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Invariant Cubics for Isogonal Transformation in the
’ Geometry of the Triangle,

BY

K. OcurA in Sendai.

1. Let 2, «,, =; be the normal coordinates of a’ point with r%peét
to the fundamental triangle A, A, A,; then the isogonal transformation
with respect to this triangle is given by
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In order that the cubic curve

Z‘aiﬂc Ty X4 wkzo (?:: .7.3 7{,:1, 2’ 3)

is invariant for this transformation, it must pass through either the three
vertices of the fundamental triangle, or twice one vertex and once an-
other; for, any cubic which satisfies neither one of these conditions
should be transformed into a curve of higher degree. In this note we
will confine ourselves to treat the former case only, which is of the most
importance in the geometry of the triangle. L
Now since the cubic passing through the three vertices of the
fundamental triangle ‘ -

(i @ @y Gy T T+ Cog Ty T+ Aoy T3 X5
+ Oysg @y T + Cggg Ty T+ Qi @y Zp 3 =0  + (1)
is trasformed into '
gy T 5" + ana Ly” g+ Cyoy Ty T' + Gy X X | ¢
+ Qg @1 @5+ Ay 1 T+ Oy Ty T 23 =0,
it is necessary and sufficient that

Uy o Wy e A e R
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in order to secure that the cubic (1) is invariant for the transformation.

Hence it must be either ¢
=0y, — Cpy=O,  Cp=0y; (&)

e (==t

or
Uyp= — (33, Q3= —Ugy3, a'122="'a133:4,a123‘_=0_. (B) A
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2. Woe will begin with the second case (B). In this case, if we
put
Apg=4y, 12 ="1s , oy =13
the invariant cubic becomes
A 2y (Bf — ) + A 2, (208" —2)7) + A 23 (2" —2,") =0 ,(*) (2)
which passes through the seven points: the three vertices of the triangle
A, 4, 4,, the incentre I (1, 1, 1) and the three excentres I; (—1, 1, 1),
L=t 0L (3 =)

Conversely, it is evident that any cubic passing through these seven
points belongs to the above net (2), where 4, 4, 4 are arbitrary
constants.

It will be seen that the two curves in the net (2)

ay Ty (Q222 T 2) i Oy Ty (x:ig e xlz) + g Ly (3312 = £022) =0
and i

1

—‘1—1 Ct’1(5*’322 = 9332) 2y ;2 &, (2’ — ") + ?3333(3312 = 9322) =0

pass through the point 2 (¢, a,, a;) and its isogonal 'conjugate P’

e |
(;‘ s ‘a‘) . Hence all the cubics passing through the eight points
1 3

Al: Az: -A:’., I: L, Iz: —Z.:i: P,

" J B I R B
Z‘(a‘_'_ia;) e (:cf—a:f):()( ) ( : ==, )
p being an arbitrary constant, will always pass through a fixed point
isogonal conjugate to P.
Now according to a theorem due to E. Weyr,(®) all the cubics

passing through the four vertices and the three diagonal points of a
complete quadrilateral and also any other point S, pass through the

(1) Whena, :A,tA;=cosd, +cos A,c084,: cosA, +cos A, cosd :cos Ay +cosA, cosd,
=sinA, :sind, : sind,, this cubic becomes the seventeen-point cubic. See J. Casey,
A treatise on the analytical geometry, 2. ed. (1893), p. 460 ; H. Pfaff, Hoffmann’s Zeitschrift,
39 (1908, p. 460; H. Pfaff, ibid, 44 (1913), p. 123. For some extensions of the seventeen-
point cubic, see a paper of Mr. K, Yanagihara, this Journal, Vol. 4. p. 25.

When A tA,:A;=co8 A, —cos. A, cos A,:co8 A, —cos Agcos A, :cos A;—cos A4, cos 4,,
it becomes Lucag’ cubic. See Casey, ibid, p. 543; F. G.-M., Exercices de géométrie,
5. ed. (1912), p. 556.

(%) In this Journal, Vol 4, p. 9, Prof. S. Nakagawa has stated the invariancy of this
equation in the case where P is the circumcentre.

(3) E. Weyr, Wien Berichte, 58 (1868), p. 663 ; H. Durage, Die ebenen Curven dritier
Ordnung ( 1871), p. <20,
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nineth point S which is the conjugate pole of 9 with respect to the
pencil of conies passing through the four vertices. Now for the quardri-
lateral I I, I, I;, the diagonal points are the vertices A4,, 4,, 4,;
whence 1t is easy to prove that S* in this ease is isogonal conjugate to
S with respect to the fundamental triangle. Therefore our result is
nothing but a conerete example of Weyr’s theorem.

