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Chapter 1

Introduction

To consider the tests for mean vectors is a fundamental problem in multivariate

statistical analysis. In particular, we consider the following two topics.

The årst research topic is focused on the one-sample problem of testing for the

mean vector with two-step monotone missing data. In almost all statistical analy-

ses, missing data is a constantly occurring problem. Many statistical methods have

been developed to analyze data with missing values. In the case of general k-step

monotone missing data, many diécult problems remain unsolved. For simplicity,

we assume that k = 2. We derive the asymptotic expansion of Hotelling's T 2 type

statistic for the case where the sample size is large. The asymptotic årst two mo-

ments are obtained using stochastic expansion. We also propose the Bartlett and

modiåed Bartlett corrected statistics for two-step monotone missing data. Simula-

tion studies are performed to demonstrate the performance of the proposed results

by a Monte Carlo simulation.

In the second research topic, testing the equality of two mean vectors with un-

equal covariance matrices. In the case of equal covariance matrices, we can use

Hotelling's T 2 statistic, which follows the F distribution under the null hypothesis.

Meanwhile, in the case of unequal covariance matrices, the test statistic does not

follow the F distribution, and it is also diécult to derive the exact distribution.

Even in the case of univariate, mean comparison with unequal variances is intrin-
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sically diécult, and is well known as the Behrens-Fisher problem. We provide two

approximate solutions: F statistic by adjusting the degrees of freedom, the bias

corrected statistic. Asymptotic expansions up to the term of order NÄ2 for the årst

and second moments of the test statistic are given, where N is the total sample size

minus two. By simulations, we compare the two proposed results as well as some

existing procedures.

The remainder of this paper is organized as follows. Chapter 2 presents the

results derived by Kawasaki and Seo (2016), i.e., the årst research topic. First

of all, we review the missing mechanism and two-step monotone missing data. In

the text that follows, we discuss the asymptotic expansion of maximum likelihood

estimators (MLEs) and T 2 type statistics and propose the transformation statistics.

Chapter 3 presents the results derived by Kawasaki and Seo (2015), i.e., the second

research topic. First of all, we review the Behrens-Fisher problem. In the text

the follows, we explain the approximate degrees of freedom and discuss the main

results in more detail. The accuracy of our results is investigated by Monte Carlo

simulation in each chapter. In the Appendix, we present certain formulas used to

derive the main results.
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Chapter 2

Bias correction with two-step

monotone missing data

In this chapter, we consider the one-sample problem of testing for the multivariate

mean vector with two-step monotone missing data. We derive the Bartlett correction

and modiåed Bartlett correction statistics by using the stochastic expansion of the

T 2 type statistic with two-step monotone missing data. In order to derive the

asymptotic expectation and variance, the stochastic expansion of Hotelling's T 2

type statistic is calculated. Further, we propose Bartlett correction statistics for

two-step monotone missing data. Using Monte Carlo simulations, we investigate

the årst and second moments, the variance, the mean square error (MSE), and

the upper percentiles for the T 2 type statistic and the transformation statistics.

Moreover, we show the type I error rate when the null hypothesis is rejected using

ü2p under the simulated transformation statistics.

2.1 Missing data

In almost all statistical analyses, missing data is a constantly occurring problem.

Many statistical methods have been developed to analyze data with missing values.

Anderson (1957) developed an approach to derive the maximum likelihood estima-
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tors (MLEs) of the mean and covariance matrix by solving the likelihood equation

for monotone missing data. Jinadasa and Tracy (1992) proposed the MLEs in the

case of a k-step monotone pattern using matrix derivatives. Kanda and Fujikoshi

(1998) showed the properties of the MLEs based on k-step monotone missing sam-

ples for k = 2; 3 and a general k. Srivastava (1985) derived the MLEs for missing

data from a growth curve and several other models and developed likelihood ratio

tests. By using the idea of Srivastava (1985), Srivastava and Carter (1986) and

Shutoh et al. (2010) obtained the MLEs for the mean vector and covariance ma-

trix using the Newton-Raphson method with general missing data. However, these

results by the Newton-Raphson method are numerically rather than analytically

iterative solutions.

In the case of a two-step monotone missing data pattern, Seko et al. (2012) de-

rived the T 2 type statistic of testing for the mean vector and its approximate upper

percentile. Krishnamoorthy and Pannala (1999) provided an accurate and simple

approach to construct a conådence region for a normal mean vector. We note that

among the many other papers with a monotone missing data pattern, Bhargava

(1962) derived likelihood ratio tests and their approximate null distributions. Seo

and Srivastava (2000) derived a test of equality of means and simultaneous conå-

dence intervals in a one sample problem under a covariance matrix with intra-class

correlation. For the case of a two-sample problem, Seko et al. (2011) derived the

T 2 type statistic of testing for two mean vectors and their approximate upper per-

centiles with a two-step monotone missing data pattern. Yu et al. (2006) obtained

the T 2 type statistic and derived F -approximations for the distribution of the T 2

type statistic in the case of three-step monotone missing data. Wu et al. (2006)

developed a pooled component test statistic to test the equality of two mean vectors.

Any analysis of the data is then dependent on assumptions about the missing

data mechanism. However, because the causes of missing data are not our concern,

we ignore the process that causes missing data by assuming that the data are missing

at random (MAR). Rubin (1976) pointed out that in the case of MAR and the
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observed data that are observed at random (OAR) or, more simply, the missing

data that are missing completely at random (MCAR), the missing data mechanism

can be ignored for likelihood based inferences. The details of MAR, OAR, and

MCAR follow from Little and Rubin (1987). In this paper, we assume that the data

are MCAR.

First, we consider a one sample problem with a monotone missing data pat-

tern. Let y be distributed as Np(ñ;Ü) and let y[i] be the vector of the årst

p1 + p2 + ÅÅÅ+ pkÄi+1 dimension of y. Let Y [1] = (y[1]1 ;y
[1]
2 ; : : : ;y

[1]
n1)

0 represent

the fully observed variables with p (= p1 + p2 + ÅÅÅ+ pk) dimensions, Y [2] =
(y[2]1 ;y

[2]
2 ; : : : ;y

[2]
n2)

0 the incompletely observed variable with the fewest missing val-

ues with (p1 + p2 + ÅÅÅ+ pkÄ1) dimensions, Y [3] = (y[3]1 ;y[3]2 ; : : : ;y[3]n3)0 the variable
with the second fewest missing values and (p1 + p2 + ÅÅÅ+ pkÄ2) dimensions, : : :
, and Y [k] = (y[k]1 ;y

[k]
2 ; : : : ;y

[k]
nk)

0 the variable with the most missing values and p1

dimensions, with ni > (p1 + p2 + ÅÅÅ+ pkÄi+1). If y[i]j denotes the j-th observation
on y[i], the sample of observations y[i]j , i = 1; 2; : : : ; k; j = 1; 2; : : : ; ni, is called

a monotone missing sample (Srivastava and Carter (1983)) or a monotone missing

data pattern (Little and Rubin (1987)). Such a sample is called k-step monotone

missing data.

Next, we consider two-step monotone missing data. Let x[1]1 ;x
[1]
2 ; : : : ;x

[1]
n1 be

distributed as the multivariate normal Np(ñ;Ü) and x
[2]
1 ;x

[2]
2 ; : : : ;x

[2]
n2 be distributed

as the multivariate normal Np1(ñ1;Ü11), where each x
[1]
j = (x

[1]
j;1; x

[1]
j;2; : : : ; x

[1]
j;p)

0; j =

1; 2; : : : ; n1 is p Ç 1 and each x[2]j = (x[2]j;1; x
[2]
j;2; : : : ; x

[2]
j;p1)

0; j = 1; 2; : : : ; n2 is p1 Ç 1,
and

ñ=

0@ñ1
ñ2

1A ; Ü= 0@Ü11 Ü12

Ü21 Ü22

1A :
To be speciåc, two-step monotone missing data (the case of k = 2) are drawn from
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a multivariate normal population of the form0BBBBBBBBBBB@

x[1]1;1 x[1]1;2 ÅÅÅ x[1]1;p1 x[1]1;p1+1 ÅÅÅ x[1]1;p
...

...
...

...
...

x[1]n1;1 x[1]n1;2 ÅÅÅ x[1]n1;p1 x[1]n1;p1+1 ÅÅÅ x[1]n1;p

x[2]1;1 x[2]1;2 ÅÅÅ x[2]1;p1 É ÅÅÅ É
...

...
...

...
...

x[2]n2;1 x[2]n2;2 ÅÅÅ x[2]n2;p1 É ÅÅÅ É

1CCCCCCCCCCCA
;

where n = n1 + n2 and p = p1 + p2. \É" indicates missing data. That is, we
have complete data for n1 mutually independent observations with p dimensions

and incomplete data for n2 mutually independent observations with p1 dimensions.

We partition x[1]j into a p1 Ç 1 random vector and a p2 Ç 1 random vector as x[1]j =
(x[1]

0
1j;x

[1]0
2j )

0, where x[1]ij : pi Ç 1; i = 1; 2; j = 1; 2; : : : ; n1.
We deåne the sample means as

x[1]1 =
1

n1

n1X
j=1

x[1]1j ; x[1]2 =
1

n1

n1X
j=1

x[1]2j ; x[2] =
1

n2

n2X
j=1

x[2]j ;

where x[1] = (x[1]
0

1 ;x
[1]0
2 )

0, and the sample covariance matrices are given as

S [1] =
1

N1

n1X
j=1

(x[1]j Ä x[1])(x[1]j Ä x[1])0 =
0@S [1]11 S [1]12

S [1]21 S [1]22

1A ;
S [2] =

1

N2

n2X
j=1

(x[2]j Ä x[2])(x[2]j Ä x[2])0;

where Ni = ni Ä 1.

2.2 Hypothesis and test statistics

The problem of testing H0 : ñ = ñ0 against H1 : ñ 6= ñ0, where ñ0 is a speciåed
vector, has been studied extensively for two-step monotone missing data. Seko et al.

(2012) obtained the approximate upper percentiles of Hotelling's T 2 type statistic
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and the likelihood ratio test statistic for two-step monotone missing data in a one

sample problem.

Let the MLEs of ñ and Ü be denoted by bñ and bÜ, respectively, which are
partitioned in the same manner as ñ and Ü. We assume that the observation

vectors are distributed as Np(ñ;Ü) and n1 > p, which is a necessary and suécient

condition for the existence and uniqueness of the MLEs of ñ and Ü. Anderson and

Olkin (1985) derived the MLEs of ñ and Ü (see Kanda and Fujikoshi (1998), Chang

and Richards (2009), and Seko et al. (2012)) as

bñ= 0@bñ1bñ2
1A =

0B@ 1

n
(n1x

[1]
1 + n2x

[2])

x[1]2 Ä bÜ21bÜÄ111 (x[1]1 Ä bñ1)
1CA ;

bÜ= 0B@ 1

n

ê
W [1]
11 +W

[2]
ë bÜ11 êW [1]

11

ëÄ1
W [1]
12

W [1]
21

ê
W [1]
11

ëÄ1 bÜ11 1

n1
W [1]
22Å1 + bÜ21bÜÄ111 bÜ12

1CA ;
where

W [1] = N1S
[1] =

0@W [1]
11 W [1]

12

W [1]
21 W [1]

22

1A ; W [1]
22Å1 = W

[1]
22 ÄW [1]

21

ê
W [1]
11

ëÄ1
W [1]
12 ;

W [2] = N2S
[2] +

n1n2
n
(x[1]1 Ä x[2])(x[1]1 Ä x[2])0:

Then, the mean vector and covariance matrix of bñ are given by
E[bñ] = ñ; Cov[bñ] = 0B@ 1nÜ11 1

n
Ü12

1

n
Ü21 Cov[bñ2]

1CA ;
respectively, where

Cov[bñ2] = 1

n1

ê
Ü22 Ä n2

n
Ü21Ü

Ä1
11Ü12

ë
+

n2p1
nn1(n1 Ä p1 Ä 2)Ü22Å1; (n1 > p1 + 2):

For two-step monotone missing data, it is easy to construct a test statistic based

on Hotelling's T 2 statistic structure:

T 2 = (bñÄñ0)0 ndCov(bñ)oÄ1 (bñÄñ0);
7



where

dCov[bñ] = 0B@ 1n bÜ11 1

n
bÜ12

1

n
bÜ21 dCov[bñ2]

1CA :
Note that under the null hypothesis, the T 2 type statistic is asymptotically dis-

tributed as ü2 with p degrees of freedom when n1; n ! 1 with n1=n ! é2 (0; 1]
(see Chang and Richards (2009)). Kanda and Fujikoshi (1998) considered two- and

three-step monotone missing data and obtained the asymptotic expansion of the

distributions of bñ and bÜ when n1 and n2 are large, and the MLEs of ñ and the
usual transformed matrix of Ü are given in explicit forms for a general k.

