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Chapter 1

Introduction

To consider the tests for mean vectors is a fundamental problem in multivariate
statistical analysis. In particular, we consider the following two topics.

The first research topic is focused on the one-sample problem of testing for the
mean vector with two-step monotone missing data. In almost all statistical analy-
ses, missing data is a constantly occurring problem. Many statistical methods have
been developed to analyze data with missing values. In the case of general k-step
monotone missing data, many difficult problems remain unsolved. For simplicity,
we assume that k& = 2. We derive the asymptotic expansion of Hotelling’s T type
statistic for the case where the sample size is large. The asymptotic first two mo-
ments are obtained using stochastic expansion. We also propose the Bartlett and
modified Bartlett corrected statistics for two-step monotone missing data. Simula-
tion studies are performed to demonstrate the performance of the proposed results
by a Monte Carlo simulation.

In the second research topic, testing the equality of two mean vectors with un-
equal covariance matrices. In the case of equal covariance matrices, we can use
Hotelling’s T? statistic, which follows the F' distribution under the null hypothesis.
Meanwhile, in the case of unequal covariance matrices, the test statistic does not
follow the F' distribution, and it is also difficult to derive the exact distribution.

Even in the case of univariate, mean comparison with unequal variances is intrin-



sically difficult, and is well known as the Behrens-Fisher problem. We provide two
approximate solutions: F' statistic by adjusting the degrees of freedom, the bias
corrected statistic. Asymptotic expansions up to the term of order N =2 for the first
and second moments of the test statistic are given, where N is the total sample size
minus two. By simulations, we compare the two proposed results as well as some
existing procedures.

The remainder of this paper is organized as follows. Chapter 2 presents the
results derived by Kawasaki and Seo (2016), i.e., the first research topic. First
of all, we review the missing mechanism and two-step monotone missing data. In
the text that follows, we discuss the asymptotic expansion of maximum likelihood
estimators (MLEs) and T? type statistics and propose the transformation statistics.
Chapter 3 presents the results derived by Kawasaki and Seo (2015), i.e., the second
research topic. First of all, we review the Behrens-Fisher problem. In the text
the follows, we explain the approximate degrees of freedom and discuss the main
results in more detail. The accuracy of our results is investigated by Monte Carlo
simulation in each chapter. In the Appendix, we present certain formulas used to

derive the main results.



Chapter 2

Bias correction with two-step

monotone missing data

In this chapter, we consider the one-sample problem of testing for the multivariate
mean vector with two-step monotone missing data. We derive the Bartlett correction
and modified Bartlett correction statistics by using the stochastic expansion of the
T? type statistic with two-step monotone missing data. In order to derive the
asymptotic expectation and variance, the stochastic expansion of Hotelling’s 72
type statistic is calculated. Further, we propose Bartlett correction statistics for
two-step monotone missing data. Using Monte Carlo simulations, we investigate
the first and second moments, the variance, the mean square error (MSE), and
the upper percentiles for the T? type statistic and the transformation statistics.
Moreover, we show the type I error rate when the null hypothesis is rejected using

X?] under the simulated transformation statistics.

2.1 Missing data

In almost all statistical analyses, missing data is a constantly occurring problem.
Many statistical methods have been developed to analyze data with missing values.

Anderson (1957) developed an approach to derive the maximum likelihood estima-



tors (MLEs) of the mean and covariance matrix by solving the likelihood equation
for monotone missing data. Jinadasa and Tracy (1992) proposed the MLEs in the
case of a k-step monotone pattern using matrix derivatives. Kanda and Fujikoshi
(1998) showed the properties of the MLEs based on k-step monotone missing sam-
ples for £ = 2,3 and a general k. Srivastava (1985) derived the MLEs for missing
data from a growth curve and several other models and developed likelihood ratio
tests. By using the idea of Srivastava (1985), Srivastava and Carter (1986) and
Shutoh et al. (2010) obtained the MLEs for the mean vector and covariance ma-
trix using the Newton-Raphson method with general missing data. However, these
results by the Newton-Raphson method are numerically rather than analytically

iterative solutions.

In the case of a two-step monotone missing data pattern, Seko et al. (2012) de-
rived the T type statistic of testing for the mean vector and its approximate upper
percentile. Krishnamoorthy and Pannala (1999) provided an accurate and simple
approach to construct a confidence region for a normal mean vector. We note that
among the many other papers with a monotone missing data pattern, Bhargava
(1962) derived likelihood ratio tests and their approximate null distributions. Seo
and Srivastava (2000) derived a test of equality of means and simultaneous confi-
dence intervals in a one sample problem under a covariance matrix with intra-class
correlation. For the case of a two-sample problem, Seko et al. (2011) derived the
T? type statistic of testing for two mean vectors and their approximate upper per-
centiles with a two-step monotone missing data pattern. Yu et al. (2006) obtained
the T? type statistic and derived F-approximations for the distribution of the 7%
type statistic in the case of three-step monotone missing data. Wu et al. (2006)

developed a pooled component test statistic to test the equality of two mean vectors.

Any analysis of the data is then dependent on assumptions about the missing
data mechanism. However, because the causes of missing data are not our concern,
we ignore the process that causes missing data by assuming that the data are missing

at random (MAR). Rubin (1976) pointed out that in the case of MAR and the



observed data that are observed at random (OAR) or, more simply, the missing
data that are missing completely at random (MCAR), the missing data mechanism
can be ignored for likelihood based inferences. The details of MAR, OAR, and
MCAR follow from Little and Rubin (1987). In this paper, we assume that the data
are MCAR.

First, we consider a one sample problem with a monotone missing data pat-

tern. Let y be distributed as N,(u,%) and let yl!) be the vector of the first

p1 + pa + -+ + pp_ip1 dimension of y. Let Y = (ym y[Q], . .,yg})’ represent
the fully observed variables with p (= p; + py + --- + pg) dimensions, Y =
(y[f], y[;], cee ynz) the incompletely observed variable with the fewest missing val-
ues with (p; + py + - + pr_1) dimensions, Y B = (y[3]7y[23], o ,y%) the variable

with the second fewest missing values and (p; + p2 + -+ + pr_2) dimensions,

,and Y = (y[k], y[zk], e ,ygﬂ)’ the variable with the most missing values and p;
dimensions, with n; > (p1 +p2 + -+ + pr—iy1). If y?] denotes the j-th observation
on yl, the sample of observations y?], 1= 1,2,...,k, 7 = 1,2,...,n; is called
a monotone missing sample (Srivastava and Carter (1983)) or a monotone missing
data pattern (Little and Rubin (1987)). Such a sample is called k-step monotone

missing data.

Next, we consider two-step monotone missing data. Let ac[l],mé], .. [1] be
distributed as the multivariate normal N,(p, ¥) and :131 ) :13[2], ...,z be distributed
as the multivariate normal N,, (¢t1,%11), where each azg = (xgl}l, :1721]2, ce £11])) Jj=
1,2,...,n1 is p x 1 and each a:m = (a:?]l,xgz}z,, ]pl) =1,2,...,n9 18 p; X 1,
and

§= 231 n= Y1 Y2
[25) Yo1 Yoo

To be specific, two-step monotone missing data (the case of k = 2) are drawn from



a multivariate normal population of the form
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where n = ny + ng and p = p; + po. “¥” indicates missing data. That is, we
have complete data for n; mutually independent observations with p dimensions

and incomplete data for n, mutually independent observations with p; dimensions.

We partition m?} 5.1]:

(i, @) ), where o 1pix 1i=1,2,j=1,2,...,n.

into a p; x 1 random vector and a ps X 1 random vector as @

We define the sample means as

1 ! 1 L 1 2

—[1 1 1 1 — 2

.’B[l} = — E ac[lj], .’B[z] = — E .’13[2]], ac[z] = — E mg-],
st = 1 et N9 ey

— —[1] —[1]" . . .
where Z! = (zc[l] ,zc[z] )', and the sample covariance matrices are given as

n (1] ol
1 - Sll Sl2
J J )
s si sy
n2

1
s LS (ol g gy
j=1

where N; = n; — 1.

2.2 Hypothesis and test statistics

The problem of testing Hy : p = py against Hy @ p # py, where p, is a specified
vector, has been studied extensively for two-step monotone missing data. Seko et al.

(2012) obtained the approximate upper percentiles of Hotelling’s 72 type statistic



and the likelihood ratio test statistic for two-step monotone missing data in a one
sample problem.

Let the MLEs of u and ¥ be denoted by p and i, respectively, which are
partitioned in the same manner as p and ¥. We assume that the observation
vectors are distributed as N,(p,X) and ny > p, which is a necessary and sufficient
condition for the existence and uniqueness of the MLEs of g and . Anderson and
Olkin (1985) derived the MLEs of p and ¥ (see Kanda and Fujikoshi (1998), Chang
and Richards (2009), and Seko et al. (2012)) as

1
- (nlw[l Iy no T2 ])

N 1y
p=|_"1]= ,
—[1 3 1 ~
Ha :1:[ } E21211 ( T — Nl)
1 N
N - (Wﬁ} + Wm) Y1 (Wﬁ}) Wiy
5= :
wil (i s L s s
21 11 1 Wara + 2212417 212
where
Wi wh
W21 W2

w2 — N25[2] + nlnz( [11] . f[2])(5[11] B 5[2})’.
n

Then, the mean vector and covariance matrix of g are given by

1 1
5211 5212
Elp] = p, Covlp]= | | :

~¥a1 Covi,]

respectively, where

Naop1
nnl(nl —p1— 2)

- 1
Cov|py] = o (222 - —2212 Z12> Yoo1, (M1 >p1+2).

