;

[{1}du, + {2} du,+ {3} du,
(o

3

Uys Us=CONSL. 5 Uy, Uy=cONSL. ; Uy, Uy = CONSE.

should be the extremals of the integral

fgp (5 U, wy) ds=min. |
18 that : :
1 {22}':_:}_{33;’ 1 433{5 1 {11}: __1_{11},:_%-{22}, |

a1 Uys *

1) (c;;;,,] 2
and,

o o3 0§11 23481

Qu, Ouw Oup 8w B D
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and of the condition be jfulfilled, the junction © is given by

[{1 }tin, -k {Z}rlu,z + £33} du,
o=lke :

where k- denotes an arbitrary conslant.

Now we add a remark that any two systems of parametric curves
as exiremols arve sufficient to determine the function. ¢.

Ior, if the 2 w* parametric curves

Upsiy=const. ; 2, %y=const.
should be the extremals we must have from (90) and (91)
T o B | D e

t l 3] @i

and if the condition be satisfied, we have

7 olog ¢ o d%ngg e o log ¢ 1 (22)

2 | Rl g
0 U, i 0 Uy (L) lag
log ¢ o log ¢ o log ¢ 1B
Ay, a .44, o + Aoy (”lo't""(r' = L‘{ 1 l‘ )
o, o U, O Uy a2
Y o log ¢ i o log ¢ / odlog ¢ 1500 i
NG i A3y == ] -
3 o, o u, an | 8}

Hence by a similar reasoning as before, we can determine the function

¢, if it exist, up to a constant multiple.

The differential equation of all extremals.

38. Suppose that the function ¢ has been found, under which the
3 oo parametric curves
Uy Uy ="cOnsbs = iy, 2 = constis 29 — eonst.
are extremals. Then we can find the differential equations of all ex-
tremals for this function ¢.
For, in consequence of (99), we find

‘[A;‘Zl}!: {A ‘u}" i) (/lil .+ Ayt Ay ay)
() 2

+ 1A (/!,-1 A+ Ap ”',,-g‘f—/r.':; """}':l\.—(,,\/l (i b 1§ + 4,5} 2] +A.-;s§32).

so that
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Ty el 6 Cw (B gt (L2 o) oy 22"
!11'_!:LJ'T2‘1s az‘,lll’fl,}“lll%ﬂz‘ '}J{l},
(13) (8], (gv. ®@s(22)" [23]'_[23]"_ ax(22)
(1) 013+'3‘ e R () mgllf’
oo 29 o @,[33]' (23] (23" (3, (33}

A00) e g e o) g ) e —am{Q”
izl 20 (B3 (T38| [15)' @ (33)
e o) Ua ] ol g lal,
'_1-3_7_]_’:[33 ; 0\.3,_a,3_|lli_’ (“_3]’:‘]3‘(’ (11 G i
t 3] 13}+"‘ s’ g Lopl i au{g!,

Hence it follows, from the first and the third of equations (89),
that the differential equations of the exlremals for ¢ are

B Gedlie ey o )2__(‘1213

o 17 oy 1) du, / du,
D= RO, (373 22 duy \*
i 2{ e e S | o e C T e
( 15} {2J+(€33[2} a,ll’)(dul)
L9 (23] [13]', a3 (22| _ ay (33’ )(Zu, du,
e (l ot = g o a.,.,] i ((M[ RIS Selan du

_{_(2{121’_(11)’+ ay (22)' _2'1,3_213 31"\ du,
heakbiy el (10[ 1) (l;,." Y s -

(13} ay (330 ) e, 0
[ 2 J assl ) ! it

+2( ey |
(101) du,
Fuy (23] an 122|)r1u, / du, )
du; (l J Ph el J du, \ (i'u1

1
(RS a3 B, il (2
Bt 2 i . 33 _2 13
(‘I +a“{ 3] (Lyy t

}’) ( du, )
clut,

1 3 1
o el 2 28y 1L ral,_22]ﬂ’ du,
T(lll B s lH)duszZf
1S B WA e L A (L LY\
(2] = . ot ])
T(l3} llJ+a.23'1J g, '3 J d,
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A {riply orthogonal system.

