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Chapter 1

Graphical translators for the mean
curvature flow and isoparametric
functions

1.1 Introduction

This chapter is based on [7].

Let (N, g) be a n-dimensional Riemannian manifold and « : M — R be a smooth function
on a domain M C N. The graph embedding f for u is defined as the embedding of M into the
product Riemannian manifold N x R given by f(z) := (z,u(x)) (x € M). For the simplicity,
denote by I" the graph f(M) of u. If a C*°-family { f;}+c; of C°°-immersions of M into N x R
(I is an open interval including 0) satisfies

8ft L
(m) = (1.1.1)
fO = fa

the family {M;}ier of the images M; := f,(M) is called the mean curvature flow starting from
I, where H; is the mean curvature vector field of f; and (e)*/ is the normal component of ()
with respect to f;. According to Hungerbiihler and Smoczyk [11], we define a soliton for the
mean curvature flow as follows. Let X be a Killing vector field on N x R and {¢;}+er be the
one-parameter transformation group associated to X. If { f; }+cs satisfies

1 1 “1oy,
<a(¢t8toft)> G o, (1.1.2)

then I' is called a soliton for the mean curvature flow with respect to X. In the sequel, we call
such a soliton a X -soliton simply. In particular, when X = (0,1) € T(N x R)(= TN & TR),
we call the X-soliton a translator.

The translator for N = R" has been studied by several authors. When n = 2, Shahriyari
[23] proved non-existence of complete translating graphs over bounded connected domains of
R? with smooth boundary. Also, she showed that if a complete translator which is a graph over
a domain in R?, then the domain is a strip, or a halfspace, or R2. Further, Hoffman, Ilmanen,
Martin and White [10] showed that no complete translator is the graph of a function over a



halfspace in R?. Minimal submanifolds is special case of translators. Therefore, translators can
be regarded as the generalization of minimal submanifolds. Hence, Bao and Shi [2] showed a
Bernstein-type theorem for complete translators in case of codimension one. Also, by Kunikawa
[15], a Bernstein-type theorem for complete translators with flat normal bundle in case of
higher codimension was shown. For the function u : R® — R defined by u(zi,...,x,) =
—logcosxy, (z1,...,2,) € R™, the mean curvature flow starting from the graph of w is the
translator. When n = 1, the curve of u is called a grim reaper (Figure 1.1.1). When n > 2,
the graph of u is called a grim hyperplane (Figure 1.1.2). Further, Martin, Savas-Halilaj, and
Smoczyk [17] gave the characterization of the grim hyperplane. Clutterbuck, Schniirer and
Schulze [4] showed the existence of the complete rotationally symmetric graphical translator
which is called bowl soliton (Altschuler and Wu [1] had already showed the existence in the
case n = 2) and a certain type of stability for the bowl soliton. Further, they showed that bowl
solitons have the following asymptotic expansion as r approaches infinity:

T2

R | -1
=1 ogr+O(r ),

where r is the distance function in R” because u is the composition of r» and the solution of a
certain ordinary differential equation. Wang [26] showd that when n = 2, the bowl soliton is
the only convex translator which is an entire graph. Further, Spruck and Xiao [24] showed that
the bowl soliton with n = 2 is the only complete translator which is an entire graph.

(N B N

I b '
§

Figure 1.1.1: The grim reaper

Figure 1.1.2: The grim hyperplane

In this chapter, we consider the case where IV is the n-dimensional unit sphere S and u
is a composition of an isoparametric function on S™ and some function. The level sets of the
isoparametric functions give compact isoparametric hypersurfaces of S”. Miinzner [19] showed
that the number k of distinct principal curvatures of compact isoparametric hypersurfaces of
S™is 1, 2, 3, 4 or 6 by a topological method. In cases k = 1, 2, 3, Cartan [3] classified the
isoparametric hypersurfaces. The hypersurfaces are S*~ ' C S™ in case k = 1, S¥ x S*=F=1 c §»
in case k = 2 and the tubes over the Veronese surfaces RP? C S* CP? c S7, QP? c S'3,
OP? C $? (i.e., the principal orbits of the isotropy representations of the rank two symmetric
spaces SU(3)/S0O(3), (SU(3) x SU(3))/SU(3), SU(6)/Sp(3), Es/Fy) in case k = 3. These
hypersurfaces are homogeneous. In case k = 6, the hypersurfaces are homogeneous by the
result of Dorfmeister and Neher [5] and Miyaoka [18]. The hypersurfaces are the principal
orbits of the isotropy representations of (Ga x G2)/G2, G2/SO(4). In case k = 4, Ozeki and
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Takeuchi [21, 22] found that non-homogeneous isoparametric hypersurfaces are constructed as
the regular level sets of the restrictions of the Cartan-Miinzner polynomial functions to the
sphere. In this chapter, we obtain the following result.

Theorem 1.1.1. Let r be an isoparametric function on S™ (n > 2) and V be a C*°-function
on an interval J C r(S™). If the mean curvature flow starting from the graph of the function
u = (Vor)|,-1y is a translator, the shape of the graph of V is like one of those defined in
Figures 1.1.3-1.1.9. The real number R € (—1,1) in Figures 1.1.3-1.1.9 is given by

0 (k=1,3,6)

R:= km
—1+—— (k=2,4
+n_1 ( 7)7

where k is the number of distinct principal curvatures of the compact isoparametric hypersurface
defined by the regular level set for v and m is the multiplicity of the smallest principal curvature
of the isoparametric hypersurface.
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Figure 1.1.4: The graph of V (Type II) Figure 1.1.5: The graph of V (Type III)
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Figure 1.1.8: The graph of V (Type VI) Figure 1.1.9: The graph of V (Type VII)

The function u = (V or)|,-1(;) in Theorem 1.1.1 is constant on the level set of r and its
behavior on the normal direction for the level set of r is a little understood from the behavior
of V in Figures 1.1.3-1.1.9. In the last section, we investigate the domain of the function u in
Theorem 1.1.1.

1.2 Basic facts

Let g be a Riemannian metric of an n-dimensional Riemannian manifold V and v : M — R be
a function on a domain M C N. Define the immersion f of M into the product Riemannian
manifold N x R by f(z) = (z,u(z)), * € M. Denote the graph of u by I' and the mean
curvature vector field of f by H. Further, we assume that X is a Killing vector field on N x R
and { ¢ }+er is the one-parameter transformation associated to X on N x R. Then, we have the
following lemma about the soliton of the mean curvature flow.

Lemma 1.2.1. If the I' is X -soliton, [ satisfies
(Xof)yH =H. (1.2.1)

Conversely, if f satisfies (1.2.1), the family of the images {M;}icr defined by fr = ¢ro f and
M, = fi(M) is the mean curvature flow and T" is the X -soliton.
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Proof. According to Hungerbiihler and Smoczyk [11], we find the first half of the lemma. For
the second half of the lemma, since ¢;’s are isometries and f satisfies (1.2.1), we find that
ft = ¢ o [ satisfies

o L
<8{€t> —H, =d¢(X o f)Y — H)
and {fi}ier satisfies (1.1.1). Therefore, {M;}icr is the mean curvature flow. Further, by
¢; ' o fy = f, it turns out that f; satisfies (1.1.2). So, I is the X-soliton. O

Let V and div be the gradient and divergence with respect to g, respectively. For Lemma
1.2.1, considering the case where an X-soliton is a translator, the following lemma is derived.
Lemma 1.2.2. If the graph I' of u is a translator, u satisfies

VIH Ve div (V“> _1 (1.2.2)

1+ [|[Vul]?
Conversely, if u satisfies (1.2.2), the family of the images { M;}ier defined by fi(z) = (z,u(z) +
t), © € M and M; = fi(M) is the mean curvature flow and I' is a translator.

Proof. Let (x1,...,2p,s) be local coordinates of N x R. Define the Killing vector X = (0,1) €
T(N xR) =TN & TR. By f(z) = (z,u(z)), x € M and X = 2 we find

o
ds 14+ ||Vul]?
Vu 0 1
H=+/1+|Vu|?div | —/—— (—d Vu>.
Ve <\/1+\\Vu||2> Js 1+ ||Vul]? (Vu)

Therefore, we obtain that (1.2.1) and (1.2.2) are equivalent in this case. O

(Xof)y™ = df (Vu),

Next, we consider the case where u is a composition of an isoparametric function and some
function. Let A be the Laplacian with respect to g. A non-constant C*°-function r : N — R is
called an isoparametric function if there exist C'°°-functions «, 8 such that

[Vr|?>=aor
Ar=pfor.

Further, the regular level set of r is called an isoparametric hypersurface.
In case where N is the n-dimensional unit sphere S", Miinzner [19] showed the following
theorem for an isoparametric function on S™.

Theorem 1.2.3. (Miinzner [19]) (i) An isoparametric function r on S™ is a restriction to S™
of a homogeneous polynomial h : R"Tt — R which satisfies

|(VRh)z|2 — k2’x‘2k72

(Arh), = wkz

= (x € R™), (1.2.3)

where |o| is the Buclidean norm and V® and Ag are the gradient and Laplacian for the Euclidean
space R™. Here, we assume that the isoparametric hypersurface defined by the level set of r has
k distinct principal curvatures Ay > - -+ > A\ with respective multiplicities m1, ..., mg.

(ii) The above natural number k is 1, 2, 3, 4 or 6.
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Remark 1.2.4. According to Miinzner [19, 20], we find the following two facts.

(i) If k =1, 3, 6 , then the mulitiplicities are equal. If k = 2, 4, then there are at most two
distinct multiplicities my, mao.

(ii) By (1.2.3), we obtain

IVr|? = k(1 —r?)

Ar = WI& —k(n+k—1)r

From the first equation of (1.2.4), we find that r(S™) = [—1,1].

