'y - o 3 & o
i > It gEmY K g i
£ 7 i’ - Ly L5 £ .
) S = e 1
3 el = e e, 2 :
e Yl e = -z v ny
b . . ¥ i g S BNy = =
+ 2 Iy = = 3
- - - o i 0 ' ol ]

men
3,

-

2,
ce,

)
.
I

s Combl
s Theorems.
No.

thor
Vol
cien

. = : iy : s 0
. < . g s b
g : o e ER

=

O

)

]

S



Note on Stewart’s and Luchterhand¥s Theorems,
BY
K. Ocura in Sendai.

1. In Crelle’s Journal 23, Tuchterhandt proved the following two
theorems by analytic geometry: (i) If 4, B, ¢, D be any four points
on a circle, O be any point in the plane of the circle, and (BCD),
(CDA), (DAB), (ABC) be the aveas of the four triancles BOD, CDA,
DAB, ABC respectively, then

O4L. (BCD)—0B. ((DA)+0C* (DAB)— OD* (ABC)=0(");
and (ii) the similar relation holds good for any five points on a sphere
and any one point in space (*).

Joachimsthal (*) proved these theorems by the theory of determi-
nants, and Mobius (*) by his barycentric caleulus. Mr. Liachlan (?)
has derived the former from the well-known theorem du to Stewart o)
his method of proof is quite elementary, but is not easily applicable to
the proof of the latter.

In this note I will give another proof of Tmchterhandt’'s and Ste-
wart's theorems, and also an extension of Stewart’s theorem in space.
The following method is not only simple, systematic and elementary,
but is of interest as it shows us some close relations between Stewart's
and Luchterhandt’s theorems.

2, It 4, B, C, D be any four points in the same plane, then
(1) (ABC) — (BCD) + (CDA) — (DAB) = 0,
(ABC),.... being the aren of the triangle 4BC,.... . Particulatly,

when these four points are on a circle K whose radius is R,

(') Reproduced in Salmon, Conic sectons, 6th ed., p. R7.

(*) We see in Baltzer's Theorie und Anwendungen der Determinanten, 4. Aufl, p.
251, the latter was already obtained by Feuerbach in his Untersuchung der dreieckigen
Pyramide, p. 15.

(%) Joachimsthal, Crelle J. 40.

(*) Mobius, Crelle J. 26 = Ges. Werke, I,

(®) Lachlan, Modern pure geometry, p. 21.

(€) Stewart, Some general theorems of considerable use in the higher parts of mathe-
matics, For the history of this theorem, see Chasles, Apercu historique p. 175.
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4 R.(4BC) = AB-BC- (04,....

Hence
(2) AB-BC.CA — BC-OD-DB + CD-DA-AC — DA-AB-BD = 0.

Now if we invert this figure with respect to a point O which is
in the plane of the circle K, but not on its circumference, and denote
the inverses of the points /A, B, , D by A', B', (', I)" respectively, then
the points A', B', (", D’ lie on a circle K’ and the equation (2) is trans-
formed into '

( 3 ) ODZ%e A'B'«B'('e(' A'— QA2 B' (" (" D'e D' B' + OB 0! D'eD' A"+ A'(" — OC"?e D' A'e A’ B'« B' D" =0,

But if 2" be the radius of the circle,
AR AB O = A'B - BIC' - (4,....
Therefore we obtain the following equation
(4) OD>(A'B'C")—0A*(B'C' DY+ OB (O'D'A)—O0C"*(D'AB")=0,
which is Luchterhandt’s theorem in plane. _

Again if we invert the figure thus obtained with respect to the
point )" and denote the inverses of the points O, 4', B, 0" by 0", 4",
B, 0" respectively, then the points A", B”, (""" lie on a straight line
K" and the equation (3) is transformed into
(D)  A"BI.BUG. AN 4 OTATE . BT + OVBe (MAY 4 0V(U2e AVBY = O,
which is nothing but Stewart’s theorem.

Remark I Tf we invert (2) with respect to the point 1), we get
also Stewart’s theorem.