39. In the following lines we will deal with the particular case
where the parametrie surfaces

Uy =-const,, U,=const., a;=const.

form a triply orthogonal system.
Tn this case the linear element takes the form

ds*= H’ 'hllg + H,* du,’ 4 ;7 duy,

and therefore

=Vl Clyj=— 0,
| (7, =1, 2 3 1Y)
"'1;;3" =33 41;13:0-
Itz
(2 ) 4.'7 ool e e | g H ol
L) H 2w Ly ) Ho @ ’
| -‘1/,_’_7 : 1 , 'J], | i":[’r-:O (.,',j__ /.'~.=1‘2, :3)
g H, o ’ e ) ? \iEj, j#k, fei
Now since equations (90) become
r Okl O @
8][__1 1, alocrc 0 H g 79}:(7) 2
O Uy o Uy 0 U, O Uy

we see that the conditicn jor the oo* parametric curves uy=const., uy= const.
to be the extremals for the function ¢ is given by
(102) H =7, (w),
where W, () s an arbitrary function of w, only. Similarly, such condi-
tions for w,— const., %, =const. and ,=const., #,—const. are
(103) H, o=, (w)
and
(104) H, o= ¥, (uy) -
respectively, wheve ¥, (uy) is an arbitrary fanction of w,only and @y (us)
of u, only.
For example, if we take the elliptic coordinates (uy, %, u,) such
that
2475 \ .2 N (12 ‘.’.
. (@ w) (@ 4w (@ +uy) o (P (P4 w) (0 +us)
X’ = o =
(u e B ) ((t, =G (() =G ) (l) =0 )
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sr (4w (+u) (4 vu,})ﬁ
(¢ —a) ()

z , (a, b, ¢, arbitrary constants),

the linear element has the expression

0783——1—'[ (uy—u,) (u, —1?,) dut 4 (2 —ty) (s — 7’11*4 s’
4 | (@*+u) (D4 u) (¢ +u)

- (@ +,) (0P 1) (¢ +2u)

‘ (g —y) (uy— )

= (@ +ay) (O°+uy) (¢ + us)

l

ity -

Hence the function ¢ under which the parametric curves u,—const,,
u,=const. can be the extremals is given by

¥, ()
o= ' L
oV (—w) (uy—uy)

These «®® curves which are orthogonal trajectories of the confoca
quadrics u,=const. form a family of lines of curvature on the other
confocal quadries #;=const. (or w,=const.)(').

40. Ior the orbits in the conservative field of force, the results in

the last article ean also be obtained by using Prof. Joukovsky’s:
3] g i

method (Art. 22).
The kinetic energy 7' of a particle with unit mass is given by

T:% (B a2+ HE a3+ H3 ),

?
where dots denote differentiations with respect to the time 7; and

Lagrange’s equations of motion become therefore

A S 12 H2 ., D0

105 G L ;
. dt e 2 o o 0 U

(106) S doH L 2.U |
2 U, 8 U,

101 . s, o
2 Ju o u,

where U denotes the force-function under which the oo parametric
: s

curves
1, = const., i, = CONSL,

can be described Dby the particle. DBut equation (105) may be written,
as in Art. 22,

(') Compare with Art. 25, ILI

BS

——
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: [ai 0ot e by oU
(108) O e Ol
e G LT
I. Now in the case where
Q,J[L:,‘:() ancdl it -==0,
i, 0 Uy

eliminating #,° among (106), (107) and (108), we have

S el
p el : Rt
5. o Uy Sl 0 ) O Us e Rl 0
o - : = bR — -~ Sl e
o o H* J u, )2 QL o U,
o U, O Uy
from which we obtain as in Art. 22
AGLIE e Bt bl > e il BN rils
HR S o e S S
ou, o Uy ) U, 0 Uy o Uy o u,

