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Chapter 1

Introduction

In this thesis we consider reaction-diffusion systems modeling “chemotaxis”. The
biological phenomenon “chemotaxis” is the directed movement of cells as response to
gradients of a chemical substance. It is pointed out that such chemotaxis processes
play an essential role in various biological contexts ([18]). In particular this thesis con-
centrates on the case that the chemotaxis process is dominated by the Weber—Fechner
law, which means we introduce signal-dependent sensitivity function (this function is
usually nonlinear).

In this thesis we deal with the following systems:

Parabolic-elliptic Keller—Segel system:
up = Au— V- (uVx(v)),
0=Av—v+u.
Parabolic-parabolic Keller—Segel system:
ur = Au—V - (uVx(v)),
v = Av— v+ u.
Chemotaxis system for tumor invasion:
(ut =Au—V - (uVv),
vy = Av +wz,

wy = —wWz,

z=N0Az— 2+ u.
\



PART I and PART II are organized to analyze the parabolic-elliptic and parabolic-
parabolic Keller—Segel systems, respectively.

In the other context, quite recently, mathematical analysis has been expected to
play an important role in medical sciences. The target of PART III is a mathematical
model for tumor invasion. We propose some chemotaxis model for tumor invasion and
apply mathematical analysis to the system.

1.1. The Keller—Segel system
1.1.1. Mathematical model

In this subsection we explain variants of the Keller-Segel system from historical
and mathematical view points.

In 1970 Keller and Segel proposed a mathematical model concerning about cell’s life
circle, especially an aggregation process. In this model “chemotaxis” plays an essential
role to induce the aggregation process of the cell. When cells are starving, cells move
towards increasing concentrations of the signal substance which is produced by cells
([54]). They start the discussion with the reaction-diffusion system consisting of four
equations, which describe cellular slime molds, chemical substance, enzymes and com-
plexes accounting for diffusion processes of them, a chemotaxis process between cells
and chemical substance, production processes of chemical substance and enzyme, and
a chemical reaction that chemical substance combines with enzyme and produces com-
plexes. By applying the Michaelis-Menten reduction law, they proposed the following
reaction-diffusion system:

uy =V - (Di(u,v)Vu) = V- (D2(u) Vx(v)),

vy = dyAv — ,f;—fv + f(v)u,

with nonnegative constants d,, k1 and ks, and some functions Dy, Dy, x and f. Here
u(x,t) represents the population of cell and v(z,t) denotes the concentration of signal
substance at place z and time ¢. The cross-diffusion term —V - (Dy(u)Vx(v)) describes
“chemotaxis”. Keller and Segel deduced some instability of constant solutions of the
system and asserted a validity of this system.

After that, Nanjundiah [73] focused on the simplified model:

u = Au—V - (uVy(v)),

vy = Av — v+ u,



and gave the conjecture about blow-up phenomenon by the nonlinear stability analysis.
Nowadays in particular, the above system with x(v) = v is usually called “classical
Keller—Segel system” or “minimal Keller—Segel system”.

Next Jéger and Luckhous [46] considered the case that the second component of
solutions is a steady state:

ur = Au— V- (uVv),
0=Av—u+1

This assumption is based on the experimental facts. This system is called “Jager—
Luckhous system”.

Nagai [66] also proposed the simplified model in which the second equation is
elliptic:

up = Au— V- (uVx(v)),
0=Av—v+u.

This system is called “Nagai model” or “parabolic-elliptic Keller—Segel system”.
In a different context, Mimura and Tsujikawa [63] introduced the following chemo-
taxis model with growth:

up = dyAu =V - (uVx(v)) + f(u),
vy = Av — v + vu,

with positive constants d,, d,, § and v, and functions y and f. From a view point of
pattern formation, they considered aggregating pattern-dynamics arising this system.
Different from Turing’s diffusion-induced instability ([101]), they pointed out the new
mechanism “chemotaxis-induced” instability. This system is usually called “Mimura—
Tsujikawa system”.

On the other hand, Biler and Naziej, and Wolansky [7, 109] proposed a mathe-
matical model describing gravitational interactions of particles:

u = Au—V - (uVx(v)),
0=Av+u.

This system looks as the simplified system of the Keller-Segel system. Furthermore a
similar system appears in modeling of burglary in residential areas ([79, 82]).
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Currently, the following generalized system is called as “Keller—Segel system” or
“chemotaxis system”:

u =V - (A(u,v)Vu — B(u)VC(v)) + D(u,v),
T = dyAv + E(u,v),

with constants 7 > 0 and d, > 0, and functions A, B, C', D and E. These above
systems are regarded as a variant of the Keller—Segel system. Especially in this thesis,
our interest is in the case of nonlinear signal-dependent sensitivity, which means the
function C' in the above is a nonlinear function.

1.1.2. Background

Since the Keller—Segel systems were introduced, considerable attention has been
devoted to studying them mathematically, especially to analyzing behavior of solutions
([35, 37, 3]). In this subsection we recall important results on the minimal Keller—Segel
system:

u = Au — V- (uVwv),
(1.1)
TU; = Av — v + u,

and give fundamental observations briefly. We remark that these facts will be compared
with the main results in this thesis.

At first Nanjundiah [73] pointed out that the cross-diffusion term —V-(uVwv) brings
the possibility of finite-time blow-up in the sense that the first component u of solutions
blows up in finite time with respect to the norm in L>(£2). More precisely, Nanjundiah
considered the system

u = Au—V - (uVyx(v)),
vy = Av — v+ u,

and gave a conjecture that the first component u of solutions blows up in finite time
with forming J-function singularity in both cases

x(v) =xov and x(v) = xologv (X0 : constant)

for arbitrary spacial dimension n € N. After that, Childress and Percus [15] focused on
the minimal case (1.1) and claimed that the blow-up phenomenon may be dominated
by the spacial dimension n. They gave the following conjecture:

4



1. If n =1 then a solution of (1.1) exists globally.

2. If n = 2 then there exists some constant ¢ > 0 satisfying that a solution exists
globally when [, ug < 2mc; some solution of (1.1) blows up in finite time with
forming d-function singularity when fQ ug > 2me.

3. If n > 3 then some solution blows up in finite time independently of the size of
the mass [, uo.

Here we remark that the mass fQ u is preserved in the Neumann boundary value prob-
lem or Cauchy problem of (1.1). The study of the Keller—Segel system has developed
along the above conjecture.

As to the one dimensional setting, Osaki and Yagi [76] proved that a solution of
generalized system including (1.1) exists globally. As to the two dimensional setting,
a solution of (1.1) is global and bounded when [,u, < 47 and Q is bounded, or
fQ up < 87 and = R? or Q is ball. Moreover the solution converges to the self-similar
solution (for the parabolic-elliptic case, see [46, 66, 6, 9, 68, 69]; for the parabolic-
parabolic case, see [72]). Whereas some blow-up solution with the large initial data
is constructed ([46, 7, 66]) and the profile of blow-up solutions is precisely analyzed
([34, 81, 90]). Nagai [67] showed that there are many nonradial blow-up solutions
when 7 = 0. When the initial data has the critical mass, a solution exists globally and
approaches d-function ([80, 8, 70]). As to the higher dimensional case, Winkler [108|
established existence of blow-up solutions with arbitrary mass [, u when n > 3.

From a mathematical point of view, the analysis of (1.1) is based on the Lyapunov
functional. In the parabolic-elliptic case, setting

1
F(u,v) ::/ulogu—/uv—i——/|VU|2+/1}2,
Q Q 2 Ja Q

by a simple calculation we see that

(1.2) %]—"(u,v)(t) <0 forallt>0.

In the analysis of (1.1), the properties (1.2) and the mass conservation law play an
essential role (for the parabolic-elliptic case, this situation is same). Indeed, global
existence and boundedness of solutions are established by combining the above proper-
ties and the Trudinger-Moser inequality in [72]. Otherwise, based on the observation
of the Lyapunov functional, existence of bolwup solutions is established in [108].



Finally we give some comments about the study of variants of the Keller—Segel
system. The following Keller—Segel system with nonlinear diffusion:

ur =V - (D(u)Vu) — V- (S(u)Vv),
vy = Av — v+ u,

with some given functions D and S, has been studied widely. The typical choice of the
functions D and S is

D(u) =u™, S(u)=ui" with m > 1, ¢ > 2.

From a view point of the competition between the spreading effect of the diffusion
term and the concentrating effect of the cross-diffusion term, a behavior of solutions
is classified by the parameters m and ¢ (|86, 87, 89, 40, 41, 96, 39]). Moreover
since the diffusion term degenerates in the above case, it is known that uniqueness of
solutions is difficult. Recently Miura and Sugiyama [64] made a progress in this field.

1.1.3. Motivation

In this thesis we especially focus on a model of chemotaxis processes which the
movement towards higher signal concentrations is inhibited at points where these con-
centrations are high. Such saturation effects are usually accounted for by introducing
a signal-dependent sensitivity function x(v),

u = Au—V - (uVx(v)),
(1.3)
T = Av — v + .

The sensitivity function was proposed in an original work by Keller and Segel [54, 55].
The prototypical choice of x(v) is

x(v) = xologv, Xo >0

based on the Weber—Fechner law of stimulus perception in the process of chemotactic
response. For an independent derivation thereof, and for several examples of systems
with related signal-dependent chemotactic sensitivity functions, we refer to [35, 77,
83|.

Our motivation is that weakening the cross-diffusion term by sensitivity function
X(v) enables us to expect that the system has a global and bounded solution inde-
pendently of the size of initial data. Here we remark that the logarithmic case is
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absolutely different from the classical case (x(v) = v). Indeed, xy is invariant of the
scaling (u,v) — (Au, Av) (A > 0) in the logarithmic case: Let (u,v) be a solution of
(1.3) and A > 0. Setting U(z,t) := Au(z,t) and v(x,t) := Av(z,t), we multiply the
first equation of (1.3) by A and deduce that

U= AU — xoV - (UVlogw).
Since
Viogv = V(logv + logA\) = VlogV,
it follows that
Uy=AU — xoV - (UVlogV).
The second equation is naturally derived as
™Vi=AV -V +U.

Hence, as compared with the classical case, we will see below that the solution exists
globally, independently of the size of initial data. We recall some results in this context.
Here let n be the spacial dimension.

As to the parabolic-elliptic case (7 = 0), in the radially symmetric setting, we can
find a nice picture about the system with x(v) = xologv, xo > 0 as follows ([71]):

o Ifn=2 oryy< % and n > 3 then a radial solution is global and bounded.

o If yo > % and n > 3 then there exists some initial data ug such that a radial

solution blows up in finite time.

In [71] Nagai and Senba also considered the case x(v) = v? (p > 0). When n = 2 and
0 < p < 1 then a solution of (1.3) is global and bounded; if n > 3 and p > 0 there
exists a finite time blow-up solution. Without requiring such a symmetry hypothesis,
Biler [5] showed that in the system with y(v) = xologv, xo > 0,

o [f yo<landn=2 or xy < % and n > 3 then a solution is global.

Consequently, in the parabolic-elliptic system we can find the gap between radial case
and nonradial case when y(v) = xologv. Especially in the two dimensional setting, for
all xo > 0 a radial solution is global and bounded; on the other hand, the large time
behavior of nonradial solutions of the system with large xo > 0 has been posted as an
open problem. In [5, Remark 4] Biler and Veldzquez gave the following conjecture:
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e The optimal range of the coefficient yo > 0 guaranteeing the global in time

: : n+2
existence 1s xp < [ =5-

Here we give a remark about the stationary solution. The stationary problem of the
system (1.3) with y(v) = xologv is rewritten as the following elliptic equation,

0=Aw —w + wX°.

It is known that the constant yo = 2£2 is critical in some sense ([74, 59]).

As to the parabolic-parabolic case (7 = 1), the picture seems to be more involved.

Winkler [107] proved that if yo < \/g, then (1.3) with x(v) = xologv possesses a
global classical solution. Boundedness of the above solution has been left as an open
problem and Winkler conjectured boundedness of solutions under the same conditions
on yg > 0. Also there were other approaches by considering certain weak solutions.

As to the problem (1.3) with x(v) = xologv, global existence of weak solutions was

n+2
3n—4

Winkler [85] constructed certain weak solutions under the condition xo < /-"5.

established when x( < ([107]). In the radially symmetric setting, Stinner and

We summarize the above as follows:

e At least in the logarithmic case x(v) = xologwv, it is expected that behavior
(global existence, boundedness and blow-up) of the corresponding solutions is
classified by the value of x( in both parabolic-elliptic and parabolic-parabolic
cases.

e The precise condition on x( in the above question has not been established until
now.

e There also remains the same question for other sensitivity functions.

1.1.4. Overview

We give an overview of PART I and PART II in this thesis. In PART I we con-
sider the following Neumann boundary value problem for parabolic-elliptic Keller—Segel

systems:
(1w = Au—V - (uVx(®) + f(u), z€Q, t>0,
0=Av—v+u, re, t>0,
(1.4)
ou  Ov
5_5_07 xr €, t>D0,
L u(z,0) = ug(x), x €,




where  is a bounded domain in R" (n > 2) with smooth boundary 0f2, with suitably
regular and nonnegative initial data uy. At first we consider the problem (1.4) when
the sensitivity function y satisfies

<X0

0<x'(v) < ok

with £ > 1 and sufficiently small xo > 0, and f = 0. Global existence and boundedness
of solutions to (1.4) will be established in Chapter 3 (which is based on Fujie-Winkler—
Yokota [29]). The cornerstone of this work is uniform-in-time lower bound for v, which
will be established in Section 2.2. In virtue of this estimate, we derive LP-estimate for
u directly apart from using the Lyapunov functional. In Chapter 4 (which is originated
from Fujie-Yokota [30]) we apply the above method to the generalized system (1.4)
with growth term f(u) satisfying

A= pu < f(u) < Xy — pou

with positive constants A1, Ao, 1 and ps. Moreover Chapter 5 (which is grounded on
Fujie-Winkler—Yokota [28]) is devoted to analyzing the system with logistic source. In
this chapter we focus on the case

x(v) = xologv and f(u) = ru — pu?

and by the dampening effect of the logistic source we establish global existence and
boundedness of solutions under some conditions on the parameters. The mathematical
challenge is on excluding mass loss.

Finally, we have another point of view in Chapter 6 (which is based on Fujie-Senba
[26]). We restrict our eyes to local-in-space estimates in the two dimensional setting. In
light of localizing, we succeed in establishing a local-in-space energy estimate instead
of the Lyapunov functional. Due to this estimate, global existence and boundedness
in (1.4) will be established when the sensitivity function is sufficiently smooth and
satisfies

X' >0 and Y'(s) =0 as s— occ.

Especially, this result gives an answer to the Biler—Veldazquez conjecture in the two
dimensional setting. Moreover we note that in the radial setting the above decaying
condition is the essential condition for global existence. This strategy can be applied
to the fully parabolic case. In Fujie-Senba [27] global existence and boundedness in
the parabolic-parabolic Keller—Segel system are established under some conditions.



PART II deals with the following Neumann boundary value problem of parabolic-
parabolic Keller-Segel system:

(u, = Au—V - (uVx(v)), e, t>0,

vy = Av — v+ u, reQ, t>0,
(1.5)

ou Ov

%_5_0, x €, t>0,

Lu(z,0) = up(x), v(z,0) =vo(x), x €,

where (2 is a bounded domain in R™ (n > 2) with smooth boundary 02, with suitably
regular and nonnegative initial data ug and vy. In Chapter 7 (which is originated from
Fujie [21]) we consider the case x(v) = xologv. This chapter solves the open problem
of uniform-in-time boundedness of solutions for x, < \/g , which was conjectured by
Winkler [107]. The uniform-in-time lower bound for v (Section 2.3) is the key. Next,
we consider the strongly singular sensitivity case in Chapter 8 (which is grounded on
Fujie-Yokota [31]). Global existence and boundedness will be established when the
sensitivity function satisfies that

<X0

0<x'(s) < ok

with yo > 0 and & > 1. Furthermore, in Chapter 9 (This work is based on Fujie-
Nishiyama—Yokota [25]) we consider a quasilinear parabolic-parabolic Keller-Segel sys-
tem, in which the first equation is

ur =V - (D(u)Vu — S(u)Vlogwv)

with given functions D and S. We will establish global existence and boundedness in
the above problem under some conditions on the functions D and S.

1.2. Mathematical model for tumor invasion

It is well known that solid tumor brings about various phenomena, for example,
angiogenesis, invasion and metastasis. Recently, it becomes much more important to
make the mechanisms of such life phenomena clear by utilizing the mathematical theory
because it gives us one method to control them from a mathematical viewpoint.

In the past two decades, a large variety of mathematical models describing tumor
invasion phenomena has been developed by focusing on different aspects. Besides
models purely based on reaction-diffusion equations ([32]), most of these models at
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their

core assume taxis mechanisms which are of haptotaxis type, meaning that the

respective attractant is non-diffusible (see e.g. [13] and [2] or also the discussion in

[24]).

In [13] Chaplain and Anderson proposed the following mathematical model:

(1.6)

ny =V - (Dy(n, f)Vn) — AV - (nVf),
ft = _R<m7f)7

my = Dy Am+ P(n, f) — G(n, f,m),

where n, f and m describe the densities of tumor cells, the extracellular matrix, denoted
by ECM from now on, and the matrix degrading enzyme, denoted by MDE from now

on, respectively. We explain each term in the following:

(1)

The coefficient D,,(n, f) of the random motility of tumor cells is given by the
function of n and f in general. As the typical example of D,,, we give

Dye™ n Dgeff
14+er 14ef

D,(n,f) =Dy + > Dy (D1, Dy, D3 > 0: constants),
which is increasing with respect to n but decreasing with respect to f. Phe-
nomenologically, tumor cells cannot move freely when its density is small or the
density of ECM is large. Actually, we are able to consider f as the order param-
eter describing the state of ECM. When the value of f is large, the state of ECM
is complete, so, tumor cells cannot move freely. Conversely, the state of ECM
with small value of f means that ECM is resolved by MDE and as a result tumor
cells can move freely.

A > 0 is a sensibility coefficient of the haptotaxis of tumor cells.

ECM is resolved by the following irreversible biochemical reaction with MDE:
(17) ECM + MDE — C1+CQ+"'+Ck+MDE,

where C;, j = 1,2,...,k, are some substances. Hence R(m, f) = amf is given
as the typical example of R, where o > 0 is the biochemical reaction velocity in
(1.7).

P(n, f) implies the production of MDE. Since MDE is secreted by tumor cells,
P(n, f) = Bn is given as the typical example of P, where 8 > 0 is the production
rate of MDE per a tumor cell.

11



(5) G(n, f,m) implies the decay of MDE. Since MDE is an enzyme, it does not
decrease by the biochemical reaction with ECM in view of (1.7). However it
has the natural decay property. Hence G(n, f,m) = ym is given as the typical
example of GG, where v > 0 is the natural decay rate of MDE.

1.2.1. Background and motivation

The model (1.6) gives us the idea of the control method of tumor invasion from a
mathematical viewpoint. Since ECM has an influence on the random motility and the
haptotaxis of tumor cells and is resolved by the biochemical reaction with MDE, we
can control the behavior of tumor cells by controlling its reaction. Roughly speaking, if
an inhibitor to the biochemical reaction between ECM and MDE is developed, we can
control the degradation of ECM by the reaction between the inhibitor and MDE from
a mathematical viewpoint. Actually, in [13] they introduced the density of inhibitor
denoted by u and proposed the other model, in which the following equation is added
to (1.6):

u = DyAu — H(m,u),

as well as the term —H (m, u) is added in the kinetic equation of m, where H(m,u) is
a nonnegative function coming from chemical reaction between m and w.

On the other hand, in [17, 43, 92] the authors proposed another control method
where the role of a heat shock protein, denoted by HSP from now on, is taken into
consideration. In [92] Szymanska et al. pointed out the fact that a certain HSP has
an influence on D, (n, f) and X\. Then they denoted by I = I(t) the quantity of the
HSP at time ¢ and proposed the kinetic equation of n, in which D, (n, f) and \ are
replaced by D, I for some constant D,, > 0 and A, respectively. Using their model,
we can control the behavior of tumor cells by controlling the quantity of such HSP.

As to a mathematical analysis for (1.6), C. Morales-Rodrigo [65] showed local
existence and uniqueness of solutions, while in [49, 50, 51, 52| the authors established
global existence in a more general setting, but they modified the equation by adding the
subdifferential of the indicator function and so they required the constraint condition
that n + f < 1. Especially, in [51] Kano and Ito showed existence of global-in-time
solutions for the case that D, (n, f) and AV - (nV f) are replaced with D, (z,t, f) and
V - (Ma,t)nV f), respectively. However, they did not succeed in showing uniqueness
of solutions to (1.6).

Hence one of the main purpose in this thesis is to prove not only existence but also
uniqueness of solutions to (1.6) with another modification.
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Analytical results on the Chaplain—Anderson model (1.6), essentially containing
certain memory-type evolution problems as subsystems, are yet quite fragmentary, so
far mainly concentrating on issues such as global existence and boundedness ([62],
[65], [84], [91], [94], [102]); more detailed answers have been given only in certain
special cases ([20], [36], [48], [60]). After all, certain global existence results can be
achieved for such haptotaxis systems even when expanded to more realistic models
([14]) by including additional mechanisms ([93], [95], [97], [98], [99]). So one of the
main purpose in this thesis is also to establish asymptotic stability in some modified
Chaplain—Anderson model.

1.2.2. Overview

PART III is devoted to analyzing the chemotaxis model for tumor invasion model:

(ut:Au—V-(qu), r e, t>0,
vy = Av + wz, refl, t>0,
wy = —wz, refl, t>0,
(1.8) {2z = Az — z+u, reQ, t>0,
%:%:%:0, x €N, t>D0,
u(z,0) = ug(x), v(zr,0)=uvy(x), z €,
(w(@,0) = wo(x), 2(x,0) =2(2), =€,

where 2 is a bounded domain in R” (n < 3) with smooth boundary 02, with suitably
regular and nonnegative initial data. In Chapter 10 (which is based on Fujie-Ito—
Yokota [24]), we propose the above chemotaxis model and establish existence and
uniqueness of local solutions to this model. In this chapter we prove existence of
solutions by applying the Banach fixed point theorem to the corresponding integral
equations.

In Chapter 11 (which is grounded on Fujie-Tto-Winkler—Yokota [23]) it is shown
that for any choice of nonnegative and suitably regular initial data, the problem (1.8)
possesses a global solution which is bounded. Moreover it is proved that these solutions
approach a certain spatially homogeneous equilibrium.
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Chapter 2

Tool box

2.1. Properties of the Neumann heat semigroup

In this section we collect some known facts concerning the Laplacian in ) supple-
mented with homogeneous Neumann boundary condition.
The following lemma is proved in the same way as in [33, pp.32—-40].

Lemma 2.1 (Neumann Laplacian). For g € (1,00) let A denote the realization of the
Laplacian in L9(Y) with domain

0
D(A) = {w € W>1(Q) a_w =0 on 89}.
v
Then the operator —A+1 is sectorial and possesses closed fractional powers (—A + 1)9,
0 € (0,1), with dense domain D((—A +1)?). Moreover, if m € {0,1}, p € [1, 0] and
q € (1,00), then there exists a constant c,,, > 0 such that for all w € D((—A + 1%,

0
(2.1) [wllymry < empll(=A 4+ 1) wl|La@),
provided that m < 26 and m — % < 20 — %.

Next we give important estimates for the Neumann heat semigroup. The estimates
(i) and (ii) are obtained by a general result for sectorial operators (see [33, Theorem
1.4.3]). The estimate (iii) is a special case of [104, Lemma 1.3 (iv)]. The estimate (v)
is also established in [38, Lemma 2.1]. We give a proof of (iv).

Lemma 2.2 (LP-estimate for the Neumann heat semigroup (with divergence)). Let
p € (1,00). Denote by A the Laplacian in LP(S2) as in Lemma 2.1. Let 6 € (0,1).
Then the following (1)-(v) hold:
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(1)

(ii)

(iii)

(iv)

There ezists a constant Cy > 0 such that for all p € LP(),

(=2 + 1)@l ooy < Crt ol oy for all t > 0.

There exist Cy > 0 and v; > 0 such that for all ¢ € LP(Q)),

I(=A + 1) B ) < Cot e ol gy for allt > 0.

There exist constants C3 > 0 and vy > 0 such that for all p € (C§°(Q2))",
[Caav SOHLP(Q) < Cs(1+ ti%)eil/QtHWHLp(Q) for all t > 0.

Accordingly, for all t > 0 the operator V- admits a unique extension to all
of (LP(Q))" which, again denoted by e'*V-, satisfies the above estimate for all
o € (LP(Q))". In particular, if 0 < t < 1, then for all p € (LF(2))",

1,
€2V - @ll oy < Cat ™2™ || (e
where Cy := 2C5.

Let r € (1,00]. Then there exists Cs > 0 such that for all ¢ € (CY(Q))" fulfilling
w-v =0 on 0% it holds that

1_n
12V - || () < Cst ™22 ||| Ly for all t > 0.

There exists vs3 > 0 such that for ¢ > 0 there exists c. > 0 such that for all
p € (Cg° ()",

ol o _y
(A + 1)V - ol| ) < ct 727%™l 1y for all t > 0.

Accordingly, for allt > 0 the operator (—A + l)gemV~ admits a unique extension
to all of (LP(Q))" which, again denoted by (—A + 1)V, satisfies the above
estimate for all ¢ € (LP(Q))".

Proof. We give a proof to (iv). By known smoothing properties of (e'2);>, there exists
¢; > 0 such that for all ¢ € C°(Q),

Ve 2|l gy < crt 2 E07D @1y forall t > 0,
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where 1’ € [1,00) is such that *+-% = 1. By the duality characterization of the norm in
L>=(Q) ~ (LY(Q))*, and by density of C2(2) in L'(2), we thus obtain on integrating
by parts and using the self-adjointness of e'® in L%(Q) that

vecz@
HwHLl(Q)Sl

= sup /cp . VetAw‘
vecz(@
H@Z’HLl(mfl

<ol - sup IV Lo
HeC ()
||1/’||L1(Q)§1

< lellpr@ - itz 2077 forall t > 0.

Since 1 — & = 1 this proves the estimate (iv). O

2.2. Lower bound in an elliptic equation

In this section we will establish a pointwise lower bound in the Neumann problem
for the Helmholtz equation, and this estimate gives a lower bound for the second
component of solutions to the parabolic-elliptic Keller-Segel system. The following
lemma provides a quantitative estimate on positivity of solutions to the Neumann

problem for the Helmholtz equation with nonnegative inhomogeneity having given norm
in L1(Q).

Lemma 2.3. Let @ C R* (n € N) be a bounded domain. Let w € C°(Q) be a
nonnegative function such that w # 0. If z € C?(Q) is a solution of

—Az+z=w, x€Q,

0z

— =0, x € 08,

ov
then there exists some constant ¢ > 0 such that

ch/w>O mn €.
0

Proof. Due to the positivity of the Green function to the Helmholtz equation (see [42,
Theorem 18.2]), the proof is completed. O
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We will apply the above lemma to the Keller—Segel system. Let (u,v) be a classical
solution in €2 x (0,7") of the problem

(u, = Au—V - (uVx()), z€Q, t>0,
0=Av—v+u, xr e, t>0,
ou Ov

= = Q, t

9 =~ 9y 0, x €N, t>0,

L u(z,0) = uop(x), z € (.

Then this system evidently preserves the norm of the first solution component u in
L'(Q). By Lemma 2.3, we can thereby estimate v from below according to

e

(2.2) inf v(x,t) > c/ u(z,t) dz

= clluoll 11 q)

=7 for all t > 0.

This lower bound is a cornerstone of analyzing the Keller—Segel system with sensitivity
function x(v), especially the case that the function x’(v) has singularity at v = 0. The
constant v > 0 above appears in the condition for global existence of solutions to the
Keller—Segel system (Chapter 3).

Moreover if we assume the convexity of the domain €2, we can represent the constant
explicitly. As a preparation for Lemma 2.5, we establish a pointwise estimate for the
Neumann heat semigroup. We will generalize [36, Lemma 3.1] to multi-dimension.
The proof builds on [36, Lemma 3.1] but needs some modification. We give a rigorous
proof.

Lemma 2.4. Let (e!*);>¢ be the Neumann heat semigroup in a convex bounded domain
Q CR™ (n € N). Then the following inequality holds for all nonnegative z € C°(Q):

1 _ (diam Q)2

e at / z in 2 for allt >0,
Q

(2.3) Bz >

where diam € := max, g |r — y|.

Proof. We first prepare a set of functions approximating z € C°(Q2). For A > 0 we
define
Q+N={z+ X \y|zeQ, yeR" |yl <1},
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and we define the following outward nonincreasing radial symmetric function set,

S = {¢ €eCXR") >0, suppp CQ+ A\, there exists zg € €2 such that

o(zo +y) = p(xo + |y|2) for all y € R" and z € R", |2| =1,

0
and i(xo +pep) <0 for all u > O},
8%1

where e is a unit vector (1,0, ...,0) in R™. Note that for all ¢ € S there exists zg €
satisfying

0
8—f($o+uej)§0 forall u >0, j=1,...,n.
j

Since ¢ is an outward nonincreasing radial function and € is convex, the maximum
principle yields that

(2.4) et > ety in Q2 for all t > 0,

tAc

where u = "2 is the solution of the following Cauchy problem:

u = Au reR” t>0,

u(z,0) = p(x) xeR"

(Step 1) In this step we prove that all p € S satisfies a modification of (2.3). Using

tAc

the explicit representation formula for e**¢¢p, we can estimate that

1 (z—y)?
2 ) () = n/ e 4 . d
(eCp) () @07 Joes e(y) dy

iam 2
PR / o(y) dy for all z €
Q+A

due to the fact supp o C Q + A. In virtue of (2.4) we see that for all p € S,
1

(2.5) (e"®p)(z) > R / o(y) dy for all x € Q.
Q42

=
3

t)2

(Step 2) We approximate arbitrary nontrivial and nonnegative z € C°(Q). For
N € N (N > 2) fixed, we can construct ¢, 5 € S (z € 2, 6 > 0) such as

1 in B; s (x),
Pz,6 = . N
0 in R™\ Bs(z).
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Since z is a uniformly continuous function in €, for all € > 0 we can choose sufficiently
small § > 0 satisfying

(2.6) if |t —y| <o then |z(z) — 2(y)| < ¢ for all z,y € Q.

Firstly we fix some point z; € Q and then we confirm Bs(z;) C € + A by assuming
9 > 0 is sufficiently small. Now we can pick up points x; € Q and 6; =0 (i = 2,...,my)
satisfying the following property: For all i, 5 =1, ..., mq,

(2.7) Bs,(x;) CQ+ A, Bs,(z;) N Bs,(x;) =0 (i # j)

and
Bs(y) N (UBg(@)) #0  forally e Q\ {xy,...,xm, }.
i=1

Next we pick up

m1

Tmy+1 € Q\ K = U(B(;i (x;) N Q) such that Bg(mmlﬂ) CQ+ A
i=1

Proceeding similarly as above, we can choose points x; € Q \ K; and §; = g (i =

my + 1, ...,my) satisfying (2.7) and

B%(y) N <UB51(ZL‘1)) £ () for all y € (Q\ K1) \ {Tmy41; -+ Ty }-

Here let us define
m2

Ky = | J(Bs,(2:) N Q).

i=1
Inductively we can define the points {z;} and the sequence {K/}sen such as

my

KE = U(B&(«rz) N Q)? Kl C K2 C..C Kg C KZ""l - Tt and

i=1
2\ K¢| = 0 as { — oo.

Moreover we also define

my
Len =B, _a(z) nQ)
=1

and we remark that for each ¢ € N it follows that

|K5\L5,N| —0 as N — oo.
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By (2.6) we have for all £ € N,

my
z24e> Z 2(T3)Pu; 8, > 2 — € in Ly y.
i=1

Thus by linearity (2.5) yields that

my
(2.8) By > et ( Z 2(24) Pas0, — 8)

=1
my
- Z Z(xi)etA(Qoziﬁi) — €
=1
7 1 (diam (Q+42))2
> Y sw) e S [ sy -
; (4mt)® Qi
1 iam 2
> 2@_((1 (zferA)) / Z—E|Q+/\| — € in L47N.
(4mt)2 Q+x

A

Here we fix t > 0 and x € Q. Since the function €2z is uniformly continuous, then

for all 8 > 0 there exists some x > 0 such that
e 22(y) — e z(z)| < 0 for all y € By(xo).

Moreover in view of the construction of Ly y, it follows that for all y € €2 and n > 0
there exist some ¢y € N and Ny € N such that

Bn(y) N LZO,NO 7& @

Indeed, if n > 2#5_1 then this situation contradicts the construction of L, . Therefore

for all & > 0 there exist some ¢ € N, N € N and z € Ly x such that
"2 2 (o) — P 2(z)| < 6.

After that, combining (2.8) and the above implies that for all ¢ > 0,

_ (diam (Q+1))2 .
e a / z—e|Q+ A —e  inQ.
Q4

Finally we can pick up sufficiently small A and e, and thus the desired inequality is
established. O

We will give an improvement of Lemma 2.3 under the assumption of the convexity
of the domain 2.
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Lemma 2.5. Let that 2 C R" (n € N) be a convex bounded domain. Let w € C°(€)
be a nonnegative function such that w # 0. If z € C%(Q) is a solution of

—Az+z=w, x€Q,

0z
— = Q
£y 0, x € 01,

o0 iam 2
z 2z (/ ;ﬂe—(ﬂr(d o )dt) -/w >0 in €.
o (4mt)2 Q

Proof. By the representation of resolvents via semigroups and Lemma 2.4, we have

then

(I—A)"'w :/ et Pwdt
0

> /OO #67(t+ (diazﬂ)2) dt . / w.
o 0 (47Tt)% [¢)

This completes the proof. O
Therefore under the convexity of €2, we can choose the constant v explicitly as
follows:
(2.9) inf v(z,t) > [fuoll 1 g / T Lol
e 0 (471'15)5

=7 for all t > 0.