2.3 Expectation of T 2 type statistic

In this section, we consider the asymptotic expansion of the årst and second order

moments of T 2 in a situation when

çi = Ni=N ! positive constants

as ni's tend to inånity, where Ni = niÄ 1 and N = N1 +N2. In our derivations, we
consider the stochastic expansions of bñ and bÜ in terms of

z[1] =

0@z[1]1
z[1]2

1A =
p
N1

0@x[1]1
x[1]2

1A ; z[2] =p
N2 x

[2];

V [1] =
p
N1(S

[1] Ä Ip) =
0@V [1]11 V [1]12

V [1]21 V [1]22

1A ; V [2] =p
N2(S

[2] Ä Ip1):

We note that the stochastic expansions are derived under ñ= ñ0 = 0 and Ü= Ip.

T 2 can be written as

T 2 = (
p
N bñ)0 nNdCov(bñ)oÄ1 (pN bñ);
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and
p
N bñ and NdCov (bñ) can be expanded as
p
N bñ=0B@pç1z[1]1 +pç2z[2]1p

ç1
z[1]2

1CA+ 1p
N

0B@ 0p
ç2p
ç1
V [1]21 z

[2] Ä ç2
ç1
V [1]21 z

[1]
1

1CA
+
1

N

0BBB@
í
1p
ç1
Ä 2pç1

ì
z[1]1 +

í
1p
ç2
Ä 2pç2

ì
z[2]

ç2
ç1
p
ç1
V [1]21 V

[1]
11 z

[1]
1 Ä

p
ç2
ç1
V [1]21 V

[1]
11 z

[2]

1CCCA+Op(NÄ 3
2 );

NdCov(bñ)
=

0@ Ip1 O12

O21
1

ç1
Ip2

1A+ 1p
N

0BB@pç1V [1]11 +pç2V [2] 1p
ç1
V [1]12

1p
ç1
V [1]21

1

ç1
p
ç1
V [1]22

1CCA
+
1

N

0BBB@(
p
ç2z

[1]
1 Äpç1z[2])(pç2z[1]1 Äpç1z[2])0Ä 4Ip1

p
ç2p
ç1
V [2]V [1]12 Ä

ç2
ç1
V [1]11 V

[1]
12

p
ç2p
ç1
V [1]21 V

[2] Ä ç2
ç1
V [1]21 V

[1]
11

p1ç2 Ä 2
ç21

Ip2 Ä
ç2
ç21
V [1]21 V

[1]
12

1CCCA
+Op(N

Ä 3
2 );

respectively. Therefore, putting

Å =

0@ Ip1 Op12

Op21 ç1Ip2

1A ; Op12 = O0p21 : p1 Ç p2;
we have

T 2 = (
p
NÅ

1
2 bñ)0 nNÅ 1

2 dCov(bñ)Å 1
2
0oÄ1

(
p
NÅ

1
2 bñ)

and

Å
1
2 (
p
N bñ) = u0 + 1p

N
u1 +

1

N
u2 +Op(N

Ä 3
2 );

Å
1
2 NdCov(bñ)Å 1

2
0
= Ip +

1p
N
M1 +

1

N
M2 +Op(N

Ä 3
2 );
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where

u0 =

0@pç1z[1]1 +pç2z[2]
z[1]2

1A ; u1 = 0@ 0
p
ç2V

[1]
21 z

[2] Ä ç2p
ç1
V [1]21 z

[1]
1

1A ;
u2 =

0BBB@
í
1p
ç1
Ä 2pç1

ì
z[1]1 +

í
1p
ç2
Ä 2pç2

ì
z[2]

ç2
ç1
V [1]21 V

[1]
11 z

[1]
1 Ä

r
ç2
ç1
V [1]21 V

[1]
11 z

[2]

1CCCA ;
M1 =

0B@pç1V [1]11 +pç2V [2] V [1]12

V [1]21
1p
ç1
V [1]22

1CA ; M2 =

0@M2;11 M2;12

M2;21 M2;22

1A ;
M2;11 = (

p
ç2z

[1]
1 Ä

p
ç1z

[2])(
p
ç2z

[1]
1 Ä

p
ç1z

[2])0 Ä 4Ip1;

M2;12 =M
0
2;21 =

p
ç2V

[2]V [1]12 Ä
ç2p
ç1
V [1]11 V

[1]
12 ;

M2;22 =
ç2p1 Ä 2
ç1

Ip2 Ä
ç2
ç1
V [1]21 V

[1]
12 :

Further, sincen
Å

1
2NdCov(bñ)Å 1

2
0oÄ1

= Ip Ä 1p
N
M1 +

1

N
M3 +Op(N

Ä 3
2 );

where

M3 =

0@M3;11 M3;12

M3;21 M3;22

1A ;
M3;11 =

êp
ç1V

[1]
11 +

p
ç2V

[2]
ë2
+ V [1]12 V

[1]
21

Ä (pç2z[1]1 Ä
p
ç1z

[2])(
p
ç2z

[1]
1 Ä

p
ç1z

[2])0 + 4Ip1 ;

M3;12 =M
0
3;21 =

1p
ç1
V [1]11 V

[1]
12 +

1p
ç1
V [1]12 V

[1]
22 ;

M3;22 =
1

ç1

í
V [1]21 V

[1]
12 +

ê
V [1]22

ë2ì
Ä ç2p1 Ä 2

ç1
Ip2 ;

we can obtain a stochastic expansion of T 2 given by

T 2 = Q0 +
1p
N
Q1 +

1

N
Q2 +Op(N

Ä 3
2 );
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where

É= (
p
ç1z

[1]
1 +

p
ç2z

[2])(
p
ç1z

[1]
1 +

p
ç2z

[2])0;

Q0 = trÉ+ z
[1]0
2 z

[1]
2 ;

Q1 = Ä 1p
ç1
(z[1]

0
1 V

[1]
12 z

[1]
2 + z

[1]0
2 V

[1]
21 z

[1]
1 + z

[1]0
2 V

[1]
22 z

[1]
2 )Ä tr(

p
ç1V

[1]
11 +

p
ç2V

[2])É;

Q2 = 2

í
z[1]

0
1 z

[1]
1 + z

[2]0z[2] +
1p
ç1ç2

z[1]
0

1 z
[2]

ì
Ä ç2p1 Ä 2

ç1
z[1]

0
2 z

[1]
2

+ tr
êp
ç1V

[1]
11 +

p
ç2V

[2]
ë2
É

Äç1ç2 Ç tr
í
1p
ç1
z[1]1 Ä

1p
ç2
z[2]

ì í
1p
ç1
z[1]1 Ä

1p
ç2
z[2]

ì 0
É

+
1

ç1

ê
z[1]

0
1 V

[1]
11 V

[1]
12 z

[1]
2 + z

[1]0
1 V

[1]
12 V

[1]
21 z

[1]
1 + z

[1]0
1 V

[1]
12 V

[1]
22 z

[1]
2 + z

[1]0
2 V

[1]
21 V

[1]
11 z

[1]
1

+z[1]
0

2 V
[1]
22 V

[1]
21 z

[1]
1 + z

[1]0
2 V

[1]
21 V

[1]
12 z

[1]
2 + z

[1]0
2 (V

[1]
22 )

2z[1]2

ë
:

Similar to the asymptotic expansion of T 2, we have the following result. We can

expand T 4 as

T 4 = Q20 +
2p
N
Q0Q1 +

1

N

Ä
2Q0Q2 +Q

2
1

Å
+Op(N

Ä 3
2 ):

By calculating the expectations of T 2 and T 4, we obtain the following theorem.

Theorem 2.1. (Kawasaki and Seo (2016))

Suppose that the data have a two-step monotone missing pattern. If ç1(= N1=N) is

a positive constant as n0is tend to inånity, then the expectations of T
2 and T 4 can

be expanded as

E[T 2] = p+
1

N
c1 +O(N

Ä2); E[T 4] = p(p+ 2) +
1

N
c2 +O(N

Ä2);

where

c1 = p1(p+ 4) +
p2(p+ 3)

ç1
;

c2 = 2p1f4(p1 + 2) + (p1 + 1)(p+ 2) + p2(p+ 7)g+ 2p2
ç1
fp2 + 2 + (p+ 2)(p+ 3)g :
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Therefore, using Theorem 2.1, we have

Var[T 2] = MSE[T 2] = 2p+
1

N
(c2 Ä 2pc1) + O(NÄ2):

2.4 Transformation statistics

In this section, we propose two transformation statistics by modifying T 2 to follow

ü2p. The årst is the well-known Bartlett correction (Bartlett (1937)). The Bartlett

corrected statistic for the T 2 type statistic is given by

T 2B =

í
1Ä 1

Np
c1

ì
T 2:

For the statistic T 2B, we have

E[T 2B] = p+O(N
Ä2);

E[T 4B] = p(p+ 2) +
1

N
fc2 Ä 2c1(p+ 2)g+O(NÄ2);

Var[T 2B] = MSE[T
2
B] = 2p+

1

N
fc2 Ä 2c1(p+ 2)g+O(NÄ2):

The second transformation statistic is the modiåed Bartlett correction by Fujikoshi

(2000). The Bartlett correction was originally proposed so that its mean is coincident

with that of ü2p up to the order O(N
Ä1) as TB. Fujikoshi (2000) derived some

monotone transformations so that årst two moments of the transformed statistics

are coincident with those of ü2p up to O(N
Ä1). For details, see Fujikoshi (2000). Note

that these transformations can be applied to a wide class of statistics whether their

asymptotic expansions are available or not. Applying Fujikoshi's modiåed Bartlett

correction to T 2 leads to

T 2MB = (Nå1 +å2) log

í
1 +

T 2

Nå1

ì
;

where å1 and å2 are given by

å1 =
2p(p+ 2)

c2 Ä 2c1(p+ 2) ; å2 =
(p+ 2)fc2 Ä 2c1(p+ 4)g
2fc2 Ä 2c1(p+ 2)g :
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For the statistic T 2MB, we have

E[T 2MB] = p+O(N
Ä2);

E[T 4MB] = p(p+ 2) + O(N
Ä2);

Var[T 2MB] = MSE[T
2
MB] = 2p+O(N

Ä2):

Note that å1 > 0 and Nå1+å2 > 0 because c2Ä2c1(p+2) > 0 and c2Ä2c1(p+4) > 0.

2.5 Simulation studies

This section investigates the årst and second moments, variance, MSE, upper 100ã

percentiles, and type I errors of T 2, T 2B, and T
2
MB evaluated via a Monte Carlo

simulation. We calculate the asymptotic results of the årst moment (ï1 = p+NÄ1c1),

second moment (ï2 = p(p + 2) +NÄ1c2), variance, and MSE (ï3 = 2p +NÄ1(c2 Ä
2pc1)). Computations are carried out for p = 4; 8; 20, where the equal missing

pattern has p1 = p2, and the various conditions of p; n1; n2, and ã= 0:05; 0:01. We

generate two-step missing data from Np(0; Ip) and, as in numerical studies, we carry

out 1,000,000 replications. The simulation results are shown in Tables 1-3.