L being the total energy which is constant. Tntegrating the last two

equations we get
(102) HE (U+h)=D (u),

where @ () is an arbitrary positive function of », only.
IT. Next, in the case where

- 3 4, — 0k tand Fi 1114 =£=()
c U, a iy

it follows from (106) that 4, and U are independent of »,. Eliminating
a2 from (107) and (108), and integrating with respect to u,, we see
that 72 (U+1) is independent of u,('). Hence we have also the same
result as before. ;

TIT. Tiastly, in the case where

o H, —(0 and C:Hl =0,
o ”-, v’:) U:;

it follows, from (106) and (107), that Zf, and U are independent of u,
and w;(*). Hence we have also the same result as before.

In this case the parametric swiaces 2, —const. must be a family of
parallel surfaces, provided /7, is a function of u only. Conversely, if

(1), (2) In these cases equation (108) expresses the conservation of energy which is
trivial ; hence @ (u,) can be taken as an arbitrary function.
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wy—const. be a family of parallel swfaces belonging to a triply or-
thogonal system, H; and hence ¢ (or U) becomes a funetion of w, only.
But it is well known that any family of parallel surfaces belongs to a
triply orthogonal system. Thus « nccessary and sufficicnt condition that

the o* normals of a fumily of o' parvallel surfaces should be the extremals

of the form
f ¢ ds=min.

28 that the o' (equipotential) surfaces
Uty 4
¢ =const.

coincide with the given jumily of parallel suifaces.
For example, if we put

A a*—U* b cos u,— 1,
e e ey
b b a—Dbcos u,cos u,

Vo' —b (a—u, cosuy) .
Y A
: a— b cos u, cos u,

I

v w —0 (beosu,—u,) .
= S - CEASTD. Uy
: (1t — b cos u, cos 1,

a and b being constants, then we have [1,—=1; and therefore u, = const.
form a family of Dupin’s cyelides which are parallel surfaces, and so
the function ¢, for which all normals of the family of cyclides are
extremals, is an arbitrary function of w only.

41, A necessary and sufficient condition that the 2 ®* curves

u,—const., u;—const.; and w,=-const., u,=const.
should be the extremals is, from (102) and (103), that

e
T () Ty (w)

and if the condition be fulfilled, ¢ is given by

(109) e i B
7 (w) T, (w)

Now in this case the linear element on the surface u,=const. is of
the form

( - B 9 > D £ ‘
= L1 W2 () dut+ U7 (o) du 2L

¢ )
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‘so that 2 =—const. and u,—=const. form an isothermal system on the

surface #;—const.. But by Dupin-Darboux’s theorem these curves
are lines of curvature on this surface. Therefore it follows that the oot
surfaces wy=const. form a family of isothermal surfaces.

Next, let 7, and 7, be the principal radii of curvature of the sur-
face w;—const. along the curves of intersection with the surfaces
— const. and u, = const. respectively. Then by the well known formulae (')

[ | @ 5E I

e - S e 7, ('”1) o VAR 1 o ¢
31 H, I, O uy 1, ¢. 7, (211)

o e = BN S
o Uy Hyo Ouy

OENETR e Wi () ol S
o H; H, Ouy I, ¢. T, (10,) b Juy < 1, ¢ oy ,
s0 that
e
T3t T3z .

Hence the oo surfaces w#;=const. must be a family of spheres (or
planes).

Conversely, if the surfaces w,=const. be spheres (or planes), it
must be

or
L o e o .H;
T e HyHaeoun

from which we get
H=H,f (w, w),

where / (u,, #,) denotes an arbitrary function of and 2, only. Hence
the linear element on the surface u,=const. takes the form

(15'2:117._,2 :}4: (14“ 'l’z> (Z)ff—kd(!i; .