2.3. Lower bound in a parabolic equation

In this section we give a quantitative lower estimate for solutions to the fully
parabolic Keller—Segel system. As a preparation for this estimate, let us derive a
pointwise lower bound in the Neumann problem for some parabolic equation. The
mass conservation plays a key role in the proof.

Lemma 2.6. Let Q C R” (n € N) be a bounded domain and let w € C°(Q x [0,T)) be
a nonnegative function such that [, w(-,t) = [yw(-,0) (¢t € [0,T)) and 2y € C°(Q) is
positive in Q. If z € C>1(Q x (0,T))NC°Q x [0,T)) is a classical solution to

z=Az—z+w inQx(0,7),
%—0 on 082 x (0,7,
\z(-,O) = 2y in Q,
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then there exists n > 0 such that

inf z(z,t) >n >0 for allt € (0,7),

e

where n depends only on z, ||w(0)||L1 @) and €.

Proof. First by the maximum principle and the positivity of zy > 0 in Q we have

2(t) > minz(z) e >0 for all t > 0.
x€)

Now fix 7 > 0 such that 27 € [0,T]. Then it follows that

z(t) > min z(z) - e 72" =1 > 0 for all t € [0, 27].
e

Next, we denote the fundamental solution U(t, z; s, y) to the following boundary prob-

lem:

z=Az—z inQx(0,7),
(2.10)

%:0 on 09 x (0,7).

Due to the positivity of the fundamental solution (see [42, Theorem 10.1]), there exists
some constant cg such that

U(s+1,2;8,y) =U(r,2;0,y) > co >0 for all z,y € Q, s >0,

where we used the semigroup property (see [42, Theorem 8.1 and (8.6)]). Here we
remark that the constant ¢y > 0 is independent of s > 0. Moreover, we recall that
the fundamental solution (t,z) — U(t,x;s,y) is a solution to the problem (2.10). By
regarding U(s + 7, z; s,y) as an initial data, the maximal principle implies that

(2.11) U(t7 x; s, y) > (min U(S + 7,138, y)) e~ (t=(s+7))

ze
> coe (= (5+7) forallz,y € Q, t > s+

By using the fundamental solution U(t,x;s,y), z is represented as follows (see [42,
Theorem 9.1]):

() :/QU(t,x;O,y)zody—i—/ot (/Q Ut,z; s, y)w(s, y) dy) ds.
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Due to the nonnegativity of U(t,z;s,y) (see [42, Theorem 8.3)), it follows that
/U(t,x;O,y)zodyZO for all z,y € Q, t > 0.
0

We will calculate the integral term. Using (2.11), we have

/Ot (/Q U(t,z;s,y)w(s,y) dy) ds > /Ot_T (/Q Ul(t,x;s,y)w(s,y) dy) ds
N /Ot_T (/Q coe~ (s, y) dy) s

t—1
= col|wol|L1(0) / e~ =) s,
0

Changing variables with ¢ =t — s yields that

t t
/ </ Ul(t,z;s,y)w(s,y) dy) ds > CO||w0||L1(Q)/ e “do
o \Jao .

> collwol| 1oy (1 —e™™)

> collwol|zr@y(1 —€™7) for all t > 27.
Hence we see that
2(t) > collwollpry(1 —€™7) =112 >0 for all t > 27.

Therefore we have z(t) > min{n,n2} =: n for all ¢ > 0. This completes the proof.

Let (u,v) be a classical solution in € x (0,7") to the problem

'ut:Au—V-(uVX(v)), r e, t>0,
v = Av — v+ u, xr e t>0,
Ju Ov
5_5_07 xr €, t>0,

Lu(z,0) =uo(x), v(z,0)=uwv(z), ze€.

Then by Lemma 2.6 there exists n > 0 such that

(2.12) ingv(x,t) >n>0 for all ¢ > 0,
TE

where 7 depends only on vy, ||uo| 1) and €2.
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We remark that if we assume convexity of the domain €2 then the latter half of the
proof of Lemma 2.6 will be simplified. Indeed, the representation formula of z, the
maximal principle, Lemma 2.4 and the assumption [, w(t) = [, w(0) imply that

t
2(t) = B Uy +/ =By (s) ds
0

t iam 2
2/ ;ﬂe*((t*)*(i(t—g ). (/ w(z, s) d:c) ds
o (Am(t—s))2 Q

to1 (diam 9)2
= [[w(0)] 2@ / ()
o (4mr)?

1 iam 2
a )ne_(ﬂr(d 5 dr =:m3,>0 for all t € [1, 00).
)2

> [lw(0) 11y - /
0

2.4. Short course on parabolic equations

We give some definitions and recall several standard results of parabolic equations.
Throughout this section, we assume that the domain 2 C R™ (n € N) is bounded and
has a smooth boundary 0€2. We use the following notation:

Qr =0 x(0,7),
Ip:={(z,t) |z € 00,t € [0, T} U{(z,t) |z € Q,t =0}

2.4.1. The Schauder estimates in linear parabolic equations

In this subsection we recall the interior Schauder estimate and the global Schauder
estimate.
Throughout this subsection, we assume that there exists some v > 0 such that

vE? < Zn: aij(z,t,y)&;6; < ve?
for all € = (&,--- ,£,) € R™.

Lemma 2.7 (c.f. [58, Theorem 4.9]). Suppose that £ > 0 is a nonintegral number. Let
a;j, a;, a, f € C2(Q % [0,T)). Let u e C*2(Q x [0,T]) be a solution of the following

parabolic equation,

% = Z i (7, 1) Us0; + Zai(x,t)uxi +a(x,t)u+ f(x,t).

i,j=1 i=1
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Then for all ' CC Q and 1 > 0, the solution u belongs to C*T22+1(QY x [0,T]) and
there exists some constant ¢ > 0 such that

el s gonggm < € (1o @y + llc@som) -

Next we proceed to the global Schauder estimate in the following problem:

( n n
% = Z aij<m7t)ua:ia:]- + Zai(m?t)ul’i
i,5=1 i=1
(2.13) +a(z, t)u + f(z,t), TEQ, t>0,
@:0, x e, t >0,
ov
\u(x, 0) = up(x), e

Lemma 2.8 ([57, Theorem IV.5.3]). Suppose that { > 0 is a nonintegral number. Let
a;j, a;, & € C2(Q x [0,T)). Then for any f € C%2(Q x [0,T]) and uy € C2(Q)

satisfying the compatibility condition of order [”Tl]

OFu(z,t)

(+1
W’t:oz() forallk=1,2,..., {L] ,

2

then the problem (2.13) has a unique solution belonging to the class C*22 Q2 x [0,T))
and there exists some constant ¢ > 0 such that

ol s g s oy = € (g oy + o llersay)

2.4.2. Regularity properties in quasi-linear parabolic equations

In this subsection we consider regularity of solutions to the following problem:

n

0
a—u — Z az](I’ty U)Ua;lacy - b(x, t7 u, ux)7 i E &_27 t > 07
(2.14) at by
3_u — x e o, t>0.
1%

We obtain an estimate of Vu, assuming that

max |u| < M
Qr
with some constant M > 0.

26



Throughout this subsection, we will suppose that a;; and b are sufficiently smooth
to satisfy the following conditions: for all (z,t) € Qp and |y| < M there exist some
positive constants v and p such that

(2.15) vg? < Z aij(w,t, )& < vE?,
ij=1

Jai(z,t,y)| |Dai;
2.16 AR Yl <
(210 Qealntin)] %] < .
(2.17) b(x,t,y,p)] < p(1+p?),
(2.18) 10, (1 + [pl) + [by| + 10| < (1 +p?),
(2.19) |aijels @ijyyls [@ijyels [@ijyels laijedl < po

We have the following estimate.

Lemma 2.9 ([57, Theorem V.7.2]). Let ug € C%*(2). Suppose that a;;(x,t,u) and
b(w,t,u,p) satisfy (2.15)-(2.19). Let u € C**(Qr) be a classical solution of (2.14) with
maxq, [u| < M. Then u has the following estimate:

max |Vu| < My,
Qr

where My > 0 depends only on |[u(z,0)||c2@), M, v and p from (2.15)-(2.19).

Finally we recall the regularity result. To state the result we add the following
condition:

(220) —yb({E, ta y7p) S COp2 + Cly2 + Co, (ZL’, t) € @T \ FT
with some positive constants ¢y, ¢; and cs.

Lemma 2.10 (c.f. [57, Theorem V.7.4)). Let u € C*'(Qy) be a classical solution of
(2.14). Assume that u satisfies maxg, |u| < M with some M > 0. Suppose that the
following conditions (a) and (b) are fulfilled:

(a) a;; and b satisfy (2.15)-(2.20).

(b) For all (x,t) € Qr, |y| < M, and |p| < M, where M, is from Theorem 2.9,
the functions a;; are Holder continuous with some exponent 3 > 0 in the vari-
able x and b is Holder continuous with some exponent § > 0 in the variable x,
respectively.

Then u belongs to C’HB’Hg(ﬁ x [0, 7).

27






PART I:

PARABOLIC-ELLIPTIC
KELLER-SEGEL SYSTEM

u = Au — V- (uVyx(v)),
0=Av —v+u.






Chapter 3

Global existence and boundedness
in a parabolic-elliptic Keller—Segel
system with signal-dependent
sensitivity

3.1. Problem and results

In this chapter we concern with the questions of global existence and boundedness
in the parabolic-elliptic Keller-Segel system

(u, = Au—V - (uVx(v)), z€Q, t>0,
0=Av—v+u, reQ, t>0,
(3.1)
ou  Ov
— = = Q
3~ 90 0, xred, t>0,
L u(z,0) = up(x), x €,

where (2 is a bounded domain in R™ (n > 2) with smooth boundary 092. We assume
that the initial data wug satisfies

(3.2) ug € C°(Q), up >0 and wug # 0.
As for the chemotactic sensitivity function, we assume that
(3.3) X € C2¥((0,00)) with some w € (0,1), and X > 0.

From a mathematical point of view, in this context the boundedness topic appears
to be quite challenging. We recall some known results related to this problem. In
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[103, 107], the corresponding Neumann problem for the fully parabolic Keller—Segel
system

u=Au—V - (uVx(v)), e, t>0,
(3.4)
vy = Av — v+ u, re, t>0,

was studied. In [103], global existence and boundedness of classical solutions to (3.4)

with 0 < x/(v) < (1fiv)k with some o > 0 and k > 1, were proved for any xo > 0. On

the other hand, in [107], global existence of classical solutions to (3.4) with x(v) =

2.
n’

n+2
3n—4’

solutions is established. Later, in [85] certain weak solutions of (3.4) in the radially

Xo log v was proved when xo < moreover, if xo < global existence of weak

symmetric setting have been constructed with y(v) = xologv when xo < \/g,
in particular allowing for arbitrarily large yo when n = 2. Recently, Manésevich-
Phan-Souplet [61] studied global existence and boundedness in a related system with
additional dampening kinetic terms in the case n = 2 for any yo € R, but only for initial
data for which the distribution of the attractant is sufficiently close to some explicit
homogeneous state. As for the parabolic-elliptic system (3.1) with this particular choice
of x, that is, for

u = Au—V - (uV(Xologv)>, reQ t>0,
(3.5)
0=Av—v+u, re, t>0,

with homogeneous Neumann boundary conditions, Biler [5] proved global existence of
weak solutions under the condition n = 2 and yg < 1, or n > 3 and xo < 7%; their
boundedness, however, is left as an open problem. Moreover, as noted in [5, Proof
of Theorem 2|, the proof given there “cannot be applied to other sublinear sensitivity
functions, it heavily depends on a particular structure of the system (3.5), e.g., on the
relation A(logv) = v~ 1Av — v_2|VU|2.” Independently, Nagai and Senba [71] studied
radially symmetric solutions of (3.5), and they showed that solutions are global and

_n_
n—2"

whereas if n > 3 and xo > 2% and [, uo|z|* dz is sufficiently small, the solution of (3.5)

remain bounded when either n > 3 and yo < or n = 2 and yo > 0 is arbitrary,
will blow up in finite time. Concerning nonradial solutions, the boundedness question
even for the particular system (3.5) appears to be an open problem.

Correspondingly, it is the purpose of the present chapter to derive a rather general
condition on x which ensures global existence and boundedness of solutions to (3.1).
Assuming that

(36) V)22 se 00



we will obtain the following (cf. Theorem 3.7):
e If £ =1 and yo < %, then (3.1) possesses a unique global bounded classical
solution.

kk
(k*].)k_l

° Ifk>1andX0<%-
classical solution.

v%=1, then (3.1) possesses a unique global bounded

Here the constant v > 0 is defined in (2.2); especially under the assumption of convexity
of the domain €2, the constant v > 0 is given in (2.9):

1 (dlamQ)
_ e~ ) dt > 0,
(v [0 >
7= OHLl(Q)/o (47rt)§

where diam ) := max, g |r — y|. We firstly remark that our result for & = 1 goes
somewhat beyond that given in [5] in that it provides classical solutions, rather than
weak solutions, and moreover it asserts their boundedness, thus ruling out any blow-up
phenomenon in infinite time. Secondly, unlike in [5] our proof does not depend on any
particular structure of the system (3.1) with x(v) = xologv. Finally, if we assume the
convexity of the domain 2 we observe that v depends on diam {2 in such a way that
v — o0 as diam Q2 — 0 (see (2.9)); in particular, in the case k > 1 for each yo > 0
and any choice of the mass m > 0, our above condition will be satisfied for any € with
sufficiently small diameter and all nonnegative ug € C°(Q) having mass fQ ug = m.

Before going into details, let us emphasize the main idea underlying our proof. First,
testing the first equation in (3.1) by v?~!,p > 1, and applying Young’s inequality in a
standard manner, we obtain the basic inequality

G <2 a4+ BE2D [ ool

In order to control the rightmost term here appropriately, we shall multiply the second
equation in (3.1) by u?~!p(v) for arbitrary ¢ € C'*((0,00)) to see upon integration that

/“p<‘¢'<v>—01902<v>)\w|2 < Cz/up2|Vu|2+C'3/up
Q Q o

holds with certain positive constants C7, Cy and C5. Now if ¢ is such that the Riccati

inequality

@(X/(v)y < —¢'(v) = Cip?(v)

holds, then combining the above two inequalities will yield a uniform-in-time estimate
for [, u?(z,t)dx for any finite p > 1. Applying this to sufficiently large p will finally
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allow us to derive a corresponding estimate with respect to the norm in L*(2) and
conclude.

This chapter is organized as follows. Local existence of solution will be asserted in
Section 3.2, whereas Section 3.3 is devoted to LP-boundedness of solutions to (3.1) and
thereby forms the main part of this chapter. Finally, the statement and the proof of
the main result in Theorem 3.7 will be given in Section 3.4.

3.2. Local existence

In this section we prove local existence of classical solutions to (3.1). The arguments
used here are based on [103]. The key point of the proof is the lower bound for v (2.2).
We use the Banach fixed point theorem in a suitable space in which functions preserve
L'-norm.

Proposition 3.1. Let ug and x be as in (3.2) and (3.3), respectively. Then there exist
Tnax < 00 (depending only on |[uol| () and ezactly one pair (u,v) of nonnegative
functions

u € C?H( x (0, Tax)) N CO([0, T ); C(Q)),
v E 61270(ﬁ >< (07 TmaX)) m CO((O7 Tmax); CO( ))

that solves (3.1) in the classical sense. Also, the solution (u,v) satisfies the mass

2

identities

(3.7) / u(z,t)de = / Up for all t € (0, Thnax)
Q Q

and

(3.8) / v(x,t)de = / U for all t € (0, Tinax)-
Q Q

Moreover, if Tyax < 00, then

(3.9) t_%{}ax Hu(t)HLOO(Q) = .

Proof. FEuxistence. The existence proof follows a standard contraction argument. With
R := |lug||z=@) + 1 and T" € (0,1) to be fixed below, we let X be the Banach space
defined as

X = C%[0,T);C°(Q))
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with norm [ul|y := [[u| o @x (o). We claim that if T" is sufficiently small, then on the
closed set

S::{UGX

the mapping

|ully < R and /u(t) dr = / Uo for allt € [O,T]},
0 Q

(3.10) U (u)(t) := ePug — /0 eIAY - (u(s)Vx(v(s))) ds, t € 10,17,
where

v(s) = (I — A) tu(s),

acts as a contraction from S into itself.

To see this, we let v € S and v := (I — A)"'u, and first deduce that ¥(u) € S

for v € S. Indeed, from elementary properties of the heat semigroup we have e*®

C°([0,7T7; C°(€2)), and by Lemmas 2.1 and 2.2 we obtain

Ug €

| A () Vel s € 0.7 @),

whence it follows that W(u) € X. Next, using the known property of the Neumann

/ eTry = / z for all z € C§°(9),
Q Q

upon a completion argument it is immediate from (3.10) that

heat semigroup

(3.11) /Q\If(u) dx = /Quo for all ¢ € [0, 7.

In order to prove that W(u) € S if T is appropriately small, we let ¢ > n and choose

0 € (3 3). Moreover, fix ¢ € (0,3 — ). By virtue of (2.1) with m = 0 and p = oo,

and Lemma 2.2 (v), we see that for all ¢ € [0,77,
1@ () ()] Lo (0

t
< e uol| oo (0 +60,oo/0 I(=A + 1) D2V - (u(s)x (0(3)) Vo (s)) | gy ds

K 1*8 —v(t—s !
gwmm@+@mgéu—@92e El () (0(5)) Vo () | gy ds-
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By Lemma 2.3 (also see Lemma 2.5) and the fact that u € S preserves the L'-norm,
we have

v(z,t) = (I — A) tu(z,t)

>~y forallzeQ, t€]0,T].

On the other hand, the maximal principle implies v(z,t) < R, so that
v <w(z,t) <R.

By the assumption (3.3) we obtain y'(v) € L>®(Q2 x (0,7")) and

IX' () x < 1IX N oo (. ))-
Then standard elliptic regularity theory ([19]) implies that for all s € [0, 7],

||U(S)X,<U(S))VU<S)||Lq(Q) < ||u<8)||L°°(Q)||X/||L°°((W,R))||vv<8)||Lq(Q)
< [w(S)] poo e IX N oo () 10(8) | oo ()

< X N oo ) B

for some positive constant ¢ > 0. Hence, we have
t
—_g—1_
) 0w < ol + oI oy B [ (2= 5700
0

1_ —
< HUOHLOO(Q) + 00700086/||X/||L0<>((%R))R2 -T2 O—e for all t € [O,T]

Therefore, according to our definition of R it follows that W(S) C S if we choose
T € (0,1) such that

1

1 3o
T S / ! 2:| ‘
C0.00CeC [ X | oo (.10 B

We proceed to check that on further diminishing 7" if necessary we obtain that ¥

is a contraction mapping. To see this, we let u,uw € S and
vi= (I —A) 1, v:=(—-A)"a
Then

@ () () = (@) ()] oo

< CO,OO/O I(=A +1)" I35 - (u(s)x'(v(5) Vols) = @(s)xX (T(5)) VO(3)) | 4 8
< Co,00Ce /0 (t = 5)""" 2 u(s)' (v(5)) Vs) = @)X (0(5)) VO(5) | e ds
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for all t € [0, 7). Since u,w € S, by elliptic regularity theory we have
(3.12)  [lu(s)x'(v(s))Vu(s) = u(s)x'(0(s)) V()| a0
< Hu(s)||L<>°(Q)HXIHLOO((%R))HV<U(S) - 5(5))Hm(9)
+ [u(s)l oo o IX (0(8)) = X' @()) | oo () IVO() | Ly
+ [Ju(s) = (8) || oo () 1X 1 oo (3.0 | VO () | L
< X N poo umy B+ IX N e oy B+ 1X N e o,y B (8) = T(8) | e
= 21X oo (rrp B+ IX Nl (. B lu = Tillx - for all s € [0, 7).
Therefore we obtain
10) = B @y < cometed CIN Doty B+ X e iy FITE w1l
so that W is shown to be a contraction if T is sufficiently small satisfying

1
1 %7076

€0.00C=C (X | e gm0 B + X" | oo (.1 B2)

T <

From the Banach fixed point theorem we thus obtain the existence of u € X satisfying
u=W(u).

Since the above choice of 1" depends only on ||ug|| (g, it is clear by a standard
argument that u can be extended up to some T}« < 0o, where necessarily (3.9) holds
in case where Tp.x < 00.

Regularity. Since u € C°([0, Thax); C°(Q2)), the relation v(t) = (I — A)~'u(t) shows
that v € C°((0, Thax); C°(22)). Then due to standard parabolic regularity arguments
(

(Lemma 2.8), using u = W(u) and semigroup techniques, we can observe that u €
C2H Q% (0, Thax)), v € C?0(Q2 x (0, Tmax)) and (u, v) solves (3.1) in the classical sense.

It is then clear upon applying Lemma 2.3 and then the maximum principle to the
first equation in (3.1) that both v and u are nonnegative.

The properties (3.7) and (3.8) then easily follow by integrating the equations in
(3.1) in space.

Uniqueness. To prove uniqueness of solutions in the indicated class, let us assume
that (u,v) and (@, ) are the solutions on some interval [0, T]. Setting

w:=u—u and z:=v-—71,
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by subtracting the respective equations in (3.1), multiplying by w and z, respectively,
and integrating in space we obtain

(3.13) th/w —|—/\V’w| —/Q(ux( )Vou —ux'(0)VD) - Vw

1
<! / ' (0) Vo -y (B) Vo] + & / Vol
2 Jq 2 Jo

(3.14) /Q|Vz|2:—/z2+/wz
“J s e
<slv-gfF

for all ¢ € (0,7). Because (u,v) and (@,v) are classical solutions, it follows that
() 10O [T [7000) ) Al (8 e bonnded on
(0,7). Using a similar reasoning as in (3.12), we therefore obtain

()X ((E)) Volt) = Tt (5(0) V()
< () e I e IV (08 = T8

+ 1w oo @ IX" | oo (¢, [0 () = TONVOE) | oo

| /\

2
o Ju(t) = TNl e e VT e
2 1 2 1 2
< C’(\Vz(t)| + 5 OF + 5] ) for all t € (0,T),

where
R" = max{||v]| y, [Tl }

and C is a positive constant. Therefore, by (3.13) we find that

d 1 1
— w2§0</|Vz\2+—/z2+—/w2) for all t € (0, 7).

Combining this with (3.14) yields

d
w < c/ 2 forallt e (0,7),
dt Q
which upon integration shows that w = 0 and thereby completes the proof. O]
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3.3. LP-boundedness

This section is the main part in this chapter.

Lemma 3.2. Let p > 1, and let (u,v) be a classical solution of (3.1) in Q x (0,T) for
some T > 0. Then for allt € (0,T) it follows that

i/upg _p(p_l)/up2’vu|2+p(p_]‘)/up(X/(/U))2|VU’2

Proof. By virtue of the first equation in (3.1), we have

d
o [ =pto=1) [ 9uP o - 1) [ tvu vxo)
dt Q [¢) Q

Noting that by Young’s inequality,

1 1
[0V x(0)] < 52Vl + Su () IVl
we obtain the desired inequality. O]

Lemma 3.3. Let p > 1, and suppose that (u,v) is a classical solution of (3.1) in
Q x (0,T7) for some T > 0. Moreover, with v > 0 as in (2.2) (see also (2.9)), let
¢ € CY([y,)) be nonnegative and such that there exists a constant M > 0 satisfying

sp(s) <M forall s € [y,00).
Then for all t € (0,T),
B2 A?
/up< —¢'(v) — —@2(v)>|VU|2 < —/up_QIVu|2 + M/ uP,
Q 2 2 Jao 0

where A and B are positive constants such that AB = p.

Proof. Using the second equation in (3.1), we see that
/ uPo(v)(Av —v 4 u) = 0.
0
Here from the Neumann boundary condition it follows that
—p/ P p(v)Vu - Vo — / uPy' (v)|Vol* — / uPo(v)v + / uPo(v) = 0.

Q Q Q Q

Noting that v > 0 and ¢(v) > 0 imply that [, u?*'p(v) > 0, we thus find that
—/upgo'(v)|Vv|2 gp/up_lgp(v)Vu-Vv+/up<,0(v)v
0 0 Q

A? —2 2 B? 2 2
< — [ WP Vul" + — [ WPt (0)| Vo] + M | WP,
2 2 Jo Q

Q
where AB = p. This proves the desired inequality. O]
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Proposition 3.4. Suppose that n > 2, and that uy and x satisfy (3.2) and (3.3),
respectively. Moreover, let v > 0 be as in (2.2) (see also (2.9)), and let (u,v) denote
the classical solution of (3.1) in Q X (0, Tyax) as constructed in Proposition 3.1.

(i) Assume that with some xo > 0 we have

() <X sefy ).

S

Then for all p € [1, %) there ewists M, > 0 such that

Nu(-, )| o < M, for all t € [0, Thnax)-

(ii) Suppose that there exist k > 1 and xo > 0 such that

Xo
X'(s) < e s € [ry,00).

Then for any p € |1, % . #’yk_l) we can find M, > 0 fulfilling

||u('at)||Lp S Mp fOT all t € [O7Tmax)-

Proof. (1) Let p € (1, %), so that o < %. By continuity, we can then pick some & > 0
such that

1 [plp—1)—c¢
e<plp—1 and Xo < — | ——————.
=1 T p(p—1)
Applying Lemma 3.3 to
‘ 1
©(s) == T2y s> 0,
A:=+/plp—1) —¢, and B = P ,
pp—1)—¢
we obtain
B 2 2 _plp—1)—¢ 2 2
(3.15) / up( —Y) - 2 (U)) op < 2T E / w2 Vul? + M | P
Q 2 2 Q Q
Moreover, computing
B? 1
) -5 () =5pma $>0
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we find that

'1 . —_—
(3 6) 9 2 52
plp—1) 1 pp—-1)—¢ 1
-2 P> pp—1) &2
B 1
© 2B2g2
B2

By virtue of (3.16), we can now combine (3.15) with Lemma 3.2 to achieve the inequality

(3.17) %/Qupé _p—(p2— 1)/Qu”_2|Vu|2+p—(p2_ 1)/Qup(X/(v))2|Vv|2

<202 [+ [ - o) - 50w wop

S _p(p )/Up_2|VU|2+p<p ) g/up—2|vu|2+M/up
2 Q Q Q

2
:_E/ p_2|Vu|2+M/up
2 Ja Q

for all t € (0, Tinax). Now invoking the Gagliardo—Nirenberg inequality, we see that

1—a)

2,2 2 £ RTRRE
(3.18) /Qup = llull 20 < CGN<HV“2”L2<Q> + Hu2HL%(Q)> lell,3 )

where Cgy is a positive constant and

| o1

(3.19) a = € (0,1).

[S]eS ]

+ |rors
3| |
N[

Since according to the mass conservation property (3.7) we have

(3.20) ||u%(-,t)\|; = / u(x,t)dx :/uo(x) for allt € (0, Thnax),
) Q

2
P ()

~

from (3.18) and (3.18) we infer the existence of some K > 0 such that
[ < K(Ivutq +1)"
Q
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so that we have

4 »
(3.21) /up_2|Vu|2: —2/ |Vu5|2
Q p” Ja
1
> 411 (/u”)a —i.
Kap?\Ja p?

Inserting (3.21) into (3.17), we obtain

d 2
— | uP < — 6(/1#’ +M/up—|——
dt (9] Kap

for all t € (0, Thuax). Consequently, y(t) := [, u?(z,t) dz satisfies

y'(t) < —Olyé(t) + Coy(t) + Cs

with certain positive constants Cy, Cy and C5. In view of (3.19), we have é > 1 and
thus a standard ODE comparison argument implies the boundedness of y on (0, Tiax)-
Thus we conclude that [[u(-,¢)]|;,q) < M, < oo holds for all ¢ € (0, Tyax) and some
M, > 0.

(i) Taking any p € [1, xo " o ’f;,c " > we have yg < % : #7’“1. We now take
e > 0 and L > 0 such that
k 1 plp—1)—¢ K k—1
e<plp—1), L<y<-——L and yx9<-- . — L.
(P 1) k—1 "= plp—1) (k=1
Applying Lemma 3.3 to
(5) = g >
A:=+/plp—1)—¢ and B = b ,
plp—1)—¢
we infer that
B2 —1)—
(3.22) / up( — ' (v) — —g02(v)> Vo] < pp—1) = ¢ / WP Vulf + M [ P
Q 2 2 Q Q
Moreover, we have
B? 1 52k
o =2 2k — .
(-¢6) - 5¢6) " =5



Since the minimum value of [y, 00) 3 s — % is attained at s = < L, we have

v B N o 1 GHDT
(-9 = 5¢9) -5 LT

2
_ 1 k" [h-1
232 (k—]_>k_1

2

for all s € [y,00). Hence it follows that

p(p — 1) (X/<3))2 < p(p — 1) X02

(3.23) . 20

2 52k

< —¢/(s) = 5-¢°(s)

for any such s. Now by (3.23), we can combine (3.22) with Lemma 3.2 to see that

d u? < _p—(pz— U/U”_z!Vu!Qer—(p; 1)/up(X/(v))2|Vv\2
Q Q

dt Jg
—1 B2
< P02 v+ [ (= o) - S w) vl
Q Q

-1 —1) —
< e =) )/up_2|Vu|2+p—(p ) 6/1L1"_2|Vu|2+M/up
2 Q Q Q

2
- —f/ p_2|Vu|2+M/up
2 Q Q

for all ¢t € (0, Thax), from which proceeding similarly as in the case (i) we conclude
that
Ju(, )|l < M, < o0

holds for all ¢ € (0, Tax) and some M, > 0. O

3.4. L°*°~-boundedness

Let us first show that when p > 7, LP-boundedness in time implies L>*-boundedness
in time. Combining this result with Proposition 3.4 will prove our main theorem.
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Lemma 3.5. Let p € (1,n), and let (u,v) be a classical solution of (3.1) in © x (0,7T)
for some T > 0. Then there exists C' > 0 such that

190 0)l, 22, g < CllsC Oy for allt € (0,7).

Proof. This follows from standard elliptic regularity theory and the Sobolev embedding
theorem ([19]). O

Proposition 3.6. Let n > 2, and suppose that uy and x are as in (3.2) and (3.3),
respectively. Let (u,v) be the classical solution of (3.1) in Q X (0, Tiax), and assume
further that with v > 0 given by (2.2) (see also (2.9)), which leads x" € L*>((y, 00)).
Then if for some p > 5 and M, >0,

(3.24) |lu(- )| < M, for allt € (0, Tinax),

then (u,v) actually is global in time, that is, Tee = 00, and moreover there exists
My, > 0 such that

(3.25) lu(-, t)] foo < Moo for all t € (0, 00).
Proof. We may assume that p < n. Since p > 7, there exists ¢ > n such that

| (n=pa
np

> 0,

which enables us to pick A € (1, 00) fulfilling

1 _
1_,_(-pg
A np

Then by the Holder inequality and the assumption
X' € L=((v,00))
we can estimate
[u(- )Vx (@ ) pay < IX N oo (uoon 11 VO D ooy
< HX/HLOO(('y,oo))Hu('7t)HLq’\(Q)HVU<'7t)HLq*'(Q)

for all t € (0, Tinax), where



and hence conclude using (3.24) and Lemma 3.5 that

[u( VX ) Loy < allul Dl oy for all ¢ € (0, Tinax)

with some ¢; > 0. Again by the Holder inequality, we thus find that

(3.26) (- )V X0 )] oy < erllal Ol Feqeylle DIl
< callu(, )| foy  for all £ € (0, Tinax)
with a certain ¢; > 0 and some [ € (O 1).

We now let 6 € (3, $)and e € (0,2 —0) and fix any T € (0, Typax). In view of (2.1)
applied to m = 0 and p = oo and the representation formula

t
() = g — / 9N ()T (v(s))) ds  for ¢ € (0, To),
0
Lemma 2.2 (v) yields that
(3.27) [ )l oo (g

t
< ol ey + 00 / I(=A 4+ 10 92T - (u()Vx(0(5))) [l e ds

t
—0-1—c -5
< et oy + et / (t — 5" H 2 ) () Vx (0(3) | oy 5
0

for all t € (0,7"). Combining (3.27) with (3.26), we have
! -1 @ 8
) ey < el ey + omczcn [ (6= 975, )]
0

Co,00CeC2 [ [ _g_1_. _, 8
< Mol ey + 2222 ([ e ) - s fJu Dl
V2 0 te[0,7)

for all t € (0,T), where constant K’ = =22 [* r=0=2=¢~" dr > 0 is independent

1/2_9 5
of T'. Therefore we obtain

B
sup [|u(-, )| oo (o) < l[uoll o (q) +K,< sup Hu<'>t)”L°°(Q)>
te(0,7) te[0,7)

for all T € (0,Tmax). Consequently, (u,v) is a global and bounded solution since
B e (0,1). 0
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Theorem 3.7. Let n > 2, and suppose that uy and x satisfy (3.2) and (3.3), respec-
tively. Moreover, assume that x satisfies

X'(s) < g for all s € [y, 00),
with some k > 1 and some xo > 0 fulfilling

ifk=1,

Xo <

S 3N

kk k—1 ;
.Wyf if k> 1.

