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Some Theorems in the Geometry of
Oriented Circles in a Plane,

BY
K. Oaura in Sendai.

1. Tet % be the vertex of a right isosceles cone of rotation stand-
ing on a circular base A in a plane //, and let us suppose the circle
K has a direction determined by the side of the plane /7 on which
the point & lies. The oriented circle K thus considered in the plane
Il is the cyclographic representation of the point £ in space. (') The
intersection of the above stated cone and the plane at infinity which is
a fixed circle (J, independent of the position of the vertex %, will be
called the fundamental circle at infinity with respect to the plane II.

By application of cyelography, Prof. I.. Miller has obtained some
theorems concerning such oriented circles in a plane. (*) 1In this note
T will also give some theorems of the same nature.

9, If three straight lines [, ,, [, in space form a triangle k;, bk, ,
then the straight line !, joining any two points I, and %k, on { and I,
respectively intersects the third straight line I, at a point k.

Transforming this theorem by cyclography, we have the following
theorem (Fig. 1).

Let (I, L), (I,, I,), (Ly, L") be three pairs of common ( proper)
tangents of three given oriented cercles Ky, Ky, Ky taken in pairs, and
K, and K., be any two orviented circles touching the two pairs of orient-
ed lines (I, Io"), (Lu, 1,") respectively, and (L, L") be a pair of com-
mon tangents of the two oriented cireles K and K,y 5 then the four oriented
lines Ly, I/, Ty, I, are touched by an oriented circle K, .

In the particular case where each of A, and K,, reduces to a
point, A, will also reduce to a point. Hence we have the well-known
theorem due to Monge. 2 ' ‘

3. There are always two transversals cutting four given straight lines

(*) W. Fiedler, Zyklographie, 1882 ; .. Miiler, Jhrsb. Dtsch. Math.-Ver. 14 (1905),
p. 574. :

(2) E. Miller, Jhrsb. Dtsch. Math.-Ver. 20 (1911), p. 168,
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in space. If more than two of such transversals exist, then an infinite
number of such transversals must exist.

Transforming this theorem by eyclography, we get the following
theorem (Fig. 2).

Tlere are always two pairs of oriented lines (G, G) cutting four
given pairs of oriented lnes (L, Ly, (I, L), (Iy, Ly), (I, L))
a plane 11, so that each of four pairs of four oriented lines (G, G/, T,
Iesa(GsGe sy (@G B, (G, G Ty, 1) can be de-
seribed to an oriented circle. If more than two of such pairs, then an
wnfinite number of such pairs must exist.

4, It 1,0,,4,1,1,; be six sides of a space-hexagon s and %,
Ky 5 Tosy 5 Fogs , Fosz, Koy be its vertices, and the opposite sides I, ;1 I ;
ly, l; intesect at %, L, , &y vespectively, then the three straight lines

by ks=ligs loog bgg=U, Tose loyy =1
joining the opposite vertices of the hexagon will intersect at a point
%, which is called the Brianchon point of the hexagon s. ()

Conversely, if three pairs of two points (%, , k), (oaz 5 Fosg)s (Fess s Kosy)
respectively lie on any three straight lines lg, [, s passing through a,
point z, then each pair of two straight lines

ko By =l Eas b=l ; Rnkn=l, kiks=l; knky=l, ks kn=l;
intersect at &y, k., &y respectively.

Transforming this theorem by eyclography, we get the following
theorem (Fig. 3).

Ir (Ly, L), (I, L)), (I, Ly'), Ly L), (L, Ly'), (L, L) be
s pairs of common tangents of siz given oriented civcles K, , Ky, Ky,
Ky, Ky, Koy, taken in pairs, in a plane I, and 15071 DR B | i B
Ly, Ly, L' 5 Iy, Iy, L, L' be described to three oriented circles Ky,
K5, Ky vespectively, then the three pairs of common tangentes of K,
K Ky, Ky 5 Ky, Ky are touched by an oriented cirele 7. This orient-
ed circle 7 will be called the Brianchon circle of the six given oriented
circleg= K, o o iU K

Conversely, if three pairs of two oriented circes K, K3 Koy, K
Ky, Ko touch respectively each pair of tangents (Lig, Tiy), (L, 1iy),
(Lus , Li'ys) of an oriented circle and i (L, 1), (D AL AT B T
(Ly, L)), (I, L"), (L, L") be the pair of common tangents of K,
Ky Ky Ky Ky, K5 Ky, Ky 3 Ky, Ky rvespectively, then the three

(*) See O. Staude, Analytische Geometrie d. Punktepaares, d. Kegelschnittes und d.
Fliiche zweiter Ordnung (1910), p. 913.