Morcover, if u«,—const. and u,=const. form an isothermal system on
the surface w,—const., the function /° must take the form

so that

(*) Bianchi, loe. cit, p. 489.
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11, H,

: if":(‘z(l) 7, (21,)

Hence we can infer the theorem :
A necessary and sufiicient condition that in the triply orthogonal sys-
tem w,—=const., uy=const., wy=const., the two families of parametric curves

wuy=const., u,=const. ; and uy=-const., uy=-const.

should be the extremals 1s that the parametric surfaces u;=const. arc
spheres (or planes), and the curves wy=const. and w,=const. on these
spheres (or planes) form isothermal systems.
For example, in the polar coordinates (u,, ., u;) where
T=1 COS U, SIN U,, Y =y SIN U SN U, F=1Uy COS Uy,

Oor

2 e o
=R

the linear element is

ds® =z sin® w, da; - 20 dag - d
s0 that
1

k k sin* u,

o) — 1 R ) —

where & denotes an arbitrary constant. Ilence the function ¢, under
which all meridians w,, #,—=const. and parallels u;, u,=const. of con-
centric spheres u;=const. are the extremals, is given by

ke . e
wsinu, Vaoit+y

Q=

42, Now a necessary and sufficient condition that the 3 w?® curves
U, Us—const. ; 2, w,=const.; u,, u,=const.
should be the extremals is, from (102), (103) and (104), that

ot e
7, ) Z, (1) Py (uy) :

and if the condition be satisfied, ¢ is given by

/ -
(110) 25 A
7, (u) T, (u) 7, (u)
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g0 that the linear element takes the form

ds® = i ’I Ui () dui+ T3 (uy) duz+ T35 (uy) rfaj';[ ;

o"* |
Therefore if we put
5{ _—.fijr’ (‘7/[“ [/”i H':: ]‘ .21 ‘), I" (7’1 {’il’ ‘:_’7 5::,’:‘;‘7 ":HH 2{_3, 7..’;;),
we have
(l] ] i) (/.f'l'.-:» l/'/,’-'] ! I/,‘_‘").'::_ e
which shows us that the space (3, <,, &) is nothing but the conformal

representation of the space (z, 7, z).

Now according to a theorem due to Liiouville('), we have either

(112) ('-’1:",

Or

L3 l l = oL =
(\ll.-’}l g'l: /l -J(;'l =5yl sl

— () {—(5_.;——r13‘):}- ;

where ¢, k, a,, a,, @, ave arbitrary constants.

TI. In the first case, the conformal transformation is any similar
transformation, up to any motion in space. Ilence the triply orthogonal
system &, 5,, §; consists of three families of parallel planes, any two
planes of different families cutting at right angles to each other ; so that
the given 3 ®* extremals form three families of straight lines which
are parallel to three straight lines which are at right angles to each
other. And also since the function ¢ becomes a constant, all the
extremals are o' straight lines.

II. In the second case, the conformal transformation is any trans-
formation of reciprocal radii, up to any motion in space. Hence by
applying a proper motion, we find

ke (x—b,)
(@—0) + (=) + (2= by

E;; — Uy =— ]"_('-'; i b.'i)

{;,1:.— bl ‘)"—' +( -}/ —b,)" 4 (z—by)

£ = ]"' (7/ ——2)3)

y— oy =
3 Gy =

 (B=b) '+ (y—0,)"+(z—bs)

=
S — ;=

-, (b, b,, by, constants);

2 3

so that

(') See Bianchi, loe. cit,, p. 4837 and Encyklopidie der mathematischen Wissen-
schaften, Bd. TIT 3, p. 59 and p. 370.
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. k

e e S TR 5
T @b+ (b +(E—0)

consists of three families of CORRIGENDA

any two spheres of

But the equa-

.
R R e A )

and the triply orthogonal system i, &2y G
spheres touching cach other at the same point O,
different families cutting at right angles to each other.

tions (101) of all the extremals become

on my note “Trajectories in the conservative field of force, Part 1,”
Vol. 7 (1915), pp. 123-186.