(1.2.4)

For Lemma 1.2.2, considering the case where u is the composition of the isoparametric
function and some function, the following lemma is derived.

Lemma 1.2.5. Let r : N — R be an isoparametric function on N. If the graph I' of u is a
translator and if there exists a C*®-function V' on r(M) such that w = (V or)|as, the function
V' satisfies

2aV" — a(a/ —28)(V')? = 2a(V')? + 28V —2 =0, (1.2.5)

where ' denotes derivative on r(M) and o, are C™-functions which satisfy |Vr|?> = a o
r, Ar = for. Conversely, if V satisfies (1.2.5), the family of the images {M,;}icr defined by
fi(z) = (x,(Vor)(z)+t), € M and My = fi(M) is the mean curvature flow and T is the
translator.

Proof. For the left side of (1.2.2), we have

Vu 1
1+ [[Vul2 div [ ——— | = Au— ——————Vu(||Vul]?).
VI+IVe ( = ||vu||2) a1+ vy IV

By u =V or, we find
[Vul? = (a(V")?) o,
Vu((|[Vul?) = (a(V)? (2aV" + V")) o,
Au = (aV" + BV’) or.

Therefore, (1.2.2) is reduced to the following equation

LoV e
1+ a(V7)? 2(1+ a(V")?)
By this equation, we obtain (1.2.5). O

1.3 Proof of Theorem 1.1.1

In this section, we assume that N is the n-dimensional unit sphere S" (n > 2) and u =
(V or)|,-1¢y) with an isoparametric function 7 on §" and a C*°-function V' on an interval J C
r(S") = [~1,1]. By (1.2.4), substituting a(r) = k?(1 —r?) and B(r) = ™25 k2 — k(n+k — 1)r
for (1.2.5), we obtain

V(1) =k((n = r — 2LV () 4 V(1)

(n+k—1)r— =257k 1
ra— VT ey

re(—1,1). (1.3.1)



The local existence of the solution V' of (1.3.1) is clear. By Remark 1.2.4 (i), we find

0 (k=1,3,6)
mz—mi = n—1
2ma — 221) (k= 2,4).

Therefore, (1.3.1) is reduced to

V" (r) =k((n —1)(r = R))V'(r)* + V'(r)?
m+k—-1)r—(m-1)R_, 1
fi-) Ot Ea ey

re(—1,1). (1.3.2)
Here, R € (—1,1) is the constant defined by

0 (k=1,3,6)

R := k
~14 - M2 (k= 2,4),

and when k£ = 2,4, mso is equal to the multiplicity of the smallest principal curvature of the
isoparametric hypersurface defined by the level set of . To prove Theorem 1.1.1, we consider
the graph of the solution V of (1.3.2). Define ¢(r) = kv/1 — r2V’(r). The equation (1.3.2) is
reduced to

/ _ 1 2 _ _ 2
V) = gy 0P+ ) (0 =10 = Ry(r) + VI=72). (1.3.3)
Therefore, we consider the behavior of the solution ¢ of (1.3.3). Define n(r) = o o ey} %.

Then, the following lemma holds clearly.
Lemma 1.3.1.
(i) Whenr € (R,1):
(a) if p(r) >
(b) if ¥(r)
(c) if ¥(r)
(it) When r € (—
(a) if (r)
(b) if ¥(r)
(c) if ¥(r)
(i1i) When r = R or(r) =0: ¢'(r) > 0.

(r), then ¢'(r) > 0
(r), then ¢'(r) =0,
(r), then ¢/(r) <0

, R):

Ui
Ui
n

AN

|_|

A

r

n(r), then ¢'(r) > 0,
n(r), then ¢'(r) =0,
n(r) 0

(

\Y

, then ¥'(r) <

r
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Figure 1.3.1: The graph of n

For the shape of ¢ in the case where v > 0, we obtain the following lemmas.

Lemma 1.3.2. If there exists ro € (R, 1) with ¢ (rg) > 0, there exists r1 € (rg, 1) such that

lim ¢ (r) = 4o0.

7y
Proof. For all r € (19, 1), we find ¢/(r) > 0 and ¢(r) > 0. Also, we have

V)= pmra (40 + 1) (0= D = B + V1= 12)

(n—1)(r = R)

- v

Therefore, we find

V) (=)= R)
R TN

By integrating both sides of this inequality from ry to r, we have

1 (n—1) (n—1R_ 1+

log (1 — 72 1
P E A G A A e
(n—1) 9 (m—1)R_ 14 1
— log (1 — — 1 =:h .
k Og< rO) k Og 1 _ TO + w(TO)Q 1<T)
Here, h; is decreasing on (rg, 1) and
hi(ro) = ——— >0, Timhy(r)
rg) = —— >0, limhy(r) = —oc.
P ()2 e

Therefore, there exists r; € (rg, 1) with hi(r;) = 0 and

P(r) >

0 — 400 (7 T m).

The proof is completed.
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Figure 1.3.2: The behavior of the graph of ¢ in Lemma 1.3.2.

Lemma 1.3.3. If there exists rg € (—1, R) with 0 < ¢ (ro) < n(ro), there ezists C € (¢(rop), +00)
such that

li =C.

TIT%MT) c
Proof. First, we consider the case k = 1. For all r € (r,0), we find ¢'(r) > 0 and 0 < ¥(r) <
n(r). Also, we have

W) = 1= (02 +1) (0 = Dro(r) + V1= 72)

1—1r2
! (1/1(7’)2 + 1) .

V1—r2

<

Therefore, we find
AT
¢(T)2+1 \/1—7“2'

By integrating both sides of this inequality from rg to r, we have

arctan i (r) < arcsinr — arcsinrg + arctan ¢ (rg) =: ha(r).
Here, hg is increasing on (r9,0) and
ha(rg) = arctan(rg), ha(0) = arctan(rg) — arcsin ro.

Since we find

Y(ro) < n(ro) = — Lo g < - 1_r%:tan<

i T
arcsinrg + —
(n—1)rg — T0 0+ )’

2

we have -
ho(0) = arctan ) (rg) — arcsinrg < 3

Therefore, tan (ha(r)) is defined on (7, 0] and
P(r) < tan (ha(r)).

The proof is completed for k = 1.
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Next, we consider the case k = 2, 3, 4 or 6. For all r € (rg, R), we find ¢(r) > 0 and
0 < ¢(r) <n(r). Also, we have

Vi) = k(112) (02 +1) (0 = D = Ryp() + V1= 12)
1 2
2 (¥(r)* +1)
Therefore, we find
() 1

PR+l S 2o

By integrating both sides of this inequality from rg to r, we have
1 . 1 . -
arctan ¢ (r) < 5 arcsinr — o arcsinro + arctan ¢(rg) =: ha(r).
Here, hy is increasing on (rg, R) and

. 1 1
ha(rg) = arctan(rg), ho(R) = arctan(rg) + 5 arcsin R — 3 arcsin r.

Since we find

1—7“8
¢(7”0) < 77<7'0> (Tl — 1)(7,0 — R)
< \/1—:(22)4_—\]{21—]%2

— tan ( = arcsi ~ arcsin R+
= tan Qarcsmro 2arcs.1n 9 s

we have

he(R) = arctan ¢)(ry) — arcsinrg < g

Therefore, tan (ﬁg(T)) is defined on (79, R] and

P(r) < tan (iLQ(T))

The proof is completed. O
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Figure 1.3.3: The behavior of the graph of ¢ in Lemma 1.3.3

Lemma 1.3.4. If there exists ro € (—1, R) with ¥ (rg) > n(ro), there exists r1 € (—1,19) such
that
lim ¢ (r) = 4o0.

riry

Proof. For all r € (—1,r), we find ¢/(r) < 0 and (r) > n(r). Also, we have

#(0) = ey WO 1) (= D= Byt + V1 —7)
Therefore, we find
:ﬁ;g)z < (";%(ro)f:ﬁ + k\/ll_ﬁ

By integrating both sides of this inequality from r¢ to r, we have

1 (n — 1)1p(ro)
OR T

1
log (1 — %) — Z arcsin r

1+r  (n—1)9(r)

(n — 1) Ry (ro) >
+ o logl_r ok log (1 —r3)
) (n —1)R(ro) 1+7 1
— — 1 =h .
+ A arcsin rg o7 og Tp—_— + ) 3(r)
Here, hj is increasing on (—1,7g) and
ha(ro) = —— >0, Tim hy(r)
= 11m = — .
T ) T ARV >~
Therefore, there exists r; € (—1,79) with hz(r;) =0 and
@Z)(T)>h3(r)—>+oo (r } rm).
The proof is completed. O
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Figure 1.3.4: The behavior of the graph of 9 in Lemma 1.3.4

Since the existence of the solution ¢ of (1.3.3) which is defined to » = —1 could not be
excluded, we consider that case.

Lemma 1.3.5. If ¢ is defined tor = —1, )(—1) =0 and V'(-1) = m

Proof. Tt is clear that ¢(—1) = 0. By V'(r) = k\/ﬁw(r), we find
W'(r) 1

Ty~ i A=V 1) (ke = D = RV() +1)

Sy (=D + RV =1) (r L —1),

By I'Hopital’s rule, we find V/(—1) = m. O

r=R
-' (G
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i
i
i
i
L
—1iz
f
|
i
i
i
i
i
i

|
|
|
|
|
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|
i1
i
|
|
|
|
|
|

Figure 1.3.5: The behavior of the graph of ¥ in Lemma 1.3.5
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Also, in the case where ¥ < 0, by proofs similar to Lemmas 1.3.2-1.3.5, we obtain the
following lemmas.

Lemma 1.3.6. If there exists ro € (—1, R) with ¢(r¢) < 0, there exists r1 € (—1,r9) such that

lim ¢ (r) = —oc.

rlry

1

[
[
[
[
[
[
[
T
[
[
[
[
[
[
[

= .