Then (3.1) possesses a unique global classical solution which satisfies
u(, )] oo < Moo for all t € [0, 00)
with some constant My, > 0.

Proof. According to the hypothesis on x(v), by Proposition 3.4 we can find some p > 7
and M), > 0 such that

lu( t)|l, <M,  forall t € (0, Thax);

moreover, we have

In particular, this implies that x’ € L>((y,00)), so that we can apply Proposition 3.6
to complete the proof. O
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Chapter 4

Global existence and boundedness
in a parabolic-elliptic Keller—Segel
system with signal-dependent
sensitivity and linear growth source

4.1. Problem and results

In this chapter we consider global existence and boundedness in the parabolic-
elliptic chemotaxis-growth system

(1w = Au—V - (uVx()+ f(u), z€Q, t>0,

0=Av—v+u, re, t>0,
(4.1)

Jdu  Ov

%—5—0, x €, t>D0,

u(z,0) = up(x), x €,

where €2 is a bounded domain in R" (n € N) with smooth boundary 0€2. We assume
that the initial data ug satisfies

(4.2) uy € C°(Q), up>0 and wugZO0.
As for the chemotactic sensitivity function, we assume that

(4.3) x € C2t((0,00)) with some w € (0,1), and Y’ > 0.

loc
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Also we assume that f € C'([0,00)) and there exist constants i, Ay, i1, 2 > 0 such
that

(4.4) A — 1S < f(s) < Ay — pas for all s € [0, 00).

The present work is devoted to global existence and boundedness. We remark that
existence of classical solutions of (4.1) is shown by a similar way in Proposition 3.1.
Since f(0) > Ay > 0 by (4.4), the solution of (4.1) is nonnegative.

In order to formulate our main result, given a nonnegative 0 # ug € C°(€Q), let us
define a constant v¢ > 0 as

| M
(4.5) 7f = ¢ min {||u0|yL1(m, Z|Q|} < o0,

where ¢ > 0 is a constant in (2.2). If we assume the convexity of the domain (2, the
constant vy > 0 is also given as follows

)\1 o0 1 (diamQ)2
4.6 = min{ u , —|Q } / — e UTE ) dt < o0,
(4.6) Vs I OHLl(Q) Ml’ | o (4rt)3

where

diam ) := max |z — y].
z,yef

The constant s marks an a priori pointwise lower bound on the solution component

v, as we shall see below. In what follows, when k£ = 1 we regard the value of —(kjl;k_l
as 1.

Theorem 4.1. Let n € N, and suppose that ug, x and f satisfy (4.2), (4.3) and (4.4),
respectively. Moreover, assume that x satisfies

X' (s) < g for all s € [ys,0),

with some k > 1 and some xo > 0 fulfilling

< 2 kk k—1
Xo n (k o 1)k—17f :

Then (4.1) possesses a unique global classical solution (u,v) which satisfies
Ju( )l e < Moo for all t € [0, 00)

with some constant My, > 0.
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4.2. Preliminaries

We first give an a priori pointwise lower bound on the solution component v. The
first equation in (4.1) and the condition (4.4) imply

Integrating this inequality, we have
)\1 —nuqt )\1
w> 21| e (||u0||L1(Q) - —|Q|> for all t € (0, 00),
Q H1 H1

and then

A1
uZmin{HuoH , —|Q|}.
/Q L H1

By virtue of Lemma 2.3 (see also Lemma 2.5) we can thereby estimate v from below
as follows:

(4.7) v(z,t) > vy
for all z € Q and t € (0,T), whenever (u,v) solves (4.1) in Q2 x (0,T") for some T > 0.
Here ¢ > 0 is a constant defined as (4.5) (see also (4.6)).

4.3. Global existence and boundedness

We first deduce LP-boundedness of solutions to (4.1). Next let us show that L?-
boundedness with sufficiently large p implies L*°-boundedness. Combining these results
will prove Theorem 4.1.

Lemma 4.2. Let p > 1, and suppose that (u,v) is a classical solution of (4.1) in
Q x (0,T) for some T > 0. Then there exist Cy,Cy > 0 such that

i/up S—]M/up_2|Vu|2+]M/up(x’(v))2|Vv|2
+ 4 / u? + Cy forallt € (0,7T).
Q

Proof. By virtue of the first equation in (4.1) and Young’s inequality, we have
d —1 —1
— / u? < _p—(p ) / 1#’*2|Vu|2 + p—(p ) / up(x’(v))Q\Vv|2 + / uP =t f (u).
dt Jg 2 Q 2 Q Q
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The condition (4.4) yields

[ < [wt = [ v

§C1/Up+02
Q

for some constants C,Cy > 0, and hence we obtain the desired inequality. n

The next lemma is obtained in Lemma 3.3. For convenience we give the sketch of
the proof.

Lemma 4.3. Let p > 1, and suppose that (u,v) is a classical solution of (4.1) in
Q x (0,T) for some T > 0. Moreover, for v; > 0 given by (4.5) (see also (4.6)), let
¢ € CY([ys,00)) such that ¢ > 0 and there exists a constant M > 0 satisfying

sp(s) <M forall s> ~s.

Let A and B be positive constants such that AB = p. Then

2

p< / B* , 2 _ A -2 2
uP( —¢@'(v) — = (U)) Vol" < — [ WP |Vul"+ M [ «P  forallt e (0,T).
0 2 2 Jo 0

Sketch of the proof. Multiplying the second equation in (4.1) by uPy(v) and using in-
tegration by parts, we see that

- / uP (v)|Vol* = p/ u?p(v)Vu - Vo + / uPo(v)v — / uP o (v).
Q Q Q Q
Applying Young’s inequality completes the proof. O
Now we give LP-boundedness of solutions to (4.1).

Proposition 4.4. Suppose that n € N, and that ug, x and f satisfy (4.2), (4.3) and
(4.4), respectively. Let (u,v) be a classical solution of (4.1) in Q x (0,T) for some
T > 0. Moreover, let vy > 0 be as in (4.5) (see also (4.6)). Suppose that there exist
k>1 and xo > 0 such that

X0
X'(s) < o for all s > ;.
Then for any p € |1, % . #Wk_l) there exists a constant M, > 0 fulfilling

luC,0)ll < M, for all t € 0,7).
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Proof. Taking any p € [1, % : #W’“l), we have

1 k" e
=5y (k—l)’“‘ﬂf '

Now we take € > 0 and L > 0 such that

k 1 —1) = kk
e<plp—1), L<y<i—gL and xo=<—- pp—1)—c L1,

i
3
—~
i~
|
—_
~—
—~
>~
|
—_
~—
N
L

Applying Lemma 4.3 to

(5) = o >
SOS L BQ(S—L)7 S ’Yf7

A=+/plp—1)—e and B:=

we infer that

(4.8) /Qup<—<p'(v) - B72g02(v)>|Vv|2 < 2%/ﬁu”_ﬂVMZ—1—]\4/Qup

and
BZ

@) < =¢(s) = 5¢(s)  foralls >y

(4.9)

Now by (4.9), we can combine (4.8) with Lemma 4.2 to see that

d -1 —1)—
(4'10) E/up < _%/upﬂvuﬁ_kw/upﬂvuﬁ
Q Q Q

+M%MU/M+@
Q

:—E/Up_Q‘VU‘2+(M+Cl)/Up+CQ
2 Q Q

for all £ € (0,7). Since the first equation in (4.1) and the condition (4.4) yield
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we see that for all ¢t € (0, 00),

A _ A2
uS—Q+e“2t<u ——Q)
w2201+ e (Juallsgo) — 2219
A2
< max { ol i 219}

By virtue of this estimate, proceeding similarly as in Proposition 3.4, we can complete
the proof from (4.10). O

Next, assuming LP-boundedness, we derive L°°-boundedness.

Proposition 4.5. Let n € N, and assume that uy, x and f satisfy (4.2), (4.3) and
(4.4), respectively. Let (u,v) be the classical solution of (4.1) in Q x (0,T), and assume
further that x" € L>®((yf,00)) with v > 0 given by (4.5) (see also (4.6)). Then if there
ezist some p > 5 and a constant M, > 0 such that ||u(-,t)||,, < M, for allt € (0,T),

then there exists a constant My, > 0 independent of T such that
lu(, t)] foo < Moo for allt € (0,T).

Proof. Let p > 4. We may assume that p < n. We see from (4.4) that f(s) + s <
C(1 + s) for some C' > 0. We can take ¢ > n so that ¢ > p. Then we have

1-2
q

2
(4.11) 1f (u) + uHLq(Q) < Cfl1+ UHZP(Q)Hl + u”LOO(Q)

1-2
< CfoHl + u”Looq(Q)
P

1—
< ng + C;:;/HU”LOOQ(Qy

where C’Z’?, 01/)/ are some positive constants. Recalling the choice of ¢, we see that 1 — § €
(0,1). Moreover, we choose ¢ > n satisfying further that 1 — % > (, which enables
us to pick A € (1, 00) fulfilling § < 1 — %. The elliptic regularity (||Vv||L%(Q) <
kpllull 15 q)) and Holder’s inequality yield

(4.12) 1V x (W)l gy < XM oe (3000 IV 0l o @ ]l Lo

1 _np
S XM oo uoop (21 (VU e o Tl s

n—p

< ! Q %_ np k- M 1_ﬂ ﬁ
<X M oo (000 €21 pMpllull oy 1]l 0
< KpH“”i@(Q)a
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where \ := ﬁ, for some € (0,1) and K, > 0. Now let ¢ € (0,7"). Then we have

t) = g = [ I (V- () Do) + (Flus) + u(s))) ds.

Let 0 € (3, 2) and € € (0, 3 — 6). Using Lemma 2.1 and Lemma 2.2, we see that

t
=0 _—vi(t—s
s ) ey < Nl gy + e € / (t = ) e I (F(u(s)) + 1(5)) | oy B
t 1
+ Cosate / (t = 5)H eI u(5) Vx (0(5)) g 5
0

Combining (4.11) and (4.12) with the above inequality implies the uniform estimate:

5 1
)iy < Ko+ Kl( sup r|u<-,t>||m>) n K2< sup ||u<-,t>||m>)
t€[0,7) t€[0,T

for some Ky, K1, K5 > 0. Since 3,1 — § € (0,1), we obtain the desired inequality. [
We are now in a position to prove the main result.

Proof of Theorem 4.1. As stated in Section 4.1, by a similar way in Proposition 3.1
we can show that there exist Tax < 00 (depending only on [[ugl| .~ (q)) and exactly one
pair (u,v) of nonnegative functions u € C*1(Q x (0, Thnax)) N C([0, Thmax); C°(2)), and
v € C?0(Q x (0, Thnax)) N CO((0, Thnax); C°(2)) that solves (4.1) in the classical sense.
According to the condition for k and xo, by Proposition 4.4 we can find some p > %
and M, > 0 such that ||u(-,t)|;, < M, for all t € (0, Tiyax). Therefore Proposition 4.5
completes the proof. O

Remark 4.1. Local-in-time existence of classical solutions to (4.1) can be provided
under the only lower condition: A; — pys < f(s). Moreover, if the growth term f
satisfies the relaxed condition: A\;—p1s < f(s) < Ao+ s, then we have the upper mass
estimate depending on time ¢ similarly, and so global existence of solutions without
uniform boundedness is proved.
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Chapter 5

Global existence and boundedness
in a parabolic-elliptic Keller—Segel
system with signal-dependent
sensitivity and logistic source

5.1. Background and motivation

In this chapter we consider couples of nonnegative solutions to the parabolic-elliptic

system

u=Au—V - (uVx())+ flu), ze€, t>0,
(5.1)
TUr = Av — v + u, reQ, t>0,

in a bounded domain 2 C R™ with smooth boundary, where our primary interest is in
the case when n =2, 7 =0,

(5.2) X(v) :== xologv forv >0 and f(u) =ru—pu? foru >0

with constants yo > 0,7 € R and pu > 0.

In the past few years, a growing literature is concerned with generalizations of the
Keller—Segel system which account for additional effects relevant in various applica-
tions. For instance, the particular choice of the sensitivity function x made in (5.2)
was proposed already in an original work by Keller and Segel in order to incorporate
the so-called Weber—Fechner law of stimulus perception in the process of chemotactic
response ([54], cf. also [35] and the recent modeling approach in [110]). With regard
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to the phenomenon of blow-up, this mechanism has a certain dampening effect: In the
boundary-value problem for (5.1) with n > 2, f =0, 7 = 1 and x as in (5.2), global
classical solutions exist when y, < \/%, whereas certain global weak solutions can be

n+2
3n—4’

data are radially symmetric ([107, 85]). The question whether or not blow-up may

constructed when either yo < or xo > 0 is arbitrary, €2 is a ball and the initial

occur seems open in this context.

In the corresponding parabolic-elliptic system obtained for 7 = 0, a somewhat
more complete knowledge is available, at least in the radial case: Indeed, in this setting
classical solutions are known to exist globally and to be bounded if n > 2 and xo < -5,
while if n > 3 and xo > 2%, then some exploding solutions can be found ([71]).
Without requiring such a symmetry hypothesis, global bounded solutions exist when
n > 2 and xo < % (Chapter 3); cf. also the precedent [5], where global weak solutions
were constructed under the same assumption).

In [61], global classical solutions near homogeneous steady states are constructed
for a parabolic system related to (5.1) with y as in (5.2) but with different zero-order
sources in both equations.

In processes where cell migration occurs at time scales comparable to those of cell
kinetic mechanisms such as proliferation and death, nontrivial choices of f in (5.1)
seem appropriate, especially with f as given by (5.2). When considered along with the
linear sensitivity x(v) = xov (xo > 0), such logistic sources also inhibit the tendency
toward explosions: For any choice of r € R, the corresponding versions of (5.1) then
possess global bounded solutions when either n = 2 and p > 0 is arbitrary, or when
n > 3 and p > 0 is suitably large (see [75, 105] for the case 7 = 1 and [100] for the
case 7 = 0). Again, it remains an open question whether blow-up solutions exist e.g. if
n =3 and p > 0 is suitably small.

The purpose of the present chapter is to take into account the latter two effects
simultaneously by choosing both y and f as in (5.2), concentrating henceforth on the
two-dimensional situation. To underline the particular mathematical challenge going
along with this coupling, we note that in this case the sensitivity x(v), the derivative x’
decays as v — 400 and becomes unbounded near v = 0, indicating a strong influence
of chemotaxis near small signal concentrations. Accordingly, known results on the
parabolic version of (5.1) for 7 = 1 and n = 2, under assumptions generalizing (5.2),
only assert global existence of classical solutions, leaving open the question whether or
not they are bounded ([1]). Here we note that in [1] the conxexity of €2 is not assumed.

As compared to this, the parabolic-elliptic case 7 = 0 even seems significantly more
delicate: Whereas in the case 7 = 1 a simple parabolic comparison argument can be
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applied to assert a positive a priori bound for v, locally uniformly in Q x [0, 00), a
similar reasoning is no longer available when 7 = 0. In light of the second equation
in (5.1), deriving useful positivity properties of v in that case apparently amounts to
estimating the total mass [, u of cells from Lemma 2.3 (see also (2.2)). However, unlike
the situation when f = 0, the system (5.1) now does no longer preserve the total mass
fQ u. Albeit an upper estimate for this quantity can be gained in quite a trivial manner
(cf. Lemma 5.4), it is a priori not clear whether one can conversely also derive a lower
bound for the mass, and thereby rule out phenomena of mass loss, or of extinction.
For source terms of the form f(u) = a+ ru, a > 0,r € R, such a lower bound can be
achieved in quite a straightforward manner, thus leading to a global existence result
in that case (Chapter 4); as for logistic sources as in (5.2) with quadratic absorption,
however, nothing seems known in this direction so far.

The goal of this chapter is to derive global existence and boundedness results for
(5.1) in the parabolic-elliptic with n = 2 and x and f given by (5.2). More specifically,
we shall consider the problem

(ut:Au—XOV-(uV10gU)+ru—uu2, re, t>0,

0=Av—v+u, re, t>0,
(5.3)

ou Ov

5 =~ 9y 0, x €, t>0,

\U(.T,O) = ug(z), x €,

in a bounded domain  C R? with smooth boundary, where yo > 0,7 € R, x> 0 and
(5.4) ug € C°(Q) is nonnegative with ug # 0.

In this framework, we shall first assert global existence of classical solutions without
any further restriction on the parameters.

Theorem 5.1. Let xo > 0,7 € R and p > 0, and suppose that (5.4) holds. Then the
problem (5.3) possesses a uniquely determined global classical solution (u,v) such that

u € C%Q x [0,00)) NC*HQ x (0, 00)) and
v e C?0(Q x (0,00)),

and such that both u and v are positive in Q x (0, 00).

Secondly, we shall see that if the reproduction rate r is conveniently large, then the
above solutions are even bounded.
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Theorem 5.2. Let xo > 0 and p > 0, and suppose that

X0
— ' <2
(5.5) r> 4 Fxos2,

xo—1 if xo>2.

Then for any choice of uy complying with (5.4), the solution (u,v) of (5.3) is bounded
in the sense that there exists C > 0 such that

(5.6) |u(- )| Loy <C forallt >0
and
(5.7) |o(-, t)lwree@) <C forallt > 0.

The above statement goes significantly beyond the results obtained in [1] for 7 = 1,
where only global existence was established. Theorem 5.2 may be viewed as a starting
point for a more detailed examination of the global dynamical properties of (5.3). Since
numerical evidence suggests that the interplay between logistic sources and chemotactic
cross-diffusion may lead to chaotic behavior already in the case y(v) = xov (xo > 0)
([78]), we expect that even more colorful dynamics due to the possibility of wave-like
solution behavior facilitated by the special form of the sensitivity in (5.2) ([55, 47]).

After proving a basic result on local existence and extensibility of classical solutions
in Section 5.2, we shall, given T' > 0, derive a T-dependent positive a priori lower bound
on the mass functional [, u(x,t)dz for t € (0,T) in Section 5.3. This will be achieved
on the basis of the identity

d |Vul? Vu Vv
— [ logu = X0 [ — —+7Q—p [ u,
dt Q Q 'U/2 Q u v Q

in which the action of the death term can be controlled using a previously gained upper
bound for [, u (Lemma 5.6).

In Section 5.4 we shall essentially use the assumed spatial two-dimensionality in
showing that the assumption that v be uniformly bounded from below by a positive
constant can be turned into a bound for u with respect to the norm in L*(Q2) in
a quantitative manner, independent of the length of the time interval in question.
Whereas in the first step toward this we make use of a well-established approach to
estimate v in Llog L(€2) (Lemma 5.8), the second step, to be accomplished in Lemma
5.12, seems to be original in this context in that it tracks the evolution of the functional
Jo uP(z,t)dx for t > 7 > 0 and some p > 1 sufficiently close to 1 which is not, as in
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related studies, determined by the system parameters only, but will moreover strongly
dependent on both 7 and the assumed value of inf v.

The outcome of Section 5.4 will first be combined with that of Section 5.3 to estab-
lish the proof of Theorem 5.1 in Section 5.5, and then once more be applied in Section
5.6 to verify Theorem 5.2. To obtain, as a preparation therefor, a time-independent
positive lower bound for fQ u(z,t), and hence of infv, in Lemma 5.15 we shall as-
sert that the largeness assumption (5.5) on r is sufficient to guarantee that for some
A > 0 depending on yg,r and p (but not necessarily small or large), the functional
Jo, v (2, t)dz is uniformly bounded for ¢ > 1.

5.2. Local existence

The derivation of the following local existence and uniqueness result can be achieved
by modifying the proof of Proposition 3.1. In particular, the a priori lower estimate
for v and the extensibility criterion are modified points.

Lemma 5.3. Let xo > 0,7 € R and p > 0, and let (5.4) hold. Then there exist
Tmax € (0,00] and a uniquely determined pair (u,v) of functions

u € C°(Q X [0, Thnax)) N C*H(Q x (0, Thax)) and

v E CQ’O(Q X (OaTmax))’

such that both u > 0 and v > 0 in Q x (0, Thax), that (u,v) solves (5.3) classically in
Q x (0, Thax), and such that

(5.8) if Trax < 00 then

ther i S|l = lim inf inf t)=0.
either  limsup ||u(-,t)|[ze@) =00 or tl/‘mT,l,,IalxirelQU(x’)

t max

Proof. We let R := |ug||zo() + 1, and we set € := 7 > 0 taken from (2.2). For T' > 0,
we then let
X = (0, T (@)

with norm [|ul[x := [l pe@x[o.7)> and we claim that if T' is sufficiently small, then on
the closed set

s={ueX|July <R and (I-A)"u(,t)=c foralte[0T]},

for all t € [0, 7], the mapping ¥ defined by

U(u)(-,t) = eug — /Ot e(t_s)A{XOV . (:E:z; Vu(s:, )) +ru(-, 8) — pu?(, s)} ds,
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where v(-, ) := (I — A)7lu(-, s) for s € [0, T], acts as a contraction from S into itself.
To see this, we let u € S, and invoke the lower estimate v > ¢ to see that for all
t 10,17,

t
C1Xo o
W (w) (5 D) | o ) < Nuoll poo ) + TRQT +/O [ru(-, 8) = pu (-, 8)|| poo ey ds

2
C1X0 p2qpa | T
< |[uoll poo ) + TR " + @ﬂ

where o and ¢; are certain positive constants. Therefore, choosing 7" sufficiently small
ensures that ||¥(u)|, < R.
Next, in order to show that (I — A) ™' W(u)(-,t) > ¢ for all t € [0, T7], we first observe

/Q (), 1) > / g + / ( / te“-sm(m(-,s)—mf(-,s))ds)
~ [ [ t ( [t —uu2<-,s>>> ds

> /uo — nR*Q|T.
Q

Thus, if 7" is suitably small then we have [, U(u)(-,t) > % [, uo for all ¢ € [0, T]. Since
moreover W(u)(-,t) belongs to C*(Q) for any such ¢ by the regularizing properties of
the heat semigroup, Lemma 2.3 (see also (2.2)) yields the inequality

(I —A) () t) > % —¢ foralltel0,T).

To achieve the desired contractivity property of ¥, we let u € S and u € S be arbitrary.
Then there exists ¢y > 0 such that

10 () () = T 1) oy
1 1 _
< C2X0<ER + 5—232>Ta‘|u — |
t
+ / [(ru(y5) — g, ) = (- 8) — p2(, )| ooy 5
1 1 2 o — a7
< exxo( 2R+ 5 B)T°lu ~ Tl + (r + 2uR)T lu — 7

for all ¢ € [0,7]. Hence, on further diminishing 7" if necessary, we obtain that ¥
indeed becomes a contraction on S, whence the Banach fixed point theorem asserts the
existence of u € S fulfilling u = V(u).
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Moreover u can be extended up to some Tp,.x € (0, 00] by standard argument. Since
the above choice of T' depends on [[ugl| () and € = 3 only, a standard extensibility
argument warrants that u can be extended up to some maximally chosen Ty,.x € (0, 00].
Here if Ti,.« < oo and there exist constants M > 0 and g9 > 0 satisfying

limsup ||u(-, t)| e < M and hmlnf/ ) > €0,

max

then we can find T € (0, Tinax) fulfilling
(-, ) ||Le) < M for all t € [T, Thax)

and for sufficient small § > 0 there exists t5 € [Tiax — 0, Tmax) such that

/Qu(-,t(;) > £g.

Thus we can extend u beyond T,,,,, which contradicts the definition of T},.,. Since in
light of Lemma 2.3 we know that

liminf inf v(z,t) =0 is equivalent to lim inf/ u(-,t) =0,
t/‘Tmax IEGQ t/‘Tmax 9]
this proves that T}, satisfies (5.8).

Invoking standard parabolic regularity theory (Lemma 2.8), we see that (u, v) solves
(5.3) in the classical sense. Using the parabolic and elliptic strong maximal principles,
we also see that both u > 0 and v > 0 in Q x (0, Ty ). Finally, uniqueness of solutions
can be derived in a way quite similar to that presented in Chapter 3, so that we may
refrain from giving details here. O

Although the total mass [, u of cells is not necessarily conserved due to the kinetic
term in (5.3), an upper bound for this quantity can be found quite immediately.

Lemma 5.4. Let xo > 0,7 € R and p > 0, and assume (5.4). Then

- |2
(5.9) / u(z, t)dr < m := max { / (T s ,u| | } for all t € (0, Tiax),
Q Q

where r,. = max{r,0}.

Proof. We integrate the first equation in (5.3) and use the Cauchy—Schwarz inequality
to see that for all ¢ € (0, Tinax),

u—r/u— /u <r/u—@ / >2§7"+/Qu—ﬁ</9u>2

Therefore, (5.9) results by invoking a straightforward ODE comparison argument. [

61



5.3. Excluding mass loss in finite time for arbitrary » € R

As a preparation for Lemma 5.6, let us derive from the second equation in (5.3) a
bound for a weighted H' norm of v.

Lemma 5.5. For arbitrary xo > 0,7 € R and pn > 0 and each ug satisfying (5.4), the
solution component v satisfies

2
(5.10) / |VU—Z| < |9 for allt € (0, Tinax)-
Q

Proof. Since v is positive in Q x (0, Thax), we may test the second equation in (5.3) by
1—1) to gain the identity

O:/Q%-<Av—v+u>

2
_ Vol — 19| + u for all t € (0, Thax)-
2
Q v QU

As moreover u is nonnegative, this directly entails (5.10). O

With this estimate at hand, we can achieve the main step toward the mass persis-
tence statement in Corollary 5.7 below.

Lemma 5.6. Let xo > 0,7 € R and pn > 0, and assume (5.4). Then there exists C' > 0
such that

d

(5.11) 7

log uw(z,t)de > —C  for allt € (0, Thax)-

Proof. Recalling that u is positive, we may multiply the first equation in (5.3) by %
and integrate by parts over {2 to see that

d 1 u 9
(5.12) 7 logu /QE : {Au —xoV - (—Vv) +ru — pu }

2
SIS ATR
Q

for all ¢ € (0, Thax). Here by Young’s inequality,

Vu Vv /]VUF |Vol?
< —|—— ,
o Q U2 4 Q 1)2

Q u v
Vol _ xo®
0 Jy e S
Q U

‘Xo

and Lemma 5.5 asserts that
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for all t € (0, Tax). Since moreover
/ u<m for all ¢ € (0, Tiax)
Q

according to Lemma 5.4, (5.12) implies the inequality
d 2
—/ logu > —X—0|Q| +7|Q — pm for all t € (0, Tiax),
dt Jq 4

from which (5.11) immediately follows. O

Along with a straightforward use of Jensen’s inequality, the above bound for [, log
now ensures that for arbitrary » € R and g > 0, finite-time extinction cannot occur.

Corollary 5.7. Let xo > 0,7 € R and pn > 0, and suppose that (5.4) holds. Then for
all 7 € (0, Thax) and each T > 0 there exists C'= C(1,T) > 0 with the property that

(5.13) /Qu(:v, t)de > C(1,T) for allt € (r, f),

where T = min{ 7, Trax }-

Proof. Again by strict positivity of u in Q x (0, Thax), the number

c1(T) ::/Qlogu(x,T)d:L‘

is finite. Thus, if according to Lemma 5.6 we take ¢, > 0 large enough such that
% fﬂ logu > —¢, for all t € (0, Thax), then upon integration thereof we obtain that

/ log u(z, t)dz > / logu(z, 7)dx — co - (t — 7)
Q Q
> (1, T) i=c1(7) —co- (T —7)  forallte(r,7T).

Since from Jensen’s inequality we know that for all ¢ € (0, Tiax),

d d
/logu(x,t)dx =1Q|- / logu(x,t)—m < 9] -log { / u(x,t)—x},
9 9 9] o 2]

this implies that

1
/u(x,t)dx > Q| ~exp{— : / logu(x,t)d:v}
9 9] Ja

1 .

> Qe ™D forall t € (r,7)

and thereby proves (5.13). O
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5.4. Upper estimates for u in terms of lower bounds for v

The goal of this section is to establish a bound for v with respect to the norm in
L>(2) in quantitative dependence on a supposedly known pointwise lower bound for
v. Our main outcome in this direction, to be provided by Lemma 5.13, will be essential
to the derivation both of the global existence result for arbitrary » € R in Theorem
5.1, and of the boundedness statement in Theorem 5.2.

5.4.1. An estimate for u in Llog L(2)

We start by proving a bound for the functional fQ ulog u, crucially making use of
the two-dimensionality in the spatial setting.

Lemma 5.8. Let xo > 0,7 € R and pn > 0, and suppose that ug complies with (5.4).
Then for all 6 > 0 and each T € (0, Tmax) one can find C(5,7) > 0 such that if for

some T € (T, Tynax] we have

(5.14) v(z,t) >0 forallzeQandt e (1,7),

then

(5.15) / u(z,t) logu(z,t)de < C(0,7) forallt € (1,7T).
Q

Proof. Once again by positivity of u, we may multiply the first equation in (5.3) by
log u and integrate by parts to obtain

d
(5.16) E{/Qulogu—/ﬂu}
:/logu. {AU—XOV- (EVU> +ru—pu2}
QO v

Vul? v
= /l Y +xo/Vu-—v+r/ulogu—u/u210gu
0 u (% Q Q

for all ¢ € (0, Thax), where by Young’s inequality,

IVUI2 |Vv|2
Xo/ Vu 5

(%

To estimate the latter integral, we make use of (5.14) and invoke the Cauchy—-Schwarz
inequality to see that

2 2
X0 |VU| XO 2
el 452/“'V”'

| /\

2
452 HuHLz Q)HVUHL4(Q) for all t € (7, 7).
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Now since in the present two-dimensional setting we know that W23 (92) is continuously
embedded into W'4(Q), employing standard elliptic regularity theory ([19]) we can find
c1 > 0 and ¢y > 0 such that

Vol < erllol, g
< ol — Av+ U”i%(m

= Cz”””i%(m for all t € (0, Thnax)-

Here, thanks to the Holder inequality and (5.9) we can estimate

lull? 4

L3 Q) < ||U||L2(Q)||U||L1(Q) S m||u||L2(Q) fOI" all t - (O,Tmax),

so that in summary we have

2 2
X—O/ [VoF < ¢3(9) / u? for all t € (1,7
4 Jo 07 Q

with ¢3(9) := CQ’Afgjm. Accordingly, (5.16) entails the inequality

(5.17) %{/ﬂulogu—/ﬂu}—k{/ﬁulogu—/ﬂu}
g03(5)/9u2+(r+1)/Qu10gu—/ﬂu—u/ﬂu2logu

for all ¢ € (7, T). Since the function ¢ : (0,00) — R defined by

P(€) = c3(0)€ + (r + 1)€log € — € — p€?logé,  €>0,

has the properties ¥(§) — 0 as £ — 0 and ¥(§) — —o0 as £ — o0, it is evident that
with some 04(5) > 0 we have ¥(¢) < 04(5) for all £ > 0. Consequently, (5.17) shows
that y(t) == [, u(z,t)logu(z, t)de — [ju(x,t)dz, t € (0, Thax), satisfies

y' () +y(t) < ea(0)]Q forall t € (1, 7).

By comparison, this implies that for all ¢t € (7,7,

y(t) < cs(6,7) = max{/gu(x,T) logu(x,T)dx—/u(x,T)dx, 04(5)|Q|}

Q

and hence by Lemma 5.4 we conclude that (5.15) holds with C' := ¢5(d, 7) + m. O
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5.4.2. An estimate for u in LP(Q2) for some p > 1

Now the essential step toward Lemma 5.13 appears to consist of finding an estimate
for w with respect to the norm in LP(2) for some p > 1. In Lemma 5.12, this will be
achieved, still under the standing assumption that v > ¢ > 0, for some p > 1 depending
on d. In the derivation thereof, we shall need three auxiliary lemmas. The first contains
a statement which is implied by the conclusion of Lemma 5.8 in combination with a
known result on elliptic H! regularity in the present two-dimensional case.

Lemma 5.9. Given xo > 0,7 € R and p > 0, for any ug satisfying (5.4), each § > 0
and all T € (0, Thax) we can find C(6,7) > 0 such that if

v(z,t) > forallzeQandt e (1,71)

for some T € (T, Thnax), then we have the inequality
(5.18) / Vo (x,t)?dr < CO(5,7) forallt € (1,T).
Q

Proof. According to a known estimate for solutions of the Neumann boundary value
problem for the Helmholtz equation with inhomogeneities in L log L(€2), for each L > 0
there exists ¢;(L) > 0 such that whenever f € L?(2) is nonnegative with

[ rosr <,

Q

the solution ¢ of —Ap +¢ = f in Q with g—f = 0 on 99 satisfies [, Vi[> < ¢1(L) (see
[99]). Applying this to ¢ := v(-,t) and using Lemma 5.8 precisely yields (5.18). O

Next, an application of the Riesz—Thorin theorem asserts a certain independence
of some elliptic regularity constant on the integrability parameter. As the proof will
show, the argument can easily be generalized to smoothly bounded domains in any
space dimension and summation powers varying over arbitrary compact subintervals

of (1,00).

Lemma 5.10. There ezists C' > 0 such that for each q € (2,3) we have
(5.19) [ellwza@) < Cll = Ap + @l a@)

for all ¢ € C*(Q) satisfying g—f =0 on 0f.