B. 184, 1. 16; read «(11)/*" for « (12).”
11

P. 136, 1. 23: read «(

2 G

)
)_r b f()r de (13),.
2
I

P22 ys ] S
. .(-l--lj— =t= s il.,,_\:; == 0 ; 1_). l‘j.G, l. 9 T'(.a(l gLy — ot ) fOl‘ bl e ST
=3 . :‘,.’ i (o) -: 3 al i
L d < S O
oy v
tha,t > ~ 00 3
. . P. 147, L. 23: read *log (U+h)=— f"...." for “log ({';1/)—_if
= o & @ - ] — Fe o e 's
63—C1 61 1-Cos S3—Cy S1+ Cys Sl pa - 2
P. 155, 1. 11: read “—= » for « —=2_»

dv du’
. 9:read “f(x, 4, 2 S22 :
T, 2% 0 q) s for “f(xq, 20 0) "
: g . y Y & 1) 1) .
.I’. 160, Is. 13, 19 : read « (56)'” for « (b2).”
P. 162, 1. 2: read 2 pyt (—s4=--..)" for « 2 pat (S=----)"

where ¢,, ¢, ¢;, ¢; denote arbitrary constants ; whence all the extremals Bl
: . ) y

are the o' circles passing through the same point 0.
Thus we have arrived at the theorem :

Tn order that the three jfamilies of puarametric curves of a triply P. 165, 1 7: tend © { ]-(3"1 ) ) S }
orthogonal system should be the extremals, it is necessary and sufficient that i Ve S
either (i) each family of parametric surfaces consists of all parallel planes, 12 105 R el SR S e G e
Lo 5 = ; - 2 } . 2 2 2 d v, 50 P2 v,
or (i) each family of parametric suifaces consists of spheres toucling eacl PY 167, 1 92 read * Uy, +h” for « T, +h.” ‘
100 'r [ 3 et ' Y I ." - ! ' R 1 ;
other at the same point O. In ﬂte, f "Sf_ i the function ¢ s constant, P. 168, 1 3: read that there exists a” for « that the.”
and. all the extremals are all straight lines in space ; and in the second P. 168, L 23: read “of Liouville's type” for “Liouville’s ¢
: Ch o PO o siouville’s type.”
case, the function ¢ is given by ik B SR s %
: £ 170, k% 107 read *(—c2 2 I
: ? o AR —c*>u>—02>v> —a?) " for « (—¢? 2 Fiveg et
s B , Pl 6 mead 987 fop wmy (e oeni i ue cal)
: B DL (=D, + (z—0s)" 5 A L
( 1/ (-/ ~) +( d) 185 1!':.)1, 1lkg read “—9 It :_], Sl = (r'( o )“r* for <« —9 o o Uy G Uy G ( o [ 2
e . / i : i 0P o i~ e = = A 2
L, b, b, b, being constants, and all the extremals are the o* circles P. 173, 1. 23: read *that there u.t }u v ou - '\ du ) :
< : £ el gt : are exists a”’ for ¢ that Ay
passing ﬂmmgk the same p()mt 0(1 ) P. 174, 1. 19: read “ of Liouville’s typ f’ fthlt}thh
o > e or “ Liouville’s type.”
m . - Wi
(To be continued) P, 178, 1. 99 tend ¢ {l)l} Bl {1 1J\,_
AR 2 5o
(1) Compare with Kasner, Transactions of the American Mathematical Society, P 180. 1. 16 zead « ~{62).,
12 (1911), p. 70. R Daad e e for St )
> [ < - <t —_—
P. 180, 1. 20: read “;/x @, 0) " for A (u, v).”

P. 181, 1. 16: read “NMainw  for “sin w.”
; 4
P. 182, 1. 245 read ¢/ 7 for «\/.”
5 4
HRERISE, B 1: rend: “io/ T 2 for S/

/|
P. 183, 1. 2 of the foot-note : o4 oF
S o= Srenliese i Nl ST Y fo o 2R
3 = = O SO i : 7 3]
) ou o 50 +2F 5 "

P, 185, Is. 6, 7 of the foot-note: read « (86)" " for «(86).”

Kinnosuke Ogura.
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