70

|
i
i
i
|
i
|
| ;
: ety
! .

i

|

i

-’V‘
I
|
|
|
|
|
|
.

¥

Figure 1.3.6: The behavior of the graph of ¢ in Lemma 1.3.6

Lemma 1.3.7. If there exists ro € (R, 1) with 0 > 9 (rg) > n(ro), there exists C € (—o0,(rg))
such that

}%}MT) =C.

r=R

1

[
[
[
[
[
[
[
T
[
[
[
[
[
[
[

w(ro)/ .
c

by

|
[
[
[
[
i
_1:."‘. 0
!
|
[
[
|
[
|

Figure 1.3.7: The behavior of the graph of ¥ in Lemma 1.3.7
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Lemma 1.3.8. If there exists ro € (R, 1) with ¥ (rg) < n(ro), there exists r1 € (rg, 1) such that

lim ¢ (r) = —oc.
7y
_ r=R |
! i
! i
! i
! [
! [
b i
—1 !.". 0 r]Jl
[ R
! T
! Y
I P(ro)| I
! I
! I
| gl

Figure 1.3.8: The behavior of the graph of ¥ in Lemma 1.3.8

Lemma 1.3.9. If ¢ is defined tor =1, (1) =0 and V'(1) = —m

r=R

|
i
[
i
[
—1
]
[
[
[
[
[
i
[

(8

Figure 1.3.9: The behavior of the graph of ¢ in Lemma 1.3.9
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By Lemmas 1.3.1-1.3.9, we obtain the following proposition for the behavior of the graph
of .

Proposition 1.3.10. For the solution ¢ of the equation (1.3.3), the behavior of the graph of v
is like one of Figures 1.3.10-1.3.16.

1

[
[
[
[
[
[
[
T
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Figure 1.3.10: The graph of ¥ (Type I)
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Figure 1.3.11: The graph of ¥ (Type 1I) Figure 1.3.12: The graph of ¢ (Type III)
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Figure 1.3.15: The graph of ¢ (Type VI) Figure 1.3.16: The graph of ¢ (Type VII)

For the graph of ¢ in Proposition 1.3.10, we have not yet shown whether ¢ in the case of
Figures 1.3.15 and 1.3.16 exists or not. By the following lemma, we obtain the existence.

Lemma 1.3.11. The solutions 1) of the equation (1.3.3) in Figures 1.3.15 and 1.3.16 ewist.

Proof. For the set S of all solutions of the equation (1.3.3), we define sets S, S2, S3 C S by

Sy :={y € S|TFrg € (—1,1) : Y(rp) = 0},
Sz :={¢ € S|Fro € (—=1,1) : ¥(ro) = n(ro)},
Sz = {y € S|Y(1) =0 or ¥(-1) = 0}.

Then, we have

(-1, 1) xR = U Graph(v),

PeES1US2US3

where Graph(v) is the graph of 1. Since Uwes1 Graph(y) and U¢652 Graph(t)) are open sets
and (—1,1) x R is connected, we find S5 is not empty set. The proof is completed. O

Define ((r) = —m. By V/(r) = k\/ﬁ (r) and Proposition 1.3.10, we have the
following proposition for the behavior of the graph of V’. Besides, by Proposition 1.3.12, we

obtain Theorem 1.1.1.
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Proposition 1.3.12. For the solution V' of the equation (1.3.2), the behavior of the graph of
V' is like one of Figures 1.3.17-1.3.23. Here, the dotted curve in Figures 1.3.17-1.3.23 is the

graph of C.
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i i
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I I
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" |
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! i ! I
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L T L T

I i N / e

t i Ll R

h [ b [

b i L [

h [ i [

b [ L [

. B [ B
Figure 1.3.18: The graph of V' (Type II) Figure 1.3.19: The graph of V' (Type III)

19



x
[
[
[
[
Pl

[

|
|
|
|
|
i
|
i1
!
1
|
|
|
|
|

[ :
[ !
[ !
[ !
[ !
[ !
[ b
il —1!
ror !
1 !
[ !
[ !
[ !
[ !
[ !
: [

|
|
|
|

=y
! I K r
i | !
i | )
! | I
! | I
! | N
! | i
| . I

Figure 1.3.20: The graph of V' (Type IV) Figure 1.3.21: The graph of V' (Type V)
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Figure 1.3.22: The graph of V' (Type VI) Figure 1.3.23: The graph of V' (Type VII)

1.4 The domain of the function v in Theorem 1.1.1

In this section, we investigate the domain of the function v = Vor over M C S” in Theorem 1.1.1
in the case where the number £ of distinct principal curvatures of the isoparametric hypersurface
for r is 1, 2 or 3. From the result of Theorem 1.1.1, we find that M does not contain some
tubular neighborhoods of the focal submanifolds »~!(1) and 7~!(—1) in case that the type of V'
in Theorem 1.1.1 is I-V. Also, we find that M contains 7~*(—1) and does not contain a tubular
neighborhood of the focal submanifold r~!(1) in case that the type of V is VI and M contains
r~1(1) and does not contain a tubular neighborhood of the focal submanifold r~!(—1) in case
that the type of V is VII.
When k = 1, the isoparametric function r is defined by

T‘(xl,...,l'n_H) = Tp+1 ($1,...,xn+1) e S™.

Therefore, from the result of Theorem 1.1.1, the domain M of u is an open set of S™ including the
set {(x1,...,7,,0) € R"H| 22 4... 422 =1} C S". Also,asp=(0,...,0,1),q=(0,...,0,-1),
we find that p,q ¢ M in case that the type of V in Theorem 1.1.1is I-V, p ¢ M, g € M in case
that the type of V is VI and p € M, ¢ ¢ M in case that the type of V is VIL.
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When k = 2, the isoparametric function r is defined by

n+1

(21, Tpt) Z:L‘ZQ - Z :r (x1,...,Tpt1) € S™.

i=l+1

Here, | € {1,...,n}. Since r~1(t) = {(z,y) € RIxR"H| |22 = L |y> = Lt} for t € (-1, 1),
as Sp :={((cos0,0,...,0)A, (sin,0,...,0)B) e Rl x R**+1 | A € SO(I—1),B € SO(n— l)}
we obtain that r~1(t) = Sp, for 6, € (0, %) with cos6; = /1t and sin6, = \/; Therefore,
from the result of Theorem 1.1.1, we find that the domain M is the open set of S” including
Spr- Also, we find that M = (Jyc; Sp for an interval I C (0, 3) in case that the type of V' in
Theorem 1.1.11is I-V, M = Uee ] Sp for some a € (0, 5) in case that the type of V' is VI and
M = UG6 [0,a) S0 for a € (0, %) in case that the type of V' is VIL

When k = 3, an isoparametric hypersurface is a principal orbit of the isotropy representation
of the rank two symmetric space G/K = SU(3)/SO(3), (SU(3) x SU(3))/SU(3), SU(6)/Sp(3)
or Fg/Fy. Since the principal orbit of the isotropy representation intersects with the Weyl
domain C at only one point, we find that there exists an open subset U C C' N S™ such that
K - U is equal to M. Here, T,(G/K) for e € G/K is identified with R"*1. Also, we find that
M C K - C in case that the type of V in Theorem 1.1.1 is -V and M N (C \ C) # 0 in case
that the type of V is VI or VII.

In the rest of this section, we shall give explicit descriptions of Weyl domains for the sym-
metric space G/K = SU(3)/SO(3), (SU(3) x SU(3))/SU(3) or SU(6)/Sp(3). Let g and ¢
be the Lie algebras of G and K, respectively. Let g = ¢ @ p be the canonical decomposition.
Denote by a the maximal abelian subspace of p. When G/K = SU(3)/SO(3), we have that
p={A : 3 x 3 symmetric space purely imaginary matrix such that the trace of A = 0} and
the diagonal matrices in p form a. So, we obtain

v—1la 0 0
a= 0 v—1b 0 a,beR
0 0 —v—1(a +b)

Define e; (1 < i < 3) as e;(A) is the diagonal element of A. Then, we find that for the basis

{e1,e2} the positive restricted root system A, = {v/—1(e1 —e2),vV—1(e1 —e3),v/—1(e2 —e3)}.
Since the Killing form B is defined by B(X,Y) = 6Tr(XY), as

Tt
1),

V=1 0 0 V=10 0 0 0 0
A= 0 —v=T o],A=| 0 0o o0 |,A3=[(0 v=T o |,
0 0 0 0 0 —v/—1 0 0 —yv—1

we obtain the Weyl domain C' in Figure 1.4.1. Here, for the angle 0;; with respect to A; and

Aj, we find 912 = 923 = % and 913 = 2%
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a

Figure 1.4.1: The Weyl domain C
When G/K = (SU(3) x SU(3))/SU(3), we have that

p= { <?) _OA> ‘ A : 3 x 3 skew Hermitian matrixz, the trace of A = 0}

and the diagonal matrices in p form a.
Also, When G/K = SU(6)/Sp(3), we have that

B A B \|A:3x3 skew Hermitian matrix, the trace of A =0,
P= B -A B : 3 x 3 skew symmetric matriz

and the diagonal matrices in p form a.
In a similar way we obtain in the case that G/K = SU(3)/SO(3), that the Weyl domains
C for (SU(3) x SU(3))/SU(3) and SU(6)/Sp(3) are as in Figure 1.4.1.
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Chapter 2

Graphical translators for the inverse
mean curvature flow and
isoparametric functions

2.1 Introduction

In Chapter 1, we classified the shape of the translator for the mean curvature flow given as a
graph of a function on a domain in the unit sphere which is a composition of an isoparametric
function and some function. In this chapter, we consider the case of the inverse mean curvature
flow by the similar way. This chapter is based on [§].