For two-step monotone missing data, it is easy to construct a test statistic based

on Hotelling’s T statistic structure:

72 = (5= o) {Cov@)} (- o)



where

1a JIPS
=X =X
n

~ n

Coli) = |7 "

—Ya1 Covlpy]
Note that under the null hypothesis, the T2 type statistic is asymptotically dis-
tributed as x? with p degrees of freedom when ny,n — oo with ny/n — § € (0,1]
(see Chang and Richards (2009)). Kanda and Fujikoshi (1998) considered two- and
three-step monotone missing data and obtained the asymptotic expansion of the

distributions of g and S when n;, and ny are large, and the MLEs of g and the

usual transformed matrix of 3 are given in explicit forms for a general k.

2.3 Expectation of T2 type statistic

In this section, we consider the asymptotic expansion of the first and second order

moments of 72 in a situation when
v: = N;/N — positive constants

as n;’s tend to infinity, where N; = n; — 1 and N = N; + N5. In our derivations, we

consider the stochastic expansions of g and S in terms of

) )
2 = = =vM o , 2P = v/ Na TP]?
_ =)
2 2
) ) Vi Vi 2 2]
1] 1 _ 2] 2
Vi = /Ny (S - 1) = ) = VNy(8 — 1,

We note that the stochastic expansions are derived under pp = py = 0 and X = I,.

T? can be written as

-1

1 = (NG {NCov(@)} (VAR).



and VNTi and NCov (;) can be expanded as

N \/”le[f} + /7222 1 0
Nfi = 1 +— | V%
Pl L R (e 2y
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= 2\/_> 2+ ( - 2\/7_2>
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respectively. Therefore, putting

I Op12

A= ™" ,Opi, = O, = 1 X P2,
Opay Milp,
we have
1 = (VNALG) {NalCov(@al ) (VRALE)
and

1 1
%(\/ l,l,) = Uy + mul—l—ﬁuQ—l—Op(N%),
1~ .1/ 1 1 _3
Az NCOV([JJ)A% = Ip + \/_NMI + NMQ + Op(N g),
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Further, since

o~ -l 1 1 _3
{A%NCOV(M)A : } = I = =M+ My + Op(N 3,
where
Msy M
M — 3,11 3,12 7
M3 91 M3

Moo — A VCARIRALEY
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1 1 1 1 1 1
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we can obtain a stochastic expansion of T? given by

1 1 3
T2 — QO —+ \/_NQI + NQQ + Op(N_i)’

10
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Similar to the asymptotic expansion of T2, we have the following result. We can

expand T* as

2 1 3
\/_WQOQl T (2Q0Q2 + Q) + Op(N~2).

By calculating the expectations of 72 and T*, we obtain the following theorem.

= Q3+

Theorem 2.1. (Kawasaki and Seo (2016))

Suppose that the data have a two-step monotone missing pattern. If y1(= N1/N) is
a positive constant as nls tend to infinity, then the expectations of T? and T* can
be expanded as

1 1
E[T? =p+ e +O(N?), E[TY =p(p+2)+ §O +O(N7?),

where

+3
01=p1<p+4)+%;
1

o =2p{4(p1+2)+(pr+D)(p+2)+pap+7)}+ % {p2+2+(p+2)(p+3)}.

11



Therefore, using Theorem 2.1, we have

Var[T?) = MSE[T?] = 2p + %(Cg — 2pcy) + O(N72).

2.4 Transformation statistics

In this section, we propose two transformation statistics by modifying 7 to follow
X3 The first is the well-known Bartlett correction (Bartlett (1937)). The Bartlett

corrected statistic for the T? type statistic is given by

1
Té = (1 — N—pcl) T2.
For the statistic 7%, we have

E[TE] =p+O(N~?),
BIT] = plp +2) + x-{ea — 261 (p + 2)} + O(N),

Var[T3] = MSE[T3] = 2p + %{CQ —2c1(p+2)} + O(N7?).

The second transformation statistic is the modified Bartlett correction by Fujikoshi
(2000). The Bartlett correction was originally proposed so that its mean is coincident
with that of x2 up to the order O(N~') as T. Fujikoshi (2000) derived some
monotone transformations so that first two moments of the transformed statistics
are coincident with those of x2 up to O(N~"). For details, see Fujikoshi (2000). Note
that these transformations can be applied to a wide class of statistics whether their
asymptotic expansions are available or not. Applying Fujikoshi’s modified Bartlett

correction to T2 leads to

T2
T]\2/IB = (Nﬁl +B2> log (1 + Nﬂl) ,

where (3; and [3; are given by

2p(p + 2)
ey —2c1(p+2)°

(p+ 2{er —201(p + )}

b= 2{ca —2¢1(p+2)}

B =

12



For the statistic T 5, we have

E[Ty5] =p+ O(N7?),
E[Tys] = p(p +2) + O(N7?),
Var[T% 5] = MSE[T%, 5] = 2p + O(N?).

Note that 51 > 0 and N1+, > 0 because co—2¢1(p+2) > 0 and ¢5—2¢;1(p+4) > 0.

2.5 Simulation studies

This section investigates the first and second moments, variance, MSE, upper 100«
percentiles, and type I errors of T? T3, and Ty evaluated via a Monte Carlo
simulation. We calculate the asymptotic results of the first moment (A; = p+N"1¢;),
second moment (Ay = p(p + 2) + N~ lcy), variance, and MSE (A3 = 2p + N~ (cy —
2pcy)). Computations are carried out for p = 4,8,20, where the equal missing
pattern has p; = ps, and the various conditions of p,nq,ns, and a = 0.05,0.01. We
generate two-step missing data from N, (0, I,) and, as in numerical studies, we carry
out 1,000,000 replications. The simulation results are shown in Tables 1-3.

From these numerical studies, it can be observed that our asymptotic results
(A1, A2, and \3) are considerably closer to the simulated values of 7% than any
transformation statistic stated in Tables 1 and 2. Meanwhile, the 7% values are
stable and closer to our asymptotic results than 73 when the sample sizes are not
large. Table 3 presents the upper percentiles of the T? type statistic, T4 and Ta g,

and the type I error rate under the simulated T type statistic, T3 and Tz, when

the null hypothesis is rejected using XIZJ. From Table 3, we note that T%p is a very
good value in any case, and T3 is a good value when n; and ny are large. It can be
seen from Table 3 that the simulated upper percentiles of the T? type statistic are
closer to the upper percentiles of the X;% distribution as n; and ng get larger. On the
other hand, the simulated upper percentiles of Tz and T);p are much closer to the

simulated upper percentiles of the 7T type statistic than the upper percentiles of X?,

13



distribution even when the sample size is not large. It can be observed from Table 3
that the null distribution of the transformation statistics is closer to the chi-square

distribution.

2.6 Conclusion

In this paper, we considered the problem of testing for the mean vector when the data
have a two-step monotone missing pattern. We obtained a stochastic expansion of
Hotelling’s T type statistic with the use of MLEs developed by Kanda and Fujikoshi
(1998), and we showed the asymptotic first two moments. Moreover, we proposed
a Bartlett corrected statistic T3 and a modified Bartlett correction statistic T 5.
We presented the first and second moments, variance, and MSE of T2, T4, and T
through the asymptotic results and Monte Carlo simulated results. Additionally, we
showed the upper 100« percentiles of T2, T%, and T and the type I errors when
the null hypothesis was rejected using x2 under the simulated 7%, T3, and Ty p.
In conclusion, it may be noted that the asymptotic results of the first and second
moments, variance, and MSE are considerably good approximations. Further, it
may be also noted that the null distribution of the transformation statistics is closer
to the chi-square distribution with p degrees of freedom, even when the sample size

is small.

14



Table 1 First and second moments

P p1 D2 ni n2 E[T?] E[TZ] E[T}/ 5] A1
4 2 2 40 20 4.58 3.85 3.86 4.63
B — 4 80 40 4.27 3.93 3.94 4.31
Xal = 160 80 4.13 3.97 3.97 4.16
320 160 4.06 3.99 3.99 4.08
640 320 4.03 3.99 3.99 4.04
2560 1280 4.01 4.00 4.00 4.01
20 20 5.25 3.73 3.76 5.16
40 40 4.56 3.88 3.89 4.56
80 80 4.24 3.94 3.95 4.28
160 160 412 3.97 3.97 4.14
240 240 4.08 3.98 3.98 4.09
320 320 4.06 3.99 3.99 4.07
20 40 5.11 3.82 3.83 5.01
40 80 4.46 3.91 3.92 4.49
80 160 4.21 3.96 3.96 4.24
160 320 4.10 3.98 3.98 4.12
320 640 4.05 3.99 3.99 4.06
1280 2560 4.01 4.00 4.00 4.02
8 4 4 40 20 10.18 7.69 7.74 9.96
Bl — 8 80 40 8.94 7.87 7.88 8.96
Xgl = 160 80 8.44 7.94 7.4 8.48
320 160 8.22 7.97 7.97 8.24
640 320 8.11 7.99 7.99 8.12
2560 1280 8.03 8.00 8.00 8.03
20 20 13.71 7.57 7.70 11.58
40 40 9.95 7.78 7.81 9.74
80 80 8.85 7.90 7.90 8.86
160 160 8.40 7.95 7.95 8.43
240 240 8.26 7.97 7.97 8.28
320 320 8.19 7.97 7.98 8.21
20 40 13.09 7.94 7.04 11.14
40 80 9.74 7.87 7.88 9.53
80 160 8.75 7.92 7.93 8.76
160 320 8.35 7.96 7.96 8.38
320 640 8.17 7.08 7.98 8.19
1280 2560 8.04 8.00 8.00 8.05
20 10 10 80 40 26.19 19.72 19.83 24.95
. 160 80 22.63 19.85 19.88 22.45
E[x30] = 20 320 160 21.23 19.93 19.93 21.22
640 320 20.60 19.97 19.97 20.61
2560 1280 20.15 19.99 19.99 20.16
40 40 37.35 20.59 20.70 28.97
80 80 25.55 19.89 19.95 24.43
160 160 22.37 19.90 19.92 22.20
240 240 21.51 19.93 19.94 21.46
320 320 21.10 19.94 19.95 21.10
40 80 35.47 21.40 21.24 27.93
80 160 24.93 20.05 20.07 23.92
160 320 22.10 19.95 19.96 21.95
320 640 20.98 19.96 19.96 20.97
1280 2560 20.23 19.99 19.99 20.24
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Table 1 (Continued )