Remark II. In the particular case where O coincides with 1), (3)
takes the form
DR (.0'D'-D'B'—~ B'D?A(C-C'A-AD + O'D*ABBD.D'A =0,
Hence

A'D"-B'C' — BD-40C" + 0'D-AB =0
which shows the well-known theorem due to Ptolemy.

Therefore Ptolemy’s theorem may be considered as a particular
case of Luchterhandt’s theorem.

3. Next I will treat analogous theorems in space.

It 4, B, C, D, I/ be any five points in space, then
(1) (4BCD) — (BCDE) + (CDEA) — (DEAB) + (EABC) = 0,
(ABODY: . .. .. being the volume of the tetrahedron ABCD,.. . ... -
Particularly, when these five points are on a sphere K whose radius is
L2, we have by the well-known theorem (')

(*) dJungius (Biographie yon Guhrauer 1850); Carnot, Mém. sur la relation qui existe
entre les distances de cing points etc.; Crelle, Math, Aufsitze I; v. Staudt, Crelle J. 57.
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WUR. (ABCD) = Pynopvss - ;

where P ncp,.- ....stand for

A (ABCD+BCOAD+ AC-BD)—ABCL+ B+ AD+ AC-BD)AB«CD— BUsAD+ AC-BD)ABC D+ BO-AD— AC-BD)

Hence

(2) Pasep — Ppepe + Povea — Poras + Prape = 0.

Now if we invert this figure with respect to a point O which is
not on the sphere K, and denote the inverses of A, B, (!, D, E by 4,
B, C', D', E' respectively, then the points 4/, B’, (", D', E' lie on a
sphere A’ and the equation (2) is transformed into
‘ ik 3 2 | N 212 ) D L e
(3) OE piyon— OA"ppopp+ OB Peppar— OC Popaw+ 0D ppppe=0.

But if ' be the radius of the sphere K7,

248 CA BN = e
Therefore we obtain the following equation
(4) OE2(A'B/("D)— 0 A”(B'('D'E) + OB((' D' B A)— 002 (D' B A' B+ 0D (A B'(") =0 ,

which shows Luchterhandt’s theorem in space.

Again if we invert the figure thus obtained with respect to the
point %' and denote the inverses of the points O/, 4, B, €', D' by
0", 4", B”, ", D" respectively, then the points 4"/, B", "', D" lie on
a plane A" and the equation (3) is transformed into

FICRC R

= L [{2 DVEA F e o~ ) L s 1’ 12 e
(9) Panprenpr— O A" quugnpn+ O B qipugn— O C"q o yngn + O D'2eq iiguen=0,

where @grgipr, . ...stand for

~/( 3T - DT+ ])”J)'”)(—_B”C” L O DT _l')”_[f)uf”()”—- DT I)IIJ;H}(-[;H{JH = pr— ::H), T

But by Hero's formula
urorpe—=2CBLO D) ;
we obtain the following equation
(6)  1piogrgipr— OTA(BIOND)+ OB (LD AM)— 0" OV (DA B+ 0" DAV BN =0,

which may be considered as an extension of Stewart’s theorem. (')

Remark I. 1If we invert (2) with respect to the point %, we get
also this extension of Stewart’'s theorem.

Remark II. In the particular case where O coincides with £, (3)
gives an extension of Ptolemy’s theorem

> 3 . i 1/ 13 —
Vi 'A"’;?’u'c'p'x' — ' B pepp+ S Ou-j»’p'f:'.wr — L' D% pppye=0.

(') In his Lecons de géométrie ¢élémentaire II, p. 315, Prof. Hadamard has given

this extension of Stewart's theorem by barycentric caleulus.
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Remark III. In the particular case where A", B"”, C”, D" are
on a circle, (6) will take, by Ptolemy’s theorem, the form

0" A2 (B DY) — OMB!"2% (C" DAY + 01072 (D" AUB) — Q' D2 (A" BV () = 0.

Hence in Luchterhand’s theorem in plane, the point O need not lie
in the plane of the circle. (') Therefore it follows that Luchterhandt’s
theorem in plane may be considered as a particular case of the exten-
sion of Stewart’s theorem in space.

(?) This remark was mentioned already by Baltzer in his Determinanten, 4. Aufl.,
p. 252.
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