Let N be an n-dimensional Riemannian manifold. Define an immersion f of a domain
M C N into the product Riemannian manifold N x R by f(z) = (z,u(z)), * € M with a
smooth function v : M — R on M. Also, denote the graph of u (i.e, f(M)) by I'. For a
C*°-family of C*°-immersions { fi}ter of M into N x R (I is an open interval including 0) with
fo=f,as My = fi(M), {M;}c; is called the inverse mean curvature flow starting from I" if f;

satisfies N
ofy Tt 1
— =—-——H. 2.1.1
(%) " =g 2.11)

where H; is the mean curvature vector field of f; and ()7 is the normal component of (e)
with respect to f;.

Furthermore, according to the definition of a soliton of the mean curvature flow by Hungerbiihler
and Smoczyk [11], we define a soliton of the inverse mean curvature flow. Let X be a Killing
vector field on N x R and {¢;}+cr be the one-parameter transformation associated to X on
N x R. Then, I' is called a soliton for the inverse mean curvature flow with respect to X if

{ft}ter satisfies
-1 1 ~1, ,
(W) e, (2.1.2)

In the sequel, we call such soliton an X-soliton simply. In particular, when X = (0,1) €
T(N xR) =TN & TR, we call the X-soliton a translator.

Compared with the mean curvature flow, the translator for the inverse mean curvature flow
is less studied. For a translator for the inverse mean curvature flow, Drugan, Lee, and Wheeler
[6] gave a translator in R? which is the cycloid generated by a circle with radius i and gave a

tilted cycloid product as a translator in R3. Kim and Pyo [12, 13] showed the existence and
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classification of rotationally symmetric translators in R®*! and showed that there is no complete
translator for inverse mean curvature flow in R**1.

In the main theorem of this chapter, we consider the case where N is the n-dimensional unit
sphere S™ and w is a composition of an isoparametric function r on S and some function V.
Then, we obtain the following theorem for the shape of the graph of V.

Theorem 2.1.1. Let r be an isoparametric function on S™ (n > 2) and V be a C*-function
on an interval J C r(S™). If the inverse mean curvature flow starting from the graph of the
function u = (V o 7’)’,’,71({]) is a translator, the shape of the graph of V is like one of those
illustrated by Figures 2.1.1—-2.1.5.

Figure 2.1.1: The graph of V (Type I)

Vv |4
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r

|
|
|
|
|
|
|
1 1
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|
|
|
|
|
|
|

I |
I |
I |
I |
I |
I
i |
| | 1
r } f
I |
I |
I |
I |
I |
I |
I |
I I

Figure 2.1.2: The graph of V' (Type II) Figure 2.1.3: The graph of V' (Type I1I)
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\% v
Figure 2.1.4: The graph of V (Type 1V) Figure 2.1.5: The graph of V' (Type V)

Remark 2.1.2. For the C*°-function V in Theorem 2.1.1, define a C*°-function 1 by ¥ (r) =
EV1—72V'(r) and define Ymin, Ymax bY Ymin = MiNepom(y) Y (1), Ymax = MaXreDom(y)P(1),

where Dom(vy) means a domain of 1. Also, define a constant R and functions n1, na on
(—1,&] U [bv 1) by

0 (k=1,3,6)

km
-1+ — (k=24
+n_1 ( 7)7

(=1 —-R) —/((n—124+4)r2—2R(n—1)*r + R*(n — 1) — 4

mir) = s ’
(") = (n—1)(r—R)++/((n—1)2+4)r2—2R(n—1)%r + R%(n — 1)2 — 4
A= 21— 12 '

Here, m is the multiplicity of the smallest principal curvature of the isoparametric hypersurface
defined by the level set of the isoparametric function r in Theorem 2.1.1 and a, b are defined by

(n—1)2R—2y/(n—1)2(1 — R?) +4

(n—1)2+4 ’
b (n—1)2R+2/(n—1)2(1 — R?) + 4
B (n—1)2+4 '

If the graph of V' is like one illustrated by Figure 2.1.2, then we will see that there exists ro € (b, 1)
with Ymin = N1(ro) or Ymin = N2(ro). If the graph of V is like one illustrated by Figure 2.1.3,
then we will see that there exists ro € (—1,a) with Ymax = N1(r0) 0 Ymax = M2(ro). Let the
open interval (z,y) be the domain of 1. Then, it is shown that, for each type of the graph of V,
the behavior of the graph of v is as in Table 1.
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Table 2.1: The behavior of the graph of ¥

the graph of V Im(v)) Yo rlx | rty
Type I (—00,00) <0 | oo —00
Type 11 [ni(ro), 00) - 00 00
Type 111 (—o0,mi(ro)] | — | —o0 | —o0
Type IV [0, 00) <0| o0 0
Type V (—00, 0] <0 0 —00

2.2 Proof of Theorem 2.1.1

Let (N, g) be an n-dimensional Riemannian manifold and v : M — R be a function on a domain
M C N. Denote the graph of u by I'. Also, denote the gradient and Laplacian with respect to
g by V and A respectively. Then, we have the following lemma about the soliton of the inverse
mean curvature flow.

Lemma 2.2.1. If T" is a translator, u satisfies

Vau([[Vul?)

Au+||[Vul? +1 - 2 = 0. 2.2.1
Conversely, if u satisfies (2.2.1), the family of the images { M, }1er definded by fi(x) = (z,u(z)+
t), © € M and M; = fi(M) is the inverse mean curvature flow and I" is a translator.

Proof. Define the immersion f of M into the product Riemannian manifold N x R by f(z) =
(z,u(x)), € M and define the Killing vector X = (0,1) € T(N xR) = TN & TR. Denote the
mean curvature vector field of f by H. According to Hungerbiihler and Smoczyk [11] in the
case of a soliton for the mean curvature flow, if I' is translator, we find that
1
(Xof)y'/ =——_H. (2.2.2)
IH|?

Let (z!,---2",s) be local coordinates of N x R. By X = £ and f(z) = (z,u(z)), z € M, we
find

0 1
Xof)ytr=— _ 4
1 14 || Vul? ( 0 1 )
H= = __df(Vu) .
H|? _ NVu(||Vul[*) 1 2
[HE" ™ Au— ededy \s ~ 14Vl

Therefore, we obtain that (2.2.2) is equivalent to (2.2.1).

Conversely, if u satisfies (2.2.1), we find that f satisfies (2.2.2). Then, for the one-parameter
transformation {¢;}cr associated to X on N x R, since ¢;'s are isometries and f satisfies
(2.2.2), we find that f; = ¢ o f satisfies

af N\ 1 B N 1
<at> T = <(Xof) o \\H\PH)

=0,
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and { fi }ter satisfies (2.1.1). So, {M;}er is the inverse mean curvature flow. Furthermore, we
find that f; satisfies (2.1.2) from ¢; ‘o f; = f. Therefore, { M }scg is the inverse mean curvature
flow and I is a translator. Then, we have fi(z) = (z,u(x) +t), z € M. O

We consider the case where u is a composition of an isoparametric function r : N — R and
some function V. Then, we obtain the following proposition.

Proposition 2.2.2. Let r : N — R be an isoparametric function on N. If I is a translator
and if there exists a C*-function V' on an interval J C r(N) such that u = (V or)|,~1.y), the
function V satisfies

20V" + 20V + (28 — o)V +4aV"? + 26V +2 =0, (2.2.3)

where ! denotes derivative on J and a, B are C™-functions which satisfy |Vr||> = aor, Ar =
B or. Conversely, if V satisfies (2.2.3), the family of the images {M;}iecr defined by fi(x) =
(x,(Vor)(z)+t), © € M and My = fi(M) is the inverse mean curvature flow and I is the
translator.

Proof. From (2.2.1), we have
201+ [ Vul*)(Au + [|Vul* + 1) = Vau((|Vul?) =
By u =V or, we find

[Vul[* = (aV"?) or
Vu(||Vul?) = (aV’2 (2aV" + Oé/V/)) or
Ay = (aV” + BV') or

Therefore, (2.2.1) is reduced to the following equation
2(1+aV?)(aV" + BV +aV? + 1) — aV?(d'V' +2aV") =0
From this equation, we obtain (2.2.3). O

In the sequel, we assume that N is the n-dimensional unit sphere S (n > 2) and u =
(V or)|-1(s) with an isoparametric function r : §* — R and a C*°-function V' on interval
J C r(S") =[—1,1]. By Remark 1.2.4 (i), we find

g —my = 40 (= ,6)
2(my = "54) (k= )

Therefore, substituting o and  in Remark 1.2.4 (1.2.4) for the equation (2.2.3), we obtain

(
V'(r) == kK1 = r)V'(r)" + k((n = 1)(r = R)V'(r)* = 2V'(r)?
m+k—1)r—mn-1)R V() —
k(1 —1r2) k2(1 —r2)’

re(—1,1), (2.2.4)
where R € (—1,1) is the constant defined by

0 (k=1,3,6)

R .=
g Rme g g,
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Here, we note that mso is equal to the multiplicity of the smallest principal curvature of the
isoparametric hypersurface defined by the level set of r in the case k = 2,4. The local existence
of the solution V' of (2.2.4) is clear. To prove Theorem 2.1.1, we consider the graph of the
solution V' of (2.2.4). Define ¥(r) = kv/1 — r2V’(r). Then, the equation (2.2.4) is reduced to

V() = %(11742) (62 +1)(VI=r20()? = (0= 1) = R)(r) + V1-712) . (2.25)

Therefore, to obtain the behavior of the graph of V', first we consider the behavior of the solution
¥ of (2.2.5). Define the functions 7 and 72 on (—1,a] U [b, 1)by

(n—1)(r—-R) —+/((n—1)2+4)r2 —2R(n—1)2r + R2(n — 1)2 — 4

mir) = s ’
()__(n—l R)+/((n—1)2+4)r2 —2R(n—1)2r + R2(n — 1)2 — 4
A= 2/1—12 '

Also, define a, b € (—1,1) (a < b) by

(n—1)2R—2y/(n—1)2(1 — R2) +4

a =

(n—1)2+4 7
b= (n — 1)2R+2\/(n— 1)2(1—R2)+4
B (n—1)2+4

Then, we find a < R < b and obtain the following lemma.
Lemma 2.2.3.
(i) Whenr e (—1,a]Ub, 1),
(a) if m(r) <+(r) <ma(r), then 4)'(r) >0
(b) if $(r) = m(r) or(r) = na(r), then '(r) =0,
(c) if Y(r) <m(r) or(r) > na(r), then '(r) <0
(it) When r € (a,b), ¢'(r) <
Proof. Define A(z,r) and B(r) by
Alz,r) ==vV1—122? = (n—1)(r— R)z +V1—12, (z,r) € R x (—1,1),
B(r) == ((n—1>+4)* = 2(n—1)*Rr + (n — 1)’R* -4, r € (-1,1).