From these numerical studies, it can be observed that our asymptotic results

(ï1; ï2, and ï3) are considerably closer to the simulated values of T 2 than any

transformation statistic stated in Tables 1 and 2. Meanwhile, the T 2MB values are

stable and closer to our asymptotic results than T 2B when the sample sizes are not

large. Table 3 presents the upper percentiles of the T 2 type statistic, T 2B and T
2
MB,

and the type I error rate under the simulated T 2 type statistic, T 2B and T
2
MB, when

the null hypothesis is rejected using ü2p. From Table 3, we note that T
2
MB is a very

good value in any case, and T 2B is a good value when n1 and n2 are large. It can be

seen from Table 3 that the simulated upper percentiles of the T 2 type statistic are

closer to the upper percentiles of the ü2p distribution as n1 and n2 get larger. On the

other hand, the simulated upper percentiles of TB and TMB are much closer to the

simulated upper percentiles of the T 2 type statistic than the upper percentiles of ü2p

13



distribution even when the sample size is not large. It can be observed from Table 3

that the null distribution of the transformation statistics is closer to the chi-square

distribution.

2.6 Conclusion

In this paper, we considered the problem of testing for the mean vector when the data

have a two-step monotone missing pattern. We obtained a stochastic expansion of

Hotelling's T 2 type statistic with the use of MLEs developed by Kanda and Fujikoshi

(1998), and we showed the asymptotic årst two moments. Moreover, we proposed

a Bartlett corrected statistic T 2B and a modiåed Bartlett correction statistic T
2
MB.

We presented the årst and second moments, variance, and MSE of T 2, T 2B, and T
2
MB

through the asymptotic results and Monte Carlo simulated results. Additionally, we

showed the upper 100ã percentiles of T 2, T 2B, and T
2
MB and the type I errors when

the null hypothesis was rejected using ü2p under the simulated T
2, T 2B, and T

2
MB.

In conclusion, it may be noted that the asymptotic results of the årst and second

moments, variance, and MSE are considerably good approximations. Further, it

may be also noted that the null distribution of the transformation statistics is closer

to the chi-square distribution with p degrees of freedom, even when the sample size

is small.
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Table 1 First and second moments
p p1 p2 n1 n2 E[T 2] E[T 2B ] E[T 2MB ] ï1

4 2 2 40 20 4.58 3.85 3.86 4.63

E[ü24] = 4
80 40 4.27 3.93 3.94 4.31

160 80 4.13 3.97 3.97 4.16

320 160 4.06 3.99 3.99 4.08

640 320 4.03 3.99 3.99 4.04

2560 1280 4.01 4.00 4.00 4.01

20 20 5.25 3.73 3.76 5.16

40 40 4.56 3.88 3.89 4.56

80 80 4.24 3.94 3.95 4.28

160 160 4.12 3.97 3.97 4.14

240 240 4.08 3.98 3.98 4.09

320 320 4.06 3.99 3.99 4.07

20 40 5.11 3.82 3.83 5.01

40 80 4.46 3.91 3.92 4.49

80 160 4.21 3.96 3.96 4.24

160 320 4.10 3.98 3.98 4.12

320 640 4.05 3.99 3.99 4.06

1280 2560 4.01 4.00 4.00 4.02

8 4 4 40 20 10.18 7.69 7.74 9.96

E[ü28] = 8
80 40 8.94 7.87 7.88 8.96

160 80 8.44 7.94 7.94 8.48

320 160 8.22 7.97 7.97 8.24

640 320 8.11 7.99 7.99 8.12

2560 1280 8.03 8.00 8.00 8.03

20 20 13.71 7.57 7.70 11.58

40 40 9.95 7.78 7.81 9.74

80 80 8.85 7.90 7.90 8.86

160 160 8.40 7.95 7.95 8.43

240 240 8.26 7.97 7.97 8.28

320 320 8.19 7.97 7.98 8.21

20 40 13.09 7.94 7.94 11.14

40 80 9.74 7.87 7.88 9.53

80 160 8.75 7.92 7.93 8.76

160 320 8.35 7.96 7.96 8.38

320 640 8.17 7.98 7.98 8.19

1280 2560 8.04 8.00 8.00 8.05

20 10 10 80 40 26.19 19.72 19.83 24.95

E[ü220] = 20
160 80 22.63 19.85 19.88 22.45

320 160 21.23 19.93 19.93 21.22

640 320 20.60 19.97 19.97 20.61

2560 1280 20.15 19.99 19.99 20.16

40 40 37.35 20.59 20.70 28.97

80 80 25.55 19.89 19.95 24.43

160 160 22.37 19.90 19.92 22.20

240 240 21.51 19.93 19.94 21.46

320 320 21.10 19.94 19.95 21.10

40 80 35.47 21.40 21.24 27.93

80 160 24.93 20.05 20.07 23.92

160 320 22.10 19.95 19.96 21.95

320 640 20.98 19.96 19.96 20.97

1280 2560 20.23 19.99 19.99 20.24
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Table 1 (Continued )

p p1 p2 n1 n2 E[T 4] E[T 4B ] E[T 4MB ] ï2
4 2 2 40 20 33.05 23.39 22.44 32.58

E[ü44] = 24
80 40 27.93 23.73 23.26 28.23

160 80 25.86 23.89 23.66 26.10

320 160 24.89 23.94 23.82 25.05

640 320 24.46 23.99 23.93 24.52

2560 1280 24.13 24.00 23.99 24.13

20 20 46.43 23.44 21.47 39.58

40 40 32.02 23.62 22.78 31.59

80 80 27.49 23.79 23.39 27.75

160 160 25.64 23.90 23.70 25.86

240 240 25.06 23.92 23.79 25.24

320 320 24.79 23.96 23.84 24.93

20 40 43.65 24.35 22.44 37.55

40 80 31.03 23.83 23.10 30.62

80 160 27.08 23.87 23.52 27.27

160 320 25.44 23.92 23.75 25.63

320 640 24.70 23.95 23.87 24.81

1280 2560 24.19 24.00 23.98 24.20

8 4 4 40 20 136.94 78.17 75.15 122.28

E[ü48] = 80
80 40 102.31 79.15 77.64 100.83

160 80 90.02 79.58 78.82 90.34

320 160 84.81 79.84 79.45 85.15

640 320 82.37 79.94 79.74 82.57

2560 1280 80.58 79.96 79.91 80.66

20 20 283.17 86.48 76.14 157.05

40 40 130.08 79.56 76.71 117.54

80 80 99.87 79.54 78.22 98.53

160 160 88.94 79.68 79.04 89.21

240 240 85.80 79.81 79.38 86.13

320 320 84.25 79.82 79.50 84.59

20 40 255.93 94.32 82.12 147.33

40 80 123.81 80.85 78.28 112.88

80 160 97.42 79.82 78.71 96.25

160 320 87.88 79.79 79.25 88.08

320 640 83.78 79.89 79.62 84.03

1280 2560 80.94 79.99 79.93 81.00

20 10 10 80 40 776.21 439.81 433.37 666.05

E[ü420] = 440
160 80 569.84 438.53 434.88 552.22

320 160 498.17 439.10 437.14 495.91

640 320 467.81 439.69 438.68 467.90

2560 1280 446.84 439.82 439.56 447.21

40 40 1694.30 514.92 480.69 849.23

80 80 736.31 446.23 439.37 642.03

160 160 555.60 440.03 436.77 540.38

240 240 511.97 439.74 437.53 506.78

320 320 491.98 439.48 437.81 490.03

40 80 1519.68 553.37 509.58 800.56

80 160 699.11 451.93 445.27 618.20

160 320 541.81 441.37 438.58 528.59

320 640 485.89 439.83 438.44 484.17

1280 2560 450.76 439.90 439.55 451.02
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Table 2 Variances and MSEs
p p1 p2 n1 n2 Var[T 2] Var[T 2B ] Var[T 2MB ] ï3

4 2 2 40 20 12.07 8.54 7.50 11.50

Var[ü24] = 8
80 40 9.71 8.25 7.76 9.72

160 80 8.80 8.13 7.89 8.86

320 160 8.38 8.05 7.94 8.43

640 320 8.19 8.04 7.98 8.21

2560 1280 8.05 8.01 8.00 8.05

20 20 18.90 9.54 7.32 14.32

40 40 11.57 8.53 7.63 11.08

80 80 9.51 8.23 7.81 9.52

160 160 8.69 8.10 7.90 8.75

240 240 8.45 8.06 7.93 8.50

320 320 8.33 8.05 7.95 8.38

20 40 17.53 9.77 7.76 13.44

40 80 11.10 8.52 7.76 10.66

80 160 9.31 8.21 7.86 9.31

160 320 8.61 8.09 7.92 8.65

320 640 8.29 8.04 7.96 8.33

1280 2560 8.07 8.01 7.99 8.08

8 4 4 40 20 33.35 19.04 15.23 26.99

Var[ü28] = 16
80 40 22.30 17.25 15.57 21.41

160 80 18.75 16.57 15.77 18.69

320 160 17.32 16.30 15.91 17.34

640 320 16.63 16.14 15.94 16.67

2560 1280 16.15 16.03 15.98 16.17

20 20 95.30 29.11 16.88 35.79

40 40 31.08 19.01 15.69 25.64

80 80 21.55 17.16 15.73 20.76

160 160 18.40 16.49 15.81 18.36

240 240 17.56 16.33 15.89 17.57

320 320 17.13 16.23 15.90 17.18

20 40 84.69 31.21 19.06 33.03

40 80 29.03 18.96 16.16 24.32

80 160 20.79 17.03 15.86 20.11

160 320 18.11 16.44 15.88 18.04

320 640 17.01 16.22 15.95 17.02

1280 2560 16.24 16.05 15.98 16.25

20 10 10 80 40 90.15 51.08 40.29 68.24

Var[ü220] = 40
160 80 57.68 44.39 39.76 54.02

320 160 47.65 42.00 39.81 46.98

640 320 43.59 40.97 39.90 43.49

2560 1280 40.88 40.24 39.97 40.87

40 40 298.98 90.86 52.00 90.26

80 80 83.54 50.63 41.35 64.81

160 160 55.41 43.88 40.00 52.33

240 240 49.35 42.39 39.90 48.20

320 320 46.66 41.68 39.85 46.14

40 80 261.75 95.31 58.45 83.30

80 160 77.47 50.08 42.41 61.41

160 320 53.32 43.43 40.28 50.64

320 640 45.81 41.47 39.99 45.31

1280 2560 41.33 40.34 39.98 41.32
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Table 2 (Continued )

p p1 p2 n1 n2 MSE[T 2] MSE[T 2B ] MSE[T 2MB ] ï3
4 2 2 40 20 12.40 8.56 7.52 11.50