D p1 D2 ny ng E[T*] E[T}) E[TY 5] A2
4 2 2 40 20 33.05 23.39 22.44 32.58
80 40 27.93 23.73 23.26 28.23
E[xj] = 24 160 80 25.86 23.89 23.66 26.10
320 160 24.89 23.94 23.82 25.05
640 320 24.46 23.99 23.93 24.52
2560 1280 24.13 24.00 23.99 24.13
20 20 46.43 23.44 21.47 39.58
40 40 32.02 23.62 22.78 31.59
80 80 27.49 23.79 23.39 27.75
160 160 25.64 23.90 23.70 25.86
240 240 25.06 23.92 23.79 25.24
320 320 24.79 23.96 23.84 24.93
20 40 43.65 24.35 22.44 37.55
40 80 31.03 23.83 23.10 30.62
80 160 27.08 23.87 23.52 27.27
160 320 25.44 23.92 23.75 25.63
320 640 24.70 23.95 23.87 24.81
1280 2560 24.19 24.00 23.98 24.20
8 4 4 40 20 136.94 78.17 75.15 122.28
80 40 102.31 79.15 77.64 100.83
E[xg] = 80 160 80 90.02 79.58 78.82 90.34
320 160 84.81 79.84 79.45 85.15
640 320 82.37 79.94 79.74 82.57
2560 1280 80.58 79.96 79.91 80.66
20 20 283.17 86.48 76.14 157.05
40 40 130.08 79.56 76.71 117.54
80 80 99.87 79.54 78.22 98.53
160 160 88.94 79.68 79.04 89.21
240 240 85.80 79.81 79.38 86.13
320 320 84.25 79.82 79.50 84.59
20 40 255.93 94.32 82.12 147.33
40 80 123.81 80.85 78.28 112.88
80 160 97.42 79.82 78.71 96.25
160 320 87.88 79.79 79.25 88.08
320 640 83.78 79.89 79.62 84.03
1280 2560 80.94 79.99 79.93 81.00
20 10 10 80 40 776.21 439.81 433.37 666.05
B | = 440 160 80 569.84 438.53 434.88 552.22
20 320 160 498.17 439.10 437.14 495.91
640 320 467.81 439.69 438.68 467.90
2560 1280 446.84 439.82 439.56 447.21
40 40 1694.30 514.92 480.69 849.23
80 80 736.31 446.23 439.37 642.03
160 160 555.60 440.03 436.77 540.38
240 240 511.97 439.74 437.53 506.78
320 320 491.98 439.48 437.81 490.03
40 80 1519.68 553.37 509.58 800.56
80 160 699.11 451.93 445.27 618.20
160 320 541.81 441.37 438.58 528.59
320 640 485.89 439.83 438.44 484.17
1280 2560 450.76 439.90 439.55 451.02
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Table 2 Variances and MSEs

p p1 D2 ny ng Var[T?] Var[T3] Var[T?%, 5] A3
4 2 2 40 20 12.07 8.54 7.50 11.50
o 80 40 9.71 8.25 7.76 9.72
Var[xg] =8 160 80 8.80 8.13 7.89 8.86
320 160 8.38 8.05 7.94 8.43
640 320 8.19 8.04 7.98 8.21
2560 1280 8.05 8.01 8.00 8.05
20 20 18.90 9.54 7.32 14.32
40 40 11.57 8.53 7.63 11.08
30 80 9.51 8.23 7.81 9.52
160 160 8.69 8.10 7.90 8.75
240 240 8.45 8.06 7.93 8.50
320 320 8.33 8.05 7.95 8.38
20 40 17.53 9.77 7.76 13.44
40 80 11.10 8.52 7.76 10.66
80 160 9.31 8.21 7.86 9.31
160 320 8.61 8.09 7.92 8.65
320 640 8.29 8.04 7.96 8.33
1280 2560 8.07 8.01 7.99 8.08
8 4 4 40 20 33.35 19.04 15.23 26.99
. 80 40 22.30 17.25 15.57 21.41
Var[xg] = 16 160 80 18.75 16.57 15.77 18.69
320 160 17.32 16.30 15.91 17.34
640 320 16.63 16.14 15.94 16.67
2560 1280 16.15 16.03 15.98 16.17
20 20 95.30 29.11 16.88 35.79
40 40 31.08 19.01 15.69 25.64
30 80 21.55 17.16 15.73 20.76
160 160 18.40 16.49 15.81 18.36
240 240 17.56 16.33 15.89 17.57
320 320 17.13 16.23 15.90 17.18
20 40 84.69 31.21 19.06 33.03
40 80 29.03 18.96 16.16 24.32
80 160 20.79 17.03 15.86 20.11
160 320 18.11 16.44 15.88 18.04
320 640 17.01 16.22 15.95 17.02
1280 2560 16.24 16.05 15.98 16.25
20 10 10 30 40 90.15 51.08 40.29 68.24
VarlxZ,] = 40 160 80 57.68 44.39 39.76 54.02
20 320 160 47.65 42.00 39.81 46.98
640 320 43.59 40.97 39.90 43.49
2560 1280 40.88 40.24 39.97 40.87
40 40 208.98 90.86 52.00 90.26
80 80 83.54 50.63 41.35 64.81
160 160 55.41 43.88 40.00 52.33
240 240 49.35 42.39 39.90 48.20
320 320 46.66 41.68 39.85 46.14
40 30 261.75 95.31 58.45 83.30
80 160 77.47 50.08 42.41 61.41
160 320 53.32 43.43 40.28 50.64
320 640 45.81 41.47 39.99 45.31
1280 2560 41.33 40.34 39.98 41.32
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Table 2 (Continued )

P p1 P2 ny ng MSE[T?] MSE[T2] MSE[T?, 5] A3
4 2 2 40 20 12.40 8.56 7.52 11.50
MSE[?] = 8 80 40 9.79 8.26 7.77 9.72
Xal = 160 80 8.82 8.13 7.89 8.86
320 160 8.38 8.05 7.94 8.43
640 320 8.19 8.04 7.98 8.21
2560 1280 8.06 8.01 8.00 8.05
20 20 20.45 9.61 7.38 14.32
40 40 11.84 8.55 7.64 11.08
80 80 9.57 8.23 7.81 9.52
160 160 8.71 8.10 7.90 8.75
240 240 8.45 8.06 7.93 8.50
320 320 8.34 8.05 7.95 8.38
20 40 18.76 9.81 7.79 13.44
40 80 11.31 8.53 7.77 10.66
80 160 9.36 8.21 7.86 9.31
160 320 8.62 8.09 7.92 8.65
320 640 8.29 8.04 7.96 8.33
1280 2560 8.07 8.01 7.99 8.08
8 4 4 40 20 38.10 19.14 15.30 26.99
MSE[Z] = 16 80 40 23.19 17.27 15.58 21.41
8 160 80 18.94 16.57 15.77 18.69
320 160 17.36 16.30 15.91 17.34
640 320 16.64 16.14 15.94 16.67
2560 1280 16.15 16.03 15.98 16.17
20 20 127.87 29.29 16.97 35.79
40 40 34.88 19.06 15.73 25.64
80 80 22.27 17.17 15.74 20.76
160 160 18.56 16.49 15.82 18.36
240 240 17.63 16.33 15.89 17.57
320 320 17.17 16.23 15.90 17.18
20 40 110.55 31.21 19.06 33.03
40 80 32.05 18.98 16.17 24.32
80 160 21.36 17.04 15.86 20.11
160 320 18.23 16.44 15.89 18.04
320 640 17.04 16.22 15.95 17.02
1280 2560 16.24 16.05 15.98 16.25
20 10 10 80 40 128.50 51.16 40.32 68.24
MSE[Z, ] = 40 160 80 64.60 44.41 39.77 54.02
20 320 160 49.15 42.00 39.82 46.98
640 320 43.95 40.97 39.90 43.49
2560 1280 40.90 40.24 39.97 40.87
40 40 600.14 91.22 52.49 90.26
80 80 114.33 50.64 41.35 64.81
160 160 61.00 43.89 40.00 52.33
240 240 51.63 42.39 39.90 48.20
320 320 47.88 41.69 39.86 46.14
40 80 500.99 97.28 59.99 83.30
80 160 101.80 50.08 42.42 61.41
160 320 57.73 43.44 40.28 50.64
320 640 46.77 41.47 39.99 45.31
1280 2560 41.39 40.34 39.98 41.32
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Table 3 Upper percentiles and type I errors

a = 0.05

p1 D2 ni n2 T2 T% T2 5

4 2 2 40 20 11.29 9.51 9.18
(0.088 (0.050 (0.044
Xio.05 = 945 80 40 10.31) 9.51 ) 9.34 )
(0.067) (0.050) (0.047)

160 80 9.89 9.50 9.42
(0.058) (0.050) (0.049)

320 160 9.68 9.49 9.45
(0.054) (0.050) (0.049)

640 320 9.59 9.49 9.47
(0.052) (0.050) (0.050)

2560 1280 9.52 9.49 9.49
(0.051) (0.050) (0.050)