Proof. For fixed i,j € {1,2}, we let T;; : L*(Q) + L*(Q2) — L*(Q2) + L*(Q) be defined

by (Ti;f)(x) = (%‘%)(m) for f € L?(Q) + L3() and = € Q, where —Ap + ¢ = f in
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Q and 22 = 0 on 9. Then according to standard elliptic regularity theory ([19]), T}
is a well-defined linear operator on both L?(2) and L3(2), and there exist ¢, > 0 and
c3 > 0 such that

T35 fllz2) < el fllr2@ for all f e L2(Q) and
|| f||L3 < C3||f”L3(Q) fOI‘ all f - LS(Q)

By the Riesz—Thorin interpolation theorem ([4]), for each ¢ € (2,3) we thus have

1755 fllog < c5e3 " fllzoey for all f € L9(Q)
with k := % € (0,1). Summation over i and j therefore yields (5.19). O

As a final preparation for Lemma 5.12, let us make sure that also the constant
appearing in the Gagliardo—Nirenberg inequality is conveniently independent of the
involved integrability powers.

Lemma 5.11. There exists C' > 0 with the property that for each q € (2,3) we have
1 1 _

(5.20) 1ll ey < ClIdmaey [lEaqy  for all v € CL(Q).

Proof. Due to the Gagliardo-Nirenberg inequality, there exists ¢; > 0 such that

(5.21) 121 Za0) < cllzlliva@llzllzz@) = allVallzao l272@ + ellzllza @)

for all z € W2(Q). Given ¢ € C*(Q), since ¢ > 2 we know that z := |)|2 belongs to
Wh2(Q) with |Vz| = %|¢]%]VW, so that (5.21) becomes

622 [ S( [ wirrwer) ([ler)+e( [ )

Here we employ the Holder inequality to estimate

[ ot ever < (/waq)i-(/gw)

and decompose the last term in (5.22) so as to obtain, using that - © > 1,

52 [prsa (e (o) (fer)

Now one more application of the Holder inequality yields

|¢\ WJIQ" - %1%,
Q




whereupon (5.23) implies that

(Lo =(from) ™ <e S d([wom)+ ([} [ o
<o [rovre [} [ e

because clearly ar +bi <2 (a + b)g for all @ > 0 and b > 0. By recalling q < 3

and taking the 4th root here, we infer that (5.20) holds if we let C' := (951) for

instance. O

We are now ready to derive a bound for u with respect to the norm in LP(£2) with
some p > 1, assuming that v is bounded from below.

Lemma 5.12. Let xo > 0,7 € R and > 0, and assume (5.4). Then for all § > 0 and
any 7 € (0, Trax) there exist p(6,7) > 1 and C(§,7) > 0 with the property that if

(5.24) v(z,t) >3  forallzeQ andt e (1,7T)

for some T € (7, Thax|, then
(5.25) / w7 (z,t) de < C(6,7) forallt € (1,7).
Q

Proof. We first invoke Lemma 5.9 to obtain ¢; = ¢;(d,7) > 0 such that
(5.26) IVo(-, )| 2 < @ for all t € (1,7).

Moreover, an application of Lemma 5.11 and of Lemma 5.10 provides ¢; > 0 and ¢3 > 0
such that for any choice of p € (1,2) we have

IVellmea@) < ol oIVelig — forall g € C2(@)
and
lellwzrti) < csll — Ap + @l e+1(q) for all ¢ € C*(Q) satisfying 5 6‘p =0 on 09,
whence
(5.27) IV@llzzreaey < call = Ap + @2y V0] ooy

for all ¢ € C*(Q) satisfying 5 92 — 0 on 9Q with ¢y 1= cy,/c3. We finally fix p = p(6,7) €
(1,2) sufficiently close to 1 Such that

(p— Dxo’acd  u
92 i
(5.28) w2
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and test the first equation in (5.3) against u’~! to obtain
pdt

1d
uP~!
=(p—1)><o/ /up—u/up“
Q Q Q

(5.29) — [ W+ (p—1) / uP 2| Vul?
Q Q
for all t € (0, Tiuax), where by Young’s inequality and (5.24),

uP~!
(5.30) (p— 1)X0/ Vu- Vv
Q U
_ 2 2
<(p-1) / A S e R / » V0
Q 4 Q v?

-1 2
< (p—1)/up_2]Vu|2—|—M/up|VU|2
Q 452 Q

forall t € (1,7T). We estimate the rightmost integral by means of the Holder inequality
according to

[ I < s | Pl

and apply (5.27) and then (5.26) to find, recalling the second equation in (5.3), that
herein

V0| Zapi2() < Gl — Av + vl o) | V| 220
= cillull o @) VU 220

< e ||ull o)

for all ¢ € (7, 7). In light of (5.28), (5.30) thus implies that
p—1 -1 2
(p—l)XO/ Y Vu-vo< (p—l)/up_2|Vu|2+%~cicl/up+1
Q Q Q

v
<(p-1) / up_2|Vu|2 + g / Wan forallt € (r,T),
Q Q

so that (5.29) entails the inequality

P < P Ptt < p—ﬁ/ P forall t € (1,7).
pdt/u r/u /u _7’+/Qu 2Qu or a (r,7T)

Since once more by the Holder inequality we know that

_p_
/upg \Q\&(/up“)pﬂ,
Q Q
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we therefore see that y(t) := [, u”(z,t)dz, t € (0, Thax), satisfies

K 1y%(t) for all t € (1,7),
2|0 »

%y'u) < ry(t) -

and conclude by a comparison argument that

2T+

y(t) Smax{/ﬂup(x,T)d:c, (7)p\9\} for all t € (r,T).

This proves (5.25). O

5.4.3. An estimate for u in L>°(Q)

By suitably adapting a well-established regularity argument to the present setting,
we can show that the above integrability property actually ensures boundedness of u
with respect to the norm in L>(€2).

Lemma 5.13. Let xo > 0,7 € R and p > 0, and suppose that (5.4) is valid. Then
given § > 0 and 7 € (0, Thax), we can find C(6,7) > 0 such that whenever we know
that

(5.31) v(z,t) >0  forallx € Qandt e (1,7)
with some T € (T, Tiax|, then
(-, )| ooy < C(0,T) forallt € (1,7T).

Proof. We first apply Lemma 5.12 to find p = p(§,7) > 1 and ¢; = ¢1(d,7) > 0 such
that

(5.32) u(- )| zro) < @ for all t € (7, 7).
Here we clearly may assume that p < 2, so that it is possible to fix ¢ > 2 such that

2p
5.33 <

I

and thereafter choose # > 2 such that 6 < ¢. Then thanks to (5.33) we know that
W2P(Q) is continuously embedded into W14(Q), whence there exists ¢, > 0 fulfilling

(5.34) Vol ra@) < callellwzr @ for all ¢ € C*(0Q).
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Moreover, according to standard elliptic LP estimates we can find c3 > 0 satisfying

(5.35) lellweri) < esll = Ap + ¢l Loy

for all p € C*(Q) satisfying g—f = 0 on 01, whereas Lemma 2.2 (iv) provides ¢4 > 0
and A; > 0 such that

L1y L
(5.36) €2V - @l < ca(1+7270)e M || ooy

for all £+ > 0 and each ¢ € C1(Q; R?) satisfying ¢ - v = 0 on 952,

tA

where (e2);>0 denotes the Neumann heat semigroup on Q. Now given 7" € (7,7, in

order to find an appropriate upper bound for the evidently finite number

M(T') == sup |lu(-,t)llL=(0),

te(r,17)

we define U(z, t) == u(z,t) — = for v € Q and t € [0, Tjax) and observe that then in
both cases r > 0 and r < 0, U satisfies the parabolic inequality

U = Au — xoV - (%VU) + ru — pu’
< AU — oV - (%w) U —pU?  forallz € Qand t € (0, Tany).

Therefore, U can be estimated from above by means of a corresponding variation-of-
constants representation according to

) _ i (t=T) (t-T)A ) 4
(5.37) U(-t) = e e <u(,7') M)

t
_ —ry(t—s) (t—s)Ax7 . U(', S) .
XO/T e e \Y <U("S)VU(,3)>ds

t
[T sy
= Uy(-,t) + Us(-, 1) + Us(-, 1) for all t € (7, Tinax),

where from the order preserving property of (¢'2);>o we know that

(5.38) Us(+,t) <0 for all t € (7, Thax),
and that
(5.39) Ui(-t) < e_”(t_T)e(t_T)Au(~,T)
< e u(, 7)o
< lu(-, )| Lo () for all ¢ € (7, Tinax)-
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We next use (5.36) to estimate
(5.40)  [Ua(; ) Loe (e

¢
< c4X0/ e (=) (1 + (t — s)_%_%>e_’\1(t_s) —

for all t € (7, Tiax), where by (5.31) and the Holder inequality we see that

u(-, s)
o5 Vou(, s)‘

LO(Q)

o) g, o 190l

Lo(Q) L

< < luls )@l )l g I VU (S $)llzae)

S| = S =

for all s € (7, T) with kK := 1 — p(q_;@) € (0,1), because
q

6 1 1
q — > T p— = fl > p
2" P
thanks to (5.33) and the fact that 6 > 2. Using (5.34), (5.35) and (5.32) and recalling
the definition of M (T") we thus infer that

CoC3

u('? S)
H v(-, 8) Vol s)
Hence, (5.37)-(5.40) show that

IN

-ME(T) -7 forallte (r,T).

supU(x,t) <54+ ceM™(T')  forallt e (r,T")

TS
with ¢5 = ¢5(7) := ||u(-, 7)|| L () and
2—K o]
cs = c6(6,7) = A 6250304X0 : / (1+ 0_%_%)6_(”“1)%0
0
being finite due to the fact that § > 2. As u is nonnegative, this implies that

M(T') < ™4 sup sup Uz, t)
Ko te(r,T7) e

g%+%+%M%m,

so that since k < 1 we can estimate

r—++C5

M(T') < max { ( K )E , (206)1;} for all 7" € (7,T)

Ce

and conclude upon taking 7" & T. O
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5.5. Global existence for arbitrary r > 0. Proof of Theorem 5.1

We can now proceed to a first application of the above in order to assert the
announced global existence result.

Proof of Theorem 5.1. We only need to make sure that for the existence time 7T,
of the maximally extended local solution (u,v) from Lemma 5.3 we have Ti,. = 0.
Indeed, assuming on the contrary that T,,.. be finite, we could apply Corollary 5.7 and
then Lemma 2.3 (see also (2.2)) to 7 := %Tmax and T := Ty« to find 6 > 0 such that

1
(5.41) v(x,t) >4 for all z € ) and each t € <§Tmax,Tmax>.

Therefore, Lemma 5.13 would yield ¢; > 0 satisfying
1
(5.42) [u( )|l pe@ < c1 forall 2 € © and each ¢ € <§TmaX,TmaX>.

Combining (5.41) and (5.42), however, we see that this would contradict the extensi-
bility criterion (5.8) in Lemma 5.3. O

5.6. Boundedness for large r. Proof of Theorem 5.2

Beyond Lemma 5.13, the proof of Theorem 5.2 will require an additional prepara-
tion, yielding a lower bound for the mass functional fQ u which unlike the one provided
by Corollary 5.7 will be uniform with respect to ¢ > 1. This will be gained in Lemma
5.15 and Corollary 5.16, which rely on the following weighted estimate.

Lemma 5.14. Let xo > 0,7 € R and p > 0. Then for each A > 0 and any initial data
fulfilling (5.4), the solution of (5.3) satisfies

2
(5.43) /U_A@ <\ / w2 Vul? + 2/ u for allt € (0, Thpax)-
Q Q Q

v

Proof. We integrate by parts and use the second equation in (5.3) to find that

2
1

/u/\|V12)| = —/u’\Vv-V—
9 v Q v

-1 Y
:—)\/u Vu -V + U—Av
0

v Q'U

—A—1 1-\
:—)\/u Vu-VUjL/u_A—/u
o v Q Q v
—A—1

< —)\/ 4 Vu - Vv + / u for all ¢ € (0, Thnax)-
Q Q

v
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Now by Young’s inequality we have

! 1 \V4 2 )\2
—/\/ “ Vu-Vu < —/u’\| V| +—/u)‘2|Vu\2,
Q v 2 Q U2 2 Q

whence upon a straightforward rearrangement we obtain (5.43). [

By tracking the evolution of the functional fQ u~* for some appropriately chosen \ >
0, we can now derive a time-independent quantitative information ensuring persistence
of u in a convenient sense.

Lemma 5.15. Let xo > 0 and p > 0, and suppose that v satisfies (5.5). Then there
exists A > 0 such that for any choice of ug satisfying (5.4), one can find C > 0 such
that

(5.44) / u Mz, t)de < C for allt > 1.
Q

Proof. We first claim that thanks to the hypothesis (5.5) we can find a > 0 such that

(5.45) a < Xo
as well as

N2
(5.46) r—a> M.

Indeed, if xo > 2 we may take a := xo — 2, so that (5.45) becomes evident and (5.46)
results from the observation that then by (5.5),

(xo — G)Q‘

r—a=r+2-xo>1= 1

In the case xo < 2, we note that (5.5) implies that r > XTO2 > Yo — 1, whence in
particular the numbers a, and a_ given by

ay :=Xo—2=E2y/r+1—x0

are real with a_ < a, and this definition ensures that (5.46) holds for any a € (a_, a4 ),
because for any such a we have

(xo—a)*>—4(r—a)=a*—2(xo — 2)a+xo> —4r = (a —ay)(a—a_) < 0.
Since moreover (5.5) entails that
2
(2VrFT=x0) =4r+4-4x0> xo* +4— 4x0 = (0 — 2)> > 0
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and that hence a, is positive, observing that a_ < xo — 2 < 0 we may fix any a > 0
fulfilling @ < min{yy, a4} to achieve that (5.45) and (5.46) are fulfilled simultaneously.
We now let

4a

(5.47) A= m

and multiply the first equation in (5.3) by u=*! to see that

1d

4 - - )\ 1 - — 2
(5.48) )\dtﬂu +(—|—)/ﬂu |Vl

—A-1
:()\+1)X0/u Vu~Vv—r/u_)‘+u/ul_)‘ for all t > 0,
o v Q Q

where we use the number a as a parameter in the decomposition for all t > 0,

—A-1

Vu- Vo
v

(5.49) (A+1)X0/ 4

w1 u M1
:()\+1)a/ Vu-Vv+()\+1)(X0—a)/ Vu - V.
o v o v
In the latter summand, we employ Young’s inequality to estimate
w1
(5.50) (O + D)o — a)/ V-V
Q
by 1 _ 2 2
< ()\+1)/u_A_2|Vu|2+ ( + )(XO a) /u—Ayvvl
Q 4 Q v?

for all £ > 0, whereas in the first expression on the right of (5.49) we apply the proof
of Lemma 5.14 to obtain, noting that a is nonnegative,

a1
(551) (A4 1)a/ IR v
Q v

2 (A+1
< _Ala / u*’\|vz| + (At Da / u™ for all ¢ > 0.
A QO v A QO

In conclusion, (5.48)-(5.51) yield the inequality
L[ s o (O D000 Q) ]
Adt Q 4 A Q v2
A+1
—{r—u}-/u’\—l—u/ul’\ for all t > 0,
A Q Q
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where
O4 Do -0 (At Da_
4 N
due to the definition (5.47) of A\. Observing that (5.47) in conjunction with (5.46) also

warrants that

C1:=71 — _(A ].)CL =7 a a =7 (XO - a>2
b A - A 4
is pOSitive, we thus obtain that

1d
VT, Qu’\—i—cl/guAg,u/gulA for all ¢ > 0.

Now if A < 1, we may use the Holder inequality along with (5.9) to find that

1-A
M/ W < M|Q|)\' (/ u) <cyi= M|Q|>‘m1_)‘ for all ¢t > 0,
[¢) Q

whereas if A > 1 then an application of Young’s inequality yields c¢3 > 0 such that

u/ul_)‘gﬁ/u_’\—i—c;), for all t > 0.
Q 2 Jo

Writing ¢4 := max{cs, ¢}, in both of these cases we infer that y(t) := [, u *(x,t)dx,
satisfies
1 ’ C1
Y (t) + gy(t) <¢4  forallt >0,
and conclude that
—\ 2C4
y(t) < max u Mz, 1)dr, — for all ¢ > 1.
Q G
This proves (5.44). O

As a consequence thereof, we obtain the following.

Corollary 5.16. Let xo > 0 and p > 0, and assume that r satisfies (5.5). Then
whenever (5.4) holds, the solution of (5.3) satisfies

(5.52) g{/ﬂu(z,t)dw >0
and

5.53 inf t) > 0.
( ) (x,t)eglx(l,oo)v(x’ )
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Proof. To verify (5.52), we only need to apply Lemma 5.15 along with the Holder
inequality, which says that for each A > 0 we have

/uZ |Q|AA+1</U_A>_A for all ¢ > 0.
Q Q

Thereupon, (5.53) can be derived by using Lemma 2.3 and once more recalling the
second equation in (5.3). O

Now the claimed boundedness result can be deduced from this and Lemma 5.13 in
a straightforward manner.

Proof of Theorem 5.2. Since u is continuous in Q x [0, c0), it is clear that for some
c1 > 0 we have

(5.54) w (-, )|l L) < & for all ¢t € [0, 1].

Moreover, from Corollary 5.16 we know that since (5.5) holds, we can find 6 > 0
fulfilling

v(z,t) >0  forallz e Qandt > 1.
As a consequence, Lemma 5.13 provides ¢y > 0 satisfying
lu(-, )] o) < 2 for all ¢ > 1.

In conjunction with (5.54) this proves (5.6), whereafter (5.7) results upon an application
of known elliptic estimates to the solution v of second equation in (5.3). [
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Chapter 6

Global existence and boundedness
in a two-dimensional
parabolic-elliptic Keller—Segel
system with general
signal-dependent sensitivity

6.1. Problem and result

In this chapter we consider the Neumann initial-boundary value problem for a
parabolic-elliptic Keller—Segel system with general signal-dependent sensitivity x(v),

uw=Au—V - (uVx®)), z€Q, t>0,

0=Av—v+u, re, t>0,
(6.1)

ou  Ov

— == Q

9 =~ By 0, x €I, t>0,

L u(z,0) = up(x), x €,

in a bounded domain € C R? with smooth boundary 99, where
(6.2) u € C°(Q), up>0 inQ, w0
and

(6.3) x € Cx¥((0,00)) with some w € (0,1), x>0, ¥x'(s)—0ass— oo.

loc

79



As to the classical case (x(v) = xov, xo > 0), roughly speaking, the size of initial
data determines whether the solution is global and bounded or not. More precisely
the solution of (6.1) is global and bounded when [,uy < 4m/xq (see [46, 66]; for
parabolic-parabolic case, see [72]). Whereas, with the large initial data, some blow-up
solution is constructed when 2 is a disk by Herrero and Veldazquez [34], and Nagai
[67] showed that there are many nonradial blow-up solutions. By using an argument
similar to that in [66], it is easy to see that there are many radial blow-up solutions,
when 2 is a bounded disk and x satisfies infs~o x'(s) > 0.

On the other hand, we have other point of view in this thesis. We especially focus
on a signal-dependent sensitivity function x(v). We recall some results in this context.
Here let n be spacial dimension. In the radially symmetric setting, we can find a nice
picture about the system (6.1) with x(v) = xologv, xo > 0 as follows [71]:

o Ifn=2 oryx< ﬁ and n > 3 then the radial solution is global and bounded.

o If o > % and n > 3 then there exists some initial data uq such that the radial

solution blows up in finite time.

Moreover in the case x(v) = xov*(xo >,k > 0) the solution is global and bounded
when xo > 0,0 < £ < 1 and n = 2; we construct blow-up solution when yo > 0,k > 0
and n > 3. Without requiring such a symmetry hypothesis, Biler [5] showed that in
the system (6.1) with x(v) = xologv, xo > 0,

o If xyp<landn=2 or xo < % and n > 3 then the solution is global.

In Chapter 3 it was established that the above global solution is bounded when yo < %
and this method is generalized to the case x(v) = —xov ™", k > 0 with sufficiently small
Xo > 0. Consequently, in the system (6.1) we can find the gap between radial case and
nonradial case when x(v) = xologv. Indeed, especially in the two dimensional setting,
for all xo > 0 the radial solution is global and bounded; on the other hand, the large
time behavior of nonradial solution of (6.1) with large xo > 0 has been posted as an
open problem. In [5, Remark 4] Biler and Veldzquez gave the following conjecture:

e The optimal range of the coefficient yo guaranteeing the global in time existence

n+2
n—2"

is xo <

One of the purpose of this chapter is to establish global existence and boundedness

of nonradial solutions when y (v) = xo log v for all xo > 0 in the two dimensional setting.
The other one is to study the case that sensitivity functions are more general, moreover
to establish the essential condition on x for guaranteeing the global solvability. The

main result in this chapter reads as follows.
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Theorem 6.1. Suppose that uy and x satisfy (6.2) and (6.3), respectively. Then
(6.1) has a unique global classical positive solution. Moreover the solution is uniformly
bounded in time in the sense that

sup [u(t)[| oo (o) < oo
t€[0,00)

Remark 6.1. We firstly remark that since x(v) = xologv (xo > 0) fulfils the condition
(6.3), the above statement gives an answer to the Biler—Veldzquez conjecture in the two
dimensional setting. Secondly, unlike the previous results [71, 5, 29, 103, 107, 21, 31]
including Chapters 3, 4 and 5, the method in this chapter does not depend on any
particular structure of x(v). There are radial blow-up solutions, when (2 is a bounded
disk and y satisfies

. ’
}gggx (s) > 0.

Then, (6.3) is the essential condition for all solutions to exist globally in time.

Before going into details, let us emphasize the main idea underlying the proof of
Theorem 6.1. In this chapter we turn our eyes to e-regularity, which is essentially
established in [81] and formulated by Sugiyama [88]. By testing a cut-off function
we focus on concentration of mass around each point of  locally. e-regularity is the
property that if the concentration is sufficiently small then the point is not blow-up
point. On the other hand, with sufficiently large concentration we invoke the property
of Green’s function to prove the value of v is sufficiently large. By decaying condition
(6.3) the concentrating effect of the cross-diffusive term can be prevented. Finally it is
proved that each point of  is not blow-up point.

Remark 6.2. The method in this chapter can be applied to the fully parabolic Keller—
Segel system under some conditions (see [27]).

This chapter is organized as follows. Section 6.2 is devoted to preliminaries, in-
cluding local existence of solutions. After discussing some basic estimates which play
a key role to ensure e-regularity argument in Section 6.3, we shall establish Theorem
6.1 in Section 6.4. Firstly, we shall deduce uniform in time boundedness of the integral
of ulogu over some neighborhood of points of Q (Proposition 6.7). This will entail
some regularity of v (Proposition 6.8, Lemma 6.9) and establish boundedness of u with
respect to the norm in LP(§2),p > 1 (Proposition 6.10), and finally complete the proof
of Theorem 6.1. In Section 6.5 we will give some comments about the application to
the fully parabolic cases.
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6.2. Preliminaries

We first recall the local existence result established in Proposition 3.1.

Lemma 6.2. Let ug and x be as in (6.2) and (6.3), respectively. Then there exist
Tinax < 00 (depending only on [[ugl| o)) and ezactly one pair (u,v) of positive func-
tions

u € C*HQ x (0, Thnax)) N CO([0, Trax); C°(Q)),
v € C2OQ x (0, Tinax)) N C((0, Tona); C°(2))

that solves (6.1) in the classical sense. Also, the solution (u,v) satisfies the mass

<l

identities
/ u(z,t)de = / up(z)dz  for allt € (0, Tinax)
Q Q

and

/v(x,t) dx = / uo(z)dx  for all t € (0, Tinax)-
Q Q

Moreover, if Tyax < 00, then

Hm [|u(t)]] oo ) = 00

t max

In virtue of the conservation of the total mass |lug||z1(q), the next lemma is estab-
lished in [11].

Lemma 6.3. There exists some constant M = M (||uo||L1(q), p1,p2) > 0 such that

sup  [|Vullzei) +  sup  ||vf|oe) < M,
tE[O7Tn)ax) tG[Ovaax)

where p; € [1,2), pg € [1,00).

6.3. Basic estimates

Recalling the Sobolev embedding inequality in the two space dimensions:

64) W < K (IVF ey + 1) forall f € WH(Q),

where K > 0 is a constant determined by €2, we shall show some inequalities in this
section.

We firstly introduce a cut-off function 1. Proceeding similarly as in [81, p.26], we
can establish the following lemma.
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Lemma 6.4. Letn € N, q € Q, Bs(q) = Bs := {x € R?| |z —¢q| < 6}
a function ¥ = 1,45, € C°(R?) satisfying

1 (z€Bs(q),
v = {0 (v € R?\ By(q)),

. Then there exists

0<y<1 in R?,

M _
ov

V| < Ap'=w, |AY| < Bepttn in R

0 on 052,

where A, B > 0 are constants determined by 6 and n. Moreover for all o > 0 it holds
that

Vo] < adye
A < aBy + ala — DA = af(a — 1) A + B)ye .
We shall prepare some useful estimates.

Lemma 6.5. Let ¢ = 1,5, be as in Lemma 6.4. Suppose that n is sufficiently large.
Then the following inequalities hold:

(i) The first component u of the solution satisfies that for allt € [0, Tiax),

A2
/u% < 2K2/ u/ uTHVul*y + K (7 + 1) [ s
Q BsNQ Q

(i) Let p € (1,2). There exists some Cy = Ci(p, A, |Q2|) > 0 such that for all s > 1
and for all t € [0, Tiax),

2K (p + 1)
/ule/) < ﬂ/ (ulogu+e™t) / uP~2 |Vl
Q log s BsNQ

Q
+ 6sPTQ| + Cl||u0||1ff(1m.

Proof. (i) is proved in [81, Lemma 4]. We prove (ii). Putting
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with a; := max{a, 0}, we have
ptl p41)?2
ol = [ (3 =) 0
{u>s} +
1 p+1 p+1
> . , §u — S w
u>s

> l/u”“w ~ 2,
2 /g 2

thus

(6.5) / P < 2w|agg + 3579,
Q

On the other hand, we can estimate

2 2
(66) (/Q |vw|> = 2(Au>s} ‘vu2|w2> (/{u>s} T 82)+|vw2|)

1 2 p— p 1 2
< 17 (/ u21|Vu|1p2) +2( u31|Vq/;2]) .
2 fu>s) fuss)
Since slogs > —e~! for any s > 1 we see that
—1 1 2
(6.7) (/ u%\vuwz> < / u- / uP 2|Vl
{u>s} Bsn{u>s} Q

1
< / (ulogu+e") -/up_2|Vu\2¢.
log s BsNQ Q

Due to p € (1,2), Holder’s inequality and Young’s inequality imply that for all € > 0,

2 2
pt1 A2 p+l 1
(6.9) (/‘ uéw¢0 s—(/‘ uﬁw)
{u>s} 4 {u>s}

1

S=

A? 2
<[ ) i o
{u>s}
€ At 9
<t we ol e
{u>s)
due to



with sufficiently large n > 4. Accordingly, (6.6), (6.7) and (6.8) entail that

p+1) -1 p—2 2

+1 A4 p+1 2— p
+e [ uP w—i- Hu] \Q\
Q

Proceeding the same way as the above estimate (6.8) we also have

(6.10) (/Qw>2 _ (/{m} (u bt _8%1) w;>2
< ()

1
< p+1 - p+1 0 2— P
< [+ Ll
By (6.4), we can combine the estimates (6.5), (6.9) and (6.10) to see
[ < 2wl + 3510
v

< 2K ([ Vullf oy + s g ) +35°+ 10

K(p+1)?
BsN$2

log s Q
A4 4
s [t BEE Dt o + 300l
Q
Taking € > 0 as 4Ke = %, we can complete the proof of (ii). H

Let us finally provide the next auxiliary lemma which plays a key role in the proof
of Lemma 6.9.

Lemma 6.6. Let ¢ = 15, be as in Lemma 6.4 with sufficiently large n. Then for all
r € (2,3) there exist some constants Cy = Ca(r) > 0 and C3 = Cs(r, A) > 0 fulfilling

(/w%w)T < Cg(/ |Vw|rw>r</ wg) +Cg/ w?
Q Q supp YN supp ¥N<2

for all w € C1(Q).
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Proof. We fix h € CY(Q). Putting f = th% we calculate
L 2
G N )
2
= (/ |2h¢%Vh+h2v¢%|)
Q
2 2
hpzVh h2|Vep2
§8</Q|¢V|) +2</Q Vo |)
2
h*y? h2qp(1=0) h2ps—n
<s{ fwntr) ([t ) v [rer)

with some constant Cy = A; > 0 and where 6 is defined as

0= 2(:— 1€ (%1)

We can find a sufficiently large n > 1 satisfying

1 1 r—2
———>1-0=
2 n 2(r —1)’

and thus obtain

(6.12) /ﬂh%%—i < /ﬂh%l—@.

Here, thanks to the Sobolev embedding inequality (6.4), (6.11) and (6.12) show that

(6.13) /Qh”wp
< K{8(/Q|Vh|2¢9) (/Qh%l‘@) +C4(/Qh2¢1‘9)2+ </ﬂh2¢é)2}
< 8K(/ﬂ IVhIQW) (/ﬂh%l‘e) + K(Cy + 1)(/ﬂh2¢1‘9)2

due to the fact

N|=
IN

TR

by%>1—9.
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Next we fix w € C'(Q). Using the substitution h = w2, Holder’s inequality yields
that

2{r121) 2(7'T_l)
(614) /h2w19:/wrw10§ </w2rw) </ wQ)
Q Q Q supp ¥N<

due to the relation

wrwlfG — w%lplfﬁ . wL)‘)\_l)
with
O I
r—2 1-6

Combining (6.13) and (6.14) we infer that

(6.15) /Q w?y < 8K ( /Q |Vw3!2w9) ( /Q w’”wl‘9>
sl fo) (L)

where Cj := K(Cy + 1). In the term [, |[Vw? |2¢9, we may invoke Holder’s inequality
to obtain

2
010 [weife = (5) [wvape

@ (e (foon)

Q

r—2

ool (o) ([
() (L)
) () ([oe)
() (o)
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Invoking (6.14) again, we can estimate that
(6.17) / w1
Q

w3 (o) ()
() )

@ () (1) (L)
) )

r—2 2(r—1)

LN

'1/)

(] %w) <8K< ) (i)
o[ (L)
< (5) (fwore) (/)
S

with some constant Cg = Cg(r, A) > 0.
Therefore we can deduce

(=)
() (o) (L) o f )

The above inequality completes the proof.

LN

ALV

38

2(r—1) T 2(7”—1). T
(L)
supp NS

r—2
" and using Young’s inequality, we see that



6.4. Proof of Theorem 6.1

Henceforth we set ¢ € Q and ¢ = Ygsn as in Lemma 6.4. Suppose that n is
sufficiently large.

We start by proving boundedness of the functional fQulogu - 1. In the proof
of the following estimate, we can see the boundedness mechanism. Indeed, decaying
property of sensitivity function y(v) enforces boundedness of the solution locally when
the solution is likely to blow up.

Proposition 6.7. If [supp | < |Bs(q)| = 762 is sufficiently small, then there exists
some constant C7 > 0 satisfying

/ u(z,t) logu(z,t) - Y(z)de < Cy for allt € [0, Tinax),
Q

where Cy depends on §, A, B, [, ||uol| 11 (@) and maxsepy o0y X' (5) (7 is defined in (2.2)).