MSE[ü24] = 8
80 40 9.79 8.26 7.77 9.72

160 80 8.82 8.13 7.89 8.86

320 160 8.38 8.05 7.94 8.43

640 320 8.19 8.04 7.98 8.21

2560 1280 8.06 8.01 8.00 8.05

20 20 20.45 9.61 7.38 14.32

40 40 11.84 8.55 7.64 11.08

80 80 9.57 8.23 7.81 9.52

160 160 8.71 8.10 7.90 8.75

240 240 8.45 8.06 7.93 8.50

320 320 8.34 8.05 7.95 8.38

20 40 18.76 9.81 7.79 13.44

40 80 11.31 8.53 7.77 10.66

80 160 9.36 8.21 7.86 9.31

160 320 8.62 8.09 7.92 8.65

320 640 8.29 8.04 7.96 8.33

1280 2560 8.07 8.01 7.99 8.08

8 4 4 40 20 38.10 19.14 15.30 26.99

MSE[ü28] = 16
80 40 23.19 17.27 15.58 21.41

160 80 18.94 16.57 15.77 18.69

320 160 17.36 16.30 15.91 17.34

640 320 16.64 16.14 15.94 16.67

2560 1280 16.15 16.03 15.98 16.17

20 20 127.87 29.29 16.97 35.79

40 40 34.88 19.06 15.73 25.64

80 80 22.27 17.17 15.74 20.76

160 160 18.56 16.49 15.82 18.36

240 240 17.63 16.33 15.89 17.57

320 320 17.17 16.23 15.90 17.18

20 40 110.55 31.21 19.06 33.03

40 80 32.05 18.98 16.17 24.32

80 160 21.36 17.04 15.86 20.11

160 320 18.23 16.44 15.89 18.04

320 640 17.04 16.22 15.95 17.02

1280 2560 16.24 16.05 15.98 16.25

20 10 10 80 40 128.50 51.16 40.32 68.24

MSE[ü220] = 40
160 80 64.60 44.41 39.77 54.02

320 160 49.15 42.00 39.82 46.98

640 320 43.95 40.97 39.90 43.49

2560 1280 40.90 40.24 39.97 40.87

40 40 600.14 91.22 52.49 90.26

80 80 114.33 50.64 41.35 64.81

160 160 61.00 43.89 40.00 52.33

240 240 51.63 42.39 39.90 48.20

320 320 47.88 41.69 39.86 46.14

40 80 500.99 97.28 59.99 83.30

80 160 101.80 50.08 42.42 61.41

160 320 57.73 43.44 40.28 50.64

320 640 46.77 41.47 39.99 45.31

1280 2560 41.39 40.34 39.98 41.32

18



Table 3 Upper percentiles and type I errors

ã= 0:05

p p1 p2 n1 n2 T 2 T 2B T 2MB

4 2 2 40 20 11.29 9.51 9.18

ü24;0:05 = 9:45
(0.088) (0.050) (0.044)

80 40 10.31 9.51 9.34

(0.067) (0.050) (0.047)

160 80 9.89 9.50 9.42

(0.058) (0.050) (0.049)

320 160 9.68 9.49 9.45

(0.054) (0.050) (0.049)

640 320 9.59 9.49 9.47

(0.052) (0.050) (0.050)

2560 1280 9.52 9.49 9.49

(0.051) (0.050) (0.050)

20 20 13.44 9.55 8.98

(0.130) (0.051) (0.040)

40 40 11.09 9.53 9.24

(0.084) (0.051) (0.045)

80 80 10.22 9.51 9.37

(0.065) (0.050) (0.048)

160 160 9.84 9.50 9.43

(0.057) (0.050) (0.049)

240 240 9.71 9.49 9.44

(0.055) (0.050) (0.049)

320 320 9.66 9.49 9.46

(0.054) (0.050) (0.049)

20 40 12.98 9.70 9.19

(0.121) (0.054) (0.044)

40 80 10.90 9.55 9.31

(0.080) (0.051) (0.046)

80 160 10.13 9.51 9.39

(0.063) (0.050) (0.048)

160 320 9.79 9.49 9.43

(0.056) (0.050) (0.049)

320 640 9.63 9.49 9.46

(0.053) (0.050) (0.049)

1280 2560 9.53 9.49 9.48

(0.051) (0.050) (0.050)
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Table 3 (Continued )

ã= 0:05

p p1 p2 n1 n2 T 2 T 2B T 2MB

8 4 4 40 20 21.10 15.94 15.07

ü28;0:05 = 15:51
(0.154) (0.056) (0.043)

80 40 17.87 15.71 15.29

(0.093) (0.053) (0.046)

160 80 16.60 15.60 15.40

(0.069) (0.052) (0.048)

320 160 16.04 15.56 15.46

(0.059) (0.051) (0.049)

640 320 15.77 15.54 15.48

(0.054) (0.050) (0.050)

2560 1280 15.57 15.51 15.50

(0.051) (0.050) (0.050)

20 20 31.42 17.36 15.44

(0.307) (0.071) (0.049)

40 40 20.48 16.02 15.25

(0.142) (0.057) (0.046)

80 80 17.61 15.72 15.35

(0.088) (0.053) (0.048)

160 160 16.47 15.59 15.42

(0.067) (0.051) (0.048)

240 240 16.14 15.56 15.45

(0.061) (0.051) (0.049)

320 320 15.97 15.55 15.46

(0.058) (0.051) (0.049)

20 40 29.73 18.05 16.17

(0.280) (0.080) (0.060)

40 80 19.89 16.08 15.42

(0.131) (0.058) (0.049)

80 160 17.34 15.70 15.40

(0.083) (0.053) (0.048)

160 320 16.36 15.59 15.44

(0.065) (0.051) (0.049)

320 640 15.92 15.55 15.47

(0.057) (0.051) (0.049)

1280 2560 15.61 15.52 15.50

(0.052) (0.050) (0.050)
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Table 3 (Continued )

ã= 0:05

p p1 p2 n1 n2 T 2 T 2B T 2MB

20 10 10 80 40 43.68 32.88 31.31

ü220;0:05 = 31:41
(0.253) (0.066) (0.049)

160 80 36.47 31.99 31.26

(0.125) (0.057) (0.049)

320 160 33.73 31.67 31.31

(0.082) (0.053) (0.049)

640 320 32.54 31.55 31.37

(0.065) (0.052) (0.050)

2560 1280 31.69 31.44 31.39

(0.053) (0.050) (0.050)

40 40 69.51 38.32 33.95

(0.572) (0.115) (0.081)

80 80 42.35 32.97 31.60

(0.229) (0.067) (0.052)

160 160 35.91 31.96 31.34

(0.116) (0.056) (0.049)

240 240 34.26 31.75 31.34

(0.090) (0.054) (0.049)

320 320 33.48 31.64 31.34

(0.078) (0.053) (0.049)

40 80 65.52 39.54 35.35

(0.526) (0.130) (0.098)

80 160 41.08 33.03 31.88

(0.206) (0.068) (0.056)

160 320 35.37 31.93 31.42

(0.107) (0.056) (0.050)

320 640 33.24 31.63 31.38

(0.074) (0.053) (0.050)

1280 2560 31.84 31.46 31.40

(0.055) (0.051) (0.050)
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Table 3 (Continued )

ã= 0:01

p p1 p2 n1 n2 T 2 T 2B T 2MB

4 2 2 40 20 16.52 13.90 12.87

ü24;0:01 = 13:28
(0.027) (0.013) (0.008)

80 40 14.73 13.57 13.08

(0.017) (0.011) (0.009

160 80 13.98 13.43 13.19

(0.013) (0.011) (0.010)

320 160 13.60 13.34 13.22

(0.011) (0.010) (0.010)

640 320 13.45 13.32 13.26

(0.011) (0.010) (0.010)

2560 1280 13.32 13.29 13.27

(0.010) (0.010) (0.010)

20 20 20.88 14.83 12.78

(0.052) (0.016) (0.008)

40 40 16.15 13.88 12.98

(0.025) (0.012) (0.009)

80 80 14.56 13.54 13.12

(0.016) (0.011) (0.009)

160 160 13.87 13.39 13.19

(0.013) (0.010) (0.010)

240 240 13.67 13.36 13.22

(0.012) (0.010) (0.010)

320 320 13.57 13.34 13.24

(0.011) (0.010) (0.010)

20 40 20.07 14.99 13.11

(0.047) (0.016) (0.010)

40 80 15.82 13.86 13.11

(0.023) (0.012) (0.010)

80 160 14.40 13.52 13.17

(0.015) (0.011) (0.010)

160 320 13.81 13.39 13.21

(0.012) (0.010) (0.010)

320 640 13.54 13.33 13.25

(0.011) (0.010) (0.010)

1280 2560 13.34 13.29 13.27

(0.010) (0.010) (0.010)
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Table 3 (Continued )

ã= 0:01

p p1 p2 n1 n2 T 2 T 2B T 2MB

8 4 4 40 20 29.09 21.98 19.63

ü28;0:01 = 20:09
(0.061) (0.016) (0.008)

80 40 23.74 20.88 19.82

(0.027) (0.013) (0.009)

160 80 21.75 20.45 19.95

(0.017) (0.011) (0.010)

320 160 20.90 20.28 20.03

(0.013) (0.011) (0.010)

640 320 20.47 20.17 20.05

(0.011) (0.010) (0.010)

2560 1280 20.18 20.11 20.08

(0.010) (0.010) (0.010)

20 20 49.03 27.10 20.83

(0.177) (0.031) (0.012)

40 40 28.11 21.99 19.95

(0.054) (0.017) (0.010)

80 80 23.34 20.82 19.93

(0.025) (0.013) (0.009)

160 160 21.56 20.40 19.98

(0.016) (0.011) (0.010)

240 240 21.04 20.29 20.01

(0.014) (0.011) (0.010)

320 320 20.79 20.23 20.02

(0.013) (0.011) (0.010)

20 40 46.43 28.19 22.24

(0.156) (0.035) (0.018)

40 80 27.17 21.96 20.26

(0.048) (0.017) (0.011)

80 160 22.93 20.76 20.02

(0.023) (0.012) (0.010)

160 320 21.37 20.36 20.01

(0.015) (0.011) (0.010)

320 640 20.71 20.23 20.05

(0.012) (0.010) (0.010)

1280 2560 20.23 20.11 20.07

(0.011) (0.010) (0.010)
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Table 3 (Continued )

ã= 0:01

p p1 p2 n1 n2 T 2 T 2B T 2MB

20 10 10 80 40 54.49 41.02 37.61

ü220;0:01 = 37:57
(0.117) (0.020) (0.010)

160 80 44.38 38.93 37.43

(0.040) (0.014) (0.010)

320 160 40.68 38.19 37.47

(0.021) (0.012) (0.010)

640 320 39.05 37.86 37.51

(0.015) (0.011) (0.010)

2560 1280 37.93 37.63 37.54

(0.011) (0.010) (0.010)

40 40 95.44 52.62 42.05

(0.406) (0.055) (0.025)

80 80 52.68 41.01 38.08

(0.101) (0.020) (0.011)

160 160 43.61 38.81 37.54

(0.036) (0.014) (0.010)

240 240 41.37 38.34 37.52

(0.024) (0.012) (0.010)

320 320 40.31 38.10 37.50

(0.020) (0.012) (0.010)

40 80 89.80 54.19 44.35

(0.359) (0.063) (0.034)

80 160 50.94 40.96 38.52

(0.086) (0.020) (0.013)

160 320 42.87 38.70 37.67

(0.032) (0.013) (0.010)

320 640 39.97 38.03 37.54

(0.018) (0.011) (0.010)

1280 2560 38.13 37.66 37.55

(0.012) (0.010) (0.010)
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Chapter 3

Multivariate Behrens-Fisher

problem

In this chapter, a new approximate solution is proposed by deriving the asymptotic

expansions up to the term of order NÄ2 for the årst and second moments of U statis-

tic, where N is total sample size minus 2. We note that the asymptotic expansions

up to the term of order NÄ1 for the moments of U are obtained by Yanagihara and

Yuan (2005). We obtain the asymptotic expansions of the moments of U , and then

the bias correction for the asymptotic expansions using the consistent estimators

instead of the unknown parameters are also given since the result of the asymp-

totic expansions of the moments of U includes some unknown parameters. As a

result, two new approximate solutions to the multivariate Behrens-Fisher problem

by the approximate moments of U are proposed, moreover, the proofs are presented.

We compare åve approximate procedures by Monte Carlo simulation and evaluate

the advantages of the proposed procedures. In the Appendix, we present certain

formulas used to derive the main result.
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3.1 Behrens-Fisher problem

Let x(i)1 ;x
(i)
2 ; : : : ;x

(i)

n(i)
be p-dimensional random vectors from Np(ñ(i), Ü(i)), i = 1; 2,

j = 1; 2; : : : ; n(i). We consider the following hypothesis test problem:

H0 : ñ
(1) = ñ(2) vs. H1 : ñ

(1) 6= ñ(2); (3.1)

where Ü(1) 6= Ü(2). A natural statistic for testing (3.1) is

T = (x(1) Ä x(2))0
í
S(1)

n(1)
+
S(2)

n(2)

ì Ä1
(x(1) Ä x(2));

where

x(i) =
1

n(i)

n(i)X
j=1

x(i)j ; S(i) =
1

n(i) Ä 1
n(i)X
j=1

(x(i)j Ä x(i))(x(i)j Ä x(i))0:

When n(1) = n(2) and Ü(1) = Ü(2), the T statistic is reduced to the two sample

Hotelling's T 2 statistic. Then, under the null hypothesis in (3.1), (nÄpÄ1)T=fp(nÄ
2)g follows the F distribution with p and n Ä p Ä 1 degrees of freedom, where
n = n(1) + n(2).