20 20 13.44 9.55 8.98
(0.130) (0.051) (0.040)

40 40 11.09 9.53 9.24
(0.084) (0.051) (0.045)

80 80 10.22 9.51 9.37
(0.065) (0.050) (0.048)

160 160 9.84 9.50 9.43
(0.057) (0.050) (0.049)

240 240 9.71 9.49 9.44
(0.055) (0.050) (0.049)

320 320 9.66 9.49 9.46
(0.054) (0.050) (0.049)

20 40 12.98 9.70 9.19
(0.121) (0.054) (0.044)

40 80 10.90 9.55 9.31
(0.080) (0.051) (0.046)

80 160 10.13 9.51 9.39
(0.063) (0.050) (0.048)

160 320 9.79 9.49 9.43
(0.056) (0.050) (0.049)

320 640 9.63 9.49 9.46
(0.053) (0.050) (0.049)

1280 2560 9.53 9.49 9.48
(0.051) (0.050) (0.050)
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Table 3 (Continued )

a=0.05
P p1 P2 ny n2 T2 T2 T2 5
8 4 4 40 20 21.10 15.94 15.07
s 1551 (0.154) (0.056) (0.043)
80 40 17.87 15.71 15.29
(0.093) (0.053) (0.046)
160 80 16.60 15.60 15.40
(0.069) (0.052) (0.048)
320 160 16.04 15.56 15.46
(0.059) (0.051) (0.049)
640 320 15.77 15.54 15.48
(0.054) (0.050) (0.050)
2560 1280 15.57 15.51 15.50
(0.051) (0.050) (0.050)
20 20 31.42 17.36 15.44
(0.307) (0.071) (0.049)
40 40 20.48 16.02 15.25
(0.142) (0.057) (0.046)
80 80 17.61 15.72 15.35
(0.088) (0.053) (0.048)
160 160 16.47 15.59 15.42
(0.067) (0.051) (0.048)
240 240 16.14 15.56 15.45
(0.061) (0.051) (0.049)
320 320 15.97 15.55 15.46
(0.058) (0.051) (0.049)
20 40 29.73 18.05 16.17
(0.280) (0.080) (0.060)
40 80 19.89 16.08 15.42
(0.131) (0.058) (0.049)
80 160 17.34 15.70 15.40
(0.083) (0.053) (0.048)
160 320 16.36 15.59 15.44
(0.065) (0.051) (0.049)
320 640 15.92 15.55 15.47
(0.057) (0.051) (0.049)
1280 2560 15.61 15.52 15.50
(0.052) (0.050) (0.050)
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Table 3 (Continued )

a = 0.05
P p1 P2 n n2 T° T Tip
20 10 10 80 40 43.68 32.88 31.31
) B (0.253) (0.066) (0.049)
X20,0.05 = 31.41

160 80 36.47 31.99 31.26
(0.125) (0.057) (0.049)

320 160 33.73 31.67 31.31
(0.082) (0.053) (0.049)

640 320 32.54 31.55 31.37
(0.065) (0.052) (0.050)

2560 1280 31.69 31.44 31.39
(0.053) (0.050) (0.050)

40 40 69.51 38.32 33.95
(0.572) (0.115) (0.081)

80 80 42.35 32.97 31.60
(0.229) (0.067) (0.052)

160 160 35.91 31.96 31.34
(0.116) (0.056) (0.049)

240 240 34.26 31.75 31.34
(0.090) (0.054) (0.049)

320 320 33.48 31.64 31.34
(0.078) (0.053) (0.049)

40 80 65.52 39.54 35.35
(0.526) (0.130) (0.098)

80 160 41.08 33.03 31.88

(0.206) (0.068) (0.056)

160 320 35.37 31.93 31.42

(0.107) (0.056) (0.050)

320 640 33.24 31.63 31.38

(0.074) (0.053) (0.050)

1280 2560 31.84 31.46 31.40

(0.055) (0.051) (0.050)

21



Table 3 (Continued )

a = 0.01
D1 D2 n1 n2 T2 T% T g
4 2 2 40 20 16.52 13.90 12.87
(0.027) (0.013) (0.008)
Xioo = 13.28 80 40 14.73 13.57 13.08
(0.017) (0.011) (0.009
160 80 13.98 13.43 13.19
(0.013) (0.011) (0.010)
320 160 13.60 13.34 13.22
(0.011) (0.010) (0.010)
640 320 13.45 13.32 13.26
(0.011) (0.010) (0.010)
2560 1280 13.32 13.29 13.27
(0.010) (0.010) (0.010)
20 20 20.88 14.83 12.78
(0.052) (0.016) (0.008)
40 40 16.15 13.88 12.98
(0.025) (0.012) (0.009)
80 80 14.56 13.54 13.12
(0.016) (0.011) (0.009)
160 160 13.87 13.39 13.19
(0.013) (0.010) (0.010)
240 240 13.67 13.36 13.22
(0.012) (0.010) (0.010)
320 320 13.57 13.34 13.24
(0.011) (0.010) (0.010)
20 40 20.07 14.99 13.11
(0.047) (0.016) (0.010)
40 80 15.82 13.86 13.11
(0.023) (0.012) (0.010)
80 160 14.40 13.52 13.17
(0.015) (0.011) (0.010)
160 320 13.81 13.39 13.21
(0.012) (0.010) (0.010)
320 640 13.54 13.33 13.25
(0.011) (0.010) (0.010)
1280 2560 13.34 13.29 13.27
(0.010) (0.010) (0.010)
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Table 3 (Continued )

a=0.01

P p1 P2 ny n2 T2 T2 T2 5
8 4 4 40 20 29.09 21.98 19.63
oo = 2009 (0.061) (0.016) (0.008)
80 40 23.74 20.88 19.82
(0.027) (0.013) (0.009)

160 80 21.75 20.45 19.95
(0.017) (0.011) (0.010)

320 160 20.90 20.28 20.03
(0.013) (0.011) (0.010)

640 320 20.47 20.17 20.05
(0.011) (0.010) (0.010)

2560 1280 20.18 20.11 20.08
(0.010) (0.010) (0.010)

20 20 49.03 27.10 20.83
(0.177) (0.031) (0.012)

40 40 28.11 21.99 19.95
(0.054) (0.017) (0.010)

80 80 23.34 20.82 19.93
(0.025) (0.013) (0.009)

160 160 21.56 20.40 19.98
(0.016) (0.011) (0.010)

240 240 21.04 20.29 20.01
(0.014) (0.011) (0.010)

320 320 20.79 20.23 20.02
(0.013) (0.011) (0.010)

20 40 46.43 28.19 22.24
(0.156) (0.035) (0.018)

40 80 27.17 21.96 20.26
(0.048) (0.017) (0.011)

80 160 22.93 20.76 20.02
(0.023) (0.012) (0.010)

160 320 21.37 20.36 20.01
(0.015) (0.011) (0.010)

320 640 20.71 20.23 20.05
(0.012) (0.010) (0.010)

1280 2560 20.23 20.11 20.07
(0.011) (0.010) (0.010)
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Table 3 (Continued )

a =0.01
P p1 P2 n n2 T° T Tip
20 10 10 80 40 54.49 41.02 37.61
. (0.117) (0.020) (0.010)
X30,0.01 = 37-57

160 80 44.38 38.93 37.43
(0.040) (0.014) (0.010)

320 160 40.68 38.19 37.47
(0.021) (0.012) (0.010)

640 320 39.05 37.86 37.51
(0.015) (0.011) (0.010)

2560 1280 37.93 37.63 37.54
(0.011) (0.010) (0.010)

40 40 95.44 52.62 42.05
(0.406) (0.055) (0.025)

80 80 52.68 41.01 38.08
(0.101) (0.020) (0.011)

160 160 43.61 38.81 37.54
(0.036) (0.014) (0.010)

240 240 41.37 38.34 37.52
(0.024) (0.012) (0.010)

320 320 40.31 38.10 37.50
(0.020) (0.012) (0.010)

40 80 89.80 54.19 44.35
(0.359) (0.063) (0.034)

80 160 50.94 40.96 38.52

(0.086) (0.020) (0.013)

160 320 42.87 38.70 37.67

(0.032) (0.013) (0.010)

320 640 39.97 38.03 37.54

(0.018) (0.011) (0.010)

1280 2560 38.13 37.66 37.55

(0.012) (0.010) (0.010)
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Chapter 3

Multivariate Behrens-Fisher

problem

In this chapter, a new approximate solution is proposed by deriving the asymptotic
expansions up to the term of order N2 for the first and second moments of U statis-
tic, where N is total sample size minus 2. We note that the asymptotic expansions
up to the term of order N~! for the moments of U are obtained by Yanagihara and
Yuan (2005). We obtain the asymptotic expansions of the moments of U, and then
the bias correction for the asymptotic expansions using the consistent estimators
instead of the unknown parameters are also given since the result of the asymp-
totic expansions of the moments of U includes some unknown parameters. As a
result, two new approximate solutions to the multivariate Behrens-Fisher problem
by the approximate moments of U are proposed, moreover, the proofs are presented.
We compare five approximate procedures by Monte Carlo simulation and evaluate
the advantages of the proposed procedures. In the Appendix, we present certain

formulas used to derive the main result.
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3.1 Behrens-Fisher problem
Let azgi), :Izg), . :BS()) be p-dimensional random vectors from N,(p®, %) i = 1,2,

j=1,2,...,n%. We consider the following hypothesis test problem:
Ho: pD =p® vs. Hy: p £ p@), (3.1)

where X1 2 ¥ A natural statistic for testing (3.1) is

_ _ s g\t .
T = @0 _ z®y (W n W) @D — @),
where
Lo L
=) (@) (@) _ (D) =)\ () =)
x —H@Z% _— —n(@-)_lz@j ) (x; 7).
j=1 j=1