[_)54-1'7',5- ()/“/?)N,}‘ oriented lines (Ll 3 IJI’, L“ ]—J,,’), (,TJ._,, L._,’, i L&'), (L3 Vel
T, L) are touched by the other oriented circles K, , Ky , Ky respectively.
By the change of order of the sides we get six space-hexagons:
$;=0 L, L1l 0, si=b L LI,
S=l Ul G 1y, Ss=ly by s I l5 1y
sy =1, bl s 1y, ss=1l, lg LGl
and we see that the three Brianchon points z,, #,, z, of the three space-
hexagons ;5 S, S3 lie on a Steiner line ¢,, and the other three Brianchon
points z,, %, #%; lie on another Steiner line g,.

Hence, in the plane /7, by the change of order of the oriented
circles we get the six Brianchon civeles 7, , 7, , Z,, Z;, Z;, Zs . 'The three
Brianchon circles 7, , 7Z,, Z, have a pair of common tangents (G,, G,)
and the other three Brianchon circles Z,, Z;, Z; have another pair of
common tangents (G,, G.').

In the particular case where each of the six straight line [, by silas
l,, [, 1 intersect the fundamental ecircle at infinity ' with respect to
the plane //, we obtain the following theorem.

If in a plane six oriented ecircles K, K., K, K,, K;, K; be de-
seribed so that each one XA, touches its two neighbours at A, 1 4i i
respectively, and if there are three oriented circles Ky, Ky, Ky having
contact with K, K,, K,, Ks; K, K, K5, K5 K, Ky, K, K, ab
the points Ay, Ay, Ay » A As, Ay s Asgy Asgs A A A A RO
spectively, then three pairs of common tangents of X, G TR T
K, are touched by another oriented circle.

5. Tt us state Pascal’s theorem for a circle in the following
form :

T ¢1s Gos Gss Gis 5> s be the six straight lines joining the six given
points A, , dw, dug, A, Ags, Ay 80 that Ay, A; 1:1=9; , and if 4y,,
A,y , Ay be the point of intersection of Gi> Ju3 925 065 Gs:3 95 respectively,
and if the six given points lie on a circle X, then A, , Ay and Az ave
collinear.

Then since the circle X may be considered as a pair of oriented
circles X, X/ having different orientations to each other, so if there
exist two right isosceles cones of rotation symmetrically with respect to
a plane P and passing through the six given points, then A, Ay Asg
are collinear; and both of these two cones contain the fundamental
circle at infinity with respect to the plane 2.

This theorem is transformed into the following by collineation.
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It 6, 0, 0y, 1, 15, 1; be the six straight lines joining six given points
Rig s Koy Kyss Foys 5 Bosg , by 'so that oy, s Koy =0, and it 4, 050,050, 1,
intersect to each other at &, k., ks vespectively, and if there exist two
cones of the second degree containing the given six points and a conie,
then the three points 7, k., %; are collinear.

In the particular case, where the conic and the two cones are the
fundamental circle at infinity(” and the two right isosceles cones of ro-
tation with respect to a plane // respectively, we get by cyclographic
transformation the following theorem which is an extension of Pascal’s
theorem for a circle (Fig. 4).

Ly o s (s 1) (s B )y (g s B0 (e g ), (e i) 5 st
pawrs of common langents of siz given oriented circles K, , Ky, K,y , K5,
Ko, K in a plane, so that the common tangents of Ki_;;, K., are
(Li s L"), and if the three pairs of four oriented lines (L, I/, I, L)),
(L, Iy, L, IYy), (L, Ly, Ly, IiYs) be touched by other three oriented
circles K, , K, , Ky respectively, and if the siz given oriented circles touch
two oriented circles X and K/, then the three oriented circles K, , Koy, Ky
have a pair of common langents.