Proof. Recalling that u is positive, we may multiply the first equation in (6.1) by
logu - ¢ and integrate by parts over {2 to see

(6.18) 4 ulogu - dx — / wug) da

:/utlogu-w

Q

_/v.(Vu—uVX(v))logu-w
Q

:_/Vu-V(logu-@b)vL/UVX(U)‘V(logu'w
Q Q
:_/u\VIOgu|2w—/Vu-loguvw

[¢) Q

+ / uVx(v) - V(logu)y + / uVx(v) - loguV
Q Q
=-I, - I, + 15+ 14

where
I, ::/u|V10gul21/J, I, ::/Vu-loguvw,
Q Q

I; = / uVx()-V(logu)y, I,:= / uVx(v) - loguVi.
0 Q
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The integral term I can be rewritten as

12:—/u-1Vu-Vw—/ulogu-Aw
Q u Q

:—/QVU~V¢—/Qulogu~A¢

:/QuAgD—/Qulogu-A@b

:/qu—/(ulogu+e_l)Aw
Q Q
due to the equality [, e 'Ay = fa&; e‘lg—f = 0. Since 0 < ulogu + e~ we see that

-1
(6.19) I g/{zu\Aw\—l—/Q(ulogujLe )AY|
1-2 —1y,1-2
SB/Quw —i—B/Q(ulogu—i-e Ji T

As to the terms I3 and 14, in virtue of Young’s inequality we can deduce that

1 1
(6.20) Ll <5 [uViosufv+ 5 [ uVxwPy
2 Ja 2 Ja
and
2 A? 2 1-2
(6.21) |M§/MVWMw+Z/ﬁ®MMbw
Q Q

Combining (6.18), (6.19), (6.20) and (6.21) yields that
/Ut logu -+ 1Ty < L] + T3] + |L4
Q
1 3 2
<5 [ aVioguy s 5 [ uvxe+ B [ wd
2 Jo 2 Ja Q
-1 1—2 A2 2 ,1-2
+B [ (ulogu+e )y n +— [ u(logu) ' n,
0 4 Jo
so that (6.18) entails the inequality

d d 1 ,
22 2 wlogu-p— 2 - 1
(6.22) pn Qu ogu - dt/ﬂuw—i-2/ﬂu|v ogul

<5 [ v+ B [t

2 A2 2
+ B/(ulogu +e HylTe + T / u(log u)*y .
Q Q
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Here, we can find some constants Cs = Cs(A) > 0 and Cy = Cy(B) > 0 satistying
A2
Zu(log U)Q < ult + Cs, Bulogu < u + Cy,

and thus (6.22) implies that

d d 1 )
2 2 wlogu -2 - 1
(6.23) g Qu ogu -1 dt/g2u¢+2/§2u‘v ogu|

<5 [uvx@Per2 [t
2 Q Q
+ B/ wp T + / (Be '+ Cs + C’g)wl’%.
Q Q

Since 1'% < 1 there exists some constant Cyo = Cio(A, B, |9, 2ol £1(0)) > 0 such
that

(624) B/ u¢1_% + /(Be_l + Cg + 09)1/11_% S Cl(),
Q Q

whereas we may invoke Holder’s inequality to see

1 2 1 2
/u1+n¢1—n :/ TRE Vi
Q Bj
n+l
2 2 2n n—1
Q

Noting that there exists some ny € N such that

1 2 2n _n—2 2n
n n+1 n n-+1
2(n — 2
= —(n ) >1 for all n > ng
n+1

and ¢Y* < for all @ > 1, we have for sufficiently large n > ng,

+1

Q Q
< ]B(;]nZ_nl(/quJrl)
Q

due to the inequality % < 1. Therefore (6.23), (6.24) and (6.25) yield that
d d 1 2
2 — 1 ) — — = 1
(6.26) o Qu ogu - dt/guw—i-Q/Qu]V ogul

3 n-1
<3 [uwx@pe+ 2l ([ @oe1)+cn
Q Q
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Now we focus on the term fQu\Vx(v)\2w. A time-independent pointwise lower
bound for v was established in Lemma 2.3 (see also (2.2)). Thus there exists v > 0
such that

in{f)v(z,t) >~y>0  foralltel0, T,
Tre

where v depends only on |lug||z1() and €. Since the function x'(s) attains the maxi-
mum value maxsely o0y X'(5) due to the condition (6.3), the above estimate enables us
to see

n[lax)x’(s) > ' (v(z,t))  forallt € (0, Thax), € Q.
s€|7y,00

Setting

H=H(t,v):= min v(x,t) >~ >0,

TESupp Y

by Holder’s inequality we infer that

o u|Vx<v>|2¢s( max x’(8)>2 JROZK

SE[H,00)

< (s o) (Lo (Lo

1.4 %
([
QO
=( /Q |V(wi>—vwi|4)2
1 2 1 4 %
QV 1 4 2 4v 1
< 2T ey + (/r wr)

1 2
< 2||V(0) | gy + Ou( / v“)
Q

with some constant Cj; = C11(A) > 0. Using the Sobolev embedding theorem and

Here, we see

(6.28) ( /Q ywr*w);

N|=

elliptic regularity theory we have

1 1
”V(Uw“mmm) < Klew4HW2*%(Q)

< KoKo| = A(ogr) + (0] 4 o
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with some constants K7, K > 0 and thus Lemma 6.3 yields that
(6.29) V(i) s
1 1
< Kkl = Alvyt) + (vd2)]] 4 o
= K IG||wi (—Av +v) — 2V0 - V(1) — vAepi 40,

< K1K2Hu¢i||L§(Q) + 2K, K| Vo - V(1) + K1K2||UA¢%||L§(Q)

14 @)

2 1 2\ 4
< KlKg(/ uiehs .us) + CuHVUHL%(Q) + C’13||v||L%(Q)
Q

<saf ) ([) o

where C1p = C12(A), C13 = C13(A, B) and Ciy = Ci4(A, B, [|uol[ 1)) are some positive
constants. Thus (6.28) and (6.29) imply

(6.30) (/Q|W|4¢)% §2{K1K2</Qu21/1)i</ﬂu)%—|—C’14}2+C'11</Qv4)é

%
§4K12K22||U,0||L1(Q)(/u2¢) —f—015
Q

with some constant Cy5 = Ci5(A, B, |[u||1(n)) > 0. Therefore collecting (6.26),(6.27)
and (6.30), we obtain that

d d 1 ,
il ] o — = bl 1
o Qu ogu - dt/ﬂuw—l—Q/QuW ogul

3 ) 2 3 3
< —( max X(s)) (/u%ﬁ) {4K12K§HUOHL1(Q)</U2¢) +015}
2 \ se[H,00) Q Q
+2|Bé|n2"l</uz¢+ 1) + Cho
Q

2
n—1
< {2kttt (max ) +248 ) v o
s Q

€[H,00

where

C 30152 ( - /(S))Q . 2‘9‘7127_1 . C 0
= X n .
O 32K K3 uol| 11 \ sebv) X 10

93



In light of Lemma 6.5 (i) we see that

(6.31) i/ulogu-@b—i/u¢+J(t,5)/u|Vlogu|2zp

1 / 9
<——mi—— [ uY + iy,
8K [lug|| 1) Ja .

where

1 2

n—1 1
+235%+—}-2K2/ u,
Bl e Tl

2
017 = Clﬁ+ {12K12K22HUOHL1(Q)( g[lax)xl(s)>
s€[y,00

Bs|'= ! re (X 2
+ 2|Bs| 2 —l—m : 74—1 ||U'OHL1(Q)-

Now we let
1
2

2
2K2{12K12K22||u0||L1(Q) (maxse[%oo) X’(s)) + 2+

Eg =
0 1 }
8K2||U0||L1(Q)

and

where we underline that ¢y is independent of 6 > 0. Since the condition (6.3) implies

"(5) =0 5 — 0,
) 20 s

so we can choose sufficiently small § € (0, \/L;) satisfying that

2
1
(6.32) 24K2K12K§||u0||%1(9)( max X'(s)) Sg and

SE[Hx,00)

no1 1
4K2‘B(5’ 2n HUOHLI(Q) S g
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Moreover we recall Green’s function G of —A~+1 under homogeneous Neumann bound-
ary conditions in €:

v(:v,t):/QG(x,y)u(y,t) dy.

In the case ¢ € {2 we obtain

1
— log

1
— + K
|x_y|+ (x,y)

with K € CL%(Q x Q),0 € (0,1), whereas the case ¢ € 99 we obtain similar argument

loc
(see [81, Lemma 6]). Hence by picking up smaller 6 > 0 if necessary, we can see that

1 1
(6.33) G(z,y) > 4—10g 55

where we remark that 6 > 0 is independent of the choice of the point ¢.

x,y € Bs(q) N,

In the rest of this proof we will claim that for fixed 6 > 0 as above, the function
J(t,0) is uniformly nonnegative in time. For each t € (0, Tiax), one of the following
two cases holds:

(Case 1): / u(z,t) dr < e, (Case 2): / u(z,t)dx > &.
BsN$

In both cases, we shall show J(t,§) > 0

(Case 1) We assume that

/ u(z,t)dr < g
BsNQ
at the time t € (0, Tax)-

At the time, since the assumption yields J(¢,0) > 0, then (6.31) implies that

d / d / 1 / 9
6.34 — [ ulogu-vp— — | wp < —————— | uY+ Ciy,
( ) dt o g ¢ dt 0 w 8K2H'Ll,0HL1(Q) Q w 17

and thus

jt{/(ulogque Y — /U@Z)}
1 9 1 /
4+ U - uy < Cyr.
8K2||uo\|Ll(Q)/Q ye R A
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Since ulogu + e ! < %LUZ + C1g with some constant Cig > 0, we infer that at the time
t

(6.35) %{/Q(ulogu+e—1)¢—/ﬂuw}

1
+— UIO U+€_1 —/U }
4K2||uo||u<m{/ﬂ( Bute )y — | w
1 / 9
+ u“yy) < Chy,
16K2”U0||L1(Q) Q 19

where

C15]9|

Cig:=C _—
19 17+4K2”u0”L1(Q)

(Case 2) We assume that

/ u(z,t)de > g
BsNQ
at the time t € (0, Tax)-

By using Green’s function G of —A + 1, (6.33) yields that for z € Bs(q) N1,

(6.36)  w(z,t)= /QG(%?J)U(?JJ) dy Z/B G(z,y)u(y,t)dy > (i log i)so,

4 20

5MNQ

thus
H(t) > H..

Then we may invoke (6.32) to obtain

1 2
J(tg,8) > 5 {12K12K22||UOHL1(Q)< max X'(s))

SE[Hx,00)

n—1 ]_
4+ 9| By| 5 +—} .2K2/ "
8K ||ug || L1 (e BsnQ

Proceeding similarly as in (Case 1), we get (6.34) and then ensure that (6.35) is valid
at the time ¢.
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Consequently, combining (Case 1) and (Case 2) we can confirm (6.35) is valid
for all t € (0,Tmax) and conclude that there exists some positive constant Cyy =
Cao(0, A, B, |Q, ||uo|| 1 (0), Mmaxsey,00) X' (5)) such that

/ (u(z,t)logu(z,t) + e ") ¢(x) de — / u(z, t)(x) de < Cy
Q

Q
for all t € (0, Trax)-

Thanks to mass conservation, we complete the proof. O
Next, we proceed to derive a bound for Vv with respect to the norm in L?(€2).

Proposition 6.8. If § > 0 is sufficiently small as in Proposition 6.7, then there exists
a positive constant Coy such that

/ \Vv(x,t)|2 dr < Cy for all t € (0, Thnax),
B%ﬂﬂ

where Coy depends on §, A, B, |Q|, ||uo||r1(@) and maxsely o) X'(5).

Proof. Multiplying the second equation of (6.1) by vi)? we have

/QW_/QW:_/QMW
:/Q|W12w2+/9w-uw2

1
= [1veper 5 [ ea
Q 2 Ja
and Lemma 6.3 implies

(6.37) /Q]Vv|21/12 :/quwz—/QUQQ/JQ—i-%/S;UQAI/JQ

S/uv¢2+022/v21/12_3
Q Q
< / uvp? + Cos

Q

with positive constants Cyy = Co2(A, B) and Coz = Cas(A, B, |[ug||11()). We define

mi= [,
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From Jensen’s inequality we know that for any § > 0,

Cog (L[ e an) = - = W)
log(m/ge d:v)— log</u¢ md
()
Q

)
= %/guwlog(m/}) —E/Qum/ﬁ.

Hence

(6.38) /um/J2 < 1/uwlogu—l—l/uwlogw—l—mlog /e‘m’ —Tlogm
Q 0 Jo 0 Jo 0 Q 0
-1
gl/(ulogujtel)w—l—@log /e‘m’ o
4 Jq ) Q )

xlogx <0 forxz€[0,1] and —xlog:pge_l for x > 0.

due to

Now the Trudinger-Moser inequality [12] leads to

(6.39) log </Qe&”’b) < CTM52/Q|V(U¢)|2 + Crudlloll o)
< 2CTM52</Q|W|2w2+/ﬂv2|W|2) + Crnd vl o)
< 2CT\102 /Q |Vo9? + Cay

with positive constants Cry, Oy and Coy = Ca4(d, A, ||ug| 1)) due to Lemma 6.3.
Consequently (6.37), (6.38) and (6.39) assert

PG

5/(ulogu—|—e )¢+T+2m5CTM/ |VU| wz—i- Cz4+023
Q

J

If 0 < 0 < 1 is sufficiently small, we see that

/|VU’2¢2 < 025/(UI0gu+61)w+026
Q Q

with positive constants Cy5 and Css and hence by Proposition 6.7 we conclude that the
desired inequality holds with Cy; := Co5(C7 + e7Q]) + Co. O

98



Using Proposition 6.8 we can establish the following regularity argument.

Lemma 6.9. Letr € (2,3) and 6 > 0 be as in Proposition 6.7. Suppose that 1y = 1)

5
Q7§7n
be as in Lemma 6.4. Then there exist positive constants Cor and Cag such that

/ ’VU‘QT% < C27/ u" Yy + Cas,
Q Q

where Car and Cag depend on v, 6, A, B, [Q|, |luo| 11 and max,cpy,c) X'(5)-

Proof. Invoking Lemma 6.6 with w = |Vv| and ¢ = 1); we have

(6.40) ( / \w%l)r
Q
<af [wwdre) ([ w) ve [
Q Bgﬁﬂ Bgﬁﬂ

1

The term ( [, |[V|V|["41)" can be estimated as

2. 8% |
" <
VIVl < 2 91,0z, (3
2,7=1
|5 P
N = 8.1’18&3] 1
4,7=1
= 82(1}1/)%) 2. v 31/,% 2 8210% "
— Z 2N 9 Z .2y, 1
8@0@- — 0@ 8xj =1 81;18%

and Lemma 6.3 yields that

o ([ \vwwu’"m)i

§</Q

3

conl ool ) v o)
Q Q
2\ e\
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where Cag = Cyg(r, A), C30 = Cso(r, A, B) and Cs3; = Cs1(r, A, B, ||ug||1(0)) are some
positive constants. Using elliptic regularity theory and recalling the second equation

n (6.1) we infer

(6.42) (
< Kol = A@e)) + 0] |1y

< I\Wf w2 (o)
1 1 1 1
= Kol — Av -] —2Vv - V7 —vAP] + (0] )| r @)

. 1
1 T I_L " r 1_% ’
< K2’|u¢f||Lr(Q) +C32(/ ‘V?J| 1/}1 ”> +033(/ v ¢1 >
Q Q

. G
SKQHWWUITHU(Q)"'032(/|VU| (2 "> + Cy,
Q

82 vwl
0

where C32 = CgQ(T, A), C33 = ng(T, A, B) and 034 = 034(7’, A, B, ||u0||L1(Q)) are somnle
positive constants.
Now combining (6.41) and (6.42) implies that

o (f |V\ww*¢1)1

1 r 1=Z\ 7
< Koluh ||zr () + (Ca9 + C'32)(/ Vol 4, n> + (Cs1 + Csa).
Q
Hence (6.40), (6.43) and Proposition 6.8 yield that

T

(/ \VU|2T1#1> = C2C§1K2||uw1; HLT(Q) + C’20251(029 + Cs2) (/ |V1}|W’i_;>
’ Q
+ C5C3 (Ca1 + Csq) 4+ C5Coy.

Finally, Holder’s inequality and Young’s inequality deduce that there exist some con-
stants Css > 0 and Cs6 > 0 such that

. % 1 1 - %
</ Vo|® ¢1> < Cssludhy [|zr (o) + 5(/ Vo|? ¢1) + Css,
Q Q

and complete the proof. O
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We can now derive LP-estimate of u around each point of € locally.

Proposition 6.10. Let 6 > 0 be as in Proposition 6.7. Then there exist some p > 1
and C37 > 0 such that

/ uP(z,t)de < Cs;  for allt € [0, Thax),
B%HQ

where the constant Cs; depends on p,d, A, B, [Q, ||uol| 11 () and maxcp ) x'(5).

Proof. Let ¢ = ¢q,g,n be as in Lemma 6.4. Testing uP~11); to the first equation in
(6.1) we see that

1d
— P — p—1
pdt QU (G /QU Pruy
= [V - (Vu - a9x(e)
Q
= —/V(up_lwl)-Vu+/uV(up_1¢1)-Vx(v)
0 Q
== 1) [V = [V
Q Q
+o-1) [ @ u Vxo) + [0V )
0 0
Hence
1d —2 2
(6.44) td uP¢1+(p—1)/up Va2 = Ta + Ig + Io
pdt Jo 0
where

Ip = — / uP~ 'V - Vu, Ig:=(p—1) / P~ V- Vx(v),
Q Q
IC = / UPVQﬂl : VX(U)
Q
Since the term Io can be reduced to

1 1
IA:——/VUP'lez—/UpAZDl,
P Ja PJa

we infer that

B
6.45 Ia| < = [ wP™hy + Csg
p
Q
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with some constant C3g = Css(p, B, [€2|) > 0 due to Young’s inequality

e 2.2y (pt1)

p 12 P e P I-2—3
uPhy < (uPYf +C¢1

with some constant C' > 0. In virtue of the Cauchy—Schwarz inequality we have

2
(6.46) Ig| < @/Qu”]w]% + (pg 1)< max x'(s )) /Qup|Vv]2w1.

s€[v,00)

As to the term Ic Holder’s inequality and Young’s inequality yield that

_1
o] < A max y/(s) / PP |Vl
5€[y,00) Q

P 1
p+1 _1__p oy, p+1
< A max x'(s )(/upﬂi/)l)p (/ |Vv|p+1@/)§1 " p+1)(7"+1))p
s€[y,00) Q Q
1—L__P ). 1
Q Q

with a positive constant Csg = Cs9(p, A, maxsepy,00) X'(5)). Moreover the Cauchy—
Schwarz inequality deduces

_1_ _p . % _ 2(p+1) %
[ 1wept T o ( / lwf“’“)wl) (/ ao )
Q Q Q
1 20+1),, 1
< B [Vl Y1+ §‘Q|
Q
with sufficiently large n and then
C C’ Q
(6.47) Ic| s/up+1¢ +ﬁ/ Vo P 39' |
Consequently, (6.44), (6.45),(6.46) and (6.47) imply that
1 d (p — 1) _9 2
4 Sl ) TN k2 ¥
o) o [ T [wwa,
< 040/UP|VU|2¢1+C41/UPH¢1+C42/ ’vv|2(p+1)¢1+0437
Q Q Q

where

~1 2 B
C40::(p )<maxx()), 041::;—1—1,

s€[v,00)
C'39|Q|

Csg
Cpi=—, Cyy:=0C
42 5 43 38 + —(— 9

102



We focus on the term fQ u”]VU|2w1. Using Holder’s inequality and Young’s inequality

we see that
p_ 1
p+1 p+1
/up\Vv|2w1 < (/Uprl) (/ |V7}‘2(p+1)1/11)
Q Q

p 1 2(p+1
< — upJr + —/ Vv
| (23 Vo

By (6.48) and recalling Proposition 6.9 with r = p 4+ 1, we see that

1 d
(649) plpl + —_— / u” 2¢1‘VU| < 044/ up+ ¢1 4 045
pdt Q
where
pCio Cao
Cyy = +Cny +C +C > 0,
44 1 41 27 (p 1 42)
C
045 = ng( 10 + 042) + 043 > 0.
p+1
In light of Lemma 6.5 (ii) we ensure that
1 d
Up¢1 + 044/ Up+1¢1
pdt 0

—1 4CuK(p+1)?
+{p _ CuKlpt) / (ulogu+el)}/up2\Vu\2w1
2 log s BsNQ Q

2
< 2044 <68p+1|Q| + Cl||U0||I£T(19 ) + 045.

Due to Proposition 6.7 we can pick up sufficiently large s satisfying that there exists
some constant Cyg > 0 such that
1d

pdt uPiPy + Cyy / uPThy < Cye.

Q

Here Holder’s inequality implies

uPy = Up%”% '¢1”711
o=,
(L) (fo)”

< ‘Q‘pil(/upﬂ%) p+1’
Q
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and so

p+1

|Q|’1’</ﬂup@/)1)p S/ﬂupﬂl/h-

ptl

Up¢1+044|9|_’1’(/up¢1> < Oy
Q

Therefore we have

1d
pdt Jq

and complete the proof. O
We are now in a position to prove Theorem 6.1.

Proof of Theorem 6.1. Since the domain €2 is bounded, we can find the family of
balls {Bs(q:)}i (¢ € Q, i = 1,...,£) satisfying

¢
Qc U Bg(%)
i—1

where 6 > 0 is defined in Proposition 6.7. For each B s (g;) we apply Proposition 6.10

and have
¢ 1
[HGIPESY lu()llze(y (@) < Cs-
i=1
Now proceeding similarly as in Proposition 3.6 we complete the proof. O

6.5. Further application to the parabolic-parabolic case

The purpose of this section is to introduce an overview of Fujie-Senba [27], in
which the method in this chapter is applied to the fully parabolic Keller—Segel system.
We note that due to an essential difference between the parabolic-elliptic system and
the parabolic-parabolic system, we need new ideas which will be explained below. In
this section we consider global existence and boundedness of solutions to the Neumann
initial-boundary value problem for the parabolic-parabolic Keller—Segel system with
signal-dependent sensitivity,

(4, = Au— V- (uVx(v)) inQx(0,00),

Ty, =Av—v+u in  x (0, 00),
(6.50) ou v . 90 % (0
ER on x (0, 00),

u(-,0) =ug, v(-,0)=wg in Q,
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in a ball Q = Bg(0) := {z € R?*||z| < R} C R? (R > 0) with parameter T € (0, 1],
where (ug, v0) € C°(Q) x C%(Q) satisfies

up >0 inQ, u#0 and radially symmetric,

(6.51) C_ By . .
vp >0 in €, - 0 ond2 and radially symmetric,
v

and the sensitivity function x is assumed to satisfy

(6.52) x € C21%((0,00)) with some § € (0,1), X' >0, X'(s) =0 ass— oo.

loc

Main result. Our main result reads as follows.

Theorem 6.11 ([27]). Suppose that (ug,vy) and x satisfy (6.51) and (6.52), respec-
tively. Then there ezists 7o > 0 such that for all T € (0,7)), the problem (6.50) has a
unique global classical positive radially symmetric solution (u,v) such that

ue C*H(Q x (0,00)) NCO([0,00); CO(Q)),
v e CP(Qx (0,00)) NCO[0,00); C(Q)) N L. ([0, 00); WH2(0)).

Moreover the solution is uniformly bounded in time in the sense that

sup (JJu(®) =0 + lo(®) lwrosiey ) < oc.
te[0,00)
Remark 6.3. This theorem establishes global existence and boundedness of (6.50)
with x(v) = xologv for all xo > 0 in the two dimensional setting. Unfortunately,
removing the smallness condition on 7 > 0 and the assumption of radial symmetry
have been left as an open problem.

Strategy and main difficulty. We first recall the method in the parabolic-elliptic
system in this chapter. The cornerstone is the local-in-space lower bound for v (6.36):
for each t > 0 and g9 > 0,

. . €0 1
if u(x,t)dx,>¢eg then inf w(z,t) > —log—,
/135(11)0Q (@) ’ z€B5(g)NQ (z,1) 4m & 20
where Bs(q) = {v € R?||z —q| < 6} (6§ > 0,q € Q). Here we consider the fully
parabolic system (6.50). The essential difference lies on local-in-space lower bound for
v. Actually, in the fully parabolic system it follows (Lemma 6.12): for 7" > 0 and
g1 >0,

g2 1

if  min (/ u(x,t)d:v>251 then  inf w(z,T) > log
Bg(O)ﬂQ

te[T—7T z€B;s(0)NS 4 52
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As compared with the parabolic-elliptic system, we should control the local-in-space
mass | B, (0) 4(t) on some interval [T'— 7, T]. To overcome this difficulty, we will estab-
lish Holder continuity of a local-in-space mass with respect to time (Proposition 6.13,
Lemma 6.14):
t— u(t).
Bs(0)NQ

We remark that such a continuity was established by the symmetry of Green’s function
in the parabolic-elliptic case ([81]). However, this technique cannnot be applied to the
parabolic-parabolic case.

Sketch of proof. In the rest of this section sketch of the proof of Theorem 6.11 will
be presented. Henceforth, we assume (6.51) and (6.52), moreover denote by (u,v) the
solution of (6.50) in € x (0, Tiax). The cornerstone of the poof is the local-in-space
lower bound for v as stated above. By calculating a fundamental solution the following
lemma can be established.

Lemma 6.12 ([27]). Let 7 > 0, T € (7, Timax) and 0 < 0 < min{l, R}. If there exists
some €1 > 0 such that

/ u(z,t)dr > &4 forallt € [T —7,T],
B5(0)

then

2
. £1€e 1

f T > log —.
BT = " e

Next we will deduce a continuity of a local-in-space mass with respect to time. Using
the assumption of radial symmetry, we can derive some stability on the neighbourhood
of the origin. We point out that the radial symmetry assumption is required in the
proof of the next lemma.

Proposition 6.13 ([27]). Let 0 < t; < ty < Tyax and ¢ = s, be as in Lemma 6.4.
Assume that 6 > 0 is sufficiently small. Then there exists a positive constant C' which
is independent of t1,ts and T € (0, 1] satisfying

S C€t2 (’tg - tl‘ + ‘t? - t1|%> .

etQ/Qu(x,tg)w(x) da:—etl/ﬂu(x,tl)w(a:) dx

Thus, invoking the continuity of a local-in-space mass with respect to time, we can
guarantee a lower bound for v on some interval.
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Lemma 6.14 ([27]). Let &1 > 0 and ¢ = o5, be as in Lemma 6.4 with sufficiently
large n. Assume that § > 0 is sufficiently small. Then there exists some 15 € (0,1]
satisfying that if there exists some to € (0, Tiax) Such that

/ u(x, to)(z) de > &y
Q

then for all 7 € (0, 7),

/Q w(z, )(z) de > 6—21 (max{0,ty — 7} <t < to).

In light of Lemma 6.14, we can establish a local-in-space energy estimate based on
the same spirit in Proposition 6.7. Indeed, introducing the following modified Lyapunov
functional

W (t) ::M/Quloguw—/ﬂuvw—i-%/Q|Vv]2¢+%/gv2¢,

with a sufficiently large M > 0, we can establish uniform-in-time boundedness of W (t)
as follows.

Proposition 6.15 ([27]). Let ¢ = 1o, be as in Lemma 6.4 with sufficiently large n.
Assume that T > 0 is sufficiently small. If M > 0 is sufficiently large and 6 > 0 is
sufficiently small then there exists a positive constant C satisfying

Wi(t)<C for allt € [0, Thnax)-

In view of the above lemma, we can prove Theorem 6.11.
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PART II:

PARABOLIC-PARABOLIC
KELLER-SEGEL SYSTEM

vy = Av — v+ u.

{ut = Au—V - (uVx(v)),






Chapter 7

Global existence and boundedness
in a parabolic-parabolic
Keller—Segel system with singular
sensitivity

7.1. Problem and result

In this chapter we consider the Neumann initial-boundary value problem for a fully
parabolic chemotaxis system with singular sensitivity x(v) = xologv, that is,

(u, = Au—xoV - (LV), reQ, t>0,

vy = Av — v+ u, refl, t>0,
(7.1)

ou Ov

5_5_0’ x e, t>0,

Lu(z,0) =uo(x), v(z,0)=uwvy(z), ze€Q,

in a bounded domain €2 C R", n > 2 with smooth boundary, where yo > 0 and

up € COQ), up>0 inQ, wugZoO,
(72) {0 (Q), uo NE=

Vg € WI’OO(Q), Vg > 0 in ﬁ

Winkler [107] proved that if x, < \/% , then (7.1) possesses a global classical solution.
As pointed out in [107], the result did not rule out the possibility that the solution
may become unbounded as t — oo. The question of boundedness of the solution to
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(7.1) has been posted as an open problem. Global existence of weak solutions was

n+2
3n—4

and Winkler [85] constructed certain weak solutions under the condition xo < /-"5.
Moreover, in virtue of additional dampening kinetic terms, Mandsevich, Phan and

also established when x, < ([107]). In the radially symmetric setting, Stinner

Souplet [61] proved global existence and boundedness in a related system for all yo > 0.

In this chapter we improve the approach in [107] and establish uniform-in-time
boundedness of solutions to (7.1). The main result reads as follows.

Theorem 7.1. Let n > 2. Assume that xq satisfies

2
O<X0<\/j,
n

and suppose that ug and vy satisfy (7.2). Then the global solution of (7.1) is bounded
in the sense that there exists C' > 0 such that

u(-, )| < C for allt > 0.

The above theorem states uniform-in-time boundedness of solutions under the same
condition on yxo > 0 as in [107]. There are two difficulties in deriving boundedness.
The first difficulty stems from the singularity of % By establishing a time-independent
pointwise lower bound for v (Lemma 2.6), we overcome this difficulty. Note that the
strong maximum principle easily implies

v(-,t) > n(t) = m%l vo(w) -e? for all t > 0.
ze

However, this is useless in proving uniform-in-time boundedness of solutions, since
n(t) — 0 as t — oo. The second difficulty lies in deducing time-independent LP-
boundedness of solutions. Although the LP-estimate in [107] depends on time, we
shall reconstruct the method in [107] and remove the dependence. Invoking the above
two time-independent estimates, we establish boundedness.

This chapter is organized as follows. Section 7.2 will be concerned with prelimi-
naries. In Section 7.3 we deduce time-independent LP-boundedness of solutions and
complete the proof of Theorem 7.1.

7.2. Preliminaries

We first recall the global existence result established in [107].
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Lemma 7.2. Assume that

2
0< Xo < \/j
n
If the initial data (ug, vo) satisfies (7.2), then (7.1) has a global classical positive solution

u € C21(Q x (0,00)) N C°([0, 00); CO(Y)),
v e CP(Q x (0,00)) N C([0, 00); CO(D)).

Moreover, the first component of the solution satisfies the mass identity
(7.3) / u(z,t)de = / up(x)dz  for allt > 0.
Q Q

To achieve boundedness of the norm of u(-,¢) in LP(€2) we shall use the following
lemmas.

Lemma 7.3. Let p € R and g € R. Then the following identity holds for all t > 0:
i uPov? + q/ uPp? — q/ up-l-lvq—l
dt Jo Q Q
——plp=1) [Vl + [ @t [~ ag - 1)+ o] (90
Q Q
+ / uP~ Lyt [ —2pq +p(p — 1)X0]Vu - V.
Q

Proof. Proceeding analogously to [107, Lemma 2.3], we can prove the desired identity.

[
Lemma 7.4. Let 1 <6, < 0.
(i) If2(3 - i) < 1, then there exists C' > 0 such that
loC Dllee) < C(1+ sup ul,s)lo@) — for allt >0,
s€(0,00)
i) If L + 22 — 1y <1, then there exists C > 0 such that
2 2\0 w
[Vo(-, )l ze@) < C’<1 + s(up ) ||l u(-, S)HLG(Q)) for all t > 0.
s€ (0,00
Proof. We can argue similarly as in [107, Lemma 2.4] due to the estimate for /2~
€Al Ly < ct—%<%—%>e—5t||g0||m(m for all t > 0, ¢ € LP(Q),
with some constants ¢, > 0. ]
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7.3. Proof of Theorem 7.1

We follow the same way as in [107]. The difference is that our estimates are
independent of time.

Lemma 7.5. Let n > 2 and 0 < xo < \/% Assume that p € (1,#) and r €
(r—(p),r+(p)), where ,
r+(p) = pT(l + /1 = pxo?).

If there exists a constant ¢ > 0 such that
(7.4) o, )||r-r) < ¢ forallt >0,
then there exists C' > 0 such that

/ uP(z, t)o " (x,t)de < C  forallt> 0.
Q

Proof. Choosing q := —r in Lemma 7.3, we obtain

d
(7.5) Ii=— [ vPv" — r/ uPv" + r/ uPtyr
dt Jo Q Q

=—p(p—1) / wP 27T |V — / wPv" 2 [r(r + 1) + pryo] - Vol
Q Q
+ / uP~ [Zpr +p(p — 1))(0} Vu - Vv
Q
for t > 0. Applying Young’s inequality to the last term, we have

‘/up ! 2pr+p(p—1)X0]Vu~Vv‘
1
<p(p —1)/Qup 207" Vul® + m/ﬂu’%””@pr +p(p — 1)X0]2 |Vl
Therefore (7.5) yields

(7.6) < / o2, 7 x0) [V,
Q
where

[2p7 + p(p — 1)x0)”
dp(p — 1)

(7.7) h(p, 7, x0) :==r(r + 1) + prxo —
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Aspe (1, #) and r € (r_(p),r+(p)), we thus obtain

A(p — Dh(p,r, x0) = —4r +4(p — 1)r — p(p — 1)*x0”
= 4(ry(p) —7)(r —r_(p)) > 0.

In view of the positivity A > 0, (7.5) and (7.6) imply
d -r +1, —r—1 —r

(7.8) — [ WP 4 [ WP <r [ uv for all ¢ > 0.
dt Jo 0 0

Now unlike the proof of [107, Lemma 4.2] we pay attention to the term r [, u?*'o="~1,
Holder’s inequality implies that

_p_ _p_per=1)
[ = [t ot
Q Q
_p_ _1
—r— p+1 _ p+1
(L) (L)
Q Q

In virtue of the assumption (7.4), we see that

_p_

p—r p+1

/UPUT < crt (/ up+1,Ufr71) )
Q Q

ptl
(7.9) cp:‘(/upv_’") ’ S/up“v_r_l.
Q Q

Combining (7.9) with (7.8), we establish the following inequality:

Hence we have that

d pt1
—r p
A R o (/u”v_r> —i—r/u”v_’“.
dt Jo 0 Q
Since we find 7% > 1, thus the standard ODE technique completes the proof. O

We are now in a position to prove Theorem 7.1.

Proof of Theorem 7.1. The proof is divided into two steps.

(Step 1) In this step we shall gain LP-boundedness of solutions. We will prove that
there exist some p > 7 and C), > 0 such that

(7.10) |u(-,t)||r) < Cp for all t > 0.
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We consider an iterative argument. First we pick a pair (pg, ) such that

. 1 n+ 2
Po € (1, n11n{—2, n+1 }),
Xo

7.11 =2
(711) et
0: 5

Then we can confirm that

n po+1 n

po>To, To<—=, To€(r_(po),r+(po)) and py—rg= < )

2 2 n—2

Since % (1 — poim) < 1 due to the inequality py — ro < "5, Lemma 7.4 (i) together

with the mass identity (7.3) allows us to find a constant ¢y > 0 fulfilling

lv(-, )]l ro—ro ) < C’(l + sup Ju(, S)HLl(Q)) < ¢ for all t > 0.
$€(0,00)

Therefore Lemma 7.5 yields that there exists a constant ¢; > 0 such that

/ uPv™0 < ¢y forall t > 0.
Q

Now we claim that for all gy € (1, min{po, ”fff—;;o)}) there exists a constant ¢j > 0 such
that
(7.12) / u® <c¢y  forallt>0.