When n(Y = n® and 0 = 2@ the T statistic is reduced to the two sample
Hotelling’s T statistic. Then, under the null hypothesis in (3.1), (n—p—1)T/{p(n—
2)} follows the F' distribution with p and n — p — 1 degrees of freedom, where
n=nl +n®,

Mean comparison with unequal variances is intrinsically difficult, and is well
known as the Behrens-Fisher problem. Welch (1938) and Scheffé (1943) proposed
approximate solutions for the univariate case. One of the earliest methods for solv-
ing the multivariate Behrens-Fisher problem was derived by Bennett (1951) based
on an extension of Scheffé’s (1943) univariate solution. Some approximate solutions
were considered by James (1954), Yao (1965), Johansen (1980), Nel et al. (1990),
and Kim (1992). Nel et al. (1986) obtained the exact null distribution of 7', and
Krishnamoorthy and Yu (2004) proposed a modification to the solution. Recently,
Krishnamoorthy and Yu (2012) proposed a solution extending the modified Nel and
Van der Merwe’s test procedure in their earlier study to the case of incomplete data
with a monotone pattern. Girén and del Castillo (2010) studied the multivariate
Behrens-Fisher distribution, which is defined as the convolution of two indepen-

dent multivariate Student ¢ distributions. Yanagihara and Yuan (2005) provided

26



three approximate solutions to the multivariate Behrens-Fisher problem that are
two F' approximations with approximate degrees of freedom and modified Bartlett
corrected statistic. However, these solutions are not good approximations when the

difference between the covariance matrices is large.

3.2 Approximate degrees of freedom

Assuming the standard regularity condition n¥/n = O(1),i = 1,2, then, as in

Yanagihara and Yuan (2005), we can write

T=2W'lz=2Z2, 3.2
z z i (3.2)
where
(2) (1)
L ”(1)”(2)5—%@(1) ) W <” ., " 5(2)> R
n
(2) (1) /
— n n A4
Y=—xW 44— 3@ U=
n + n ’ 2ZW-1z

2
a X
U~=2, (3.3)
¢
we have
2
inL X;’/p ~F,,,
pd X3/
where “~” means “approximately following”. Note that when X = $® and

nM = n@ U is exactly distributed as x2/¢, where v =n —p—1and ¢ = n — 2.
In general, the constants v and ¢ can be given using the following theorems for the
first and second moments of U. The proof of the following theorem is provided in

Section 3.3.
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Theorem 3.1. (Kawasaki and Seo (2015))
Let U = 2'z/2'W 1z be defined by (3.2). Then, an asymptotic expansion up to the
term of order N2 for E[U] can be expanded as

6 1
& =E[U]=1- Nl + 5502 = 03) + O(N ™), (3.4)
where
R . A
N=n-2 6 = > D Ip(a)? + (p— 2)ay) b
plp+2) = { }
2
b = o {4 + 0= DB+ Daaly +plp+ 2)(a)
=1
1 : (i
b — D)2 {p2(5p + 14)a;
PR PR PR { 2 () (por + Wai

+4(p+ 3)(p + 2)(p — 2)al)aly) + p(p + 3)(p — 2)(aly)?

+2(p® + 5p* + Tp + 6)@52)@8)))2 —p(p+ 4)(@5?))4}
+4(p+3)(p+2)(p — 2)¢1 +4p(p + 2)(p — 2)v2 + 4p(p + 4)(p + 2)2s
—2p(p — 2)s — 2(p + 3)(p — 2)bs + 2p(p + 4)(p — 2)2s

— 2p(p + 4)¢br + 2p(p + 4)(3p + 2)%}
with Y, k=1,2,...,8 given by

Yy = P {aggb(lz,l) + aggb(zm)} ;Yo = 0(1)0(2)5(2,2,1)7

1 2 1 2
Y3 = 0(1)6(2)6‘%1;@21;[)(1,1,1)7 thy = C(l)c(z)aé;a%’

Us = Ve {aG) (@) + (@)%a)} . s = e (buun)”
(

Py = c(1>c<2)(a8§)z(a8§)2, g = Dy ),

and

i) (n— n(i)>2(n —2) PO (n— n(i)>3(n —2)2
nZ(n® —1) n3(n® —1)2  °

. S—=—1\?
agz)) = tr <E(Z)Z 1) s 1= 172; (= 17273?47
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—" { <Z(l)§71)q (E(z)§—1>r} |

(q,r,s)=(1,1,1),(1,1,2),(1,2,1),(2,1,1),(2,2,1).

Similarly, as the result of asymptotic expansion for E[U?],we have the following

theorem. The proof of the following theorem is provided in Section 3.3.

Theorem 3.2. (Kawasaki and Seo (2015))

Let U = 2'z/2'W 1z be defined by (3.2). Then, an asymptotic expansion up to the
term of order N=2 for E[U?) can be expanded as

where

05 =

Os

21 2 1 -3

2
(i)
Z c { 2+ 2a(2)} ,

=1

.

+2)
1 2
(i) 2 _ (#) —4)q" @ (1) \3
p(p+2)(p + 4) Zd {4(17 3p—|—4)a(3) +3p(p — 4)a Ay TP *(a ()) }>
i=1

Tl + 2)(p1+ 1)(p + 6) {Z(C(i))z {2(P +1)(5p% — 1p + 24)a)

+4(p — 4)(2p” + 5p + 6)a)afy) + (p — 2)(p — 4)(2p + 3)(a(3)”
(@)

+2(p+2)(20% — p+ 12)al) (al2)? — 3(p? + 2p — 4)(al))* }
+4(p — 4)(2p* + 5p + 6)1 + 8p(p — 2)(p — 4)¢2 + 8p(p” + 4p + 2)1bs

—6(p—2)(p—4)ta —6(p—4)(p+2)s +4(p+3)(p — 2)(p — 4)¢s

—6(p? +2p — Dby +12(p° + p* — 2p + 8)%}-

It follows from (3.3) that
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where “~” means “approximate equality”. Therefore, using the asymptotic expan-
sions of E[U] and E[U?] in Theorems 3.1 and 3.2, the new approximation to the

values of v and ¢ are given by

2(N% — NO; + 0, — 05)?

Vs = N2(N2 — 2N, + 2NOs + 205 — 06) — (N2 — NO; + 05 — 0)2’ (3.6)
¢ . NQZ/S (3 7)
S_N2—N91+02—937 :
respectively. If 0y = 03 = 05 = 0 = 0, then
_ (N_91)2 o . l/sN .
Vg = N(94 — ‘9%/2 (_ VF)? ¢S - N — 01 (— ¢F), (38)

and these values are the same as the results of Yanagihara and Yuan (2005). In

addition, they slightly adjust the coefficient vg to

(N —6,)?
Vy = N194 — 61 s (39)

which will be used to obtain the F' approximation.
In practical use, we must estimate agz)) and b(g,,5) since Y@ and ¥ are unknown.
In this paper, using the consistent estimators of them, we obtain the following

results. The proof of the following theorem is provided in Section 3.4.

Theorem 3.3. (Kawasaki and Seo (2015))

Let the estimators for (3.4) and (3.5) be

~ 0, 1 ~ ~ B

PO 9 . 1 o~ o~
&=E[U?]=1- ~ (01 = 04) + 575205 — O6) + Op(N7?),

respectively. Then

~ 9 1 . _
El&] —l—ﬁl+m(92—93—91)+0(N 2),
. 9 1
E[fg] =1- N (91 — 94) -+ m (295 — (96 — 20; + 292) + O<N72),
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where

0 =m —n2+n3, 0y =n4s— 105+ 16

with
2,
(92 (9)
= p(p+2) Z:ZI p(z { )(a(1)) + (3p — 2>a(2)} )
N2 = = i d® {(7p — 6)a(i) + (5p — 6)a(i) at) + 2p(a(i) )3}
p(p+2) — (3) (172 (1)
1
’r] =
T pp+2)
2
x [E(M {40 = 1)af) + Bp = Da)al) + (10— 2)(a)? + 2p(af}) a3 }
i=1

+ (3p — 2)th1 + 2(p — 2)v2 + 4phs + 2(p — 2)1b6 + 2(3p — 2)¢s

Y

2 .
1 ct? D2 | 400
TR 21: (p)? {2("(1)) + 4%)} ’

1 . ) N 4
— d {10af)) + 8afl)al) +2(af)))*}
= ot 2) ; (o + 83 + 2(a)
1 2
(i) () (i) 2 (i) 2,,(0)
16 {6a + dadag + 2(ag )+ 2(ai) ) a }
p(p+2) ;( Y M%) T %) (aq))"ags)

+ 4(2h1 + b + 3 4 Y6 + 2¢05) | .

As with derivation of (3.6) and (3.7), using the asymptotic expansions of E[gl]
and E[gg] in Theorems 3.3, we have the following v and ¢. Consequently

2 192
N 1
VBc N2 (N2 —2N60; +2NOy + 205 — 05 — 207 + 205) — 2 ) (3.10)
N?vpo
bpo =5 (3.11)

where 9 = N2 — N6, + 0, — 05 — 6;.

Then we can propose procedures as follows.
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(I) Second Order Procedure (S-Procedure)

7,
Ts = =T F,p,,
PPs

where Dg and ¢g are the consistent estimators of (3.6) and (3.7), respectively.

(II) Bias Correction Procedure (BC-Procedure)

Upc
Tpe = ——T ~F,

PPBC

UBCH

where e and ¢pc are the consistent estimators of (3.10) and (3.11), respec-

tively.