Similarly we can apply the cyclographic transformation to the
Pascal configuration, and we can substitute some oriented -circles and
some pairs of common tangents of oriented circles for points, Steiner’s,
Kirkman’s, Salmon’s, ete., and lines, Pascal’s, Cayley-Salmon’s, Plicker’s,
ete.

In practical drawing of figures, a point, a straight line and a ecircle
may be considered as a circle, two straight lines and two ecircles re-
spectively in strict sense. Hence this theorem may be taken as Pasecal’s
theorem for a circle in approximate mathematics. (1)

6. Let us state Brianchon’s. theorem for a circle in the following
form :

IE g0 Gos 055 Gis G5> P55 Gras Goss g be the straight lines joining
six given points A, Ay, Ay, Ay, sy, A, so that 4, ;; 4, ;.,=q,,
Ao v s =015 5, and it “gee tan g S gl s g bgs intersect: to each
other at 4, 4y, A, respectively, and if the six straight lines ¢,, ¢.,
Os> J15 G55 @5 touch a circle X, then the three points 4., A, 4, will
coincide with a point z.

Then since a circle and its tangent may be considered as a pair

(1) TFor another treatment of Pascal's theorem (for n conie) in approximate mathe-
matics, see I'. Klein, Anwendung d. Differentinl- u. Integralrechnung auf Geometrie (1902),
p. 360; P, Bohmer, Ueber geometrische Approximation, Gottinger Diss. (1904) p. 29
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“of oriented cifr'ciés and a pair of tangents having different orientations
to each other respectively, by a treatment similar to that in the last
“article, we obtain the following theorem.
; L If (LI ’ L l)o (I‘2 I‘zl) (Ls ’ LSI)’ (L4 ’ L l) (Ls ’ L.’:’) (_LG ’ LG )’ (L14 ’
e L (g Tis), (Lug, Li's) be the poir of common tangents of s given
- oriented circles Km’ B R, K, K Ky @ }plane , So that the
) common tangents of XK iy, K Ky o1y K]+],j+2 are (Ly, L"), (L4,
) respectiverely,.and el T T 0 (T, s T W), (B s
R e B R s) touch other three oriented circles I, , Ky, K, respectively
5/ aﬂd‘ i ‘t];g six oriented lnes L, L, Iy, Iy, Iy, Iy and the other six
iy LZ’,L , L/, Ly, Ly’ are touched by two oriented circles K and K'
espectwely, ﬂaen the three oriented circles Ky, Ky, K, will coincide with
’ ircle 7 ; that is, the three pairs of oriented lines (L, 1'y),

25), (L% L’ae) will be touched by the oriented circle 7.

.~
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of oriented circles and a pair of tangents having different orientations
to each other respectively, by a treatment similar to that in the last
article, we obtain the following theorem.

e ) L o LD, @ I (T T, (D
I, (L, L), (L, Li'ss) be the pair of comimon tangents of siw given
oriented circles Ky, Ky, Koy, Ky, Kyg, Ky 2 @ plane TI, so that the
- common tangents of K 1, K 15 Kig i1, Kjop e are (L, L), (Iyy,
: L'l,j)‘ ?‘38}9305?:’03?‘81% and if (_IJ% ’ Lr%’ Ln ’ Liu): (Ln 3 Lln X L25 3 L,25)’ (L25’
- L'y, Lig, L) touch other three oriented circles Ky, Ky, K, respectively
and if the siz oriented lnes L, Ly, Ly, Ly, I, Ly and the other siz
L/, L), Ly, L/, I/, Iy’ are touched by two oriented circles K and K/
respectively, then the three oriented civcles Ky, Ky, Koy will coincide with
an oriented circle 7 ; that is, the three pairs of oriented lines (L, , I.,),

")y (L, Lyg) wwill e touched by the oriented circle 7.

'
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