Mean comparison with unequal variances is intrinsically diécult, and is well

known as the Behrens-Fisher problem. Welch (1938) and Scheãìe (1943) proposed

approximate solutions for the univariate case. One of the earliest methods for solv-

ing the multivariate Behrens-Fisher problem was derived by Bennett (1951) based

on an extension of Scheãìe's (1943) univariate solution. Some approximate solutions

were considered by James (1954), Yao (1965), Johansen (1980), Nel et al. (1990),

and Kim (1992). Nel et al. (1986) obtained the exact null distribution of T , and

Krishnamoorthy and Yu (2004) proposed a modiåcation to the solution. Recently,

Krishnamoorthy and Yu (2012) proposed a solution extending the modiåed Nel and

Van der Merwe's test procedure in their earlier study to the case of incomplete data

with a monotone pattern. Girìon and del Castillo (2010) studied the multivariate

Behrens-Fisher distribution, which is deåned as the convolution of two indepen-

dent multivariate Student t distributions. Yanagihara and Yuan (2005) provided
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three approximate solutions to the multivariate Behrens-Fisher problem that are

two F approximations with approximate degrees of freedom and modiåed Bartlett

corrected statistic. However, these solutions are not good approximations when the

diãerence between the covariance matrices is large.

3.2 Approximate degrees of freedom

Assuming the standard regularity condition n(i)=n = O(1); i = 1; 2, then, as in

Yanagihara and Yuan (2005), we can write

T = z0WÄ1z =
z0z
U
; (3.2)

where

z =

r
n(1)n(2)

n
Ü
Ä 1
2 (x(1) Ä x(2)); W = Ü

Ä 1
2

í
n(2)

n
S(1) +

n(1)

n
S(2)

ì
Ü
Ä 1
2 ;

Ü=
n(2)

n
Ü(1) +

n(1)

n
Ü(2); U =

z0z
z0WÄ1z

:

By approximating the distribution of U as

U
aò ü

2
ó

û
; (3.3)

we have

ó

pû
T

aò ü
2
p=p

ü2ó=ó
ò Fp;ó;

where \
aò" means \approximately following". Note that when Ü(1) = Ü(2) and

n(1) = n(2), U is exactly distributed as ü2ó=û, where ó= n Ä p Ä 1 and û= n Ä 2.
In general, the constants óand ûcan be given using the following theorems for the

årst and second moments of U . The proof of the following theorem is provided in

Section 3.3.
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Theorem 3.1. (Kawasaki and Seo (2015))

Let U = z0z=z0WÄ1z be deåned by (3.2). Then, an asymptotic expansion up to the

term of order NÄ2 for E[U ] can be expanded as

ò1 = E[U ] = 1Ä í1
N
+
1

N2
(í2 Äí3) + O(NÄ3); (3.4)

where

N =nÄ 2; í1 = 1

p(p+ 2)

2X
i=1

c(i)
n
p(a(i)(1))

2 + (pÄ 2)a(i)(2)
o
;

í2 =
1

p(p+ 2)(p+ 4)

2X
i=1

d(i)
n
4p2a(i)(3) + (pÄ 2)(3p+ 4)a(i)(1)a(i)(2) + p(p+ 2)(a(i)(1))3

o
;

í3 =
1

p(p+ 2)(p+ 4)(p+ 6)

(
2X
i=1

(c(i))2
n
p2(5p+ 14)a(i)(4)

+ 4(p+ 3)(p+ 2)(pÄ 2)a(i)(1)a(i)(3) + p(p+ 3)(pÄ 2)(a(i)(2))2

+2(p3 + 5p2 + 7p+ 6)a(i)(2)(a
(i)
(1))

2 Ä p(p+ 4)(a(i)(1))4
o

+ 4(p+ 3)(p+ 2)(pÄ 2)†1 + 4p(p+ 2)(pÄ 2)†2 + 4p(p+ 4)(p+ 2)†3
Ä 2p(pÄ 2)†4 Ä 2(p+ 3)(pÄ 2)†5 + 2p(p+ 4)(pÄ 2)†6

Ä 2p(p+ 4)†7 + 2p(p+ 4)(3p+ 2)†8
)

with †k; k = 1; 2; : : : ; 8 given by

†1 = c
(1)c(2)

n
a(1)(1)b(1;2;1) + a

(2)
(1)b(2;1;1)

o
; †2 = c

(1)c(2)b(2;2;1);

†3 = c
(1)c(2)a(1)(1)a

(2)
(1)b(1;1;1); †4 = c

(1)c(2)a(1)(2)a
(2)
(2);

†5 = c
(1)c(2)

n
a(1)(2)(a

(2)
(1))

2 + (a(1)(1))
2a(2)(2)

o
; †6 = c

(1)c(2)(b(1;1;1))
2;

†7 = c
(1)c(2)(a(1)(1))

2(a(2)(1))
2; †8 = c

(1)c(2)b(1;1;2);

and

c(i) =
(nÄ n(i))2(nÄ 2)
n2(n(i) Ä 1) ; d(i) =

(nÄ n(i))3(nÄ 2)2
n3(n(i) Ä 1)2 ;

a(i)(`) = tr
ê
Ü(i)Ü

Ä1ë `
; i = 1; 2; ` = 1; 2; 3; 4;
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b(q;r;s) = tr
nê
Ü(1)Ü

Ä1ë q ê
Ü(2)Ü

Ä1ë ros
;

(q; r; s) = (1; 1; 1); (1; 1; 2); (1; 2; 1); (2; 1; 1); (2; 2; 1):

Similarly, as the result of asymptotic expansion for E[U 2],we have the following

theorem. The proof of the following theorem is provided in Section 3.3.

Theorem 3.2. (Kawasaki and Seo (2015))

Let U = z0z=z0WÄ1z be deåned by (3.2). Then, an asymptotic expansion up to the

term of order NÄ2 for E[U 2] can be expanded as

ò2 = E[U
2] = 1Ä 2

N
(í1 Äí4) + 1

N2
(2í5 Äí6) + O(NÄ3); (3.5)

where

í4 =
1

p(p+ 2)

2X
i=1

c(i)
n
(a(i)(1))

2 + 2a(i)(2)

o
;

í5 =
1

p(p+ 2)(p+ 4)

2X
i=1

d(i)
n
4(p2 Ä 3p+ 4)a(i)(3) + 3p(pÄ 4)a(i)(1)a(i)(2) + p2(a(i)(1))3

o
;

í6 =
1

p(p+ 2)(p+ 4)(p+ 6)

(
2X
i=1

(c(i))2
n
2(p+ 1)(5p2 Ä 14p+ 24)a(i)(4)

+ 4(pÄ 4)(2p2 + 5p+ 6)a(i)(1)a(i)(3) + (pÄ 2)(pÄ 4)(2p+ 3)(a(i)(2))2

+ 2(p+ 2)(2p2 Ä p+ 12)a(i)(2)(a(i)(1))2 Ä 3(p2 + 2pÄ 4)(a(i)(1))4
o

+ 4(pÄ 4)(2p2 + 5p+ 6)†1 + 8p(pÄ 2)(pÄ 4)†2 + 8p(p2 + 4p+ 2)†3
Ä 6(pÄ 2)(pÄ 4)†4 Ä 6(pÄ 4)(p+ 2)†5 + 4(p+ 3)(pÄ 2)(pÄ 4)†6

Ä 6(p2 + 2pÄ 4)†7 + 12(p3 + p2 Ä 2p+ 8)†8
)
:

It follows from (3.3) that

E[U ] ô ó
û
; E[U2] ô ó(ó+ 2)

û2
;
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where \ô" means \approximate equality". Therefore, using the asymptotic expan-
sions of E[U ] and E[U2] in Theorems 3.1 and 3.2, the new approximation to the

values of óand ûare given by

óS =
2(N2 ÄNí1 +í2 Äí3)2

N2(N2 Ä 2Ní1 + 2Ní4 + 2í5 Äí6)Ä (N2 ÄNí1 +í2 Äí3)2 ; (3.6)

ûS =
N2óS

N2 ÄNí1 +í2 Äí3 ; (3.7)

respectively. If í2 = í3 = í5 = í6 = 0, then

óS =
(N Äí1)2
Ní4 Äí21=2

(= óF ); ûS =
óSN

N Äí1 (= ûF ); (3.8)

and these values are the same as the results of Yanagihara and Yuan (2005). In

addition, they slightly adjust the coeécient óF to

óY =
(N Äí1)2
Ní4 Äí1 ; (3.9)

which will be used to obtain the F approximation.

In practical use, we must estimate a(i)(`) and b(q;r;s) since Ü
(i) and Ü are unknown.

In this paper, using the consistent estimators of them, we obtain the following

results. The proof of the following theorem is provided in Section 3.4.

Theorem 3.3. (Kawasaki and Seo (2015))

Let the estimators for (3.4) and (3.5) be

bò1 = bE[U ] = 1Ä bí1
N
+
1

N2
(bí2 Ä bí3) + Op(NÄ3);bò2 = bE[U2] = 1Ä 2

N
(bí1 Ä bí4) + 1

N 2
(2bí5 Ä bí6) + Op(NÄ3);

respectively. Then

E[bò1] = 1Ä í1
N
+
1

N2
(í2 Äí3 ÄíÉ1) + o(NÄ2);

E[bò2] = 1Ä 2

N
(í1 Äí4) + 1

N2
(2í5 Äí6 Ä 2íÉ1 + 2íÉ4) + o(NÄ2);
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where

íÉ1 = ë1 Äë2 +ë3; íÉ4 = ë4 Äë5 +ë6
with

ë1 =
1

p(p+ 2)

2X
i=1

c(i)

(ö(i))2

n
(pÄ 2)(a(i)(1))2 + (3pÄ 2)a(i)(2)

o
;

ë2 =
1

p(p+ 2)

2X
i=1

d(i)
n
(7pÄ 6)a(i)(3) + (5pÄ 6)a(i)(1)a(i)(2) + 2p(a(i)(1))3

o
;

ë3 =
1

p(p+ 2)

Ç
"

2X
i=1

(c(i))2
n
4(pÄ 1)a(i)(4) + (3pÄ 2)a(i)(1)a(i)(3) + (pÄ 2)(a(i)(2))2 + 2p(a(i)(1))2a(i)(2)

o
+ (3pÄ 2)†1 + 2(pÄ 2)†2 + 4p†3 + 2(pÄ 2)†6 + 2(3pÄ 2)†8

#
;

ë4 =
1

p(p+ 2)

2X
i=1

c(i)

(ö(i))2

n
2(a(i)(1))

2 + 4a(i)(2)

o
;

ë5 =
1

p(p+ 2)

2X
i=1

d(i)
n
10a(i)(3) + 8a

(i)
(1)a

(i)
(2) + 2(a

(i)
(1))

3
o
;

ë6=
1

p(p+ 2)

"
2X
i=1

(c(i))2
n
6a(i)(4)+ 4a

(i)
(1)a

(i)
(3)+ 2(a

(i)
(2))

2+ 2(a(i)(1))
2a(i)(2)

o
+ 4(†1 +†2 +†3 +†6 + 2†8)

#
:

As with derivation of (3.6) and (3.7), using the asymptotic expansions of E[bò1]
and E[bò2] in Theorems 3.3, we have the following óand û. Consequently

óBC =
2 #2

N2 (N2 Ä 2Ní1 + 2Ní4 + 2í5 Äí6 Ä 2íÉ1 + 2íÉ4)Ä #2
; (3.10)

ûBC =
N2óBC
#

; (3.11)

where # = N2 ÄNí1 +í2 Äí3 ÄíÉ1.
Then we can propose procedures as follows.
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(I) Second Order Procedure (S-Procedure)

TS =
bóS
pbûS T aòFp;óS ;

where bóS and bûS are the consistent estimators of (3.6) and (3.7), respectively.
(II) Bias Correction Procedure (BC-Procedure)

TBC =
bóBC
pbûBC T aòFp;óBC ;

where bóBC and bûBC are the consistent estimators of (3.10) and (3.11), respec-
tively.