3.3 Proofs of Theorem 3.1 and 3.2

Let
. @ -1 ) n—nl__1 1
(@) _ n Q(Z) — 32 E(z) 2
P =\ - (%),
and

. 1 1
VO = \/n 1 {(2@)) SO () g} i= 12

Then, W~! can be expanded as
wt=1,-

where

Note that U = 2'z/2'W~'z. It follows from (3.12) that we can expand U as

L 1
VN NVN
(@% — 04 +20,03 + 03 — 3070,) + Op(N*E’/z),

U=1+ (03 — 20,0, + 67)

1
01+ (6] —©,) +

1
TN
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where ©; = z’Viz/z’z,i = 1,2,3,4. Note that V and z are independent, and so
are 2'Vz/z'z and 2'z, as well as z’sz/z’z and 2’z (see Fang et al., 1990, p.30).
In the same way as in Yanagihara and Yuan (2005), the following results can be

obtained after a good deal of calculation:

VNE[0:0,] =

(13
{6a +5aal) + (al)) }
2

8 )
3 (%) (i i) a3
VNE®] ~ plp+2)(p+4) Zd {8a(3)+6 e+ (a) }
=1

'M“

) 1 ) 4 . .
(iv) E[O4] = 5{ (c?) {5a§;) +4a)aly) + (al)? + 2a§;>)(a§;>))2}
=1

+2(2¢1 + 24py + 20p3 + 6 + 3¢8)} +O(NTY),
12
E[61] =
91 oD+ D0
x{ > (D)2 {48(1&)) +32a) aly) + 12(agy))? + 12a(3) (a()))? + (ag?))‘*}
=1

+2(169)1 + 3209 + 8tbg + 4y + 295 + 8i)g + Y7 + 1615) ¢ + O(N 1),

9 2 A L
e ( (Z) 2 (2) (74) 2
E[0,05] p(p+2){;( )2 {8a + 70100 + (ad) +2a(2)(a(1))}

+7’¢1 + 10¢2 + 4@03 + 2@06 + 677/18} + O(Nfl),
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Ble: = p(p+2)
x{ ZZ;(C@))Q {140 + 800 + 7(a5)? + (a)* + 60 (a2}
+2(44y + 4P + s + g + 5 + 66 + P + 10%)} oY),
E[020,] = 2

p(p+2)(p+4)

2
X { 3 ()2 {40a§4>) +28a) afy) + 10(agy))? + 1af3) (af))? + (ag’l)))‘l}
=1

+281)1 + 481y + 16403 4 41hy + 30)5 + 1696 + 2007 4 32¢hg » + O(Nfl).

Using the above results, we can show (3.4). This completes the proot of Theorem
3.1.

In the same as Theorem 3.1, we can expand U? as

2
U? =1+ —=6, + — (3@2 20,) + ——(03 — 30,0, + 267%)

V_ NVN
T %(564 20, + 60,03 + 303 — 12070,) + O,(N/2).

By calculating the expectations of the above results, we can show (3.5). This com-

pletes the proof of Theorem 3.2.

3.4 Proof of Theorem 3.3

Let
50 =x0 4 L (z0)Fyo (z0)}
n® —1
2 1
n n

where S@ (i = 1,2) is consistent estimator. Then 5! can be written by
—1 =1 @ _1 ~1 Sl
=% (Ip—i—in LT (M) M (xM) T

n@®

(SIS
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Moreover above S® and S are substituted into @\1 and 54, and calculated the expected

value of them as

2
~ 1 . 1 . .
0] =0 S0 { —2)(a)? —2)a®
EH 1+p(p+2)[ 2 {n(’)—l (p=2)(ag))" + (Bp >“<2>}

~n(n® —1)
— p)2

. (=m0
n2(n@ — 1)

x {4(p = 1)af}) + (3p - 2)af))aly) + (0 - 2)(a)? + 2p(af}) %0l } }

+ (30— 2 +2p — 20 + 4puis + 2(p — 2t + 23p - 2)%}]

+o(N1
1 _
=01+ N(m — e +m3) +o(N71)
1, _
= 01 + Nﬁl + O(N 1),

2
. 1 ‘ 1 . .
B (0] =0+ 3 ———{2(af)? + 4af}) }
p(p + 2) z:zl n® —1 (1) (2)
) | o |
n—n @ L o () @) ()3
BT {10“(3> +8agyap) +2(ap)) }

(n =) 0 4 00 0 L o2 4 90240
T 2o — 1) P e T ()™ +2ag)) ag,

+%{¢1+’¢2+¢3+’¢6+2¢8} +O(N71)

1 _
= 04+N(774_775+776) +o(N7

1

N@Z +o(N7h.

=04+
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Using the above results, we can calculate as

1 1

Bl =1 - SEB] + 553 (E:] - E[fs]) + O(N )
=1- % <91 + %91‘) + %(92 —03) + o(N~?)
- %el + %(eg 0, —67) + o(N2),

B&] = 1~ w (B[] - Ef]) + 15(260:] — Ef)) + O(N )
=1- % <91 + %91‘ — 04— %9;;) + %(295 —06) + o(N?)
= L 20y 00) 35 (205 — O — 205 4 205) + o(N ).

This completes the proof of Theorem 3.3.

3.5 Simulation studies

In this section, we perform a Monte Carlo simulation in order to investigate the
accuracy of our procedures (I) and (II), and to compare it with the following three

procedures:

(III) First Order Procedure (F-Procedure)

~

Vg a
Tp = —=T1T~F,5,,

POR

where Up and ¢ are consistent estimators of (3.8), respectively.

(IV) Yanagihara and Yuan’s Procedure (Y-Procedure)

I//\Y a
Ty =—1T~ Fpﬂ’)Y?

PPy

where

BN
Py = =
YTN—D,

and Vy is a consistent estimator of (3.9). See Yanagihara and Yuan (2005).
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(V) Modified Bartlett Procedure (MB-Procedure)

S T\ .
Tvup = (Nﬁg—l—ﬁz;) lOg (1+ N—A> NX?,,
3

where
63 = X < 54 = ~ ~ 3
Ko — 2/11 2</i2 - 2’£1)
1< :
Ro= =S {@y)? +ay )
p =1
~ L ~(1)y2 ~2)
Ry = e {20+ 3)@")? + 200 + 13 }
p(p +2) ;

See Yanagihara and Yuan (2005).

For each of parameters, the simulation was carried out for 1,000,000 trials based on
normal random vectors. Without loss of generality, we can assume that p; = p, = 0.

We compare the following type I errors for five procedures:

(D) a1 =P(Ts > Fappps), (II) oy =P(Tsc > Fapppe);
(HI) a3 = P(TF > Fa;p,DF)a (IV) = P(Ty > Fa;pygy),

(V) Q5 = P(TMB > Xi;p)a

where F, ;4 is the upper 100a percentile of the F' distribution with f and g degrees
of freedom and X?y;p is the upper 100« percentile of the chi-square distribution with
p degrees of freedom. We choose a = 0.05, 0.01, p = 4,8, and the sample sizes
(nM,n®) = (10, 10), (10, 20), (20, 10), (20, 20) for (I)~(V). We note that the
second degree of freedom of F' distribution for the test statistic (I)~(IV) changes
with each simulation of 1,000,000 trials.

Table 1 presents the empirical sizes &j;,j = 1,2,3,4,5 in the case of O =
diag(e, €2, -+ ,¢?) and X® = I, where ¢ = 1, 5, 10, 20. We note that || > 1 and

the difference between (1) and 2 is large when ¢ is large. Tables 2 and 3 present
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the empirical sizes 4,7 = 1,2,3,4,5 in the case of ! = ¢2I and X = [, where
0% = 0.1(0.2)0.7 in Table 2, and 0% = 2, 5, 10, 20, 30 in Table 3. We note that the
empirical sizes for the case of [X(M| < 1 and [X(V| > 1 are given in Tables 2 and
3, respectively. The last row of each of these Tables indicates the average absolute
discrepancy (AAD). In this context, see Yanagihara and Yuan (2005).

From Table 1, it is seen that the proposed approximations a; and @y are very
good for cases when e is large. In contrast, it seems that other &; are farther from
« as € becomes large. It may also be noted that a; and @y are stable and good
approximation to o when n, and ny are large. From Table 2, we can see that ay’s
AAD and as’s AAD are lower than the others, and their approximations are good
for the case of p = 4, and that a; are a good approximation for the case of p = 8. On
the other hand, it seems from Table 2 that the empirical sizes are almost unchanged
except for as. It can be seen from Table 3 that ay are closer to o when p = 4.
In addition, it is seen from Table 3 that a; and @4 are good approximations when

p=_8.
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Table 1 Empirical sizes (a7 ~ a5) when p = 4,8, and € = 1, 5,10,20

a=0.05
(nM), n(2) € a a2 as o as

(10,10) 1 0.047 0.043 0.048 0.044 0.046

5 0.057 0.061 0.067 0.045 0.057

10 0.055 0.059 0.069 0.042 0.057

20 0.054 0.056 0.070 0.039 0.057

(10,20) 1 0.053 0.056 0.053 0.049 0.051

5 0.057 0.062 0.070 0.039 0.059

10 0.054 0.058 0.070 0.036 0.057

20 0.053 0.054 0.070 0.033 0.056

(20,10) 1 0.053 0.055 0.053 0.049 0.051

5 0.051 0.050 0.052 0.049 0.051

10 0.051 0.051 0.053 0.049 0.051

20 0.050 0.051 0.053 0.049 0.051

(20,20) 1 0.049 0.048 0.049 0.048 0.049

5 0.051 0.052 0.053 0.049 0.052

10 0.051 0.051 0.054 0.048 0.052

20 0.050 0.051 0.053 0.047 0.051

AAD 0.289 0.473 0.896 0.531 0.369

(10,10) 1 0.046 0.044 0.000 0.035 0.048

5 0.077 0.061 0.000 0.030 0.149

10 0.073 0.056 0.000 0.022 0.160

20 0.069 0.052 0.000 0.017 0.167

(10,20) 1 0.060 0.061 0.028 0.048 0.060

5 0.079 0.061 0.000 0.017 0.162

10 0.073 0.055 0.000 0.012 0.169

20 0.068 0.051 0.000 0.010 0.172

(20,10) 1 0.059 0.061 0.028 0.048 0.059

5 0.053 0.053 0.000 0.046 0.058

10 0.052 0.053 0.000 0.044 0.059

20 0.052 0.052 0.000 0.043 0.059

(20,20) 1 0.050 0.048 0.068 0.047 0.049

5 0.053 0.054 0.000 0.041 0.059

10 0.052 0.052 0.000 0.038 0.059

20 0.051 0.051 0.000 0.037 0.058

AAD 1.098 0.514 4.447 1.651 4.697

Note : AAD = ) [100a; — 100«|/16, 7 =1,2,3,4,5
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Table 1 (Continued)