Q

Indeed, applying Holder’s inequality, we obtain

(713) /uqo = / (upovfro):%g 'U%
Q Q

g0 Po—490
< (/upovm>p0 . </Upl(1)0r(q)o) "
Q Q
;30 9070 pop;qo
< coPo - ( U:Do*qo)
Q
Since %(qio — Bol) <1 due to go < ";p_o—;’g‘)), it follows from Lemma 7.4 (i) that

) awor < )
sup [0 ), < Ko (1 sup u. )l i
with Ky > 0. Applying this estimate to (7.13), we have

o
sup [u(-, ) zso(@) < K (1+ (sup u(-, 1)) )
t>0 t>0
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with Kj > 0. Since 72 < 1, we can verify (7.12).
In the above argument, if py > %, then we can pick gy > § and we establish (7.10).

On the other hand, if py < %, then we consequently deduce that for all ¢, € (1, %)
there exists ¢f > 0 satisfying
(7.14) / ul <c¢y  forallt>0
Q
due to py > ”Eff;r?) = le(f‘;;ri)l) when py < 7.
We proceed the second iteration. We fix a pair (p;,71) such that
. 1 n+ 2
p1 € <p07 mln{_27 n -+ 17 ZM}>7
(7.15) Xo n — 2po
e p—1
1! 5
Then we see that
n
pL>ry, < 5 and 71 € (r—(p1),r+(p1)).
Moreover, we can calculate that
n—+2
o _m+l BERAL
P1 1 5 5
n(po+1)
_nlpo+1) n(po +1) o 2(n—200+1)
- _ o _ _ o n(po+1) °
2n=2po) 2 —po+1) = o+1)} n-2. gzt
Hence, we can find some ¢y € (1, %) satisfying
p1—1r < "% .
n — 2qo

Noting that %(+ — —1—) < 1, we deduce from Lemma 7.4 (i) and (7.14) that there

. q0 p1—r1
exists a constant ¢; > 0 such that

|v(- )] e () < C(l + sup |u(-, S)”qu(Q)) < forallt >0
s€(0,00)

and Lemma 7.5 yields that there exists a constant ¢; > 0 fulfilling

/ uPloT < ¢ for all t > 0.
Q
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Using a similar estimate as the first iteration, we have for all ¢; € (1, min{py, %})
there exists a constant ¢/ > 0 such that

/ u < forall ¢t > 0.
Q

If we can choose p; > %, then we can pick ¢ > § and establish (7.10). Moreover if
p1 < 5, then we have that for all ¢, € (I, %) there exists a constant ¢ > 0
satisfying

/ u < df for all t > 0.
0

Consequently, we can define a pair (pg,7x) (k € N):

pr_1(n + 2)}))

1
Pk € (pkfla min{—Q, n+ 17
Xo n—2py_1

:pk—l
2 )

(7.16)

Tk .

and if p, < %, then we deduce that for all ¢, € (1, %)

/uquc’,; forall t >0
0

with constant ¢} > 0. Because 2 < min{#, n+ 1} due to the condition xo < \/% and

the increasing function

fla) = T2

n —2x
satisfies f(x) > 1(z > 1) and

f(x) = o0 as:v—)%,

we can obtain some kg large enough such that py, > 7 and hence g, > 5. Therefore

2
we prove (7.10).

(Step 2) By LP-boundedness of solutions (Step 1), we show L*-boundedness in this
step. Building on Lemma 7.4 (ii), we invoke the standard semigroup technique (e.g.
[107, Lemma 3.4]) to imply that there exists C' > 0 such that

(-, ) ||pey < C forallt > 0.

Thus we can complete the proof. O
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Remark 7.1. The method in this chapter can be applied to the general case:

uy = Au — xoV - (:Vv), zef t>0,
(7.17)
vy = Av — v+ u, reQ t>0,

with k£ > 1. Indeed, instead of h(p,r, xo) in (7.7), set

2
1 2pr +p(p — 1)x0 - 75t
h’(pa r, XOvU> = 7“(7’ + 1) +er0 ' k-1 - [ - 1]

p(p — 1)
> e+ 1) 1 2o+ - Dxo- )
Zrr brixo - -
! p(p — 1)
Replacing xo with Xp := %, we can argue similarly as our proofs. Hence, if o <

\/g -*~1 we can establish boundedness of solutions to (7.17) with k > 1.
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Chapter 8

Global existence and boundedness
in a parabolic-parabolic
Keller—Segel system with strongly
singular sensitivity

8.1. Problem and result

In this chapter we consider the following Neumann initial-boundary value problem
for the fully parabolic chemotaxis system with the strongly singular sensitivity x(v),

;

u = Au — V- (uVyx(v)), re, t>0,

vy = Av — v+ u, refl, t>0,
(8.1)

Ju Ov

5_5_07 x e, t>0,

Lu(z,0) =uo(x), v(z,0)=uwv(z), z€Q,

where we assume that 2 C R"(n > 2) is a bounded domain with smooth boundary,
and y satisfies

(8.2) x € C2H((0,00))  with some w € (0,1)

and

(8.3) 0<x'(v) < X—g for some xo > 0 and k > 1;
v
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moreover, the initial data (ug,vy) fulfils

uy € C2(Q), up>0 inQ, wy#0,
(5.4 -
Vg € Wl’OO(Q), Vo > 0 in €.

From a mathematical point of view, in this context, the questions of global existence
and boundedness appear to be quite challenging. As to the regular case that

0<X/(U)§ X0 k (OC>O,X0>07]€>1),

1+ av)

it was established that (8.1) possesses a unique globally bounded classical solution
([103]). On the other hand, our interest is in the singular case. When x’(v) = %2, global
existence of classical (resp. weak) solutions of (8.1) was proved under the condition

_ \/5 ( _ .t 2 )
— (resp.
Xo n P- Xo 30— 4
by Winkler [107]. Boundedness is also established in Chapter 7.
In this chapter we consider global existence and uniform-in-time boundedness of

solutions in the “strongly” singular case such as x'(v) = 3¢ with “4 > 17. We cannot
directly apply Winkler’s method as in [103] to this case due to the singularity of x(v).
In this chapter we turn our eyes to a uniform-in-time lower estimate for v (Lemma 2.6)
and this estimate enables us to develop Winkler’s strategy to the singular case easily.
Note that the strong maximum principle easily implies v(-,t) > n(t) := minwg - e~* for
fixed t > 0; however, this is useless in proving uniform-in-time boundedness of solutions
because 7(t) — 0 as t — oo. Our main result reads as follows.

Theorem 8.1. Suppose that x satisfy (8.2) and (8.3), and assume that (ug,vo) fulfils
(8.4). Then the problem (8.1) has a global classical solution (u,v) and moreover the
solution is bounded in the sense that there exists C' > 0 such that

lu(-,t)|| o) < C for all t > 0.

Remark 8.1. In Remark 7.1, it has been shown that (8.1) with x'(v) = X (k > 1) has
a globally bounded solution, provided that “xo > 0 is sufficiently small”. By virtue
of Theorem 8.1 we can remove this smallness condition on x, in the strongly singular
case k > 1.
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8.2. Proof of Theorem 8.1

We consider the following regularization of (8.1):

(U = Au. — V- (ueVxe(ve)), reQ, t>0,
Vet = AV, — U + U, reQ, t>0,
(8.5)
ou ov
e _ e _ 0. ¢
5 5 0, x €00, t>0,
L ue(2,0) = up(x), v(z,0) =wvp(z), z€Q,

where € € (0,1) and x. € C2([0, 00)) with some w > 0 satisfies

loc
Xe(5) == x(s+¢), s>0.

Then we have

/

0 < X.(s) = ¥'(s+¢)

X0 e*xo

T (s+e)f (141"

Therefore we can invoke the method in [103] to obtain global classical solutions of
(8.5). Moreover, we can easily find that u. fulfils the mass conservation property
Jous(z,t)de = [ uo.

We apply Winkler’s method [103] to the approximate problem (8.5) and accomplish
the passage to the limit of approximate solutions due to uniform-in-time lower bound
for v (Lemma 2.6).

Proof of Theorem 8.1. The proof is divided into three steps.

(Step 1) In this step we prove an independent-in-¢ bound on the L” norm for the
approximate solutions wu.. Based the similar spirit as in [103, Lemma 3.1], we will see
that there exists a constant C; > 0 such that

(8.6) sup [Jus(t)||zr) < Ch foralle € (0,1), p>1,
>0

where the constant C is independent of €. Indeed, from Lemma 2.6 (see (2.12)) we
confirm the following upper estimate for x. on [, 00):

! X0
Xs(s) S (S+€)k

Xo 2% _ 2%
sf o (s+9)" T (n+s)

IN

for all s > n.
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Here we will give a rigorous proof of (8.6). In this proof we denote (u,v) and x
instead of (ue,v.) and x., respectively. Given p > 1, we choose k > 0 sufficiently small
such as

1
(8.7) ﬁ;gplT and  k+2<2k
P

and also set 5 > 0 sufficiently small satisfying

2 plp - Do’ (L4897

(8.8) k(K + 1)32 (277)%

and (k+2)n—Fk <0.

We define the sustable test function
o(s) == e (>0)  for s > 0.
This test function ¢(s) has the following properties:

©'(s) = —kB(1+Bs) " p(s) <0 for s > 0,
P"(s) = r(k + 1B 1+ Bs) " p(s) + £B2(1+ Bs) " Pp(s)  for s >0,

moreover there exists some C' > 0 such that

(8.9)  —s¢'(s) = kBs(14 Bs) " p(s) < Cy(s) for s > 0.
Using both PDEs in (8.5), we have that

1d / 1
—— [ wPo(v) = [ uP! Uu—l——/up/vv
Lo Lot = [wteto 1 [

_ / () At — / "l p(0)V - (uVx(v))

+ %/Qupgp’(v)Av i) %/Qupvgo’(v) + %/QUPHSD,(U)
=—(p—1) /Qungo(vﬂVu]2 - /Quplgpl(v)Vv -Vu
+r=1) [ o)V Tx0) + [ N )L

1
—/Qup_lgo’(v)Vu-Vv—;/upgp”(vﬂVv]Z

Q
1 1

——/upvgo’(v)—i-—/up“gp’(v).
b Ja b Ja
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Since x/(v) > 0 and ¢'(v) < 0, we have that

@) + (p— 1) / W 2p(0)| V]

Q

< —2/Qup Yo' (0)Vu - Vo + (p 1)/Qup1g0(v)x’(v)Vu-Vv

1/ 9 1/
— = [ uP"(0)|[Vu|" — = [ wPve(v).
) " (V)| Vvl A (v)

First the property (8.9) implies

8.10 ——
(8.10) it ).

1
(8.11) ——/upvgpl(v) < g/upgp(v).
D Ja P Ja
Moreover Young’s inequality yields that
(8.12) —2/ P (v)Vu - Vo
Q
p—1 -2 2 8 / (¢,)2('U) 2
< —— | uP2p()|Vul|” + uP Vol?,
5/, (v)[Vul 1), SO(U)I |
and
(8.13) (p—l)/uplgo(v)xl(v)Vu-Vv
Q

<P [ eIVal +20-1) [ e IVl

Therefore plugging (8.11), (8.12) and (8.13) into (8.10) implies that

1 d
14 p e p—2
(8.14) Lo [weto)+ /u ()| Vuf?
%
S/H(U)U”|VU| —i——/upgo(v),
Q P Ja
where

H) = 2 - Dplo) () - (o),

We will prove H(v) < 0. To this purpose, we compute that

.8 (¢)(v) _
TTp—1 o) p-

' 22kX02
Iy :=2(p — Do(v)(X) (v) <2(p — Dp(v) —=,
(n+v)
1 1

Iy = ¢"(v) = nlk + DB (1+ o) " Pp(v)

PR+ B5) (o),

i
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and then by (8.7) we have

I < 16pkK 1
sl T (0= D(+1) (1+8s)"
< 16pk
Spo1
<1

On the other hand, we also deduce that

I _ 2" —1x* (1+ )+
s~ K(k+1)p2 (n+v)*

Defining the function v (s) for s > 0 by

(1+8s)""
(n+9)"
then by (8.7) and (8.8) we confirm that the function v satisfies
W(s) = (n+ )" (14 )™ - {(5 4+ 2= 2K)Bs + (5 + 2)Bn — k}
0

VAN

so that ¥(s) < ¢(n) for all s > n. In light of v(t) > 7, we obtain that
L _ 2% -y’ (1+ )"
I3~ k(k+1)52 (2n)**
<1

due to the condition (8.8). Consequently, we deduce that
H(U) :Il+I2—I3 S O,

and then have

1d

8.15 =
(8.15) ot ),

—1

uPo(v) —i-p—/up_zgp(v)\Vu\2 < C/ uPo(v).
2 Ja Q

By invoking the Gagliardo—Nirenberg inequality it follows that

Jwew e [w

D
= €||U2||2L2(Q)

) » 2a 22(1—a
< e Cox (IV@H) iz + Il ) I35
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with some constant Cqny > 0 and a = ”T (0,1). Since we see that

lab)l 2 = / w= ol
L7 (Q) 0

there exists some constant C’ > 0 such that

/ WPpv) < C </ Vb + 1> |
9] Q
Hence it follows that

—1 —1
(8.16) — / wP~2p(v)|Vul? > 2= / wP 2|V
2 Jo 2 Jo
2(p—1 P
_ (p - )/|VU2|2
p Q

Collecting (8.15) and (8.16), we have

- uwws—%(/gupw) o [t p21)

By standard ODE technique implies the boundedness (8.6).
We remark that the constants C' and C” are independent of ¢, so that the constant
('} is independent of ¢.

(Step 2) Using Lemma 2.6, we can proceed as in the proof of [103, Theorem 3.2]
to deduce an independent-in-¢ bound on the L norm for u.: there exists a constant
Cy > 0 such that

sup |lus(t)||ze) < Cy forall € € (0,1).
>0

(Step 3) Finally we construct a solution of (8.1) as the limit of a net of solutions
0 (8.5). This method is due to the proof of [107, Theorem 3.5]. For convenience we
recall the proof. Since (u.)ee(o1) is bounded in L®(€2 x [0, 00)), parabolic Schauder

estimate (Lemma 2.7) entails that both nets (u.)-c(,1) and (v:)zc(0,1) are bounded in

0
01204‘;9,1+2 (©2 x (0,00)) for some # > 0. We apply the Arzela-Ascoli theorem and then

infer that there exist a suitable sequence of numbers g, N\, 0 and a pair (u,v) such
that u., — u and v,, — v in CoH(Q x (0,00)). This pair (u,v) solves the PDEs and

loc
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the Neumann conditions in (8.1). The initial condition is also checked by parabolic
regularity theory and semigroup techniques. Consequently, we have a global classical
solution (u,v) of (8.1) such that u belongs to L=(2 x [0,00)) in light of boundedness
of (ue)ee(o) in L®(2 x [0,00)); note that this boundedness property is uniform with
respect to ¢. O]
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Chapter 9

Global existence and boundedness
in a quasilinear parabolic-parabolic
Keller—Segel system with
sensitivities S(u) and logwv

9.1. Problem and result

In this chapter we consider the following quasilinear fully parabolic Keller-Segel
system with sensitivities S(u) and x(v) = logv, that is,

@:V-(D(U)Vu)—v-(MVv), re, t>0,
ot v

@:Av—v—l—u, reQ, t>0,
(9.1) ot

Jdu  Ov

%—5—07 x €N, t>D0,

| u(z,0) = uop(z), v(x,0) = vo(x), x € ),

where €2 is a bounded domain in R" with smooth boundary, n € N and % denotes
differentiation with respect to the outward normal of 9. The initial data (ug,vo) is
assumed to be a pair of functions fulfilling

up € C2(Q), up>0 inQ, wuy#0,
(9.2)

vo € C1(Q), v >0 in Q.

129



Moreover we suppose that D and S satisfy the following conditions:

(9.3) D, S € C?*([0,00)) with S(0) =0 and S >0,

(9.4) D(u) > Ko(u+1)™"! withmeR  and Ky >0 forallu>0,

(9.5) D(u) < Ki(u+ )M with M € R and K; >0 for all u > 0,
2

(9.6) S(u) < K(u+ 1) with a < — and K >0 forall u > 0.

D(u) n

From a mathematical point of view it is important to study whether solutions
remain bounded or blow up. As to the problem without %, i.e., in the case that the
chemotaxis term in the first equation in (9.1) is replaced with —V - (S(u)Vv), Tao and
Winkler [96] proved boundedness of solutions, provided that D and S satisfy (9.3),
(9.4), (9.5) and (9.6) and 2 is convex. Recently this convexity condition of {2 was
removed in [39]. As to blow-up of solutions to the problem (9.1) without 2, Winkler
[108, 106] and Ciéslak and Stinner [16] established that the solutions blow up in finite
time under the conditions that

S(u)

> Ku+™ foru>1 with K >0, n>0
D(u)

and that
S(u) > cu  for some ¢ > 0.

Therefore the optimal exponent is known as %

In the last decade, a growing literature has been concerned with signal-dependent
sensitivity. However, to the best of our knowledge, no results are available for the
system with both nonlinear diffusion and signal-dependent sensitivity. As opposed to
the case without %, we find that all solutions of (9.1) are global and bounded in the
case D(u) =1 and S(u) = you with sufficiently small yo > 0 in [107] and Chapter 7.
This means that the case a = 1 and sufficiently small K > 0 admits global existence
and boundedness. As 1 > % for n > 3, this fact indicates that the constant % is not
optimal in the condition (9.6). The question of optimality of (9.6) remains an open
problem.

The purpose of this chapter is to establish global existence and boundedness of

solutions of the Keller—Segel system with not only the nonlinear diffusion V- (D(u)Vu)
but also the singular sensitivity function @ The main result in this chapter reads as

follows.
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Theorem 9.1. Assume that (ug,vo) fulfils (9.2). Let D and S satisfy (9.3), (9.4), (9.5)
and (9.6) with some m € R, M € R, a < 7%, Ky >0, Ki >0 and K > 0. Then there
exists a couple (u,v) of nonnegative functions such that

u € C%(Q x [0,00)) N C*(Q x (0,0)),

v e C%Q x [0,00)) N C*(Q x (0,00))

which solves (9.1) classically and moreover there exists C' > 0 such that
(-, t)||Le) < C forallt > 0.

The difficulty in the proof of Theorem 9.1 lies in the singularity of % A uniform-
in-time lower bound for v (Lemma 2.6) builds a “bridge” between the regular case
([96, 39]) and the singular case. We will consider approximate problems in Section
9.2 and prepare some estimates. Section 9.3 is devoted to discussing convergence of
approximate solutions and completing the proof of Theorem 9.1.

9.2. Approximate problem

We consider the following regularization of (9.1):

Ouc =V (D(u:)Vu,) — V- (S<u€) va), xeN, t>0,
ot Ve + €
av‘E:Avg—vs—i-uE, reQ, t>0,
(9.7) ot
Ou. v,
8u_8u_0’ x €0, t>D0,
| ue(,0) = up(), ve(z,0) = vo(z), x € €,

where £ > 0. For all (ug,vg) satisfying (9.2) we may invoke [96, Lemmas 1.1 and 1.2]
to establish local existence of solutions to (9.7) as the following lemma.

Lemma 9.2. Let ¢ > 0. Suppose that (ug,vo) fulfils (9.2). Assume that D and S
satisfy (9.3), (9.4) and (9.5). Then there exist Tyax € (0,00] and a pair (ue,v:) of
nonnegative functions from C®(Qx[0, Tax) )NC>H (X (0, Trnax)) solving (9.7) classically
in Q%X (0, Thax). Moreover,

either Tpax = 00 0T lingsup(Hue(t)HLoo(Q) + ||v=(t)|| o () = 003
t max

furthermore, u. has the following mass conservation:
[us ()l 10y = lluollLr@)  for all t € (0, Thax)-

131



The following lemma is a cornerstone of this work, which was essentially established
in Lemma 2.6. Mass conservation property plays a key role in the proof of the lemma.
In view of the lemma we can ensure a uniform-in-time estimate for v,.

Lemma 9.3. Let € > 0 and T > 0. Suppose that (ug,vo) fulfils (9.2). Assume that D
and S satisfy (9.3), (9.4) and (9.5). Let (u.,v.) be a solution of (9.7) on [0,T). Then
there exists 0 > 0 such that

ingf)vg(x,t) >0>0 forallte (0,T), €>0,
xre
where & does not depend on & and T.

As a preparation for the passage to the limit, we present three lemmas.

Lemma 9.4. Let € > 0 and T > 0. Suppose that (ug,vo) fulfils (9.2). Assume that D
and S satisfy (9.3), (9.4), (9.5) and (9.6). Let (ue,v.) be a solution of (9.7) on [0,T).
Then for all p € [1,00) and each q € [1,00) there exist C, > 0 and Cy, > 0 such that

le.®ly <Cp for allt € (0,7),
[Vve(t)|[r20(0) < Cay  for all t € (0,T),

where C, and Cy, do not depend on ¢ and T

Proof. Proceeding similarly as in [96, Lemma 3.3] and [39, Proposition 3.2], we define

¢ as
r P 1 m—+p—3
_ / / O+ )™ ap.
o Jo D (‘7 )
Thus we can calculate

% /Q ) = / ¢ (ue)V - (D(u)Vue) — / ¢ (ue)V - (S(ue)gws>

/(b" ue)D(u.) |Vu€|2 /gzﬁ” Ue) V .- Vo,
— /(u6 + 1) P73V |?
Q

3 S(ue) 1
m—+p—3 3 .
+/Q(u€+1) D) —UE+€W5 V.

Now in virtue of Lemma 9.3 we have the following independent-in-¢ bound:

(9.8) L

' vVe+e T 0
and we are in the same position as [96, (3.10)]. The rest of this proof is the same
procedure as in the proofs of [96, Lemma 3.3] and [39, Proposition 3.2]. O
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Lemma 9.5. Let ¢ > 0 and T > 0. Suppose that (ug,vo) fulfils (9.2). Assume that D
and S satisfy (9.3), (9.4), (9.5) and (9.6). Let (u.,v.) be a solution of (9.7) on [0,T).
Then there ezist Co > 0 and CL > 0 such that

(9.9) |lue(t)|| Loy < Coo forallt € (0,T),
(9.10) Ve (t) || ooy < C forallt € (0,7),

where Co and C_ do not depend on € and T

Proof. Inlight of (9.8), we can proceed as in [96, Lemma A.1] and so Lemma 9.4 implies
(9.9). As to (9.10), using the representation formula for v. and standard smoothing
estimates, we see that

t
Vo)l ) < VS Vgl o) + / IVl =E D (5)|| e ds
0

t _ 1l _n 1
Sc(Hvo|le<Q>+ |- 296_”(t_s)||ue(8)||m(9)dS)
0

with constants ¢ > 0, n > 0 and § > 1. Now we can choose # > 1 large enough
satisfying
1 n n 1
2 2 4

and (9.9) ensures boundedness of the right-hand side of the above inequality which

<1

leads to the conclusion. O

Lemma 9.6. Let € > 0 and T > 0. Suppose that (ug,vo) fulfils (9.2). Assume that D
and S satisfy (9.3), (9.4), (9.5) and (9.6). Let (ue,v.) be a solution of (9.7) on [0,T).
Then there ezists C7 > 0 such that

(9.11) | Vue(t)|| ooy < CL forallt € (0,T),
where C” does not depend on ¢ and T.

Proof. We can calculate the first equation in (9.7) as

8“5 = V : (D(UE)VUE) - V ( S(us>> . va - S(us) AUE
ot Ve + € .+ €
!
=V - (D(u:)Vu.) + &E)JVUH2 5 (u£>Vu5 -V — S(ue) Av,.
(ve +€) Vet € ve+ €
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From (9.8) we have the following upper estimates:

S(ue)

Vo.|? V|,
S (U’a)vus . V - |S (U5)| ’V EHVUE‘
Ve + €
and
S(ue) Av,| < S(u5)|AU€|.
Ve + € )

By noting that uy € C?(Q), these estimates allow us to apply standard parabolic theory
(Lemma 2.9) and to complete the proof. O

9.3. Proof of Theorem 9.1
We start by showing that {u.} and {v.} satisfy the Cauchy condition.

Lemma 9.7. Let € > 0 and T > 0. Suppose that (ug,vo) fulfils (9.2). Assume that D
and S satisfy (9.3), (9.4), (9.5) and (9.6). Let (ue,v.) be a solution of (9.7) on [0,T).
Then there exist ¢y > 0, co > 0, c3 > 0, ¢4 > 0 and c5 > 0 such that for all > 0,
v>0andte|0,T],

(912)  Jluu(t) = w, (0)][72(0) + cillva(®) — v ()2

@AHW%@—%@M@@%+@AHW%@—%@N%m%

< cq|pp — v|?eT.

Proof. Let pn > 0 and v > 0. Multiplying the difference of the first equations in (9.7)
by (u, — u,), we see that

©13) 5ol =l = [ V- (D) Y, — D) Vu)w, — )
— /Q V- (MV% — MV%) (uy, — uy)

Uy + [ Uy +V
—— [ (D) ¥, ~ Dlw)Vu) - V(o ~ )
Q

+/Q (Mvw _ Slw) Vvy> - V(uy — uy)

Uy + [ vy +V
:Ifl—i‘fg.
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As to the first term [y, it follows from (9.3), (9.4), (9.9) and (9.11) that
L= / D)Vt — D(uy) Vi) - V(ty — )
—— [ DIV = w) = [ (D) = D)V V(w, — )
< —Fo [ 1960 = 0 + o | [Vt = /19— )
Q

< —Rall V= ) + ConCl [ [ = ]IV = ).

where K, := K, min{1, (Cy + 1)m_1} and Chax = maxeep,cD'(0). In light of
Young’s inequality we deduce that

(9.14) I < =KoV (uu — u) 720
502, C" Ko
+ Q—KOHUM || 720y + 1—0||V(Uu — )72

As to the second term I in (9.13), we write it as follows:

L= /Q (S(uu) Vo, — S(uy,) VU”) Y, — u)

Uyt v, +V
[ St Stg, g,
Q Uy + p
—l—/S(u) ! Vv, — ! Vu, | - V(u, — u,)
a A\t p " ou v S
Then (9.3) and (9.9) entail that
I < G [ i = ] V0V 1, = )
,u

T G / H (v 00 1)1V (1t — )],

where Clpay = maX,co,c.] S (0), Clone 1= maX,cfo,c.] S(0) and

H(v,, vy, p,v) = (Uu i T i V)Vvu + — VV(% vy)
From Lemma 9.3 we find that
H (gt )] € s =l
e I V()
< @l = wllVul + S5lv = ull Vol + 59, — 0,
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Thus applying (9.10) and Lemma 9.3, we infer
C~1maxc(<,>o
B 2= -9, - 0)

C{I'Ila,XC1
St [ o =1V, = )

CmaXO/
1 GG / v — |V — )]

m”/ V(0= )V )|

Hence Young’s inequality says that

5 02 0/2

max — 00 0
(9.15) I < 282 g [y uV||2L2(Q) + E“V(uu - UV)H%?(Q)
5C§1axccl>% 2 RO 2
TosR, v = vll720) + EHV(UM — w) |72
5C2 C”2 Ko

1B~ BV, - )
5C§1ax 2 [N(O 2

+ (52K0”V( )| 720) +1_0||V(Uu_uv)HL2(Q)

Consequently, combining (9.13) with (9.14) and (9.15), we see that

Ko
(9.16) S luw = u,,||%2(9)+7||V(uu - “u)”%mz)
< Cilfuy, — Uu”%m)) + Caol|vy — Uu”%z’(g)

+ Cslv = pl* + Cil|V (v = v) [ 720

where C, Cy, C3 and Cy are given by

502 01/2 502 C/Q 502 0/2
C . max o0 max o0 , e max o0 ,
' 2K, 202K, 298K,
5012naxcé% 5Cr2nax
Cy = | |—7 4 =
254[(0 2(52[(0

Similarly, Young’s inequality yields

1d 1
(9.17) 5 dt“v“ vl 229y < IV (0p = 07200 + ZHuu — w720
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Multiplying (9.17) by 2Cy and adding (9.16), we have

1d
5 77 Iun = wllza) + 2Cl[vn = vol72(g))

Ky
+ 5 IV (e = w)[f20) + Cull V(0p = w720y

Cy
< (€4 5 )l =l + Callo = el + Cali = o

< Cs(Jlup — w72 + 2Callv, — vollT20)) + Cslp — VI,
where C5 := max{C; + £, 5 52} and thus Gronwall’s lemma yields
[l () = (8)[[72(0y + 2Calva(t) — v, ()] 720

—l—/o 20t (KOHV(“#( ) — 11(8))H%2(Q) +2C4|[V(vu(s) — UU(S))H%Q(Q)> ds

< %|M _ V|26205T
5

for all + € [0, 7). Since €25(=%) > 1 (s € [0,1]), we obtain the desired inequality. O

We are now in a position to prove Theorem 9.1.

Proof of Theorem 9.1. We have T,,,, = oo from Lemma 9.5. For all T > 0, in view
of Lemma 9.7 we find u and v from L>(0,T; L*(2)) N L*(0, T; H'(2)) such that

)
u, —u  in L®(0,T; L*(Q)) ase—0,
v. — v in L®(0,T; L*(Q)) ase— 0,
(9.18) Vu. — Vu in L*(0,T; L*(2))
(9.19) Vv, — Vv in L*(0,T; L*(Q))

as e — 0,

as ¢ — 0.

We will prove that (u,v) is a classical solution of (9.1) and bounded. The proof is
divided into two steps.

(Step 1) In this step we prove that (u,v) is a weak solution of (9.1). Let ¢ € C°( x
[0,00)). We can fix T' > 0 such that supp ¢ C Qx [0, 7). Multiplying the first equation
in (9.7) by ¢ and integrating it over Q x (0,7"), we can see

T dgp T
(9.20) —/ /ue—:—/ /D(uE)Vus-Vgo
0o Jo dt o Ja
g S(us)
—l—/o /S)U€+€Vv€«Vg0+/§zuogo(~,0).
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To accomplish the passage to the limit of approximate solutions we will confirm conver-
gence of each term. Firstly from the convergence u. — u in L?(0,T; L*(Q2)) as € — 0
due to (9.12), we easily check

r d r d
—/ /ug—gp—>—/ /u—gp as € — 0.
0o Jao dt 0o Jo dt

Next we consider convergence of the first term on the right-hand side of (9.20). We
observe that

|D(u:)Vep| < max D(o)- [Vl € L*(0,T; L*(Q))

0€[0,0c0]

due to (9.3) and D(u.) — D(u) pointwisely as ¢ — 0. Thus it follows that
(9.21) D(u. )V — D(u)Vy in L*(0,T; L*(Q)) ase — 0.

Therefore invoking (9.18) and (9.21), we can show the following convergence:

//DuSVu6 Vo — — // w)Vu-Ve ase—0.

As to the second term, (9.3) and Lemma 9.3 yield

S(us) Amax 2 2
V| < V| e L (0, T; L*(2
S vy| < Smvil e 2. z@)
and i(—is) — @ pointwisely as € — 0, and hence we can establish
S(ue S .
St o S Gy i 20,7 L2(9)) as e — 0.
Ve + € v

In the same fashion as before (9.19) implies

T T
/ /S(UE)va-Vg0—>/ /S(U)VU'V(,D as € — 0.
0o JaUste o Ja U

Therefore we can accomplish the passage of the limit and hence
/%‘P(ao)
Q

e [ pwives [

As to the second equation in (9.1), we can similarly deduce the following identity:

T dop T T
—/ /v—:—/ /Vv~Vg0—/ /v<p+/ug0+/vo<p(-,0)
o Ja dt o Ja o Ja 0 0
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Thus we conclude that (u,v) is a weak solution of (9.1).

(Step 2) Invoking standard semigroup techniques and parabolic Schauder estimates
(Lemmas 2.8 and 2.10), we deduce from straightforward regularity arguments that
(u,v) is a global classical solution of (9.1). Consequently, we have a globally bounded
classical solution (u,v) of (9.1) such that u belongs to L>(€ x [0,00)) in light of
boundedness of {u.}.-o in L=(Q x [0,00)) (Lemma 9.5). O
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PART III:

CHEMOTAXIS SYSTEM
FOR TUMOR INVASION

/

ur = Au— V- (uVv),

v = Av +wz,







Chapter 10

Local existence and uniqueness in a
chemotaxis model for tumor
invasion

10.1. Purposes

The main purposes of this chapter are to propose a new modified tumor invasion
model of Chaplain-Anderson type in [13] and to establish a new result on existence
and uniqueness of local-in-time classical solutions to the simplified model. In partic-
ular, we propose a tumor invasion model in which the role of an active extracellular
matrix is taken into consideration. Actually, in the new tumor invasion model the
active extracellular matrices are produced by the biochemical reaction between the ex-
tracellular matrices and the matrix degrading enzymes and play a role as an attractant
of tumor cells. Moreover, as pointed out in [43] and [92] we also take the effects of
some functional proteins on the motility and haptotaxis of tumor cells into considera-
tion. Mathematical results on existence of solutions to some related models have been
obtained by [49, 50, 51, 52|, where the equation is modified by adding the subdiffer-
ential of the indicator function, that is, a constraint condition is added. However, they
did not succeed in showing uniqueness of solutions, which was left as an open problem.
The main result of this chapter says that existence and uniqueness of solutions hold
true when we add one equation modeling the effect of an active extracellular matrix.

The plan of this chapter is as follows. In Section 10.2 we give a mathematical
control method of tumor invasion phenomenon and propose a modified tumor invasion
model. Section 10.3 is devoted to showing existence and uniqueness of local classical
solutions to a simplified model.
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10.2. Mathematical control method

In this section we give one of ideas to control the tumor invasion phenomenon from
a mathematical point of view. In Subsections 10.2.1 and 10.2.2, we give one of the ideas
to control HSPs by using the temperature. Subsections 10.2.3 and 10.2.4 are devoted
to proposing a new model of the tumor invasion phenomenon. Subsection 10.2.5 is the
goal of this section.