Then, we have

B (n-Dr-R\*> 1
Alz,r)=+v1—1r2 (az - ) 1 B(r),

21 —12 V1i—r2
n—1)>2 2
B(r) = ((n—1)*+4) (7" - M) - (n_11)2+4 (4(n — 1)%(1 — R?) +16) .

Therefore, we find that if r € (=1,a] U [b,1), then B(r) > 0, if r € (a,b), then B(r) < 0,
and if r € {a,b}, then B(r) = 0. Furthermore, we find that when r € (—1,a] U [b,1), if
€ (m(r),n2(r)), then A(x,r) < 0, if x € (—oo,n1(r)) U (n2(r),c0), then A(x,r) > 0, and if
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x € {m(r),n2(r)}, then A(z,r) = 0. Also, when r € (a,b), we find that A(x,r) > 0. Since the
equation (2.2.5) is reduced to

1 2
P(r) = TRI- ) (V(r)* +1) A(y(r),7),
we obtain the statement of this lemma. O
l |
i - !
i !
P !
I |
i !
-1 . a : 11
i b T
i i
i i
i i
i i
i S '
! m :

Figure 2.2.1: The graph of n; and 7

For the behavior of the graph of the solution 1 of (2.2.5), we obtain following lemmas.

Lemma 2.2.4. If there exists o € (—1,a] with 1(ro) < m(ro), or if there exists ro € (a,1)
with ¥ (rg) < 0, then there exists r1 € (ro, 1) such that

lim ¢(r) = —o0.
71
Proof. When r > rq, we find ¢/(r) < 0 and ¢(r) < ¥(r¢). Define n3(r) by

__(n—=1)(r—R)
7]3(7’) T 2m :

Then, we find n3(r) = %(771(7‘) +m2(r)) on (—1,a] U [b,1). In the case where 1(rg) < n3(rp), we
have

wl(r):_k(llﬂ) (6()? +1) (VI=r20(r)? = (n = 1)(r = Ry(r) + V1 - 12)
<l<:(1ir2)(¢(r)2+1)( +1(ro)” m (7o) nfl)(TfR)),

Therefore, we find

Yr) 1+ Y (ro)” L Ylro)(n =D Plro)(n - DR

T+o()2 S ki | k(l-r2) k(1 —r2)

Integrating from 7y to r, we have

L+9(ro)? Y(ro)(n —1)

Y(ro)(n — 1R 147

- 7 — T og (1 —1?) — 1
arctan ¢ (r) < ’ arcsin r ok og ( %) o og T
1+ 2 -1 — 1R 1+
7/};(7“0) arcsin o 1/1(T0)2(Z ) log (1 7’(2)) T/J(TO)(;k ) log : :z

+ arctany(rg) =: ha(r).
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Then, hy is decreasing on (rg,1) and hy(rg) = arctan(rg), limy; ha(r) = —oo. Therefore,
there exists 7y € (ro,1) with hy(71) = —F and

P(r) < tanhg(r) - —oo (r T 71 ).

Also, in the case where ¥(rg) > n3(rg), there exists 7y € (ro, R) with ¥(7g) < n3(7o). By
replacing ro by 79, the proof is reduced in the case where ¥ (ro) < n3(ro). O

S i

r

Figure 2.2.2: The behavior of the graph of ¢ in Lemma 2.2.4
Lemma 2.2.5. If there exists ro € (b,1) with n1(ro) < ¥(ro) < n2(ro), then
li = 0.
lim Y(r) = oo

Proof. Assume that there exists a constant C' > 0 such that ¢(r) < C for all r € (rg,1). Then,
there exists 7o € (ro, 1) such that ¥ (79) < ¢ (r) < n3(r) for all r € (7o, 1). Therefore, we have

V) =~ (00 + 1) (V= 2002 = (= ) = Ry(r) + V= 1?)
> — s W+ 1) (L 0V —v0) (= 1) B)

Then, we find

Vi) 1+9m)°  pFo)(n—Ur  (Fo)(n - DR
1+ 9p(r)? VI — 12 k(1 —7r2) k(1—r2)

Integrating from 7 to r, we have

_ 1+9(r0)’ ¥(ro)(n — 1) PTo)(n—1DR. 1+

arctan ¢ (r) > ’ arcsinr — ok log (1 — %) — ok log 1=
1+9(T)? . Y(Fo)(n—1) o B(Fo)(n—1R. 1+7
T — ———log (1 — 1
AT og (1 = 7o) + 2% 1 7

+ arctan ¢ (7o) =: hs(r).

Then, hs is increasing on (7, 1) and hs(7g) = arctan (7o), lim,4q hs(r) = co. Therefore, there
exists 71 € (ro, 1) with h5(71) = § and

Y(r) >tanhs(r) o0 (r T 7).

This contradicts the assumption that ¢(r) < C for all r € (r, 1). O
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Figure 2.2.3: The behavior of the graph of ¢ in Lemma 2.2.5

By proofs similar to Lemma 2.2.4 and Lemma 2.2.5, we obtain the following lemmas.

Lemma 2.2.6. If there exists ro € (—1,b] with ¥ (ro) > 0 or if there exists ro € (b,1) with
W(r) > na(r), then there exists r1 € (—1,rg) such that

lim ¢ (r) = oo.

rlry

T To Cee 1

r

Figure 2.2.4: The behavior of the graph of ¢ in Lemma 2.2.6
Lemma 2.2.7. If there exists ro € (—1,a) with n1(ro) < ¥(ro) < n2(ro), then

Jim ¥(r) = —oo.
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Figure 2.2.5: The behavior of the graph of ¢ in Lemma 2.2.7

By lemmas 2.2.3-2.2.7, we obtain the following proposition for the behavior of the graph of
the solution ¢ of (2.2.5).

Proposition 2.2.8. For the solution 1 of the equation (2.2.5), the behavior of the graph of v
is like one of those illustrated by Figures 2.2.6-2.2.10.

M '1

r

Figure 2.2.6: The graph of ¢ (Type I)

l]‘ r _1 .....

Figure 2.2.7: The graph of ¢ (Type II) Figure 2.2.8: The graph of ¢ (Type III)
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r

Figure 2.2.9: The graph of ¢ (Type IV) Figure 2.2.10: The graph of ¢ (Type V)

For the graph of ¢ in Proposition 2.2.8, we have not yet shown whether v in the case of
Figures 2.2.9 and 2.2.10 exists or not. From the following lemma, we obtain the existence.
Lemma 2.2.9. The solution v of the equation (2.2.5) in Figures 2.2.9 and Figure 2.2.10 ewists.
Proof. For the set S of all solutions of the equation (2.2.5), we define sets S, S2, S3 C S by

Sl = {d) € S|E|TO € (_1a 1) : TIZ)( 0}7
Sy :={¢ € S|Fro € (—1,1) : ¢( n1(ro) or ¥(re) = n2(ro)},
S3:={¢ € S|yY(1) =0 or ¥(—1) = 0}.

Then, we have

o) =
) =

To

(-L,1)xR= | J  Graph(y).

PeS1US2US3
Since Uyeg, Graph(y) and (J,eg, Graph(t)) are open sets and (—1,1) x R is connected, we find
S3 is not an empty set and we obtain the statement of this lemma. O

Define ¢; and (2 by (r) = ni(r)/(kv1 —12), (i = 1,2). By Proposition 2.2.8, we obtain
the following proposition.

Proposition 2.2.10. For the solution V of the equation (2.2.4), the behavior of the graph of
V' is like one of those illustrated by Figures 2.2.11-2.2.19. Here, the dotted curves in Figures
2.2.11-2.2.19 are the graphs of (1 and (3.

o i1

r

|
i
i
i
i
i
1
!
|
|
i
i
|
i

Figure 2.2.11: The graph of V' (Type I)
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ype 1)

Figure 2.2.15: The graph of V' (Type III)

Figure 2.2.13: The graph of V' (T
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Figure 2.2.17: The graph of V' (Type IIT"")
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Figure 2.2.16: The graph of V' (Type IIT')
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Figure 2.2.18: The graph of V' (Type IV) Figure 2.2.19: The graph of V' (Type V)