a = 0.01
(nM), n(2) € a a2 as o as

(10,10 1 0.009 0.008 0.010 0.008 0.009
5 0.013 0.014 0.017 0.008 0.013

10 0.012 0.013 0.018 0.007 0.013

20 0.012 0.012 0.019 0.007 0.013

(10,20) 1 0.011 0.012 0.011 0.009 0.010
5 0.013 0.014 0.019 0.007 0.013

10 0.012 0.013 0.019 0.006 0.013

20 0.011 0.012 0.019 0.005 0.013

(20,10) 1 0.011 0.011 0.011 0.009 0.010
5 0.010 0.010 0.011 0.010 0.010

10 0.010 0.010 0.011 0.010 0.011

20 0.010 0.010 0.011 0.009 0.010

(20,20) 1 0.010 0.009 0.010 0.009 0.009
5 0.010 0.011 0.011 0.009 0.010

10 0.010 0.011 0.012 0.009 0.011

20 0.010 0.010 0.012 0.009 0.010

AAD 0.108 0.174 0.384 0.181 0.139
(10,10 1 0.009 0.008 0.000 0.005 0.009
5 0.018 0.012 0.000 0.004 0.052

10 0.018 0.012 0.000 0.003 0.061

20 0.018 0.011 0.000 0.002 0.066

(10,20) 1 0.012 0.012 0.013 0.008 0.012
5 0.020 0.012 0.000 0.002 0.061

10 0.020 0.012 0.000 0.001 0.067

20 0.019 0.012 0.000 0.001 0.071

(20,10) 1 0.012 0.012 0.013 0.008 0.012
5 0.011 0.011 0.000 0.009 0.013

10 0.011 0.011 0.000 0.008 0.013

20 0.011 0.010 0.000 0.007 0.013

(20,20) 1 0.010 0.010 0.019 0.009 0.010
5 0.011 0.011 0.000 0.007 0.013

10 0.011 0.011 0.000 0.006 0.013

20 0.010 0.010 0.000 0.006 0.013

AAD 0.384 0.135 0.908 0.460 2.122

Note : AAD = ) [100a; — 100«|/16, 7 =1,2,3,4,5
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Table 2 Empirical sizes (a1 ~ a5) when p = 4,8 and o2 = 0.1(0.2)0.7
a=0.05
(n(), n(2) o2 a1 Qs as ay as

(10,10) 0.1 0.058 0.063 0.064 0.049 0.057
0.3 0.052 0.052 0.054 0.047 0.051

0.5 0.049 0.047 0.051 0.045 0.048

0.7 0.047 0.045 0.049 0.045 0.047

(10,20) 0.1 0.050 0.049 0.051 0.049 0.050
0.3 0.048 0.047 0.049 0.047 0.048

0.5 0.049 0.049 0.050 0.047 0.048

0.7 0.051 0.051 0.051 0.048 0.050

(20,10) 0.1 0.061 0.068 0.069 0.044 0.060
0.3 0.061 0.068 0.063 0.049 0.058

0.5 0.059 0.064 0.059 0.050 0.056

0.7 0.056 0.060 0.056 0.050 0.054

(20,20) 0.1 0.052 0.053 0.053 0.049 0.052
0.3 0.051 0.051 0.051 0.049 0.050

0.5 0.050 0.049 0.050 0.049 0.050

0.7 0.049 0.048 0.050 0.049 0.049

AAD 0.362 0.613 0.471 0.211 0.298
(10,10) 0.1 0.069 0.063 0.000 0.044 0.095
0.3 0.054 0.052 0.000 0.040 0.062

0.5 0.048 0.047 0.000 0.037 0.052

0.7 0.046 0.045 0.000 0.036 0.049

(10,20) 0.1 0.051 0.050 0.103 0.047 0.052
0.3 0.049 0.047 0.092 0.044 0.048

0.5 0.051 0.050 0.099 0.044 0.050

0.7 0.055 0.054 0.081 0.046 0.054

(20,10) 0.1 0.086 0.080 0.000 0.038 0.130
0.3 0.078 0.081 0.000 0.050 0.093

0.5 0.071 0.075 0.000 0.051 0.077

0.7 0.065 0.069 0.003 0.050 0.067

(20,20) 0.1 0.057 0.059 0.086 0.048 0.058
0.3 0.054 0.055 0.083 0.049 0.053

0.5 0.051 0.051 0.073 0.048 0.050

0.7 0.050 0.049 0.069 0.047 0.049

AAD 0.921 0.959 4.266 0.533 1.541

Note : AAD = ) [100a; — 100«|/16, 7 =1,2,3,4,5
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Table 2 (Continued)

a =0.01
(M), n(2) o2 a as as a4 as

(10,10) 0.1 0.013 0.014 0.015 0.009 0.012
0.3 0.010 0.010 0.012 0.009 0.010

0.5 0.009 0.009 0.010 0.008 0.009

0.7 0.009 0.008 0.010 0.008 0.009

(10,20) 0.1 0.010 0.010 0.011 0.010 0.010
0.3 0.009 0.009 0.010 0.009 0.009

0.5 0.010 0.009 0.010 0.010 0.009

0.7 0.010 0.010 0.010 0.009 0.010

(20,10) 0.1 0.014 0.017 0.018 0.008 0.014
0.3 0.014 0.016 0.015 0.009 0.013

0.5 0.013 0.014 0.013 0.010 0.012

0.7 0.012 0.013 0.012 0.010 0.011

(20,20) 0.1 0.011 0.011 0.011 0.010 0.010
0.3 0.010 0.010 0.011 0.010 0.010

0.5 0.010 0.010 0.010 0.010 0.010

0.7 0.010 0.009 0.010 0.009 0.010

AAD 0.124 0.206 0.176 0.091 0.104
(10,10) 0.1 0.012 0.010 0.000 0.006 0.022
0.3 0.010 0.009 0.000 0.006 0.013

0.5 0.009 0.009 0.000 0.006 0.010

0.7 0.009 0.009 0.000 0.006 0.010

(10,20) 0.1 0.010 0.010 0.040 0.009 0.011
0.3 0.010 0.009 0.033 0.008 0.009

0.5 0.010 0.010 0.038 0.008 0.010

0.7 0.011 0.011 0.034 0.008 0.011

(20,10) 0.1 0.016 0.012 0.000 0.004 0.035
0.3 0.015 0.014 0.000 0.007 0.021

0.5 0.014 0.014 0.000 0.008 0.016

0.7 0.013 0.013 0.002 0.008 0.014

(20,20) 0.1 0.012 0.012 0.038 0.009 0.012
0.3 0.011 0.011 0.026 0.009 0.011

0.5 0.010 0.010 0.021 0.009 0.010

0.7 0.010 0.010 0.019 0.009 0.010

AAD 0.174 0.144 1.552 0.266 0.423

Note : AAD = ) [100a; — 100«|/16, 7 =1,2,3,4,5
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Table 3 Empirical sizes (4 ~ @5) when p = 4,8 and o2 = 2, 5,10,20,30

a = 0.05

D (D, n(2) o2 a1 Qo as Q4 Qs
4 (10,10) 2 0.048 0.047 0.050 0.045 0.048
0.055 0.057 0.058 0.048 0.054
10 0.057 0.063 0.064 0.048 0.057
20 0.059 0.064 0.068 0.047 0.059
30 0.058 0.063 0.069 0.045 0.058
(10,20) 0.058 0.064 0.059 0.050 0.055
0.062 0.070 0.066 0.048 0.060
10 0.061 0.068 0.069 0.044 0.060
20 0.058 0.063 0.070 0.040 0.059
30 0.057 0.060 0.071 0.038 0.058
(20,10) 0.049 0.049 0.050 0.047 0.048
0.049 0.047 0.050 0.048 0.049
10 0.050 0.049 0.051 0.049 0.050
20 0.051 0.051 0.053 0.050 0.051
30 0.051 0.052 0.053 0.050 0.051
(20,20) 0.050 0.049 0.050 0.049 0.049
0.052 0.052 0.052 0.050 0.051
10 0.052 0.054 0.053 0.049 0.051
20 0.052 0.053 0.053 0.049 0.051
30 0.051 0.053 0.054 0.048 0.052
AAD 0.437 0.727 0.816 0.299 0.415
8 (10,10) 0.049 0.047 0.000 0.037 0.053
0.060 0.056 0.000 0.042 0.073
10 0.069 0.062 0.000 0.044 0.095
20 0.075 0.065 0.000 0.041 0.119
30 0.077 0.064 0.000 0.037 0.133
(10,20) 0.071 0.075 0.000 0.051 0.077
0.083 0.083 0.000 0.047 0.107
10 0.086 0.080 0.000 0.038 0.130
20 0.086 0.074 0.000 0.029 0.150
30 0.086 0.071 0.000 0.024 0.160
(20,10) 0.051 0.050 0.099 0.044 0.050
0.049 0.047 0.092 0.045 0.049
10 0.051 0.050 0.103 0.047 0.052
20 0.053 0.054 0.040 0.048 0.056
30 0.054 0.055 0.004 0.048 0.057
(20,20) 0.051 0.051 0.073 0.048 0.050
0.056 0.058 0.096 0.049 0.055
10 0.057 0.059 0.086 0.048 0.058
20 0.056 0.058 0.001 0.045 0.059
30 0.055 0.057 0.000 0.043 0.059
AAD 1.395 1.144 4.516 0.739 3.229