3.3 Proofs of Theorem 3.1 and 3.2

Let

ö(i) =

s
n(i) Ä 1
nÄ 2 ; ä

(i) =

r
nÄ n(i)
n

Ü
Ä 1
2
Ä
Ü(i)

Å1
2 ;

and

V (i) =
p
n(i) Ä 1

nÄ
Ü(i)

ÅÄ 1
2 S(i)

Ä
Ü(i)

ÅÄ 1
2 Ä Ip

o
; i = 1; 2:

Then, WÄ1 can be expanded as

WÄ1 = Ip Ä 1p
N
V +

1

N
V
2 Ä 1

N
p
N
V
3
+
1

N2
V
4
+Op(N

Ä5=2); (3.12)

where

V =
2X
i=1

öÄ1i äiViä
0
i:

Note that U = z0z=z0WÄ1z. It follows from (3.12) that we can expand U as

U =1 +
1p
N
Ç1 +

1

N
(Ç21 ÄÇ2) +

1

N
p
N
(Ç3 Ä 2Ç1Ç2 +Ç31)

+
1

N2
(Ç41 ÄÇ4 + 2Ç1Ç3 +Ç22 Ä 3Ç21Ç2) + Op(NÄ5=2);
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where Çi = z0V
i
z=z0z; i = 1; 2; 3; 4. Note that V and z are independent, and so

are z0V z=z0z and z0z, as well as z0V
2
z=z0z and z0z (see Fang et al., 1990, p.30).

In the same way as in Yanagihara and Yuan (2005), the following results can be

obtained after a good deal of calculation:

(i) E[Ç1] = 0;

(ii) E[Ç2] =
1

p

2X
i=1

c(i)
n
(a(i)(1))

2 + a(i)(2)

o
;

E[Ç21] =
2

p(p+ 2)

2X
i=1

c(i)
n
(a(i)(1))

2 + 2a(i)(2)

o
;

(iii)
p
NE[Ç3] =

1

p

2X
i=1

d(i)
n
4a(i)(3) + 3a

(i)
(1)a

(i)
(2) + (a

(i)
(1))

3
o
;

p
NE[Ç1Ç2] =

2

p(p+ 2)

2X
i=1

d(i)
n
6a(i)(3) + 5a

(i)
(1)a

(i)
(2) + (a

(i)
(1))

3
o
;

p
NE[Ç31] =

8

p(p+ 2)(p+ 4)

2X
i=1

d(i)
n
8a(i)(3) + 6a

(i)
(1)a

(i)
(2) + (a

(i)
(1))

3
o
;

(iv) E[Ç4] =
1

p

ö 2X
i=1

(c(i))2
n
5a(i)(4) + 4a

(i)
(1)a

(i)
(3) + (a

(i)
(2))

2 + 2a(i)(2)(a
(i)
(1))

2
o

+2(2†1 + 2†2 + 2†3 +†6 + 3†8)

õ
+O(NÄ1);

E[Ç41] =
12

p(p+ 2)(p+ 4)(p+ 6)

Ç
ö 2X

i=1

(c(i))2
n
48a(i)(4) + 32a

(i)
(1)a

(i)
(3) + 12(a

(i)
(2))

2 + 12a(i)(2)(a
(i)
(1))

2 + (a(i)(1))
4
o

+2(16†1 + 32†2 + 8†3 + 4†4 + 2†5 + 8†6 +†7 + 16†8)

õ
+O(NÄ1);

E[Ç1Ç3] =
2

p(p+ 2)

ö 2X
i=1

(c(i))2
n
8a(i)(4) + 7a

(i)
(1)a

(i)
(3) + (a

(i)
(2))

2 + 2a(i)(2)(a
(i)
(1))

2
o

+7†1 + 10†2 + 4†3 + 2†6 + 6†8

õ
+O(NÄ1);
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E[Ç22] =
1

p(p+ 2)

Ç
ö 2X

i=1

(c(i))2
n
14a(i)(4) + 8a

(i)
(1)a

(i)
(3) + 7(a

(i)
(2))

2 + (a(i)(1))
4 + 6a(i)(2)(a

(i)
(1))

2
o

+2(4†1 + 4†2 + 4†3 +†4 +†5 + 6†6 +†7 + 10†8)

õ
+O(NÄ1);

E[Ç21Ç2] =
2

p(p+ 2)(p+ 4)

Ç
(

2X
i=1

(c(i))2
n
40a(i)(4) + 28a

(i)
(1)a

(i)
(3) + 10(a

(i)
(2))

2 + 11a(i)(2)(a
(i)
(1))

2 + (a(i)(1))
4
o

+28†1+48†2+16†3+4†4+3†5+16†6+2†7+32†8

)
+O(NÄ1):

Using the above results, we can show (3.4). This completes the proof of Theorem

3.1.

In the same as Theorem 3.1, we can expand U2 as

U 2 =1 +
2p
N
Ç1 +

1

N
(3Ç21 Ä 2Ç2) +

2

N
p
N
(Ç3 Ä 3Ç1Ç2 + 2Ç31)

+
1

N2
(5Ç41 Ä 2Ç4 + 6Ç1Ç3 + 3Ç22 Ä 12Ç21Ç2) + Op(NÄ5=2):

By calculating the expectations of the above results, we can show (3.5). This com-

pletes the proof of Theorem 3.2.

3.4 Proof of Theorem 3.3

Let

S(i) = Ü(i) +
1p

n(i) Ä 1
Ä
Ü(i)

Å1
2 V (i)

Ä
Ü(i)

Å1
2 ;

S =
n(2)

n
S(1) +

n(1)

n
S(2);

where S(i) (i = 1; 2) is consistent estimator. Then S
Ä1
can be written by

S
Ä1
=Ü

Ä 1
2

í
Ip +

n(2)

n
p
n(1) Ä 1Ü

Ä 1
2
Ä
Ü(1)

ÅÄ 1
2 V (1)

Ä
Ü(1)

ÅÄ 1
2 Ü

Ä 1
2

+
n(1)

n
p
n(2) Ä 1Ü

Ä 1
2
Ä
Ü(1)

ÅÄ 1
2 V (2)

Ä
Ü(2)

ÅÄ 1
2 Ü

Ä 1
2

ì Ä1
Ü
Ä 1
2 :
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Moreover above S(i) and S are substituted into bí1 and bí4, and calculated the expected
value of them as

E
hbí1i = í1 + 1

p(p+ 2)

"
2X
i=1

c(i)
(

1

n(i) Ä 1
n
(pÄ 2)(a(i)(1))2 + (3pÄ 2)a(i)(2)

o
Ä nÄ n(i)
n(n(i) Ä 1)

n
(7pÄ 6)a(i)(3) + (5pÄ 6)a(i)(1)a(i)(2) + 2p(a(i)(1))3

o
+
(nÄ n(i))2
n2(n(i) Ä 1)

Ç
n
4(pÄ 1)a(i)(4) + (3pÄ 2)a(i)(1)a(i)(3) + (pÄ 2)(a(i)(2))2 + 2p(a(i)(1))2a(i)(2)

o)
+
1

N
f(3pÄ 2)†1 + 2(pÄ 2)†2 + 4p†3 + 2(pÄ 2)†6 + 2(3pÄ 2)†8g

#
+ o(NÄ1)

= í1 +
1

N
(ë1 Äë2 +ë3) + o(NÄ1)

= í1 +
1

N
íÉ1 + o(N

Ä1);

E
hbí4i = í4 + 1

p(p+ 2)

"
2X
i=1

c(i)
(

1

n(i) Ä 1
n
2(a(i)(1))

2 + 4a(i)(2)

o
Ä nÄ n(i)
n(n(i) Ä 1)

n
10a(i)(3) + 8a

(i)
(1)a

(i)
(2) + 2(a

(i)
(1))

3
o

+
(nÄ n(i))2
n2(n(i) Ä 1)

n
6a(i)(4) + 4a

(i)
(1)a

(i)
(3) + 2(a

(i)
(2))

2 + 2(a(i)(1))
2a(i)(2)

o)
+
4

N
f†1 +†2 +†3 +†6 + 2†8g

#
+ o(NÄ1)

= í4 +
1

N
(ë4 Äë5 +ë6) + o(NÄ1)

= í4 +
1

N
íÉ4 + o(N

Ä1):
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Using the above results, we can calculate as

E[bò1] = 1Ä 1

N
E[bí1] + 1

N2
(E[bí2]Ä E[bí3]) + O(NÄ3)

= 1Ä 1

N

í
í1 +

1

N
íÉ1

ì
+
1

N 2
(í2 Äí3) + o(NÄ2)

= 1Ä 1

N
í1 +

1

N2
(í2 Äí3 ÄíÉ1) + o(NÄ2);

E[bò2] = 1Ä 2

N
(E[bí1]Ä E[bí4]) + 1

N2
(2E[bí5]Ä E[bí6]) + O(NÄ3)

= 1Ä 2

N

í
í1 +

1

N
íÉ1 Äí4 Ä

1

N
íÉ4

ì
+
1

N2
(2í5 Äí6) + o(NÄ2)

= 1Ä 2

N
(í1 Äí4) + 1

N2
(2í5 Äí6 Ä 2íÉ1 + 2íÉ4) + o(NÄ2):

This completes the proof of Theorem 3.3.

3.5 Simulation studies

In this section, we perform a Monte Carlo simulation in order to investigate the

accuracy of our procedures (I) and (II), and to compare it with the following three

procedures:

(III) First Order Procedure (F-Procedure)

TF =
bóF
pbûF T aòFp;óF ;

where bóF and bûF are consistent estimators of (3.8), respectively.
(IV) Yanagihara and Yuan's Procedure (Y-Procedure)

TY =
bóY
pbûY T aòFp;óY ;

where bûY = bóYN
N Ä bí1

and bóY is a consistent estimator of (3.9). See Yanagihara and Yuan (2005).
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(V) Modiåed Bartlett Procedure (MB-Procedure)

TMB = (N bå3 + bå4) log í 1 + T

N bå3ì aòü2p;

where bå3 = 2bî2 Ä 2bî1 ; bå4 = (p+ 2)bî2 Ä 2(p+ 4)bî1
2(bî2 Ä 2bî1) ;

bî1 = 1
p

2X
i=1

c(i)
n
(ba(i)(1))2 + ba(i)(2)o ;

bî2 = 1

p(p+ 2)

2X
i=1

ci
n
2(p+ 3)(ba(1)i )2 + 2(p+ 4)ba(2)i o

:

See Yanagihara and Yuan (2005).

For each of parameters, the simulation was carried out for 1,000,000 trials based on

normal random vectors. Without loss of generality, we can assume thatñ1 = ñ2 = 0.

We compare the following type I errors for åve procedures:

(I) ã1 = P(TS > Fã;p;óS); (II) ã2 = P(TBC > Fã;p;óBC );

(III) ã3 = P(TF > Fã;p;óF ); (IV) ã4 = P(TY > Fã;p;óY );

(V) ã5 = P(TMB > ü2ã;p);

where Fã;f;g is the upper 100ãpercentile of the F distribution with f and g degrees

of freedom and ü2ã;p is the upper 100ãpercentile of the chi-square distribution with

p degrees of freedom. We choose ã = 0.05, 0.01, p = 4; 8, and the sample sizes

(n(1); n(2)) = (10, 10), (10, 20), (20, 10), (20, 20) for (I)ò(V). We note that the
second degree of freedom of F distribution for the test statistic (I)ò(IV) changes
with each simulation of 1,000,000 trials.