Proof. For the solution V' of the equation (2.2.4), we have V'(r) = 9(r)/(kvV'1 —r?) and
is the solution of the equation (2.2.5). Therefore, when the graph of 1 is like one of those
illustrated by Figure 2.2.6, 2.2.9 and 2.2.10, it is clear that the graph of V"’ is like one illustrated
by Figure 2.2.11, 2.2.18 and 2.2.19 respectively. In the case where the graph of 1 is like one
of those illustrated by Figure 2.2.7 and 2.2.8, there exists rg € (—1,a] U [b,1) with ¢ (rg) =
m(rg) or ¥(rg) = n2(rg) and we find 9'(rg) = 0 by Lemma 2.2.3. Then, we obtain V" (rg) =
row(ro) ) (k(1 = r2)2) + ¢/ (r0)/(kn/T — 12) = roto(ro)/(k(1 — r2)?). Therefore, when the graph
of ¢ is like one illustrated by Figure 2.2.7, if rq > 0, then V" (rg) > 0 and the graph of V' is
like one illustrated by Figure 2.2.12, if ro = 0, then V" (rg) = 0 and the graph of V’ is like one
illustrated by Figure 2.2.13, and if ry < 0, then V”(rg) < 0 and the graph of V' is like one
illustrated by Figure 2.2.14. Also, when the graph of v is like one illustrated by Figure 2.2.8, if
ro < 0, then V”(rg) > 0 and the graph of V' is like one illustrated by Figure 2.2.15, if o = 0,
then V" (rg) = 0 and the graph of V" is like one illustrated by Figure 2.2.16, and if 79 > 0, then
V" (rg) < 0 and the graph of V' is like one illustrated by Figure 2.2.17. In the case k =1, 3, 6,
we find a < R =0 < b. Therefore, when the graph of v is like one of those illustrated by Figure
2.2.7 and Figure 2.2.8, the graph of V" is like one illustrated by Figure 2.2.12 and Figure 2.2.15
respectively if £k =1, 3, 6. 0

By Proposition 2.2.10, we obtain Theorem 2.1.1. For the solution V' of the equation (2.2.4),
when the graph of V' is like one of those illustrated by Figure 2.2.11, 2.2.18 and 2.2.19, it is
clear that the graph of V is like one illustrated by Figure 2.1.1, 2.1.4 and 2.1.5 respectively.
When the graph of V' is like one of those illustrated by Figure 2.2.12, 2.2.13 and 2.2.14, the
graph of V is like one illustrated by Figure 2.1.2. Also, when the graph of V' is like one of those
illustrated by Figure 2.2.15, 2.2.16 and 2.2.17, the graph of V is like one illustrated by Figure
2.1.3.
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Chapter 3

Translators invariant under
hyperpolar actions

3.1 Introduction

This chapter is based on [9].

In this chapter, we consider the case where N is a symmetric space G/K of compact type,
where we give G/K the G-invariant metric induced from the (—1)-multiple of the Killing form
of the Lie algebra g. When the rank of G/K is equal to one (i.e., G/K = SO(n + 1)/5S0(n),
SU(n+1)/S(U(1)xU(n)), Sp(n+1)/(Sp(1) x Sp(n)) or F4/Spin(9)), we can take the function
r: G/K — R with ||Vr| = 1 whose level sets are the orbits of the isotropy group action
K ~ G/K. Then, a function u on a K-invariant domain M of G/K which is constant along
each orbit of the isotropy group action is given by u := V or for some function V on r(M). It is
clear that the shape of the graph of u is dominated by that of V. Hence we suffice to classify the
shape of the graph of V' to classify that of u. Lawn and Ortega [16] studied the translator given
by a function invariant under a cohomegeneity one action on a pseudo-Riemannian manifold.
They showed that the graph of the function gives a translator if and only if the function is a
solution of some ODE. From the ODE, we obtain the following classification theorem for the
shape of the graph of V.

Theorem 3.1.1. The graph of V is given by one of the curves obtained by parallel translating
curves as in Figures 3.1.1-3.1.5 in the vertical direction. The value « in Figures 3.1.1-3.1.5 is
the constant given by

(when G/K = SO(n+1)/50(n))

(when G/K = SU(n+1)/S(U(1) x U(n)))
(n+2)r (when G/K = Sp(n+1)/(Sp(1) x Sp(n))
(when G/K = F;/Spin(9)),

where a is the positive constant such that o is equal to the %—multiple of the maximal sectional
curvature of Fy/Spin(9).
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Figure 3.1.1: The graph of V' (Type I)

V v
s S
o a o e
Figure 3.1.2: The graph of V' (Type 1I) Figure 3.1.3: The graph of V' (Type I1I)
v
S S
o :O‘ o a
Figure 3.1.4: The graph of V (Type 1V) Figure 3.1.5: The graph of V (Type V)

Next we consider the case where G/K is a higher rank irreducible symmetric space of
compact type and a translator (for the mean curvature flow) given by a graph of a function
on G/K which is invariant under a Hermann action H ~ G/K of cohomegeneity two, where
Hermann action means that H is a symmetric subgroup of G. Assume that H ~ G/K is
commutative, that is, 0x o 0 = 0y o Ok holds for the involutions 0k and 0y of G satisfying
(Fixf0g)o C K C Fixfg and (Fixfy)o C H C Fix0p, where Fix(-) is the fixed point group of
(+) and (+)g is the identity component of (-). Here we note that Hermann actions are hyperpolar
actions, where a hyperpolar action means an isometric action of a compact Lie group on G/K
which admits a complete flat totally geodesic submanifold in G/K meeting all orbits of the
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action orthogonally. The complete flat totally geodesic submanifold is called a flat section of
this action.

Let 7 = (r1,m2) : G/K — R? be a map on G/K with ¢(Vr;,Vr;) = 6;; (i,j € {1,2})
whose level sets are the orbits of the action H ~ G/K. Then, a function u on a H-invariant
domain M of G/K is invariant under the action H ~ G/K if and only if u is described as
u = V or for some function V on r(M). Let ¥ be the flat section of the H-action through
o0 := eK, were we note that ¥ is diffeomorphic to a torus T?(= S' x S1). Let g = €@ p be
the canonical decomposition associated to the symmetric pair (G, K). The space p is identified
with the tangent space T,(G/K) through the restriction 7|, of the differential 7, of the
natural projection 7 : G — G/K. There exists the maximal abelian subspace a of p satisfying
exp,(a) = 3, where exp,, is the exponential map of G/K at o. Let C(C a) be a Weyl domain and
W be the Weyl group. Denote by X the tangent vector field on exp,(C) defined by assigning
the mean curvature vector of the orbit H - w at w to each w € exp,(C). By identifying exp,(C)
with C, we regard X as a tangent vector field on C.

Theorem 3.1.2. The graph I' of u =V or is a translator if and only if V satisfies

22: oV 9V av
ij=1

2
oV
— (1 2 Xi— 4+AV —1| = 1.1
— 8951(%] 81’2 axj ( + |VV| ) (; 81‘Z + v ) O’ (3 )

where (x1, x2) is the Euclidean coordinate of a, V' is regarded as a function on a through (z1, ) :
a— R2? and X; (i = 1,2) are the components of the tangent vector field X on C with respect to

2
the Euclidean coordinate (x1,x2) of a (i.e., X = ) Xi% .
i=1 '

For all commutative Hermann actions of cohomogeneity two on an irreducible symmetric
space of compact type, the explicit descriptions of the component (X7, X2) of the above tangent
vector field X on C are given in [14]. By using the explicit description, we can describe the
PDE (3.1.1) of order two explicitly. Clearly we can choose the above function r as |, () =
(x1,72) o (exp, |¢)~! holds. According to [14], X is described as X = Vp for some convex
function p on C. Next we consider the case where V is constant along each level set of p. In
this case, VV is described as VV = F X for some function F' on C. It is clear that the shape
of the graph of u is dominated by F'. Hence we suffice to investigate F' to classify the shape of
the graph of u. In this case, we obtain the following fact.

Theorem 3.1.3. Assume that V is constant along each level set of p and let F be the function
on C satisfying VV = FX. Then the graph I' of u = V or is a translator if and only if F
satisfies

X(F) = %X(\XP)F:” — (1 + [ XPF)((|X]? + div X)F —1). (3.1.2)

By using the explicit descriptions of X in [14], we can describe the PDE (3.1.2) of order
one explicitly. As one cexample we investigate the shape of the graph of V in the case where
the Hermann action H ~ G/K is the dual action of the Hermann type action SOy(1,2) ~
SL(3,R)/SO(3).

In Section 2, we investigate translators which are invariant under the isotropy group action
of rank one symmetric spaces of compact type and prove Theorem 3.1.1. In Section 3, we
investigate translators which are invariant under Hermann action of cohomogeneity two on
higher rank symmetric spaces of compact type and prove Theorems 3.1.2 and 3.1.3.
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3.2 The case of cohomogenity one

Let (N, g) be an n-dimensional Riemannian manifold and u : M — R be a (C*°)-function on a
domain M of N. Let f be the graph embedding of u, that is, the embedding f : M < (N, g)
defined by f(z) = (x,u(x)) (z € M). Denote by I" the graph of u and H the mean curvature
vector field of f. Also, denote by V(-) and div(-) be the gradient vector field and the divergence
of (+) with respect to g, respectively. For the translatority of I', the following fact holds (see [4],
[7] and [16]).

Lemma 3.2.1. If I is a translator, u satisfies

Vu
1+ ||Vul]?2 div [ — | = 1. 3.2.1
VIF IVl ( — ||wu2> (3:2.)

Conversely, if u satisfies (3.2.1), T' is a translator.

We consider the case where (N, g) is a rank one symmetric space G/K of compact type and
u is a function on a K-invariant domain M of G/K which is invariant under the isotropy group
action K ~ G/K, where we give G/K the G-invariant metric induced from the (—1)-multiple
of the Killing form of g. Let r : G/K — R be the function on G/K with [|[Vr| = 1 whose
level sets are the orbits of K ~ G/K. Then, since u is invariant under the action K ~ G/K,
u is described as u = V o r for some function V' on r(M). According to the result by Lawn
and Ortega (Theorem 3.5 of [16]) for the graph of a function on a pseudo-Riemaniann manifold
which is invariant under a cohomogeneity one proper isometric action of a Lie group, we obtain
the following fact.

Proposition 3.2.2. The graph I' of V or is a translator if and only if V satisfies
V"(s) = (L+V'(s)?) (1 = h(s)V'(s)) (3.2.2)

where (-)' denotes the derivative of (-) and h(s) is the constant mean curvature of the orbit
r~(s) of K ~ G/K.