10.2.1. Temperature as the control parameter

As pointed out in [92], a certain HSP (heat shock protein) has an influence on the
random motility and the haptotaxis of tumor cells. Such HSPs are synthesized a lot in
order to overcome the stress brought about the changes of the external environment,
for example, temperature, pressure, ultraviolet rays and metal ions, as soon as possible.

Hence we can consider the temperature as one of the control parameters which have
an influence on the behaviors of HSPs. As the typical example which describes the
kinetics of the temperature 6, we give the following system (6):

0, = Dg/AO + hy a.e. in Qr = Q x (0,7,

(0) ? + nol = hy a.e. on Xy = 00 x (0,7),
v
0(0) =6, a.e. in €,

where 2 is a bounded domain in R3 containing tumor with a smooth boundary I'; h,
and ho are the prescribed internal and boundary heat sources, respectively; Dy > 0
and ng > 0 are constants. In this model we can control the temperature § by the heat
sources h; and hs.

10.2.2. Kinetics of HSPs under heat stress

Since the temperature is one of the external environment surrounding tumor, the
heat stress has an influence on the behaviors of HSPs. Here the heat stress means the
sudden change of the temperature.

For example, in [44] Ito et al. considered a signal cascade, shown in Figure 1 (see
the next page), which describes the HSP synthesis process. This synthesis process
starts as soon as the heat stress is given.
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Figure 10.1: Signal cascade of the HSP synthesis process under heat shock

Using the approach of systems biology, they proposed the following mathematical
model (HSP):={(10.1)-(10.20)}:

(10.1) ay = (kyays + kigp + kigaig)ag + 2(ki1as + kisaz)an, — 3ksal — kigaran,
(10.2) ay = kysag — ksasay,

( ) ay = ksasarr + knpas — (krais + kraann)as,

(10.4) @y = krazary — (kn + ks)ay,

(10.5) air) = kgay — ki1asaqy,

(10.6) ag = knasan + kigpar — kipagass,

(10.7) ar = kisagarz — (kiap + k13)ar,

(10.8) ag = kysar + kigazan — kisas,

(10.9)

ag = kisas + kigararn — (keais + kigp + kisaig)ao,
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kaNA

(10.10) ajo = koas — malo,
(10.11) ahy = ksaig + k1oaio + Kiepao + aoaao
— (k1ias + kisas + kigay + kirais + kigaig + kpsp)ant,
(10 12) CL/12 = % + (k7b + k8)a4 - % — krasae,
(10.13) ayz = (ki + k13)ar — kizasas,
(10.14) aly = ksae + kooagy — k1(0)aiy,
(10.15) ays = k1(0)ayy — (kaag + kyraiy)ass,
(10.16) aye = (kaag + krzarr)ars — (k3 + ka1)ass,
(10.17) ayy = kya3 — ksasaqr,
(10 18) ro_ keparaxaia . /<?6MAXCL187
ke + aia ke + ais
(10.19) ahg = kara16 — (kisag + kioai1)any,
(10.20) any = (kigag + kiga11)arg — kapaso.

As you see from (10.14) and (10.15) in (HSP), HSPs are synthesized a lot in order
to refold denatured proteins and overcome the damage given by the heat stress as soon
as possible. As a result, from (¢) and (HSP), the quantities of HSPs must be controlled
by the heat stress.

Recently, in [56] Komatsu et al. showed existence and uniqueness of nonnegative
global-in-time solutions to the initial value problem for (HSP) whenever all initial
values a;(0), 1 < i < 20, are nonnegative.

10.2.3. Biochemical reactions between ECM and MDE

In this subsection we explain the biochemical reaction between ECM (extracellular
matrix) and MDE (matrix degrading enzyme) in detail by using the following reactions:

(1021) ECM+MDE = ECM:MDE — C;+4Cs+---+Cj+ MDE.

In (10.21) we assume that the following properties are satisfied:

(H1) ECM combines with MDE and the enzyme-substrate complex ECM:MDE is
formed.

(H2) ECM:MDE generates the substances C;, j = 1,2, ..., k, and releases MDE. Oth-
erwise, it is resolved into ECM and MDE again.
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Now we denote by ¢ and ¢; the densities of ECM:MDE and C;, respectively. By
employing the approach of systems biology, we derive the following system (EM):

( " _
fr=—vimf+ure,
¢ =vimf —vic—uv;c,

(EM)
(cj)tzvsrc, j=1,2,...k,

(e = —vimf +vic+ vy e,
where vi® and vy are velocities of the following biochemical reactions:
vy : ECM+MDE — ECM:MDE,
v; : ECM+MDE <+ ECM:MDE,
vy : ECM:MDE  —  C;+ Cy+---+ C + MDE.

By using the Michaelis—Menten kinetics, i.e., the density of complex ECM:MDE always
stays at the dynamic equilibrium state, we have ¢;(t) = 0 for all ¢ > 0. Then we can
rewrite (EM) as the following system {(10.22), (10.23)}, which is denoted by the same
notation (EM):

(10.22) fi = —amf,

(10.23) (¢j)y=amf, =12 F,

Moreover we assume that all substances C;, j = 1,2,...,k, are so small that they can
diffuse uniformly in the space. Then we can derive the kinetic equations below instead
of (10.23):

(¢j)y = DjAc;+amf, j=1,2,...k,

where each D; > 0 is a diffusion constant of the substance C;.
At last we derive the following new system again denoted by (EM), which comes
from the biochemical reaction between ECM and MDE with (1.6):

ft = —amf,
(EM) (¢j) = DjAc; +amf, j=1,2,... k,

m = Dy, Am + P(n,m) — G(n, f,m).
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It has to be noted that we can derive another system, which may be more complicated,
when the Michaelis—Menten kinetics is not used.

10.2.4. Kinetics of tumor cells

In this subsection we propose the modified kinetic equation of tumor cells. For this
purpose we assume that the following hypotheses are satisfied:

(H3) ECM does not have any influences on the haptotaxis of tumor cells.

(H4) One substance among C;, j = 1,2,...,k, has an influence on the haptotaxis of
tumor cells, which is denoted by ECM* and whose density is f* throughout this
chapter. We call ECM* an active ECM. Roughly speaking, the active ECM is an
attractant for tumor cells.

(H5) A certain family of HSPs has an influence on the coefficients of the random
motility and haptotaxis of tumor cells. We denote the densities of such HSPs by
a vector p = (p1,p2, ..., pe) for some /.

Under the above hypotheses we derive the following kinetic equation for tumor cells:
ne =V - (Du(n, f,p)Vn) = V- (A(p)nV f7),

which is the modified first equation of (1.6) taking (H3)—(H5) into account.

On the other hand, in [45] Ito et al. obtained the experimental data of the prolif-
eration curves of HepG2, which is one of the human hepatocellular carcinoma. Their
experimental data imply that the heat stress as well as the temperature have a huge
influence on the proliferation and apoptosis of HepG2. Moreover, they proposed the
following modified Verhulst model and estimated the nonlinear functions «a, n,., and
B by using the extended Kalman filter:

n
Nmax (6)

n = a(f)n (n - ) — B(O)n.

So we assume that the following hypothesis is satisfied as well as (H3)—(H5):

(H6) The proliferation and apoptosis of tumor cells depend on the temperature. We
denote by F}, and F, the proliferation and the apoptosis rates, respectively, which
are nonnegative functions.
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Finally, we derive the following kinetic equation for tumor cells:
ng =V - (Dy(n, f,p)Vn) =V - (A(p)nV ) + F,(0,n, ) — F.(6,n, f).

In this model we can dominate the behavior of tumor cells by controlling the quanti-
ties of HSPs in order to make D, (n, f,p) and \(p) smaller and smaller, respectively.
Furthermore the quantities of HSPs are also controlled by the temperature stated in
Subsection 10.2.2.

10.2.5. New model

We assume that the temperature @ is a prescribed function on Qx [0, T, for example,
which is decided by the system (6) in Subsection 10.2.1. Then by using the system
(HSP), we can derive the vector field p of HSPs on © x [0,7]. Thus we propose the
following tumor invasion model (TIM):

(n; =V - (Daln, £,p)V0) — V - (AN f*) + E,(0,n, f) — Fa(0,n, f),
ft = —@mf,

fi = DA +amf,

(TIM)

(M = DinAm + P(n, f) — G(n, f,m).

This model gives one mathematical scenario to control the behavior of tumor cells by
using the temperature effect. Moreover it is also one idea to control the haptotaxis of
tumor cells by introducing an inhibitor of ECM*.

10.3. Mathematical result and proof

In this section we will establish existence and uniqueness of solutions to the new
model proposed in Section 10.2.5.

Let 2 be a bounded domain in RY (N € N) with smooth boundary 9Q. We assume
that the coefficients D,,, A are constants for simplicity, moreover we do not consider
the proliferation term F),, and the apoptosis term F,. We choose the production term
P and the decay term G as typical functions n and m, respectively. We treat the
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constant parameters «, D,, D,, as 1. Namely, we consider the case where

(

Du(n, f,p) =1,
Ap) =1,

Fp(0,m, f) =0,
Fo(0,m, f) =0,
P(n, f) =n,
G(n, f,m) =m,
la=D.=D, =1

in (TIM) proposed in Section 10.2.5.
Consequently, we deal with the problem (P):={(10.24)-(10.29)}:

(10.24) ng=An—V-(nVf*) inQx(0,T),

(10.25) fi=—mf in Q x (0,7),

(10.26) fr=Af +mf in Q x (0,7),

(10.27) my=Am+n—m  inQx(0,7T),

(10.28) Z—Z = %f; = ‘?)—TZ —0 ondQx(0,7T),

(10.29) n(-,0) = no, f(-,0) = fo, f*(-,0) = fy, m(-,0) =my in Q.

We assume that the initial data ng, fo, fj and mg satisty the following conditions:

(A1) ng € C°(Q), no > 0,
(A2) fo € CH(Q), fo >0,
(A3) fo € Wh(Q), fo 20,
(A4) mo € C°(Q), mg > 0.

Now we are in a position to give the main theorem in this chapter.
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Theorem 10.1. Let Q be a bounded domain in RN (N € N) with smooth boundary 0S.
Assume that (A1)-(A4) are satisfied. Then there exists T € (0,00] (depending only
on [|noll oo (qys 15 llwroo(qy and (Mol peo(qy) such that (P) possesses a unique classical
solution (n, f, f*,m) with the following properties:

(P1)  ne C*(Qx (0, Thmax)) N C0, Thax); C°(Q)),  n >0,

(P2) ﬂﬂzﬁ@@(—l?ﬂ$$) F>0,

(P3) "€ CPHQ x (0, Thax)) N C([0, Traax); C*(Q)) N LS ([0, Thax); WH(R2)),
f>0,

(P4)  m e C* (2 % (0, Tnax)) N CY([0, Trax); C°(2)),  m > 0.

Moreover, if Thax < 00, then

i ([0 + 1 Ollwr ey + 10l ) = 0

Remark 10.1. Using the method in the proof of Theorem 10.1 with minor changes,
we can obtain the assertion also for (1.6) if D, (n, f) is constant. Thus there is not a
big difference between (1.6) and (TIM) in the local solvability.

We prove Theorem 10.1. In the first half we give a proof of existence of classical
solutions by the Banach fixed point theorem, while in the second half uniqueness of
solutions is proved. The argument used here are based on [38].

Proof of existence. The existence proof follows a standard contraction argument.
Assume that ng, fo, fi and my satisfy (Al)-(A4).

(Step 1) Suitable mapping and space.
With R > 0 and 7" € (0,1) to be fixed below, let X be the Banach space defined as

X = O%([0, T); C°(9)) x L*(0, T; WH()) x C°([0, T); C°(92))
with norm

(e, £, m) | x = Il coo.ry.co@y + 1M o 0. mwroo ) T Il cogo. 1200 0 -

We claim that if T is sufficiently small, then on the closed set

$:i={(n,f"m) € X| ll(n, f*,m) < R},
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the mapping
Wi((n, f*,m))(¢)
(10'30) ‘Ij<<n7 *7m))(t) = \112((”7 *7m))(t)

Ws((n, f*,m))(#)

iy — /t VAT - (n(s)Vf*(s)) ds
0

=] et / (s ds |,
0

t

et(A_l)mojL/ e=9ANn (s) ds
0

where

(1031) 7(5) == foexp ( - [me) dr>,

acts as a contraction from S into itself.

(Step 2) ¥(S)cCS.

We let (n, f*,m) € S and let f(s) be given by (10.31). First, from elementary
properties of the heat semigroup we have ¥((n, f*,m)) € X.

Next, to prove that W((n, f*,m)) € S, it remains to show that [|¥(n, f*,m)||y < R
if T is appropriately small. We fix ¢; > N and choose # such that 6 € (%, %)
Applying (2.1) with (m,p) = (0,00) and using Lemma 2.2 (i) and (iii), we see that
for all ¢ € [0,7],

@1 ((n, £, m)) O oo

t
< 0]l ey + o / J(=A 4+ 10 92T - (n(s)V £*(5)] s g ds

t t—s -0 t—s «
< [Inoll o gy +Co,ooC'1/0 ( 5 ) ez 2V - (n(s)Vf ()l par (@) s

t t—S _0_% _vo(t—s) %
<ol 0o [ (5] T O ey

where T' < 1 is used. Using the fact (n, f*,m) € S, we note that for a.a. s € [0, 7],

In($)V ()] par @y < 1217 1) | oo ) IVF7 () ooy < 1270 R
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Therefore it follows that

. 1 [ —0—3
123 ((n, £ )0 Ly < 0]y + o CrCal QT R? / ( ) s
< |[noll oo (g + T1 T2~ for all ¢ € (0,77,

1
where I'; := 25%;007000104|Q|i > 0. Picking ¢» € (1,00) and v € (3,1) satisfying
2
1 <2y— (%, applying (2.1) with (m,p) = (1, 00) and using Lemma 2.2 (i), we have

1@ ((n, [ m)) D) llyr.00 0

t
< [le" f5 ooy + Cl,oo/ I(=A +1)7et9%m(s) f(5)l| poa ) s
0

t
< K[| fg oo () + 01,0001/0 (t =) [lm(s)f ()| Loz o) s

for some constant K > 1. Since ||m||co(o 7,00y < 12, we have that for all s € [0,T7,

Ol < I [ (oo (= [ mirar) )" d)

1
< Bl foll oo oy 12172
Therefore we see that for all ¢ € [0, 77,

1@s((n, £*,m) () 1,000y < Kl fo llwieqy + 2R T,

where Ty := ﬁCLooC&|!fo!|,;oo(g)|9|é > 0. Taking g5 > N, we can choose 8 such that
B e (%, 1). Applying (2.1) with (m,p) = (0,00) and using Lemma 2.2 (ii), we obtain

[W3((n, £, m)) (O] oo (0

t
< 1A Vg | oo g +CO’°°/ I(=A+ 1>ﬁ€(t_s)(A_1)n(3)||Lq3(sz) ds
0

t
< ol ey + €0.20C / (t = ) 12(5) | oy 5

< lmoll ooy + TsRT'? for all ¢ € [0, T,
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where I'y := ﬁco,oo02|9|% > 0. Therefore it follows that
[, £ m) x < Inoll pee gy + KNS5 o) + Im0ll oo g
T Ty R2T 270 4 Ty R TY Y 4 Ty RT 7.
If we fix
R = noll poo ) + Kl S llwree ) + Imoll ooy + 1,
then we can choose T as
T R*T: 0 £ TyReFTTY 7 £ T4RT P < 1.

This yields that | U(n, f*,m)||y < R and hence ¥(S) C S.

(Step 3) Contractivity of V.
We proceed to check that on further diminishing 7" if necessary we obtain that ¥
is a contraction mapping. Let (n, f*,m), (@, f*,m) € S and let f be given by (10.31)

and f be defined by
f(s) == foexp ( —/0 m(r) dr>.

As in the proof of (Step 2), it follows that for all ¢ € [0, 77,

121 ((n, £7,m))(t) = i (@, f5772) ()| oo 0

tore o\ 03 L
< Co,ooC'1C'4/O (t 5 S) [n(s)V f*(s) = () V [*(8)| por () d5-

Since (n, f*,m), (7, f*,m) € S, we have that for a.a. s € [0, 77,
(10.32) In()V £*(s) = () VF* () 1o
< ()o@ IV (s) = P (D 1
+In(s) = 7() | oo o) IV () | pon
< 20005 R||(n, f*,m) — (. 77,7)] .
Therefore we obtain

191 ((n, £*,m)) — Wi((@, F5, 7)) |5 < 201RT21||(n, f*,m) — (7, F*, )] -
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Next we consider the estimate for Wy. We see that for all ¢ € [0,7],
1w, £, m)) () = Wl (7, T )0 e

e / (t = ) lm(s) £ () = T()T(5) | e

<anCi [ (=97 ImE) ) =T e b

3

oG [ (=97 m(s) = )T 0

First, we estimate the term I;. Noting that for all s € [0, T,

foesp (= [Tmyar) = foeso (= [ty )

—/Osm(r)dr—i-/osm('r)dr

< HfOHLoo(Q)eRTHm = M| oo r7.c0@) T

[f(s) = f(s)] =

< | foll poo ™

we obtain that

1 t —
I < eL W CLRIO| % / (t = ) 1£(5) = ()l gy 5
0

t
1 o _

< ¢100CrRIQ| | fol| oo gy €™ Ilm — mHCO([O,T];CO(Q))T/O (t—s)"ds

< Toe™ THIRT|(n, f*,m) — (@, f*,m) ||«
On the other hand, it turns out that

RT ()| 35 t -
Iz < 1 Cillfallm e 45 () = T oo cny | (= )7 s
< Toe™TH(n, f*,m) — (@, F*,m) || 5

Consequently, it follows that

1>((n, £7,m)) = Wa((@, f*, 7)) x < Toe™ T (RT + 1) (n, f*,m) — (@, f*,77) | .
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Proceeding similarly as in Step 2, we have
1@s5((n, £7,m)) = s(@, F*m))llx < TsT (0, f5,m) = (@, 5, )l

and conclude that W is a contraction mapping if 7" is sufficiently small. From the
Banach fixed point theorem we thus obtain existence of (n, f*,m) € X such that

(n, f*,m) = ¥((n, f*,m)).

(Step 4) Regularity and nonnegativity of solutions.

By standard parabolic regularity argument (Lemma 2.8) and semigroup techniques,
we can observe that (n, f, f*, m) solves (P) in the classical sense. It is clear by definition
that f is nonnegative. To show that n is nonnegative, we multiply (10.24) by n_ :=
—min{n,0} and integrate it over Q2. Then we have

]. d 2 2 *
2dt Jo' /an' +/anf -
1 .
< ZHVf H%W(QX(O,T))/TL%'
0

Integrating this inequality yields
/n(t)2 S eétnvf*”ioo(QX(O,T)) / n7(0)2 — O
Q Q

This implies that n is nonnegative. Moreover, using the positivity preserving properties
of {e®};50 and {e!®~Y},5¢ (or using the maximal principle) implies that f* and m
are nonnegative.

Therefore 4 steps yield existence of solutions to (P) with (P1)-(P4). O

Finally we prove uniqueness of solutions to (P).

Proof of uniqueness. To prove uniqueness of solutions in the indicated class, let us
assume that (n, f, f*,m) and (7, f, f*,7m) are the solutions on some interval [0, T]. Put

By subtracting the equations (10.24), (10.25), (10.26) and (10.27), multiplying by
N, F, F* and M, respectively, and integrating them in space, we deduce the energy
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inequalities which play a key role to prove uniqueness of solutions. First, we see that
for all t € (0,7),

2dt/N /Q|VN|2+/Q<an*—ﬁVF> VN
S YN

Noting that
nVf* —nVf* = NVf*+naVFE*,

we have the following energy inequality for all ¢t € (0,7,

1 [ -
(10.33) ——/N g—/yNVf*+ﬁVF*|2

<= /|NVf| + = /[nVF*

——2
<5 50 IV Ol [ ¥ 45 s [VAO [ VP,

t€[0,T) te[O T)
Moreover proceeding as in the above, we obtain that for all ¢ € (0,7),

1d I
1034) -2 [P | mF - | FMF
(10.34) 2dt/ o /Qf

s [0l ( [ [7)
(1035) 55 [ 7 = [ VP + [ mf —m) =7
—/vamhé/ﬂ(m%%/Q(Mﬂmﬁ)g
- [IEE S [ s 10l [ 3

2 -2
+ sup [0 ey / 7,

t€[0,T

1d — — S __ 1 [ —
(10.36) ——/Mgz—/\VM|2+ MN—/MZS—/Nz.
2dt Jq Q Q Q 4 Jq



Finally (10.33)-(10.36) imply

d —2 —2 —2 —2
E(/QN+/QF+(J/Q(F)+/QM>

50’(/N2+/72+C/(W)2+/M2>,

Q Q Q Q
where C,C” > 0 are some constants. Applying the Gronwall lemma, we have
—9 —9 — 2 2
/N(t)+/F(t)+C/(F*) (t)+/M(t)
Q Q Q Q
< eC't</N2(O)+/FZ(O)+C/ (W)Q(OH/MQ(O)).
Q Q Q Q

This completes the proof.
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Chapter 11

Stabilization in a chemotaxis model
for tumor 1nvasion

11.1. Problem and results

This chapter is concerned with the chemotaxis system
(= Au— V- (uVv),
vy = Av 4wz,

(11.1)
wy = —wz,

\zt:Az—z—ku,

which has been proposed in Chapter 10 as a modification of the tumor invasion model
originally introduced by Chaplain and Anderson in [13]. A particular focus of the
model (11.1) consists in accounting for a chemotactic attraction induced by a so-called
active extracellular matriz, ECM*, which is produced by a biological reaction between
the extracellular matrix, ECM, and a matrix-degrading enzyme, MDE. Accordingly,
besides the densities u, w and z of tumor cells;, ECM and MDE, a fourth relevant
quantity becomes the concentration of ECM*, which is represented by the function v
in (11.1).

As compared to previous works studying tumor invasion phenomena, cross-diffusion
in (11.1) is of chemotaxis type in that it is directed toward the diffusible ECM*, the
latter being produced by the static ECM in conjunction with the chemical MDE.
From a mathematical point of view, one might expect this additional influence of
diffusion to entail certain improved regularity properties of solutions. On the other
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hand, the literature shows that also such chemotactic cross-diffusion may have a strong
destabilizing effect: For instance, in the Keller-Segel system

ur = Au—V - (uVz),
(11.2)
2= Az — 2+ u,

widely considered as a prototypical model for chemoattractive processes, it is known
that solutions are global and remain bounded if either n = 1 ([76]), or n > 2 and the
initial data are suitably small ([72], [104]), but that some large-data solutions become
unbounded even within finite time in the cases n = 2 ([34]) and n > 3 ([108]), where
n denotes the space dimension.

As opposed to (11.1), in the Keller—Segel system (11.2) the substance secreted by
the cells is immediately directing chemoattraction, whereas in (11.1) this chemical only
has an indirect taxis effect by stimulating the signal production. It is the purpose of
this chapter to clarify how far this indirect chemotactic feedback may enhance the
regularity and boundedness properties of solutions. Indeed, we shall see that any type
of blow-up is thereby entirely suppressed in the physically relevant case n < 3, and
that furthermore basically all solutions approach a spatially homogeneous equilibrium
in the large time limit.

In order to precisely formulate the results in this direction, let us specify the full
problem setting by considering the initial-boundary value problem

'ut:Au—V-(uVU), reQ, t>0,

vy = Av + wz, re, t>0,

wy = —wW2z, re, t>0,
(11.3) 2z = Az — 2+ u, reQ, t>0,

%:%:%:o, redn, t>0,

u(z,0) =up(x), wv(x,0)=uvy(x), x€Q,

| w(z,0) =wo(z), 2z(z,0)=2(z), z€,

in a bounded domain 2 C R™ with smooth boundary, where throughout this chapter

160



we shall assume that

(UO S CO(Q) U > O,
Vg € Wl’OO(Q) Vg = Oa
(11.4)
wy € CHQ) wo >0  and
[ 20 € Co(Q) 29 > 0.

The first of the main results asserts that under this condition, (11.3) admits for
global existence of a bounded classical solution when n < 3. We underline that the
following statement on this does not require any smallness condition on the initial data,
such as necessary for global boundedness in the Keller-Segel system.

Theorem 11.1. Let n < 3, and suppose that (11.4) holds. Then there exists a uniquely
determined quadruple (u,v,w,z) of nonnegative functions

u € C%Q x [0,00)) NC*HQ x (0,00)),

v e C'(Q x [0,00)) NC*HQ x (0,00)) N L2 ([0, 00); WH2(Q)),
w € C'(Q x [0,00)) NC"HQ x (0,00)) and

2 € C'(Q x [0,00)) NC*HQ x (0,00)),

which solve (11.3) classically in 2 x (0,00). Moreover the solution (u,v,w, z) of (11.3)
is bounded in the sense that there exists C' > 0 such that

(-, )l zoo ) + [[v( E)lwree iy + Jw(e, £) || oo ) + |2(, ) ||y < C
for allt > 0.

Moreover, whenever ug is nontrivial, the above solution approaches a certain spa-
tially homogeneous steady state:

Theorem 11.2. Let n < 3. Assume that ug, vo, wy and zo comply with (11.4), and that
ug # 0. Then the solution (u,v,w, z) of (11.3) satisfies

[u(-,t) = Wl| oo () — 0,
[o(-,t) — (Vo + o) || () — 0,
[w( )l Lo =0 and
|2(-,t) — Ul Lo — 0

as t — oo, where the constants ug, vy and Wy are given by

5w fwe we g [ ¢ e |
. Uy ‘= 77— Ug, Vo ‘= 7 Vo, an Wy ‘= — wq-
2 Ja 192[ Ja 2] Ja
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In consequence, the indirect mechanism of signal production in (11.3) is apparently
insufficient to generate any significant instability of homogeneous distributions: In fact,
the results from Theorems 11.1 and 11.2 indicate that at least when n < 3, the cross-
diffusive term in the first equation in (11.3) is substantially overbalanced by diffusion,
and that hence the overall behavior of the model, with respect to both global solvability
and asymptotic behavior, is essentially the same as that of the correspondingly modified
system obtained on fully disregarding this taxis mechanism.

This chapter is organized as follows. After collecting some preliminary facts in-
cluding local existence in Section 11.2, we shall establish Theorem 11.1 in Section 11.3
by deriving suitable a priori estimates through a two-step bootstrap argument which
eventually yields a bound for the crucial component v with respect to the norm in
L>(€2) (Lemma 11.10). The large time behavior will be addressed in Section 11.4, as
a starting point using the integrability property

/Ooo/gzw(xvt)z(xjt)da:dt < 0

(Lemma 11.12). Thanks to global regularity estimates implied by the boundedness of
solutions (Lemma 11.11), this will entail convergence of v to some nonnegative constant
L in W1*°(Q) (Lemma 11.14). This in turn warrants stabilization of v (Lemma 11.15)
and then of z (Lemma 11.16) in the sense claimed by Theorem 11.2, where the latter
property along with the assumption @y > 0 enforces decay of w (Lemma 11.17) and
thereupon allows for determining L (Lemma 11.18), thus completing the proof of The-
orem 11.2. Finally further results on the cases of nonlinear diffusion will be presented
in Section 11.5.

11.2. Local existence and basic estimates

The following statement on local existence and uniqueness is contained in Chapter
10.

Lemma 11.3. Let n > 1, and assume that ug, v, wo and zg satisfy (11.4). Then there
exist Tiax € (0,00] and a unique classical solution (u,v,w,z) of (11.3) in QX (0, Thax)
which 1s such that

0<ucC'QxI[0,Thax)) NC*HQ x (0, Tax)),

0 < v € COQ X [0, Tax)) N C2H(Q % (0, Tonax)) N L7 ([0, Tonae); WH(92)),
0<weCQ x [0, Tmax)) NCP(Q x (0, Thax)) and

0<zeC%Q %[0, Thnax)) NC*(Q X (0, Thax)),
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and such that
(11.6) if Trnax < 00

then tm (Jlu, )@ + o€ Dllwie@ + 12 Dllme ) = oo

Throughout the sequel, we suppose that (ug,vg,wo, 29) is given such that (11.4)
holds, and let (u, v, w, 2) and Thax € (0, 00] denote the corresponding solution of (11.3)
and its maximal existence time as specified in Lemma 11.3.

The following statement on conservation of the total mass fQ u of cells is obvious
but essential to the analysis in this chapter.

Lemma 11.4. The first solution component u satisfies

(11.7) / u(z, t)de = / up(z)de  for allt € (0, Thax)-

Q Q
Proof. This can immediately be seen upon integrating the first equation in (11.3) over
Q x (0,¢) for t € (0, Trax)- O

Likewise, it is evident from (11.3) that w is nonincreasing with time. We shall
frequently use the following implication thereof.

Lemma 11.5. The third solution component w fulfills
lw (- Dlle@) < llwolle@)  for all t € (0, Tinax)-
Proof. Since both w and z are nonnegative, this estimate is obvious from the third

equation in (11.3). O

The particular structure of the nonlinearities in the second and third equations in
(11.3) moreover enables us to derive boundedness of v with respect to the norm in
LY(9).

Lemma 11.6. The second solution component has the property that

(11.8) /Qv($,t)d:v < /Qvo(:v)d:x + / wo(x)dx  for allt € (0, Tinax)-

Q
Proof. We add the third to the second equation in (11.3) and integrate with respect
to x € () to obtain

d
p Q(v+w):/QAv:O for all ¢ € (0, Tinax),
because % =0 on 0f2. Thus,
(11.9) / v(z, t)dr + / w(x,t)dr = / vo(z)dx + / wo(z)dz
Q Q Q Q
for all t € (0, Thax), from which (11.8) follows by nonnegativity of w. ]
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11.3. Boundedness. Proof of Theorem 11.1

Throughout the subsequent analysis in this chapter, we shall frequently make use
of well-known smoothing properties of the Neumann heat semigroup (e'2);>q in Q.

Let us first use these regularization properties to derive the following estimate for
the solution component z under an appropriate boundedness assumption on wu.

Lemma 11.7. Let p > 1 and

{qE [1, .25 ifp <%,

(11.10)
q € [1,0] ifp>%.

Then for all M > 0 there exists C,(p,q, M) > 0 such that if for some T € (0, Tynax) we
have

(11.11) |lu(-, t)||r) <M forallt e (0,T),
then
(11.12) 2, )| ey < C.(p,q, M) for allt € (0,T).

Proof. In view of the Holder inequality, we may clearly assume that ¢ > p. Then
according to standard LP-L? estimates for (e!®);>g, we can find ¢; > 0 such that

le™ ¢l La() < 01(1 +772% q)> el e for all 7 > 0 and any ¢ € LP(Q),
and using the maximum principle for the heat equation, we easily obtain ¢, > 0 fulfilling
le™ ¢l La) < call@llze@ for all 7 > 0 and arbitrary ¢ € L>(Q).

Therefore, from the variation-of-constants representation of z,
t
2(, 1) = Bz +/ =)A= Dy (. 5)ds for all t € (0,7),
0

we infer that the assumption (11.11) entails the inequality
t
¢ O)llzage) < e[l 20l ooy +/ ™2l 5)| Loy ds
0

t
< e |20 o) + clM/ e~ (t=9). (1 +(t—s) 2670 )ds
0

for all ¢ € (0,T). Since (11.10) ensures that ¢z := [77(1 + 07%(%7%)) - e %do is finite,
this implies that
||Z(',t)||Lq(Q) S CQHZOHLoo(Q) —+ 6103M fOl" all t e (O, T)

and thereby proves (11.12). O
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Next, a boundedness property of z of the above form entails a certain regularity
property for Vu.

Lemma 11.8. Let ¢ > 1 and

{reu,%) if g <n,

(11.13)
r € [1,00] if ¢ > n.

Then for all M > 0 there exists Cy,(q,r, M) > 0 with the property that if T € (0, Tinax)
is such that
(11.14) 2(, )| La) < M for allt € (0,7T),
then
Vo, )| r) < Colq, 7, M) forallt € (0,T).

Proof. Again in view of the Holder inequality, we need to consider the case r > ¢ only,
in which according to known regularization properties of (¢'2);>¢, as contained in [104,
Lemma 1.3], for all s € [1, g] we can find ¢;(s) > 0 such that

1omi_1
(11.15) IVe™ ¢l zr ) < cl(s)<1 + 77272 >||gp| L(©)
for all 7 > 0 and each ¢ € L*(2), and moreover there exists co > 0 satisfying
(11.16) IVe™ || 1) < callpllweo (o) for all 7 > 0 and any ¢ € W'>(Q).