Note : AAD = 7 [100a; — 100c|/20, j =1,2,3,4,5
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Table 3 (Continued)

a =0.01

P (D, n(2) o2 a1 Qo as Q4 Qs
4 (10,10) 0.009 0.009 0.010 0.008 0.009
0.011 0.012 0.013 0.009 0.011
10 0.013 0.014 0.015 0.009 0.012
20 0.013 0.015 0.017 0.009 0.013
30 0.013 0.015 0.018 0.008 0.013
(10,20) 0.013 0.014 0.013 0.009 0.011
0.014 0.017 0.016 0.009 0.013
10 0.014 0.017 0.018 0.008 0.014
20 0.013 0.015 0.019 0.007 0.014
30 0.013 0.015 0.019 0.006 0.013
(20,10) 0.010 0.009 0.010 0.009 0.009
0.010 0.009 0.010 0.009 0.009
10 0.010 0.010 0.010 0.009 0.010
20 0.011 0.010 0.011 0.010 0.010
30 0.010 0.010 0.011 0.010 0.010
(20,20) 0.010 0.010 0.010 0.010 0.010
0.011 0.011 0.011 0.010 0.011
10 0.011 0.011 0.011 0.010 0.011
20 0.011 0.011 0.011 0.009 0.011
30 0.011 0.011 0.012 0.009 0.011
AAD 0.161 0.263 0.331 0.110 0.151
8 (10,10) 0.009 0.009 0.000 0.006 0.010
0.011 0.009 0.000 0.006 0.015
10 0.013 0.010 0.000 0.006 0.022
20 0.014 0.009 0.000 0.005 0.031
30 0.014 0.009 0.000 0.004 0.038
(10,20) 0.014 0.014 0.000 0.008 0.016
0.016 0.014 0.000 0.006 0.026
10 0.016 0.012 0.000 0.004 0.035
20 0.017 0.011 0.000 0.002 0.046
30 0.018 0.011 0.000 0.002 0.053
(20,10) 0.051 0.050 0.099 0.044 0.050
0.049 0.047 0.092 0.045 0.049
10 0.051 0.050 0.103 0.047 0.052
20 0.053 0.054 0.040 0.048 0.056
30 0.054 0.055 0.004 0.048 0.057
(20,20) 0.051 0.051 0.073 0.048 0.050
0.056 0.058 0.096 0.049 0.055
10 0.057 0.059 0.086 0.048 0.058
20 0.056 0.058 0.001 0.045 0.059
30 0.055 0.057 0.000 0.043 0.059
AAD 1.395 1.144 4.516 0.739 3.229

Note : AAD = 7 [100a; — 100c|/20, j =1,2,3,4,5
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3.6 Conclusion

We considered testing the equality of two mean vectors with unequal covariance
matrices. In the case of unequal covariance matrices, we proposed two approximate
solutions to the problem by adjusting the degrees of freedom of the F' distribution.
Asymptotic expansions up to the term of order N =2 for the first and second moments
of U are given, where N is the total sample size minus two. Also, the bias correction
for the asymptotic expansions using the consistent estimators instead of the unknown
parameters are also obtained. As for the asymptotic expansions of the moments of
U, we note that the result in this paper is an extension of Yanagihara and Yuan
(2005) in the meaning of asymptotic expansions up to the term of higher order.
However, it should be noted that S and BC procedures do not always yield the
improved approximate solution since the S and BC procedures do not make use of
asymptotic expansions of the T' statistic itself. In conclusion, it may be seen from
simulations that the approximate upper percentiles of the null distribution of T" by
S and BC Procedure are better than those of other procedures. When the difference

2) are small, it seems that BC-

between covariance matrices is large, and n") and n/
Procedure yields good approximations. Finally, S and BC Procedure are expected

to yield good approximations when the other cases, although it must be checked.
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Appendix

In this Appendix, we present some results of expectation.
A.l.
Let uw ~ N,(0,I) with A and B are p x p symmetric matrices, then

(1) E[u'Au] = tr4,

(2) Elu'u(w'Au)] = (p+2)(trA),

(3) El(w'Au)’] = 2(trA?) + (trA)?,

(4) E[(v'Au)(u'Bu)] = 2(trAB) + (trA)(trB),

(5) E[(w'Au)’] = 8(trA®) + 6(trA?)(trA) + (trA)?,

(6) E[(v/Au)*(w' Bu)] = 8(trA%B) + 4(trAB)(trA) + 2(trA?)(trB) + (tr4)?(trB),
(7) E[(u/Au)*] = 48(trA*) + 32(trA%) (trA) + 12(trA?) (trA)? + 12(tr A?)2 + (trA)*.

A.2.
Let nS ~ Wy(n,¥) and V = /n(S — %) with A, B and C are p x p symmetric

matrices, then
(1) E[(trAV)?] = 2 tr(AX)?,
(2) E[tr(AV)?] = tr(AX)? + (trAX)?,

(3) E[(trAVBV)] = (trAXBY.) + (trAY)(trBY),
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(4) E[{tx(AV)}¥] = % tr(AD)?,

(5) E[tr(AV)] = —= [4 tr(A%)? + 3{tr(AD)?}(trA%) + (trA%)?),

\/ﬁ
(6) E[(trAV){tr(AV)?}] = % [tr(AX)? + (trAX){tr(AX)?}],
(7) E[(trAV)2(trBV)] = % {tr(AX)?*BY},

(8) E[(trAV)Y] = 12{tr(A%)?}? + O(N1)

(9) Eltr(AV)Y]
= 5 tr(AX) A+ 4{tr(AX)3} (trAD) +2{tr(AX)2} (trAX) 2+ {tr(AX)2}2+O(N 1),

(10) E[(trAV){tr(AV)3}] = 6] tr(AD)* + (trAS){tr(AX)?}] + O(N1),

(11) E[{tr(AV)?}?]
= 5{tr(AX)?}2 + 4 tr(AX)* + 2{tr(AX)?}(trAX)% + (trAX)* + O(N 1),

(12) E[(trAV)2{tr(AV)2}]
= 8 tr(AD)* + 2{tr(AD)2)2 + 2{tr(AX)2}(trAD)? + O(N ),

(13) E[(trAV)3(trBV)] = 12{tr(AX)?}(trALBY) + O(N1),
(14) E[(trAV)?(trBV)?] = 8(trAXBY)? + 4{tr(AX)*}{tr(BX)?*} + O(N 1),

(15) E[(trAV)?*(trBV)(trCV)]
= 8(trAXBY) (trAXCY) + 4{tr(AX)?}(trBXCX) + O(N ).

A.3.
Let n®S® ~ W,(n®, %) and VW = v/n® (S(i) - Z) with A, B,C and D are p X p

symmetric matrices where ¢ = 1, 2, then

(1) Eftr (AV)* (BV@)7
= tr(AX)%(BX)? + (trAX){trAX(BX)?} + {tr(AX)?BX}(trBY)
+(trAX) (tr BY) (trAX BY),
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(2) E[(trAVO BV )2 = 2{tr(AX)?(BX)?} + {tr(AX)?}{tr(BX)?} + (trAXBY)?,

(3) E[{tr (AVD)*}tr (BV®)*}]
= {tr(AD)2Htr(BE)?} + {tr(AX)2}(trBY)? + (trAX)?{tr(BX)?}
+(trAX)%(trBX)?,

(4) E[(trAVW)2(trBV®)?] = 4{tr(AX)*Htr(BX)?},

(5) E[{tr (AVD) }(trBV®)? = 2{tr(AX)?Htr(BE)?} + 2(trAX)*{tx(BL)?},
(6) E[(trAVI){trAV D (BV(2))2}] = 2{tr(AX)?(BX)?} + 2{tr(AX)?BX}(trBY),
(7) E[(trAVOD) (trBV @) (tr AV BV ?))] = 4{tr(AX)?(BX)?},

(8) E[trAVI BYWCYV A Dy @)
= (trAXBY.CYDY) + (trALBYOY) (trDY) + (trAXCY DY) (trBY)
+(trAXCY) (tr BY) (tr D).

A 4.

The following results are presented as supplementary expectations:

(1) Eftr (9(2)'9(1)V(1)Q(1)’Q(2)V(2))2]
— 3tr (Q(l)Q(l)'Q@)Q(?)')Z + (trQ(l)Q(l)'Q(z)Q(z)')z

Y

(2) E[(trQW' QMY M) (t:Q@ QWY MQ0)' 0@y o) 0@ 1 @)
= 2{tr (9(1)'9(1))2 Q@' OO (@' Q®) + 2{tr (9(1)'9(1))2 (9(2)'9(2))2},

(3) E[(trQ@' QWy Mo’ Q@ @)
= 2t (QVQW'QAO@")” 1 2(: QWM QRO )?,

(4) E[(trQW' QOV M) (1:Q@ Q@1 @) (1@ QU MQ) @y )]
= 4{tr (9(1)'9(1))2 (Q@)'Q(Q))Z},

where the notations are defined by Section 3.3.
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