Let p be as in Introduction. a be a maximal abelian subspace of p and A4 be the positive
root system with respect to a. Then we have

( 1
m(e, >} (when G/K = SO(n+1)/S0(n))
1 1
A, = W@’% W(e,)} (when G/K = SU(n+1)/S(U(1) x U(n)))
1 1
m (e,"), m (e, >} (when G/K = Sp(n +1)/(Sp(1) x Sp(n)))
{ {a(e,-), 2a(e,-)} (when G/K = F,/Spin(9)),

(3.2.3)
where e is a unit normal vector of a, (, ) is the restriction of the (—1)-multiple of of the
Killing form to a and a is the positive constant stated in Theorem 3.1.1. Thus, in the case of
G/K =5U(n+1)/S({U1) xU(n)), Sp(n+1)/(Sp(1) x Sp(n)) or Fy/Spin(9), we write A as
At = {\ 2X}. The multiplicity mgy of 2 is given by

1 (when G/K =SU(n+1)/S(U(1) x U(n)))
mox =4 3 (when G/K = Sp(n+1)/(Sp(1) x Sp(n))) (3.2.4)
7 (when G/K = F;/Spin(9))
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Verhéczki [25] described explicitly the eigenvalues (i.e., the principal curvatures) of the shape
operators of the orbits of the isotropy group actions K ~ G/K by using the positive restricted
roots (i.e., the elements of Ay (see Theorem 1 of [25]). By using the explicit descriptions
of principal curvatures, (3.2.3) and (3.2.4), we can explicitly described the above constant
mean curvature h(s) in the case of G/K = SO(n + 1)/SO(n), SU(n + 1)/S(U(1) x U(n)),
Sp(n+1)/(Sp(1) x Sp(n)) or Fy/Spin(9) as follows.

Lemma 3.2.3. The mean curvatyre h(s) of the principle orbit r=1(s) is given by
([ /n—1 1
2 tan —=2

\/2(n—1)
2n — 1 — tan? -

2(
pVES)
. (G/K=SU(n+1)/S(U1) xU(n)))
h(s) = 2v/n+1-tan ENGEST (3.2.5)

4n — 1 — 3tan® —=2—
2/2nt2) . )
2 %n+m-wn2s<Gﬂ¥—5M +1)/(Sp(1) x Sp(n)))

2(n+2)
(16 — 7tan% as)a

tanas

(G/K = SO(n +1)/SO(n))

(G/K = F,/Spin(9))
From Proposition 3.2.2 and Lemma 3.2.3, we prove Theorem 3.1.1.

Proof of Theorem 3.1.1. We consider the case of G/K = SU(n+1)/S(U(1) x U(n)). Define a
function v by

P(x) :=V'(2v/n+ larctanz) (x € r(M)).
From (3.2.2) and (3.2.5), it is shown that 1 satisfies the following ODE:

n n — — x2
W (z) = 21V+;1 (14 (@)?) (1 - 2211\/%36@@(3:)) (x> 0) (3.2.6)

We shall analyze the shape of the solution % of (3.2.6) to recognize the shape of V. Define

a function 7 : [0,00) \ {v2n — 1} — R by n(x) = 2V"1+1;2 From (3.2.6), we can show the
following facts directly:

(i) When z € (0,v/2n — 1),
() if () > (), then /() <

(

) > <0
(i-b) if ¥ (z) < n(z), then ¢'(z) >0
(i-c) if ¥(z) = n(zx), then ¢'(z) =0

(

) >

) <

(ii) When z € (v/2n — 1,00),
(ii-a) if () > n(zx), then ¢'(x) >0
(ii-b) if ¢(x) < n(x), then ¢'(z) <0
(ii-c) if Y(x) = n(x), then ¢'(x) =0
(iii) When x =+/2n — 1, ¢/(z) > 0

40



le) 2n —1

Figure 3.2.1: The graph of n

Next we shall show that the following fact for ¢ holds.
(1) If there exists xo € (0,v/2n — 1) with ¥(xo) > n(xo), liim Y (x) = oo holds for some
xlxy
x1 € (0,29) (see Figure 3.2.2).

Take any x € (0,x¢). Then, by using (i-a), we can show

W) =25 (L ue) (1- )
< 21+ p) <1 - f]((zo))) .

Therefore, we have

W) _WATT _(n i) | v
1+ (z)? 1+ x2 z(1 + 22) 1422

By integrating both-hand sides of this inequality from x to xg, we obtain

arctan i (zg) — arctan ) (z) < — 2v/n + larctanz + (2n — 1)y (xp) log

$lzo) log (1 4 %) + 2v/n + Larctan zg

2
x ¥(zo)
- (2n = 1)) log 2 + P8

x
V1422

log (1 + z0?) =: hg(x).

and hence
(z) > tan (—hg(x) + arctan ¥ (zg)).

On the other hand, hg is increasing on (0, z¢) and the following relations hold:

he(zo) =0 and 11\1&)1 he(z) = —oc.

Therefore, there exists z; € (0, x0) such that
P(x) > tan (—he(x) + arctan(zg)) — oo (z — T1).

Thus the fact () is shown.
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olz1 o 2n — 1

Figure 3.2.2: The behavior I of the graph of %

Similarly, by using (i-b), we can show the following facts for ;
(x2) If there exists xg € (0,/2n — 1) with 1 (zg) < 0, :}nlf;ll (x) = —oo holds for some
x1 € (0,z0) (see Figure 3.2.3);
Also, by using (ii-a), we can show the following facts for v;
(x3) If there exists zg € (v/2n — 1, 00) with ¢(z¢) > 0, ilTI:?l ¥ (x) = oo holds for some
x1 € (xg,00) (see Figure 3.2.4);
Also, by using (ii-b), we can show the following facts for v;
(x4) If there exists xg € (v/2n — 1,00) with ¥(xg) < n(zo), ilTr; Y (x) = —oo holds for some
x1 € (x9,00) (see Figure 3.2.5).

ol -*1 %o 2n —1

Figure 3.2.3: The behavior II of the graph of ¥

42



le) 2n —1

Figure 3.2.4: The behavior III of the graph of ¢

Figure 3.2.5: The behavior IV of the graph of

From the facts (#1) — (*4), the shape of the graph of the solution 1 is one of the curves as in
Figures 3.2.6-3.2.10 in the case of G/K = SU/S(U(1) x U(n)).

I P

Figure 3.2.6: The graph of ¢ (Type I)
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x : 2n —1 z

Figure 3.2.9: The graph of ¢ (Type IV) Figure 3.2.10: The graph of ¥ (Type V)

From (3.2.5), we see that the domain V' is included by (0,+/n + 17), that is, the value « in the
statement of Theorem 3.1.1 is equal to v/n + 1m. Hence, from the above classification of the
shape of ¢, we can classify the shape of V' as in Theorem 3.1.1.

Similarly, in the case where G/K = SO(n + 1)/SO(n), Sp(n + 1)/(Sp(1) x Sp(n)) and
F,/Spin(9), we can classify the shape of the graph of V. In these cases, by (3.2.5), the value «
in the statement of Theorem 3.1.1 is given by

n—1
5 (when G/K = SO(n+1)/50(n))
a= 2(n+2)7  (when G/K = Sp(n+1)/(Sp(1) x Sp(n)))

Zzia (when G/K = F,;/Spin(9)).

3.3 The case of cohomogenity two

In this section, we consider the case where G/K is a higher rank irreducible symmetric space of
compact type and a translator given by a graph of a function u on a H-invariant domian M of
G/K which is invariant under a Hermann action H ~ G/K of cohomegeneity two. Assume that
H ~ G/K is commutative, that is, g o 0y = 0 o Ok holds for the involutions 0 and 0y of
G satisfying (Fix0)o C K C Fixfx and (Fixfy)o C H C Fixfg. Let r = (r1,72) : G/K — R?
be a map on G/K with g(Vr;, Vr;) = 8 (i,j € {1,2}) whose level sets give the orbits of the
action H ~ G/K. Then, a function u is described as uw = V o r for some function V' on r(M).
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By using Theorem 3.1.1, we prove Theorem 3.1.2.

Proof of Theorem 3.1.2. The function V is regarded as a function on a through the Euclidean
coordinate (z1,z2) : @ — R? of a. As stated in Introduction, we may assume that

Plexp,(¢) = (%1, %2) © (exp, e) . (3.3.1)
From u =V or, we find
oV
Vu=3 gV IVl =IVVP

oV ov 9V

2
v ( 1+ ||Vu|2) 12 1+ ’VV’Q Z o0x; 6.%']' 8.213“9:%

From these relations, we can show that the PDE (3.2.1) is reduced to

oV ov 9%V 2
Z  Ow; Oxj O i0x; (1+[VVF) (Z Arl + AV — 1) = 0. (3.3.2)

Since the tangent vector X on exp,(C) is defined by assigning the mean curvature vector of the
orbit H - w at w to each w € exp,(C), we have

(X,Vr;) = —Ar;.

From this relation and (3.3.1), we find
X = Z Ar; (=Vr;).

Therefore, from (3.3.1), we obtain X; = Ar;. O
By using Theorem 3.1.2, we prove Theorem 3.1.3.

Proof of Theorem 3.1.3. Assume that V is constant along each level set of p, where p is the
convex function with Vp = X. Then, VV is described as VV = F X for some function F' on
C. Clearly we have

oV PV OF ox; .

Also, we can derive

VV|? = | X|’F?, AV = X(F)+ (divX)F ZX = | X *F,

2092V vV v

81’1(91’] ox; 83:]

1
= |XPF2X(F) + 5 X (| X[*)F?