Table 1 presents the empirical sizes bãj; j = 1; 2; 3; 4; 5 in the case of Ü(1) =

diag(è;è2;ÅÅÅ; èp) and Ü(2) = I, where è= 1, 5, 10, 20. We note that jÜ(1)j ï 1 and
the diãerence between Ü(1) and Ü(2) is large when èis large. Tables 2 and 3 present
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the empirical sizes bãj; j = 1; 2; 3; 4; 5 in the case of Ü(1) = õ2I and Ü(2) = I, where
õ2 = 0.1(0.2)0.7 in Table 2, and õ2 = 2, 5, 10, 20, 30 in Table 3. We note that the

empirical sizes for the case of jÜ(1)j î 1 and jÜ(1)j > 1 are given in Tables 2 and
3, respectively. The last row of each of these Tables indicates the average absolute

discrepancy (AAD). In this context, see Yanagihara and Yuan (2005).

From Table 1, it is seen that the proposed approximations bã1 and bã2 are very
good for cases when èis large. In contrast, it seems that other bãj are farther from
ã as èbecomes large. It may also be noted that bã1 and bã2 are stable and good
approximation to ãwhen n1 and n2 are large. From Table 2, we can see that bã4's
AAD and bã5's AAD are lower than the others, and their approximations are good
for the case of p = 4, and that bã1 are a good approximation for the case of p = 8. On
the other hand, it seems from Table 2 that the empirical sizes are almost unchanged

except for bã3. It can be seen from Table 3 that bã4 are closer to ã when p = 4.

In addition, it is seen from Table 3 that bã1 and bã4 are good approximations when
p = 8.
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Table 1 Empirical sizes (bã1 ò bã5) when p = 4; 8, and è= 1, 5,10,20
ã= 0:05

p (n(1); n(2)) è ã1 ã2 ã3 ã4 ã5

4 (10,10) 1 0.047 0.043 0.048 0.044 0.046

5 0.057 0.061 0.067 0.045 0.057

10 0.055 0.059 0.069 0.042 0.057

20 0.054 0.056 0.070 0.039 0.057

(10,20) 1 0.053 0.056 0.053 0.049 0.051

5 0.057 0.062 0.070 0.039 0.059

10 0.054 0.058 0.070 0.036 0.057

20 0.053 0.054 0.070 0.033 0.056

(20,10) 1 0.053 0.055 0.053 0.049 0.051

5 0.051 0.050 0.052 0.049 0.051

10 0.051 0.051 0.053 0.049 0.051

20 0.050 0.051 0.053 0.049 0.051

(20,20) 1 0.049 0.048 0.049 0.048 0.049

5 0.051 0.052 0.053 0.049 0.052

10 0.051 0.051 0.054 0.048 0.052

20 0.050 0.051 0.053 0.047 0.051

AAD 0.289 0.473 0.896 0.531 0.369

8 (10,10) 1 0.046 0.044 0.000 0.035 0.048

5 0.077 0.061 0.000 0.030 0.149

10 0.073 0.056 0.000 0.022 0.160

20 0.069 0.052 0.000 0.017 0.167

(10,20) 1 0.060 0.061 0.028 0.048 0.060

5 0.079 0.061 0.000 0.017 0.162

10 0.073 0.055 0.000 0.012 0.169

20 0.068 0.051 0.000 0.010 0.172

(20,10) 1 0.059 0.061 0.028 0.048 0.059

5 0.053 0.053 0.000 0.046 0.058

10 0.052 0.053 0.000 0.044 0.059

20 0.052 0.052 0.000 0.043 0.059

(20,20) 1 0.050 0.048 0.068 0.047 0.049

5 0.053 0.054 0.000 0.041 0.059

10 0.052 0.052 0.000 0.038 0.059

20 0.051 0.051 0.000 0.037 0.058

AAD 1.098 0.514 4.447 1.651 4.697

Note : AAD =
P j100bãj Ä 100ãj=16; j = 1; 2; 3; 4; 5
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Table 1 (Continued)

ã= 0:01

p (n(1); n(2)) è ã1 ã2 ã3 ã4 ã5

4 (10,10) 1 0.009 0.008 0.010 0.008 0.009

5 0.013 0.014 0.017 0.008 0.013

10 0.012 0.013 0.018 0.007 0.013

20 0.012 0.012 0.019 0.007 0.013

(10,20) 1 0.011 0.012 0.011 0.009 0.010

5 0.013 0.014 0.019 0.007 0.013

10 0.012 0.013 0.019 0.006 0.013

20 0.011 0.012 0.019 0.005 0.013

(20,10) 1 0.011 0.011 0.011 0.009 0.010

5 0.010 0.010 0.011 0.010 0.010

10 0.010 0.010 0.011 0.010 0.011

20 0.010 0.010 0.011 0.009 0.010

(20,20) 1 0.010 0.009 0.010 0.009 0.009

5 0.010 0.011 0.011 0.009 0.010

10 0.010 0.011 0.012 0.009 0.011

20 0.010 0.010 0.012 0.009 0.010

AAD 0.108 0.174 0.384 0.181 0.139

8 (10,10) 1 0.009 0.008 0.000 0.005 0.009

5 0.018 0.012 0.000 0.004 0.052

10 0.018 0.012 0.000 0.003 0.061

20 0.018 0.011 0.000 0.002 0.066

(10,20) 1 0.012 0.012 0.013 0.008 0.012

5 0.020 0.012 0.000 0.002 0.061

10 0.020 0.012 0.000 0.001 0.067

20 0.019 0.012 0.000 0.001 0.071

(20,10) 1 0.012 0.012 0.013 0.008 0.012

5 0.011 0.011 0.000 0.009 0.013

10 0.011 0.011 0.000 0.008 0.013

20 0.011 0.010 0.000 0.007 0.013

(20,20) 1 0.010 0.010 0.019 0.009 0.010

5 0.011 0.011 0.000 0.007 0.013

10 0.011 0.011 0.000 0.006 0.013

20 0.010 0.010 0.000 0.006 0.013

AAD 0.384 0.135 0.908 0.460 2.122

Note : AAD =
P j100bãj Ä 100ãj=16; j = 1; 2; 3; 4; 5
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Table 2 Empirical sizes (bã1 ò bã5) when p = 4; 8 and õ2 = 0.1(0.2)0.7
ã= 0:05

p (n(1); n(2)) õ2 ã1 ã2 ã3 ã4 ã5

4 (10,10) 0.1 0.058 0.063 0.064 0.049 0.057

0.3 0.052 0.052 0.054 0.047 0.051

0.5 0.049 0.047 0.051 0.045 0.048

0.7 0.047 0.045 0.049 0.045 0.047

(10,20) 0.1 0.050 0.049 0.051 0.049 0.050

0.3 0.048 0.047 0.049 0.047 0.048

0.5 0.049 0.049 0.050 0.047 0.048

0.7 0.051 0.051 0.051 0.048 0.050

(20,10) 0.1 0.061 0.068 0.069 0.044 0.060

0.3 0.061 0.068 0.063 0.049 0.058

0.5 0.059 0.064 0.059 0.050 0.056

0.7 0.056 0.060 0.056 0.050 0.054

(20,20) 0.1 0.052 0.053 0.053 0.049 0.052

0.3 0.051 0.051 0.051 0.049 0.050

0.5 0.050 0.049 0.050 0.049 0.050

0.7 0.049 0.048 0.050 0.049 0.049

AAD 0.362 0.613 0.471 0.211 0.298

8 (10,10) 0.1 0.069 0.063 0.000 0.044 0.095

0.3 0.054 0.052 0.000 0.040 0.062

0.5 0.048 0.047 0.000 0.037 0.052

0.7 0.046 0.045 0.000 0.036 0.049

(10,20) 0.1 0.051 0.050 0.103 0.047 0.052

0.3 0.049 0.047 0.092 0.044 0.048

0.5 0.051 0.050 0.099 0.044 0.050

0.7 0.055 0.054 0.081 0.046 0.054

(20,10) 0.1 0.086 0.080 0.000 0.038 0.130

0.3 0.078 0.081 0.000 0.050 0.093

0.5 0.071 0.075 0.000 0.051 0.077

0.7 0.065 0.069 0.003 0.050 0.067

(20,20) 0.1 0.057 0.059 0.086 0.048 0.058

0.3 0.054 0.055 0.083 0.049 0.053

0.5 0.051 0.051 0.073 0.048 0.050

0.7 0.050 0.049 0.069 0.047 0.049

AAD 0.921 0.959 4.266 0.533 1.541

Note : AAD =
P j100bãj Ä 100ãj=16; j = 1; 2; 3; 4; 5
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Table 2 (Continued)

ã= 0:01

p (n(1); n(2)) õ2 ã1 ã2 ã3 ã4 ã5

4 (10,10) 0.1 0.013 0.014 0.015 0.009 0.012

0.3 0.010 0.010 0.012 0.009 0.010

0.5 0.009 0.009 0.010 0.008 0.009

0.7 0.009 0.008 0.010 0.008 0.009

(10,20) 0.1 0.010 0.010 0.011 0.010 0.010

0.3 0.009 0.009 0.010 0.009 0.009

0.5 0.010 0.009 0.010 0.010 0.009

0.7 0.010 0.010 0.010 0.009 0.010

(20,10) 0.1 0.014 0.017 0.018 0.008 0.014

0.3 0.014 0.016 0.015 0.009 0.013

0.5 0.013 0.014 0.013 0.010 0.012

0.7 0.012 0.013 0.012 0.010 0.011

(20,20) 0.1 0.011 0.011 0.011 0.010 0.010

0.3 0.010 0.010 0.011 0.010 0.010

0.5 0.010 0.010 0.010 0.010 0.010

0.7 0.010 0.009 0.010 0.009 0.010

AAD 0.124 0.206 0.176 0.091 0.104

8 (10,10) 0.1 0.012 0.010 0.000 0.006 0.022

0.3 0.010 0.009 0.000 0.006 0.013

0.5 0.009 0.009 0.000 0.006 0.010

0.7 0.009 0.009 0.000 0.006 0.010

(10,20) 0.1 0.010 0.010 0.040 0.009 0.011

0.3 0.010 0.009 0.033 0.008 0.009

0.5 0.010 0.010 0.038 0.008 0.010

0.7 0.011 0.011 0.034 0.008 0.011

(20,10) 0.1 0.016 0.012 0.000 0.004 0.035

0.3 0.015 0.014 0.000 0.007 0.021

0.5 0.014 0.014 0.000 0.008 0.016

0.7 0.013 0.013 0.002 0.008 0.014

(20,20) 0.1 0.012 0.012 0.038 0.009 0.012

0.3 0.011 0.011 0.026 0.009 0.011

0.5 0.010 0.010 0.021 0.009 0.010

0.7 0.010 0.010 0.019 0.009 0.010

AAD 0.174 0.144 1.552 0.266 0.423

Note : AAD =
P j100bãj Ä 100ãj=16; j = 1; 2; 3; 4; 5
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Table 3 Empirical sizes (bã1 ò bã5) when p = 4; 8 and õ2 = 2, 5,10,20,30
ã= 0:05

p (n(1); n(2)) õ2 ã1 ã2 ã3 ã4 ã5

4 (10,10) 2 0.048 0.047 0.050 0.045 0.048

5 0.055 0.057 0.058 0.048 0.054

10 0.057 0.063 0.064 0.048 0.057

20 0.059 0.064 0.068 0.047 0.059

30 0.058 0.063 0.069 0.045 0.058

(10,20) 2 0.058 0.064 0.059 0.050 0.055

5 0.062 0.070 0.066 0.048 0.060

10 0.061 0.068 0.069 0.044 0.060

20 0.058 0.063 0.070 0.040 0.059

30 0.057 0.060 0.071 0.038 0.058

(20,10) 2 0.049 0.049 0.050 0.047 0.048

5 0.049 0.047 0.050 0.048 0.049

10 0.050 0.049 0.051 0.049 0.050

20 0.051 0.051 0.053 0.050 0.051

30 0.051 0.052 0.053 0.050 0.051

(20,20) 2 0.050 0.049 0.050 0.049 0.049

5 0.052 0.052 0.052 0.050 0.051

10 0.052 0.054 0.053 0.049 0.051

20 0.052 0.053 0.053 0.049 0.051

30 0.051 0.053 0.054 0.048 0.052

AAD 0.437 0.727 0.816 0.299 0.415

8 (10,10) 2 0.049 0.047 0.000 0.037 0.053

5 0.060 0.056 0.000 0.042 0.073

10 0.069 0.062 0.000 0.044 0.095

20 0.075 0.065 0.000 0.041 0.119

30 0.077 0.064 0.000 0.037 0.133

(10,20) 2 0.071 0.075 0.000 0.051 0.077

5 0.083 0.083 0.000 0.047 0.107

10 0.086 0.080 0.000 0.038 0.130

20 0.086 0.074 0.000 0.029 0.150

30 0.086 0.071 0.000 0.024 0.160

(20,10) 2 0.051 0.050 0.099 0.044 0.050

5 0.049 0.047 0.092 0.045 0.049

10 0.051 0.050 0.103 0.047 0.052

20 0.053 0.054 0.040 0.048 0.056

30 0.054 0.055 0.004 0.048 0.057

(20,20) 2 0.051 0.051 0.073 0.048 0.050

5 0.056 0.058 0.096 0.049 0.055

10 0.057 0.059 0.086 0.048 0.058

20 0.056 0.058 0.001 0.045 0.059

30 0.055 0.057 0.000 0.043 0.059

AAD 1.395 1.144 4.516 0.739 3.229

Note : AAD =
P j100bãj Ä 100ãj=20; j = 1; 2; 3; 4; 5
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Table 3 (Continued)