We now fix a nonnegative integer k and represent v(-,t) according to
t
(11.17) v(-,t) = =P8y, k)+/ D%y (-,8)2(-, 8)ds for all t € (k,00)N(0,T).
k
Here if k£ > 1, we may apply (11.15) to s := 1 and use Lemma 11.6 to estimate

(1118) Ve 20 k) @) < a1+ (=B 20D ol k)l

< 01(1)63(1 4 (t— k)50 >
<2ci(1)eg  forallt € [k+1,00)N(0,7)

with cg 1= fQ v + fQ wo. In the case k = 0, we instead employ (11.16) to obtain

(11.19) Ve P20 (- k)l 1) = Ve vol| 1)
< CQH’UO”WI,OO(Q) for all t > 0.
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In the second summand on the right-hand side of (11.17) we use (11.15) with s := ¢ to
see that

t
(11.20) HV/ e 2w (-, 8)2(-, 8)ds
k

< Cl(Q)/k (1 + (t - 8)_5_5(5_; )Hw(7 S)Z('75>HL‘1(Q)dS
for all t € (k,00) N (0,7,

where thanks to the hypothesis (11.14) and Lemma 11.5 we know that

[w (- 8)2( 8) o) < llwls 8)ll =@ ll2( 8) [ La)
<ecsM  forall se (0,7)

with ¢4 := [|wo|| g (). Therefore, (11.20) entails that

t
(11.21) HV/ eU=Bw(-, 8)2(-, s)ds
K @)
¢
< 1(q)eaM (1 + (t — 3)_5_%(57)>d$
k

< ¢1(q)eaM - e forallt € (k,k+2)N(0,7),

where the assumption (11.13) on r warrants that

is finite. Hence, in the case ¢t € (0,2) N (0,7) we infer from (11.17), (11.19) and (11.21)
that

||VU(', t)HLT(Q) < C2”UO||WL°°(Q) + C1(Q)C4C5M7

whereas whenever ¢ € (0,7T) is such that ¢t > 2, we can pick an integer k£ > 1 such that
t € [k+ 1,k + 2) and thereupon obtain from (11.17), (11.18) and (11.21) that

Vo, )llr@) < ea(1)es + ci(g)cacs M.
The proof is thus complete. 0

We can now prepare a closure of the regularity reasoning by deriving an estimate
for u from a supposedly present appropriate boundedness property of Vu.
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Lemma 11.9. Suppose that r > n. Then for all M > 0 there ezists Cy(r, M) > 0 such
that if

(11.22) V(- )||zry <M forallt € (0,T)
with some T € (0, Thax), then
(-, )| Loe () < Culr, M) for allt € (0,T).

Proof. Since r > n, we can fix a number # such that

,
11.23 0

( ) ~ r+1
and

(11.24) n<6<r.

Then according to Lemma 2.2 (iv) there exists ¢; > 0 fulfilling

(11.25) 172V - pll o) < 1772 5[]l 1o
for all ¢ € C*(Q;R") such that - v = 0 on .

Moreover, standard LP-L? estimates yield ¢y > 0 satisfying

(11.26) le™ 0l 1) < o™ 2 ||l 11

for all 7 > 0 and each ¢ € L*(Q) such that / ©=0.
Q

Now proceeding in a way similar to that in the proof of Lemma 11.8, for a given integer
k > 0 we use a variation-of-constants representation of u to estimate

(11.27) [, )] L)
t
p(t=R)A, (7/{;)_/ (t=5)Ay7 . < (+,s)Vu(, s)>d8
Loo()
< ||6t kA, ||Lo<> / H (t— S)AV )V'[}(-78 H ds
L (Q)

for all t > k. Here when k = 0, by the maximum principle we obtain

(11.28) 1€ P2 (-, k) || 1) = [le"uol| L= (a)
S HU()”Loo(Q) for all ¢t > 0,
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while in the case k > 1 we use (11.26) and recall (11.7) to see that

(11.29) 1% u( k) =) < €2 (-, k) = @) | (o) + o
<ot — k)72 Ju )—U0||L1 + o
< 205(t — k)" 2 |Juo||pr) + o
< 2¢||uo|| 1) + o forall t > k+1,

due to the relation e'*%g = g for all t > 0. In the rightmost integral in (11.27), we

invoke (11.25) to find that

(11.30) /k t

t
< 01/ (t — 3)’%’%Hu(-, s)Vu(-, 5)| 1o )ds
k
for all t € (k,00) N (0,7),

=92y . (u(, S)VU(',S>> ds

[

where an application of the Holder inequality combined with the hypothesis (11.22)
shows that

(11.31) lul, )Vo(, s)llzo) < IVOC, )@ - lluls)ll s

<M - ||u(-, s) . for all s € (0,7).

Since the property (11.23) ensures that -*% > 1 and that hence & : ;99 € (0,1), we
may once again use the Holder mequahty and (11.7) to estimate

Hu("s) I

i < I 8) 50y e 95y

= [[uollf ) - lu( $)ll =gy~ forall s € (0,7),

so that (11.30) and (11.31) imply that

(11.32) : (u(-,s)VU(~, s)> H ds

Lo (Q)

k
t
K _1_n —K
< e 0 - oy - / (t— 5y ul., )Lty ds
for all ¢t € (k,00) N (0,T"). Thus, writing

K=K(T) = sup |u(-t)|i=,
te(0,T)
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from (11.27), (11.28) and (11.32) we obtain that if ¢ € (0,2) N (0,7) then

1

t
(11.33)  luOll= < lollioy + M ol K- [ 1= s)4 s

< ol oo (@) + cresM [Juglfr(qy - K 7°

holds with ¢ := f02 o i s0do being finite due to the left inequality in (11.24). On
the other hand, if ¢t € (0,7) is such that ¢ > 2 then for some integer £ > 1 we have
t € [k+ 1,k + 2) and hence infer from (11.27), (11.29) and (11.32) that

(11.34) [[ul )]l o= @)
< 20 ||uo|| i) + To + 01M||u0||L1 KR /kt(t - s)_%_%ds
< 2¢s||ug || L1 () + U0 + crcaM|[uol| 71 (q) KR
Combining (11.33) with (11.34) thus shows that
K <eqg+esMKYE,

where ¢, := max{||uo| r=(0), 2¢2[|uol|r1(0) + W} and ¢5 = cics||uollfy gy, from which
upon an elementary argument we conclude that

Kgmax{(ch)M)rle ( C;f)”},
Cs

as desired. O

Combining Lemmas 11.7, 11.8 and 11.9 and using the mass conservation property
(11.7) as a starting point, we can now prove that u in fact must be bounded when
n < 3.

Lemma 11.10. Suppose that n < 3. Then there exists C' > 0 such that

(11.35) |u(-t)|[ze) £ C for allt € (0, Tiax)-

Proof. Since n < 3, we have § < gy SO that it is possible to find ¢ € [1, n| satisfying
n n

11.36 —<g< —.

(11.36) I P

Here the left inequality warrants that n”—fq > n, whence we can pick a number r fulfilling

nq

(11.37) n<r< .
n—q
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We now write M := |Jug||11(q), let

M = C.(1,q, M)
be as provided by Lemma 11.7 and

M; = Cy(q,r, M>)

be as given by Lemma 11.8, and claim that then for any choice of T' € (0, Tax) We
have

(11.38) lu(-, t)]| ooy < Cu(r, Ms) for all t € (0,7)

with C,(r, M3) taken from Lemma 11.9. Indeed, for any such 7', thanks to the right
inequality in (11.36) we may apply Lemma 11.7 which in view of (11.7) and the defi-
nitions of M; and M, shows that

||Z(',t)HLq(Q) S M2 for all ¢ € (O,T)
Due to the right inequality in (11.37), we thus obtain from Lemma 11.8 that
IVo(-, t)||zr) < Ms  forallt e (0,T),

whereupon Lemma 11.9 implies (11.38), because r > n by (11.37). Since T' € (0, Tinax)
was arbitrary, this directly yields (11.35). O

In light of the extensibility statement in Lemma 11.3, the above readily shows that
the local solution actually exists globally in time and has some further boundedness
properties.

Lemma 11.11. Let n < 3. Then the solution (u,v,w, z) of (11.3) is global in time;
that is, Thax = 00. Moreover, there ezist o« € (0,1) and C' > 0 such that

(11.39) [u(, )l Loy + loCs llwree@) + 1w D)l Loy + 120, )l o) < C
for allt >0, as well as

(11.40) <C

H“H02+a»1+%(ﬁx[t,t+1]) T "v”02+“'1+%(§x[t,t+l]) + HZ”CHQ’H%(QX[L#A]) =

forallt > 1.
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Proof. As shown in Lemma 11.10, we know that sup,co7,.. [[4(+t)||L~(q) is finite,
whence applying Lemma 11.7 to some conveniently large p > 1 and then Lemma
11.8 to suitably large ¢ > 1 we can observe that also supcr,..) [12(+, )|/~ and
SUDte (0, Tman) || VU(5 1) || Lo () are finite. In conjunction with Lemma 11.5 and the exten-
sibility criterion (11.6) in Lemma 11.3, this shows that T},., = oo and, by independence
of the obtained estimate with respect to t € (0, Thax) = (0,00), establishes (11.39).
Thereupon, straightforward bootstrap arguments involving standard interior parabolic
regularity theory (Lemma 2.7) readily yield (11.40). O

Now the proof of the main result on global well-posedness and boundedness is
obvious.

Proof of Theorem 11.1. We only need to combine Lemma 11.3 with Lemma 11.11.
O

11.4. Large time behavior. Proof of Theorem 11.2

The core of the proof of the stabilization result in Theorem 11.2 consists in the
following observation.

Lemma 11.12. The solution of (11.3) has the property that

(11.41) / / x,t)z(x, t)dxdt < oo.

Proof. For arbitrary ¢ > 0, integrating the third equation in (11.3) over © x (0,¢) we

obtain
/Ot/gzw(:v,s)z(x,s)dxds: /Qwﬂ(w)dw—/ﬂw(:v,t)dx.

Since w is nonnegative, this implies (11.41). O

When combined with appropriate compactness properties such as e.g. implied by
Lemma 11.11, the above integrability statement can step by step be turned into the
convergence results from Theorem 11.2. We first derive a weak version of the claimed
stabilization property of v.

Lemma 11.13. There exists a constant L > 0 such that

(11.42) |v(-,t) = L) — 0 as t — oo.

171



Proof. According to Lemma 11.11 and e.g. the Arzela-Ascoli theorem, we can find
(te)ren C (1,00) and a nonnegative function v, € C°(Q) such that ¢, — oo and

(11.43) v(,te) = Vo in LY(R)
as k — oo. To show that we actually have

1
(11.44) v(+,t) = U i= 9] / Voo in LY(Q) as k — oo,
Q

we let ¢ > 0 be given. Then in view of (11.43) and Lemma 11.12 we can fix k € N
large enough such that

(11.45) [0(,tk) = Vool L1(0) <

Wl M

and
(11.46) / / w(z, t)z(x,t) dedt < =
tr Q 3

Moreover, using the well-known fact that for any ¢ € L'(Q) we have e™¢p — ‘51' Jo o
in L'(Q) as 7 — oo, we can choose some suitably large 75 > 0 fulfilling

(11.47) €™ V00 — Tl L1() < for all 7 > 7.

Wl M

Then by means of the variation-of-constants representation of v we see that
(11'48) U(-, t) — U = e(titk)A <U<': tk) - U00> + (e(titk)A'Uoo — @>

t
+/ ety (- 5)z(-, s)ds  for all £ > ty,

ty

where from (11.47) we obtain
(11.49) et =2 — T 1y < % for all t > ¢, + 7.
Next, since e™ acts as a contraction on L*(Q), we can use (11.45) to estimate

(11.50) 2 (o 1) = v) || | < o) = vl

[

< % for all t > ty,
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and invoke (11.46) to infer that

t
(1L51) | [ e2utststas| < [t ol
LY(Q) 123
g/ /w(:c,s)z(a:,s)dxds
tr Q
<&
3

Collecting (11.48)-(11.51) shows that
HU(~,t) _mHLl(Q) <€ for all t >ty + 79,
which establishes (11.44) and thereby proves (11.42) with L := 75 > 0. O

According to Lemma 11.11 and the Arzela-Ascoli theorem, the above convergence
actually takes place in the space Wh>(Q).

Lemma 11.14. With L > 0 as in Lemma 11.13, we have
(11.52) lv(-,t) = L{jwreeq) — 0 ast — 0.
In particular,

(11.53) V(- t)|| o) — 0 as t — oo.

Proof. Since Lemma 11.11 asserts that (v(-,))>1 is bounded in C%(Q2) and hence
relatively compact in C*(Q) thanks to the Arzela-Ascoli theorem, (11.52) and thus
also (11.53) immediately result from Lemma 11.13. 0

Having asserted appropriate decay of the gradient responsible for cross-diffusion in
(11.3), we can proceed to make sure that u approaches its spatial mean in the large
time limit.

Lemma 11.15. The first component of the solution of (11.3) satisfies
|lu(-,t) = gl L) — O as t — oo.
where Uy is given by (11.5).

Proof. In view of Lemma 11.11 and the Arzela-Ascoli theorem, it is sufficient to show
that

(11.54) lu(-,t) — ol 2@y = 0 as t — oo.
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To accomplish this, we first recall that if \; > 0 denotes the first nonzero eigenvalue of
the Neumann Laplacian in €2, then

(11.55) le™@llr2@) < e Mol

for all 7 > 0 and all ¢ € L*(Q) fulfilling / 0 =0,
Q

because for any such ¢, by the variational characterization of A\; a standard testing
procedure shows that

d
= [lerep = -2 [ [werop
Q Q

< —2)\1/ le™2p|? for all 7 > 0.
Q

Moreover, with some ¢; > 0 we have
_1y 0 _agr
(11.56) HeTAV-QOHLz(Q) §61<1—|—T 2) - e A1 . HQOHLQ(Q)

for all 7 > 0 and any ¢ € C1(Q;R?)
such that ¢ - v =0 on 02

(cf. e.g. [104, Lemma 1.3]). We next let

h(z,t) := u(x,t)Vo(zx,t) for v € Q and t > 0,
and note that according to Lemma 11.11 we can find ¢, > 0 such that
(11.57) NR( )] 2@ < e for all t > 0,
whereas Lemma 11.11 combined with Lemma 11.14 entails that
(11.58) |h(-, )| L2y — O as t — oo.

Now in order to prove (11.54) we let € > 0 be given and can thereupon choose ty > 0
large enough such that

(11.59) e M ug — Up|| p2(0) < for all t > t,

wl ™

as well as

1

(11.60) c1Co - (1+072)-eMdo < % for all ¢ > tg,

m\w\g
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and such that furthermore

o t
(11.61) caillh(-, )] 20 - / (1+ 0_%) e Mg < g for all ¢ > 50,
0

where in achieving the latter we make use of (11.58). Then since constants are invariant
under the action of e®, we have ey = g for all t > 0 and thus can represent u
according to

u(-,t) — g = e (up — Ug) — /t et =IAY . b(-, 5)ds, for all ¢ > 0.
Here we apply (11.56) to estimate 0
(11.62)  [lu(-, 1) = ol 20
< e (uo — o) || 12(0) + 1 /Ot (1 + (t — s)—%> e M=) R 8) || 2oy ds
for all ¢ > 0, where due to (11.55) and (11.59) we have

(11.63) ||etA(u0 — ) || 20y < e_’\1t||uo —Up||r2(0) < for all t > t,.

Wl M

Moreover, (11.57) and (11.60) ensure that
(1164) C1 /2 (1 + (t — S)_%> e A(t=s) ||h(’ S)HLZ(Q)dS
0
< e /2 (1 + (t — S)_%> . €_>\1(t—5)d8
0

¢
_ -1 L om0
—0102ﬁ (1+0 2) e "o

2

< = for all t > tg,

while from (11.58) and (11.61) we infer that
t

[ (L 0= 9)78) el 5 e ds

t
< - sup h(-, )| 20 ﬁ (1 +(t— S)ﬁ) e~ M(t=9) g
2

S>§

=c - su;t) 12, 8)] 220 - / (1 + a’%) e Mg

$>§ 0

< ¢y -sup [|h(, 8) |2 - / (1 + 0_%) e Mo
s>% 0
€
< 3 for all £ > t,.
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Along with (11.63), (11.64) and (11.62), this shows (11.54) and thus completes the
proof. O]

Now the above convergence property has a straightforward consequence for z.

Lemma 11.16. The fourth component of the solution of (11.3) satisfies
(11.65) |2(-,t) — Wol| poo() —+ 0 ast — oo
with g determined by (11.5).

Proof. As a consequence of Lemma 11.11, we can find ¢; > 0 such that
(11.66) |u(-,t) = To||Le(a) < &1 for all ¢ > 0.

Now Lemma 11.15 says that given € > 0 we can fix some sufficiently large t; > 0 such
that

t
(11.67) (-, t) — | e (e < Z for all t > 7,

where enlarging t, if necessary we can also achieve that

(11.68) l2oll ooy - e~ < Z for all t > t,
and

(11.69) Up-e ' <= for all t > tg

as well as

(11.70) cLe7 < Z for all t > t.

By the variation-of-constants representation of z, we can write
t
(11.71) 2(,t) — g = e ez + / e~ (t=9)elt=)A <u(, s) — u_0> ds
0
t
+/ e~ =) et=9)Ausds — ug for all t > 0,
0

and use the maximum principle and (11.68) in estimating
(1172) ||€_t6tAZO||Loo(Q) S G_t”ZOHLoo(Q)
< Z for all ¢ > t,.
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As 9275 = 15, by (11.69) we moreover have

¢ ¢
—(t—s) (t—s)A-— o _ —(t—s) _ —_—
. 0 =
(11.73) ‘/e e Upds — g /e ds — 1| - g
0 L=(9Q) 0
= eitu_o
€
< 1 for all ¢ > t,.
Finally, again by means of the maximum principle we obtain
¢
(11.74) ‘ / e~ (t=9elt=)A (u(, s) — u_()) ds
0 L>=(Q)
t
< [ e IMutes) = T s
0
for all ¢ > 0, where from (11.66) and (11.70) we know that
3 3
(11.75) / e ||u(-, 8) — || L (yds < cl/ e~ =9ds
0 0
—ci(e7 —eh)
< Z for all ¢ > tg,
and where (11.67) guarantees that
¢ c
(11.76) / e ||lu(-, 5) — W Le(yds < 1 / e =) ds
_ Z S(1—e5)
£
< 1 for all ¢ > t,.
Inserting (11.72)-(11.76) into (11.71) yields (11.65). O

Whenever the limit in Lemma 11.16 is nontrivial, we can finally show that the
monotone limit of w(-, ) as ¢ — oo actually must be zero.

Lemma 11.17. Suppose that ug 0. Then
(11.77) lw(-,t)||Loe() = 0 ast — oo.

Proof. Since [,uo > 0, the uniform stabilization of z, as asserted by Lemma 11.16,
enables us to find ¢; > 0 and tg > 0 such that

z(x,t) > ¢ for all x € Q and ¢ > 1.
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Integrating the third equation in (11.3) with respect to the time variable, in view of
Lemma 11.5 we thus infer that

t
w(z,t) = w(x,ty) - exp ( - / 2(x, s)ds)
to
< |Jwoll e (q) - e—c1(t=to) for all z € Q and t > ¢,
which immediately implies (11.77). O

For completing the knowledge on the asymptotic of solutions, it remains to deter-
mine the value of the above number L. If uy Z 0, this can easily be achieved by using
Lemma 11.17 in conjunction with (11.9) and Lemma 11.14.

Lemma 11.18. Suppose that uy Z 0. Then the number L provided by Lemma 11.13
satisfies

where Ty and Wy are given by (11.5).

Proof. According to (11.9) and Lemma 11.17, we obtain that

/ xtdm—>/ d:):+/ o(x)dx as t — oo.

On the other hand, Lemma 11.14 shows that
/v(x,t)dx SIQIL ast— oo,
Q

Combining these relations immediately yields (11.78). O
Now the main result on stabilization is evident.

Proof of Theorem 11.2. We only need to collect Lemmas 11.15, 11.14, 11.18, 11.17
and 11.16. n

Remark 11.1. An interesting question left open in this chapter concerns the respec-
tive rates of convergence in Theorem 11.2, which is basically due to the fact that the
approach in this chapter is based on a compactness method. The only evident im-
plication of the results concerns the solution component w, for which it is clear that
according to the uniform convergence property of z, given any ¢ > 0 one can find
C. > 0 such that

w(z,t) < Ce-e”™ 9" forall t > t,.
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Remark 11.2. By straightforward adaptation, for the corresponding variant of (11.3)
given by

(14 = duAu — AV - (uV0), reQ 1>0
vy = dp,Av + awz, re, t>0,
wy = —awz, re, t>0,
z = d, Az — bz + cu, refl, t>0,
uw(z,0) = up(x), v(z,0)=uwvy(x), =z €,
\w(x,O) =wo(z), 2(x,0)=2z2(x), z=e€Q,

with positive parameters d,, d,, d,, A\, a, b, ¢ > 0, one can derive similar statements on
global existence and asymptotic stabilization. In this general setting, the convergence
results then read

uw(z,t) = ug, v(x,t) =709+ wWy, w(z,t) =0 and z(x,t)— gu_o,
uniformly with respect to z € €0, whenever ugy #Z 0.

11.5. Further results on nonlinear diffusion cases

In this chapter the linear diffusion case was studied via the Duhamel formula using
the heat semigroup, whereas this method cannot be applied to the case of nonlinear
diffusion as follows:

(ut =V . (D(u,w)Vu) = AV - (uVv), z€Q, t>0,
vy = Av +wz, reQ, t>0,
wy = —wz, re, t>0,
\zt:Az—z—l—u, re, t>0,

where the diffusion coefficient function D is a smooth function. This section is devoted
to introducing results of Fujie-Ishida—Ito—Yokota [22], whose subject is to develop an
approach to the system with some variants of nonlinear diffusion depending on both
and w in the two cases nondegenerate and degenerate.
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In this section we consider the following initial-boundary value problem:

(

up =V - (D(u,w)Vu) — AV - (uVv), reQ, t>0,
v = d,Av + awz, reQ, t>0,
wy = —awz, reQ t>0,
(11.79) \ z = d, Az — bz + cu, reQ t>0,
D(u,w)de = 2v = 2 =, z €09, t>0,
u(z,0) = ug(x), v(x,0)=wvy(zx), x € Q,
| w(x,0) = wo(z), 2(z,0) = 20(2), x €,

where 2 C R" (1 < n < 3) is a bounded domain with smooth boundary 0$2; v is an
outer unit normal vector on 9€); D is a nonnegative function on R x R; A\, d,,d,,a,b, c
are prescribed positive constants; ug, vg, wp, 29 are prescribed nonnegative initial data.

11.5.1. The case of nondegenerate diffusion

In this subsection we consider the case that there exists some constant ¢ > 0
fulfilling

(11.80) D(u,w) >¢cop >0 Vu,w>0.
Assuming the regularity of initial data

(11.81) {WO’UO’%’ZO) € CO(@) x W' (9) x C'(@) x Q).

Up, Vg, Wo, 20 > 0,
we will deduce stabilization in (11.79). The first main result reads as follows.

Theorem 11.19 ([22]). Suppose that (11.80) and (11.81) hold. Then there exists a
uniquely determined quadruple (u,v,w, z) of nonnegative functions

u, v,z € C°(Q x [0,00)) NC*HQ x (0,00)) and
w e C'(Q x [0,00)) NC"H(Q x (0,00)),

which solves (11.79) in the classical sense in Q x (0,00). Moreover there exists C > 0
such that

[uls Ol @) + 06 Ollwre @) + lwl OllLe@) + 1205 Dl =@ < C V> 0.
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We next determine the large time behavior of these solutions whenever ug is non-
trivial.

Theorem 11.20 ([22]). Suppose that (11.80) holds. Assume that ug, vy, wy and z
comply with (11.81), and that ug # 0. Then the solution (u,v,w,z) of (11.79) satisfies

u(-,t) = up in LP(Q) (t—o00) Vpell, o00),

v(t) > T+, w(t) =0 and z(',t)—>gu_0 in L®(Q)  (t — o0),

1 1 1
u_o::—/uo, v_o::—/vo and w_O::—/wo.
€2 Jq €2 Jq 12 Jq

Remark 11.3. Unfortunately, as compared with the convergence result in Section

where

11.4, the above theorem does not assure convergence of u in L*(2). Nevertheless,
convergences of v, w, z take place in L>((2).

Sketch of Proof of large time behavior. The case of linear diffusion is analyzed
by a straightforward estimate for w(t) — ug via the Duhamel formula. In the case
of nonlinear diffusion we need other methods. If the diffusion is of nondegenerate, we
invoke enough smoothness of u to establish the decaying property ||V f(u(t))|| 2() — 0
as t — 0o, where f is an increasing function determined by D(u,w). Then we have
the convergence u(t) — f~'(L) as t — oo with some constant L > 0. Finally noting
the mass conservation law in the problem (11.79), we can precisely determine the limit
function such that f~(L) = .

11.5.2. The case of degenerate diffusion

This subsection is devoted to considering the case of degenerate diffusion such that
D € C'([0,00) x [0,00)) requires the conditions that D(0,7r5) = 0 or all r, > 0 and
there exist ¢;,v > 0 and m > 1 fulfilling

~ c1r m—1 ry < 9
(11.82) D(ry,r2) 2 D(ry) =9 | .
Cl"}/m_ (Tl > 7)

Moreover we assume that there exist py > max{1,m — 1} and {D(ry); 5 > 0} such
that

D(ry,77)
D(ry,7 — ry > 0 and ro > 0),
(11.83)  G(ri,m) = lim _(7;,_7"22) B el G 2> 0)
T1,T: T1,T T o
(F1,r2)=(rm2) T D(ry) (r; =0 and 7, > 0).
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Under the regularity of initial data

(1180 {(uo,vo,wo, 20) € L¥(Q) x W (Q) x WLe(Q) x L®(Q),

Ugp, Vo, Wo, 20 Z Oa

we will study large time behavior in (11.79). Before stating the main results, we give the
definition of weak solutions of (11.79). We adopt a natural concept of weak solutions
by testing procedures.

A quadruple (u,v,w, z) of nonnegative functions defined on €2 x (0, 00) is called a
weak solution of (11.79) on [0, c0) if for all 7" > 0,

(i) u € L>=(0,T; L*°(Q)) with /u D(o,w)do € L*(0,T; H'()),

(i) v € L=(0,T; Wh>(Q)),

)
(i) w e L=(0,T; L=()),
(iv) z € L=(0,T; L®(Q)) N L*(0, T; H'(2)),
)

(v) (u,v,w, z) satisfies (11.79) in the following sense: for all ¢ € C§°(£2 x [0, 00)),

/ /([ (/ aw)da>— O gi(aw)Vw]~Vg0—)\uVU-V<p—ugot>

Z/QUW(O),
/OOO/Q(dUVv-VsoJrawzso—wt):/QvosO(O),

w(,t) = wo(x) exp (—a /Otz(x,s) ds) ac. (z,t) € Q x (0, 00),
/0°° /Q (d,Vz-Vp—bzp+cup — zp;) = /QZosO(O).

The first main result reads as follows.

Theorem 11.21 ([22]). Suppose that (11.82), (11.83), (11.84) hold. Then there exists
a uniquely determined quadruple (u,v,w,z) of nonnegative functions which is a weak
solution of (11.79) on [0,00). Moreover the weak solution (u,v,w,z) of (11.79) is
bounded in the sense that there exists C' > 0 such that

la®)ll (@) + [0(8) Iy + lo®llze@ + 2O im@ SC ace. t >0,
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Furthermore, the solution has the following properties:

||u(t)HL1(Q) = HUOHLl(Q) a.e. t > O,
(11.85) oz + lo® L@ = ol + lwol@ V>0,
Remark 11.4. Since the nonlinear terms in the second, third and fourth equations in
the problem belong to L>(0,T; L>(f2)), we can confirm that the solutions v, w and z

are in C°([0,00); L>=(Q)). From this reason, the conservation law (11.85) is valid for
all ¢ > 0.

We shall next discuss the large time behavior of these solutions whenever w is
nontrivial.

Theorem 11.22 ([22]). Assume (11.82), (11.83), (11.84) and ug # 0. Then for each
p € [1,00) the weak solution (u,v,w, z) of (11.79) satisfies either (1) or (2) stated below
holds:

(1) For any § > 0 and & > 0 there exists T, 5¢ > 0 such that |L,5 N (Tps¢,00)] <&,
where L, 5 is a measurable set given by L, 5 := {t € (0,00) | ||u(t) —To||Lr() > I}

(2) There exist a constant 6, > 0 and a sequence {sy}ren such that for all k € N,

|Lps, N (Skssk41)| =1 and  lim (sp4q — s5) = 00.
k—o0

Moreover, if the above (1) is satisfied, then
o(t) > T+ W, w(t) >0, z(t) > gu_o in L®(Q)  (t — o).

Difficulty and key lemma. In the case of nondegenerate diffusion, we invoke some
integrability in time and space and a uniform continuity argument to discuss conver-
gence of u. Unfortunately, due to the lack of regularity of the solution, this method
cannot be applied to the case of degenerate diffusion. Indeed, for a just integrable
function f : (0,00) — [0, 00) with

/Oof(t)dt< 00,
0

we only have that there exists some sequence {t;}y such that f(t;) — 0 as k — oc.
Instead of the uniform continuity argument, we generalized the usual subsequence
technique (c.f. [53, Proof of Lemma 2.5 (a)]).
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Lemma 11.23 ([22]). Let (X,|| - ||x) be a Banach space. Let xo, be any element of
X and x : [0,00) — X a measurable function satisfying that there exists a null set
N so that N D {t € (0,00) | ||z(t)|]|x = oo}. For any 6 > 0 define a measurable set
Ls C (0,00) \ N by Ls := {t € (0,00) \ N |||z(t) — zollx > 0}. Assume that for
any sequence {ty}ren C (1,00) \ N satisfying t;, — oo (k — 00) there exists a null set
N ({tr}ren) C (0,1) such that the following property (x) holds:

(for any T € (0,1) \ N ({tx}ren) there exists a subsequence {tx,(r)}toen of {tk}ren
*

such that  x(tg,r) +7) = oo in X (£ — 00).
Then either (1) or (2) stated below holds:
(1) For any 6 > 0 and £ > 0 there exists Tse > 0 such that |Ls N (Tse,00)] < €.

(2) There exist a constant &g > 0 and a sequence {si}ren Such that the following
properties are satisfied:

L5 O (s, sk41)| =1 VE €N, ]}i_{glo(skﬂ — 5p) = 00.
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Notation

General notations

N ={1,2,3,---} = natural number.

R" n-dimensional real Euclidean space (n € N), R = R'.
Ue {r e R" | x € U}, where U is a subset of R".

U\V = U NV where U,V are subsets of R".

|U| measure of U.

oU boundary of U.

U = U U 90U = closure of U.

UccV Uisa compact subset of V.

B,(x) = open ball with center z, radius r > 0.
Q denotes domain, i.e. a nonempty, connected, open subset of R".
olel
(6% —_ — e
D - aa1$1__.aanxn7 o = (Oéla , (0 ’CY| ZOJ,L.
Vu = (Ugy, -+ , Uy, ) = gradient of u.
n
0%*u .
Au = —~— = Laplacian of u.
ox:
i=1 g
‘u = = divu, where u = (uy, -+ ,uy,).
aZEi 1 n
ou .
5 = Vu - v = outward normal derivative.
v
0° =1
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Function spaces

HUHCm+9(§)

C? ()

loc

17()

|l e ()
L>(Q)

[l (@)

WP (Q)
[ullwms )

H™(Q)

[l rrm )

={u:Q — R | uis continuous on 2} .
= {u € C°(Q) | u has a compact support in Q} .

={u:Q — R | uis m times continuously differentiable on Q}.

= cm9).

m>1

{ue C™(Q) | for every multi-index a with |a| < m,

the function  — D%u(z) admits a continuous extension to 9Q}.

= Z sup | D%u(x)|.

\Mgmmeﬂ

< oo forall |a] < m}

sup 7
z,y€Q, xH#y |$——y|
(me NU{0}, 6 € (0,1)).
[D%u(z) — Du(y)|
= |lul| gm iy + sup
cm(Q) |Eé;nxﬂéﬂ vty |x___yw
_ (] (jm+900)
wCC2

= {u : 2 — R | u is measurable on 2 such that / lul” < oo}
Q

— (/Q|u|p); (1<p <o)

= {u:Q — R | u is measurable on  such that esssup,q|u(z)| < co}.

(1<p< ).

= esssup,cq|u(x)|.

={ue LP(Q) | D € LP(Q) for all |a] < m}.

= > IIDullzo(ey.

la]<m
= W2 (Q).

- Hu”wm,2(ﬂ).
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Let U C R", J C R be open bounded subsets, m € NU {0}, § € (0,1) and X be a
Banach space.

C2mm(U x ) ={u:UxJ—=R|Due COU x J) for |a| +2j < 2m}.
[ull czmm @ x7) = Y D8 ull oo
o425 <2m
m+0,m+2 77 T m,m (TT T
o5 (@ Ty = {ue T xT) | Nl psomis gy < 00}
where
||u||02m+9,m+%(vxj) - ||u||c2m,m(ﬁ><j)
D& u(x,t) — D& uly, s
+ Z sup | z Yt ( ) 6:1: t (y )|
lal+2j<2m z,y€el, z#y, t,s€J |{L‘ — y|
|Dg8ju(x, t) B Dgaju(ya S)|
+ Z Sup : T :
0<2m+0—[a|—2j<2 z,y€U, t,s€J, t#s, |t _ S| 2
CPmm (U x 1) = U C?mm (T x ).
open bounded subsets U’'CCU, J' CCJ
4’
Cc™(J; X) = {u S =X ) vl exists and is uniformly continuous on J
for 5 < m}
LP(J; X) = {u J = X ) u is strongly measurable and

I el [y < 00}

Let k € N. We shall say that 2 is class C* (see [10]), if for every & € AU there exist a
neighborhood U of x in R™ and a bijective mapping H : () — U such that

HeC™Q), H'ec™U), HQy)=UNQ, H(Q)=Uno,
where
Q={z=(2",z,)||2| <1 and |z,| <1},
Qi ={z=(2",2,) € Q|w, >0},
Qo ={z=(2",2,) ||| <1 and =z, =0}.

In this thesis we always assume that Q is of class C*.
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