Z7-]
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Hence we obtain

2 2
Fo 2 VAN ) Vo ) Ve ) oV

ij= i=1

1
=|X|*F?2X(F) + 5X(|X|2)F3 — (L4 |X]PF?) (| X|*F + X(F) + (divX)F — 1)
1
= —X(F)+ §X(]X|2)F3 — (14 |XPF?) ((|X]* + (divX)) F —1).
Therefore, from Theorem 3.1.2, we can derive Theorem 3.1.3. O

Denote by (a1, a2) be the minimum point of p. Let F' be a solution of the partial differential
equation (3.1.2) and ¢ : (—00,tg) — a be an integral curve of X, where we note that . lim ¢(t) =
——00

(a1, az2) holds. Set F.:= Foc. Then F, satisfies

C

Fl(t) = ("(t), () Fe(t)® — (1 + | (O)PF)D) (I ()] + (divX) o) Fe(t) = 1).  (3.3.3)

From VV = F X, we have R
(Voe)(t) = Fe(t)| X

and hence
(Voco)(t) := /t ﬁc(T)|XC(T)|2dT + (Voc)(ty)), (3.3.4)

where ¢, is any element of (—o0,?y). Thus we can calculate the function V' from the data of F.

We shall consider the case where the Hermann action H ~ G/K is the dual action of the
Hermann type action SOy(1,2) ~ SL(3,R)/SO(3). This action corresponds to p;(SO(3))
SU(3)/SO(3) in Table 3.1 of [14]. In this case, there exists an integral curve ¢ : (—oo,ty) — a of
X satisfying o 0c = 0. The component X; of X and the domain C are given as in the following
table.

Hn~G/K p1(SO(3)) ~ SU(3)/SO(3)
X1 tan(z1 + v/3z2) — 2cot(2x1) + tan(z; — V322)
X V3tan(z1 4+ v/3x2) — V3tan(x1 — v/3x2)
C {(z1,z2) | z1 >0, x2>%m1—ﬁ, x2<—%x1+;—3}

Table 3.1: The datas of X1, X and C in p1(SO(3)) ~ SU(3)/SO(3)-case

In this case, (a1,az) is equal to (F,0) and there exists an integral curve c : (—o0,tp) — a

satisfying lt_lir_nOO c(t) = (§,0), tli_)n;lo c(t) = (5,0) and 29 o c = 0. For the simplicity, set ¢ :=

z1 0c. Also, set F := |¢|F.. Take t, € (—00,to). Since X = c(t) = (c1(t),0) and hence
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||Xc(t)|| = c|(t), we have
V(21,0) = V(er(t),0) = (Vo o)(t)

t
=/Fwwxmﬂm+wmmm>

F( )¢ (7)dr + V (1 (t), 0)

ts

F(r)dy (1) dr + V(e1(ty),0)

ts

:/gc(lt)(focl_l)(x)dx—i-V(a(t*)aO) (

The shape of the graph of the restriction V‘[%7%]X{O} of V to ¢((—o0,t)) = |
dominated by Fo cfl. So, we shall investigate the shape of the graph of Fo cy

(3.3.3), F satisfies

F(t) = (ﬁ(t)2 +1> (<< T ?

On the othe hand, we have

,'(t))
(®)?

| ()]* = 9tan?(c; (1)) + cot?(c1(t)) — 6,

6=

wwW+«mxum)ﬂw+wa,

27tan?(cy(t)) n cot?(cy(t)) B 9 B
cos?(cy1(t)) sin?(c(t))  cos2(ci(t))

(1), (1) =

and

9 1

(W X)et) = o ®) T sind(er (@)

Define 7(t) by )
c(t

i) = -
From (3.3.6), (3.3.7) and (3.3.8), we have

Stan(c1 () ~ ey

~ 15tan2(ci(t)) + m

Set z(t) := tan(ci(t)) and define o(z) by

From 77 = o(z), we find

(), () = | @) (I (O + (divX )

| x {0} is

1 According to

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)



Since o satisfies

4525 44524 4+ 922 — 1

o'(z
(2) 24 (15,2'2 + %)2

there exists zg € (%, 00) with o’(z9) = 0 satisfying o/(z) > 0 for all z € (%,zo) and o’(z) <0
for all z € (z9,00). Define t; € (—o0,t9) by tan(ci(t1)) = 2zo. Then, from (3.3.9), we find
7 (t1) =0, 7/(t) > 0 for all t € (—o0,t1) and 77'(t) < 0 for all ¢ € (t1,t9). Therefore, the graph
of o cfl is as in Figure 3.3.1.

%! c1(t1) =)

Figure 3.3.1: The graph of o ¢yt
Here, from 7n(t) > 0, we find % — (|(®)]* + (divX).s) < 0. According to (3.3.5),
F'(t) = 0 if and only if F(t) = 7j(t). Also, F'(t) > 0 if and only if F(t) < 7(t), and F'(t) < 0 if
and only if F(t) > 7(t). N N
Next we show the behavior of the function Foc ' on the both sides of the domain of Foc; .
From (3.3.5), F oc; ! satisfies

1 8tanzx
tanz = 3tan?z — 1

(Foct(z) = ((ﬁ oy () + 1) (1 — (5 tanz — > (Fo cl_l)(x)>

N (3.3.10)
Then we shall show that the following fact for the behavior of F o 01_1 near x1 = 5 holds.
(x5) If there exists xg € (c1(t1), ) such that (Fo 7 (x0) > 7o), liTnﬂl (Fo cH(x) =0
)
holds.

Assume that there exists a positive constant M > 0 with (F o i) > M for all z € (20, 5).
Take any x € (xo, 5). Then, from (F o cr M) (x) < 0, we can show

ﬁ -1y t -
~( o )(@) =1—(5tanx — 5 ;mx (Focyh)(x)
(Focl—l)(g;)2+1 tanxz  3tan‘x — 1
1 Stanx
1—15¢t —
< ( M tana | 3taniz — 1)

By integrating both-hand sides of this inequality from zy to x, we obtain

arctan (F o ¢ H)(z)— arctan (Fo ¢ M (o)
< z+ M(5log(cosz) + log (sinx) — log (1 — 2 cos (22)))
— 9 — M(5log(cos zg) + log (sinxg) — log (1 — 2 cos (2x¢))) =: hy(z).

and hence B B
(Focyh)(z) < tan (hy(z) + arctan (F o ¢; ') (o).
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On the other hand, h7 is decreasing on (zo, 5) and the following relations hold:

h7(zg) =0 and limhy(z) = —o0.

=5

Therefore, there exists z1 € (o, 5) such that
(Fo c; M (z) < tan (hy(z) + arctan (F o cD(x0)) — —oo (x— 7).

Then (F oc;')(z) = 0 < M for some z € (zo,Z1). This is a contradiction. Thus the fact (x3)
is shown. B
Also, we shall show the following fact for the behavior of F'o 01_1 near some point 1 = xg €

(5 catr))-

(x¢) If there exists xo € (F,c1(t1)) such that (Fo ey (o) > (o), li

im (Foc)(a) = o0
zlZo

holds for some Zg € (g, o).
Take any z € (§,70). Then, from (Fo crH(z) < 0, we can show

Foely 1 8t =~
ﬁﬁ ° il ) (x) =1— (E}tallﬂ:‘_ + 3I117 ) (l? o Cfl)(ﬂﬂ
(Foc)(@)?+1 tanz  Stanz — 1

1 8tanx
tanz = 3tanZz — 1

<1- <5tanx — ) (F o i) (o).

By integrating both-hand sides of this inequality from x to xg, we obtain

arctan (F o ¢ ') (x)— arctan (F o e ) (o)
> 2+ ((F oY) (20))(5log(cos ) + log (sinz) — log (1 — 2 cos (2)))
—zg— ((Fo c1 M) (20))(5log(cos 29) 4 log (sin xp) — log (1 — 2cos (229))) =: hg(x).
and hence B B
(Focyt)(z) > tan (hg(z) + arctan (F o ¢; ') (o).

s

&> 7o) and the following relations hold:

On the other hand, hg is decreasing on (

hg(xo) =0 and  lim hg(x) = co.

AR
Therefore, there exists 71 € (§,zo) such that
(FocrY)(z) > tan (hg(z) + arctan (F o (o)) — oo (z— 7).

Thus the fact (xg) is shown. N
Similarly, we can show the following fact for the behavior of F' o cfl near some point x; =
zg € (§,c1(t1)). Here, note the fact that (F o ;) (@) > 0 when (Focyt)(z) < (Toc;t)(z) for
all v € (§,75)
(x7) If there exists xg € (,c1(t1)) such that (F o c; H(zo) < 0, lifp (ﬁoc{l)(x) = —00
zlTo
holds for some Zg € (g, o).

From the facts (x5) — (*7), the graph of Fo ;! is as in one of Figures 3.3.2-3.3.6.
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Figure 3.3.2: The graph of F o ¢t (Type I)

Figure 3.3.3: The graph of Fo c;t (Type II) Figure 3.3.4: The graph of Fo crt (Type III)
N s T
/ ~ N / ~ N
/ ~ / S
! ~ N / ~
/ ~ / > ~
/ > o / > o
R c1(t1) El 5 c1(t1) Bl
ﬁ o 0171 ~
Foe ™t
Figure 3.3.5: The graph of F o ¢;! (Type IV) Figure 3.3.6: The graph of F o c;! (Type V)

Hence, from the above classification of the graph of F o ¢t and V(21,0) = fml(t*)(ﬁ o

c1
c; M) (x) dx + V(ci(ts),0), we find the shape of the graph of V(- 0”[%%} is as in one of Figures
3.3.7-3.3.11.
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Figure 3.3.8: The graph of V(-,0)|; %](Type 1I) Figure 3.3.9: The graph of V (-, 0)|[%%](Type 111)
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V(,0)|z =
V(,0) [62]
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Figure 3.3.10: The graph of V(-,0)|; %](Type V) Figure 3.3.11: The graph of V (-, 0)|[%%](Type V)
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