ã= 0:01

p (n(1); n(2)) õ2 ã1 ã2 ã3 ã4 ã5

4 (10,10) 2 0.009 0.009 0.010 0.008 0.009

5 0.011 0.012 0.013 0.009 0.011

10 0.013 0.014 0.015 0.009 0.012

20 0.013 0.015 0.017 0.009 0.013

30 0.013 0.015 0.018 0.008 0.013

(10,20) 2 0.013 0.014 0.013 0.009 0.011

5 0.014 0.017 0.016 0.009 0.013

10 0.014 0.017 0.018 0.008 0.014

20 0.013 0.015 0.019 0.007 0.014

30 0.013 0.015 0.019 0.006 0.013

(20,10) 2 0.010 0.009 0.010 0.009 0.009

5 0.010 0.009 0.010 0.009 0.009

10 0.010 0.010 0.010 0.009 0.010

20 0.011 0.010 0.011 0.010 0.010

30 0.010 0.010 0.011 0.010 0.010

(20,20) 2 0.010 0.010 0.010 0.010 0.010

5 0.011 0.011 0.011 0.010 0.011

10 0.011 0.011 0.011 0.010 0.011

20 0.011 0.011 0.011 0.009 0.011

30 0.011 0.011 0.012 0.009 0.011

AAD 0.161 0.263 0.331 0.110 0.151

8 (10,10) 2 0.009 0.009 0.000 0.006 0.010

5 0.011 0.009 0.000 0.006 0.015

10 0.013 0.010 0.000 0.006 0.022

20 0.014 0.009 0.000 0.005 0.031

30 0.014 0.009 0.000 0.004 0.038

(10,20) 2 0.014 0.014 0.000 0.008 0.016

5 0.016 0.014 0.000 0.006 0.026

10 0.016 0.012 0.000 0.004 0.035

20 0.017 0.011 0.000 0.002 0.046

30 0.018 0.011 0.000 0.002 0.053

(20,10) 2 0.051 0.050 0.099 0.044 0.050

5 0.049 0.047 0.092 0.045 0.049

10 0.051 0.050 0.103 0.047 0.052

20 0.053 0.054 0.040 0.048 0.056

30 0.054 0.055 0.004 0.048 0.057

(20,20) 2 0.051 0.051 0.073 0.048 0.050

5 0.056 0.058 0.096 0.049 0.055

10 0.057 0.059 0.086 0.048 0.058

20 0.056 0.058 0.001 0.045 0.059

30 0.055 0.057 0.000 0.043 0.059

AAD 1.395 1.144 4.516 0.739 3.229

Note : AAD =
P j100bãj Ä 100ãj=20; j = 1; 2; 3; 4; 5
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3.6 Conclusion

We considered testing the equality of two mean vectors with unequal covariance

matrices. In the case of unequal covariance matrices, we proposed two approximate

solutions to the problem by adjusting the degrees of freedom of the F distribution.

Asymptotic expansions up to the term of order NÄ2 for the årst and second moments

of U are given, where N is the total sample size minus two. Also, the bias correction

for the asymptotic expansions using the consistent estimators instead of the unknown

parameters are also obtained. As for the asymptotic expansions of the moments of

U , we note that the result in this paper is an extension of Yanagihara and Yuan

(2005) in the meaning of asymptotic expansions up to the term of higher order.

However, it should be noted that S and BC procedures do not always yield the

improved approximate solution since the S and BC procedures do not make use of

asymptotic expansions of the T statistic itself. In conclusion, it may be seen from

simulations that the approximate upper percentiles of the null distribution of T by

S and BC Procedure are better than those of other procedures. When the diãerence

between covariance matrices is large, and n(1) and n(2) are small, it seems that BC-

Procedure yields good approximations. Finally, S and BC Procedure are expected

to yield good approximations when the other cases, although it must be checked.
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Appendix

In this Appendix, we present some results of expectation.

A.1.

Let u ò Np(0; I) with A and B are pÇ p symmetric matrices, then

(1) E[u0Au] = trA,

(2) E[u0u(u0Au)] = (p+ 2)(trA),

(3) E[(u0Au)2] = 2(trA2) + (trA)2,

(4) E[(u0Au)(u0Bu)] = 2(trAB) + (trA)(trB),

(5) E[(u0Au)3] = 8(trA3) + 6(trA2)(trA) + (trA)3,

(6) E[(u0Au)2(u0Bu)] = 8(trA2B) + 4(trAB)(trA) + 2(trA2)(trB) + (trA)2(trB),

(7) E[(u0Au)4] = 48(trA4)+ 32(trA3)(trA)+ 12(trA2)(trA)2+12(trA2)2+(trA)4.

A.2.

Let nS ò Wp(n;Ü) and V =
p
n(S Ä Ü) with A;B and C are p Ç p symmetric

matrices, then

(1) E[(trAV )2] = 2 tr(AÜ)2,

(2) E[tr(AV )2] = tr(AÜ)2 + (trAÜ)2,

(3) E[(trAV BV )] = (trAÜBÜ) + (trAÜ)(trBÜ),

46



(4) E[ftr(AV )g3] = 8p
n
tr(AÜ)3,

(5) E[tr(AV )3] =
1p
n
[4 tr(AÜ)3 + 3ftr(AÜ)2g(trAÜ) + (trAÜ)3],

(6) E[(trAV )ftr(AV )2g] = 4p
n
[tr(AÜ)3 + (trAÜ)ftr(AÜ)2g],

(7) E[(trAV )2(trBV )] =
8p
n
ftr(AÜ)2BÜg,

(8) E[(trAV )4] = 12ftr(AÜ)2g2 +O(NÄ1)

(9) E[tr(AV )4]

= 5 tr(AÜ)4+4ftr(AÜ)3g(trAÜ)+2ftr(AÜ)2g(trAÜ)2+ftr(AÜ)2g2+O(NÄ1),

(10) E[(trAV )ftr(AV )3g] = 6[ tr(AÜ)4 + (trAÜ)ftr(AÜ)3g] + O(NÄ1),

(11) E[ftr(AV )2g2]
= 5ftr(AÜ)2g2 + 4 tr(AÜ)4 + 2ftr(AÜ)2g(trAÜ)2 + (trAÜ)4 +O(NÄ1),

(12) E[(trAV )2ftr(AV )2g]
= 8 tr(AÜ)4 + 2ftr(AÜ)2g2 + 2ftr(AÜ)2g(trAÜ)2 +O(NÄ1),

(13) E[(trAV )3(trBV )] = 12ftr(AÜ)2g(trAÜBÜ) + O(NÄ1),

(14) E[(trAV )2(trBV )2] = 8(trAÜBÜ)2 + 4ftr(AÜ)2gftr(BÜ)2g+O(NÄ1),

(15) E[(trAV )2(trBV )(trCV )]

= 8(trAÜBÜ)(trAÜCÜ) + 4ftr(AÜ)2g(trBÜCÜ) + O(NÄ1).

A.3.

Let n(i)S(i) òWp(n(i);Ü) and V (i) =
p
n(i)

Ä
S(i) ÄÜÅ with A;B;C and D are pÇ p

symmetric matrices where i = 1; 2, then

(1) E[tr
Ä
AV (1)

Å2 Ä
BV (2)

Å2
]

= tr(AÜ)2(BÜ)2 + (trAÜ)ftrAÜ(BÜ)2g+ ftr(AÜ)2BÜg(trBÜ)
+(trAÜ)(trBÜ)(trAÜBÜ),
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(2) E[(trAV (1)BV (2))2] = 2ftr(AÜ)2(BÜ)2g+ ftr(AÜ)2gftr(BÜ)2g+ (trAÜBÜ)2,

(3) E[ftr ÄAV (1)Å2gftr ÄBV (2)Å2g]
= ftr(AÜ)2gftr(BÜ)2g+ ftr(AÜ)2g(trBÜ)2 + (trAÜ)2ftr(BÜ)2g
+(trAÜ)2(trBÜ)2,

(4) E[(trAV (1))2(trBV (2))2] = 4ftr(AÜ)2gftr(BÜ)2g,

(5) E[ftr ÄAV (1)Å2g(trBV (2))2] = 2ftr(AÜ)2gftr(BÜ)2g+ 2(trAÜ)2ftr(BÜ)2g,
(6) E[(trAV (1))ftrAV (1) ÄBV (2)Å2g] = 2ftr(AÜ)2(BÜ)2g+ 2ftr(AÜ)2BÜg(trBÜ),
(7) E[(trAV (1))(trBV (2))(trAV (1)BV (2))] = 4ftr(AÜ)2(BÜ)2g,

(8) E[trAV (1)BV (1)CV (2)DV (2)]

= (trAÜBÜCÜDÜ) + (trAÜBÜCÜ)(trDÜ) + (trAÜCÜDÜ)(trBÜ)

+(trAÜCÜ)(trBÜ)(trDÜ).

A.4.

The following results are presented as supplementary expectations:

(1) E[tr
Ä
ä(2)

0
ä(1)V (1)ä(1)

0
ä(2)V (2)

Å2
]

= 3tr
Ä
ä(1)ä(1)

0
ä(2)ä(2)

0Å2
+ (trä(1)ä(1)

0
ä(2)ä(2)

0
)2,

(2) E[(trä(1)
0
ä(1)V (1))(trä(2)

0
ä(1)V (1)ä(1)

0
ä(2)V (2)ä(2)

0
ä(2)V (2))]

= 2ftr Ää(1)0ä(1)Å2ä(2)0ä(2)g(trä(2)0ä(2)) + 2ftr Ää(1)0ä(1)Å2 Ää(2)0ä(2)Å2g,
(3) E[(trä(2)

0
ä(1)V (1)ä(1)

0
ä(2)V (2))2]

= 2tr
Ä
ä(1)ä(1)

0
ä(2)ä(2)

0Å2
+ 2(trä(1)ä(1)

0
ä(2)ä(2)

0
)2,

(4) E[(trä(1)
0
ä(1)V (1))(trä(2)

0
ä(2)V (2))(trä(2)

0
ä(1)V (1)ä(1)

0
ä(2)V (2))]

= 4ftr Ää(1)0ä(1)Å2 Ää(2)0ä(2)Å2g,
where the notations are deåned by Section 3.3.
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