3. Next let us treat the first case (A). In this case, if we put

V=01, =P, =0, wx=f,
the invariant cubic becomes
Bizi(z,’ + z5') + B (s’ +-2.7) + Bats(z) + %) + Brya,w, =0 . (3)

We can see that the curve (3) cuts the three sides of the funda-
mental triangle at the points M, (0, 8,, —B3), M,(—=p5;, 0, B:), " M,
(3, — 3., 0) respectively; and these three points are on the straight
line

b L. sy

i 0 [
LB B

which is the trilinear polar of the point @ (3., 3,, 3), or the polar-

‘l

=0, (4)

N

line of @ with respect to the three sides of the fundamental triangle
g — 0 (5)
Since it can be shewn that the cubic (3) and the conic

R e G s
i 7, ] (©)

l

have the common tangents

BBy =0, Bams ¥ 8 @=0, Bz -8 x=0
at the vertices A,, 4,, A, respectively, the cubic (3) touches the
transformed conic of the straight line (4), or the polar-conic of () with
respect to the three sides of the fundamental triangle (5), at the vertices
of the triangle; and the common tangents 4, 7\, 4,T,, 4; T; are
isogonal conjugate to 4, M, 4, M,, A, M, respectively.

Conversely, we will prove that any cubie, which passes through the
three vertices of the fundamental triangle, and whose intersections J7,,
M,, M, with its three sides arve collinear, and whose tangents A4, T,
A, T,, A, T, at its vertices are isogonal conjugate to 4, M, 4,1,,
A, M, respectively, must take the form (3).

If the cubic passing through 4,, 4,, 4, be

g1 2052 Dt G T g1 Gl 00 Bt Ol 05
gy @y B* A gy Oy "+ Cigg Ty Ty =0,
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then the coordinates of 7, , M,, M, are
(0, ayy, — ), (—s, 0, @pa)y (g y—Cya, 0)
respectively ; and hence the condition for collinearity of these three
points is
(tygp Clyg Olgyy = Clyzg Uazy gy ()

But since the tangents

Ay Ty (g @5+ gy 2,=0) ,

Ay Ty (ype @54 A1y 2, =0) ,

Ay Ty (Cygg 21+ pzg 2, =0)
are isogonal conjugate to

Ay M (g @3+ gy ,=0)

A, M,y (g 25+ gy 2, =0) ,

Ay M (g3 @+ gy 2,=0)
respectively, we must have the relations:

Qoi1 _ Agny ooy Qe Chgy _ ogg

(33 _—(;;:: “5 31y " Gy =%, Gy Opo =
(k, =0, k=0, e 0).
Hence
ky Gy o Qayy o Qi =Clyyy o By Cogy o Joy gy
iy« Cygy « Ky Oy =10, (ygy o Ky My o gy
gy o gy o Fop Oy =y Qg o Fog Qyy o (U 5
or, by (7)

= e T =k s

that is, i =11 . (8)
which proves our proposition.

Thus we have arrived at the following theorem :

The invariant cubics passing through the three vertices of the funda-
mental triangle A, A, s are diwvided into two classes :

(i) the cubics passing through the incentre and the three excentres, and

(it) the cubics whose intersections My, M, , Myawith the three sides of the
triangle are collinear and whose langents at its vertices are isogonal con-
Jugate to A, My, A, M,, Ay M, .

Conversely, the cubics belonging to thse two classes only are the in-
variant cubics passing through the three vertices,

4, In the particular case where 4, and A, are the two imaginary
points at infinity, we may take

p=1, m=w4yVvV -1, x:s:93—?/1/“1:
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x, y being the coordinates of a point in the rectangular coordinates ;
and then the tranformation formulae become

re— “,L“ ="z . - (9)
CL‘““}‘ y.. ] L mz yd 3

which represent the inversion having the positive power 1 with

respect to
2t ot =k

Sinee the invariant cubic with respect to the inversion, that is, the
anallagmatic cubic passes through at least an imaginary point at in-
finity (Art. 1), the real anallagmatic cubic must be a ecircular cubic
passing through the centre of inversion.

Now let us put

(2, @, @)=2 a2 (ki =23 (i,j, =452 3;)
=/ (@ 9); =)=k,

Then S (@y)=(dae+By) (@+y)+Cey—(da +By).

Hence in order that

A y’)=@;»j;l—yz)7f (@, 9),
it must be ==
that is, Tz =0
On the contrary, if we put
¢ (@, @y @)=2 B (@) + ) + By 2y 3
=¢ (, y),
we have
¢@y)=LDa+Ly) (@+y)+F 2+ Gy )+(Da+Ey).

Hence ¢ (2, y) _—_-"-“—"}""—“ ¢ (x, ) .
: (& +9) ;
Therefore any real anallagmatic cubic will take the form
(De+Ly) (@+y)+F e+ Cay+ Gy+(Da+ Ey)=0, (10)

which is easily verified by direct caleulation.

Let us avail this opportunity to add a remark on the inversion
having the negative power —1

S Vg @

with respect to o yf==1.
In this case, we have



e e s s
. but in order that

: , ‘f it S Je SD (w: y’)"' (w2+y2)2 ¢ (m, ?/) ) e S :
t D=0, F=0; i
sbas L oEy)=F o+ G,

Frmﬁiahls we can infer that any real anallagmatic cubic with
pect to the inversion having the negative power —1 shall be

+By) (w’-{-y’)-{— Fa'+Cay+ Gy —(da+By)=0. (12)

y be said that f(z, y)=0 and ¢ (2, y)=0 are the proper
s with respect to the inversions (9), (11) baving the
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