PH. D. THESIS

Studies of a random sampling and stochastic

processes on the ring of p-adic integers
(pEBBIR LDV X LYV TY v
B L OHEREFR B 2 5%)

(E&H)

Hisaaki MATSUMOTO
(ot AHH)



Acknowledgements

First of all, my deepest appreciation goes to Professor Hiroshi Kaneko whose comments and
suggestions were innumerably valuable throughout the course of my study. Not only that, he
was please to a wide variety of advice, in some cases help over public and private.

Further, I'm grateful for other teachers, colleagues and beloved friends whose encouraged
and gave support for me in a variety of situations in the past of life.

Finally, I would also like to express my gratitude to my family for their moral support and
warm encouragements.

Hisaaki MATSUMOTO



Contents

1 Introduction 1
1.1 Historical backgrounds and aim of the thesis . . . . . ... ... ... .. ...
1.2 p-adic numbers and its basic property . . . . .. . ...

2 A pairwise independent random sampling method in the ring of p-adic in-

tegers 4
2.1 Hybrid effect of random and algorithmic samplings . . . . ... ... ... .. 4
2.2 Fundamental property of p-adic Van der Corput sequence in Z, . . . . . . .. 6
2.3 A modified Random Weyl samplingon Z,, . . . ... ... ... ........ 6
3 A Dirichlet space associated with consistent networks on the ring of p-adic
integers 11
3.1 Various compatible sequences of networks . . . . . . . . ... ... ... 11
3.2 Sequence of r-networkson Z, . . . ... ... oo 13
3.3 A resistance metric on set of vertices . . . . . ... ... L. 17
3.4 Completion with respect to resistance metric . . . . . . . . ... ... ... .. 21
3.5 Dirichlet space for Hunt processon Z, . . . . . . .. ... ... ... ..... 23
4 A convergence of Hunt processes on the ring of p-adic integers and its
application to a random fractal 25
4.1 Discussing convergence of Hunnt process based on Dirichlet space theory . . . 25
4.2 Convergence of Dirichlet forms . . . . . . . . ... ... ... L. 26
4.3 Lemmas . . . . . . . 29
4.4 Convergence of Hunt processes . . . . . . . . . . . ... ... ... 32
5 Orlicz norm and Sobolev-Orlicz capacity on ends of tree based on proba-
bilistic Bessel kernels 37
5.1 Sobolev-Oricz capacity on ultrametric spaces . . . . . . . . .. ... ... ... 37
52 Treeanditsends . . . . . . . . . . L 38
5.3 Young function, Luxemburg norm and Orlicz space . . . . . ... .. ... .. 40
54 Equivalent norms . . . . ... 43
5.5 Hunt process on ends of tree and Sobolev-Orlicz capacity . . . . . . . . .. .. 44

5.6 Comparison of Sobolev-Orlicz capacity with probabilistic capacity . . . . . . . 48

il



Chapter 1

Introduction

1.1 Historical backgrounds and aim of the thesis

Stochastic analysis on fractals was initiated in the 80’s and developed mainly by M. Fukushima,
K. Hattori, T. Hattori, J. Kigami, S. Kusuoka, T. Kumagai and V. Metz based on its self-
similar structure. After the decade, a study on stochastic processes on the field Q, of p-
adic numbers was started by S. Albeverio and W. Karwowski. Their method relied on its
hierarchical structure and established but in an independent fashion of the one in analysis on
fractals, whereas Haar measure with a self-similarilty was imported and it played central role
in constructing such function spaces as Dirichlet spaces as in the case of fractal analysis.

After Albeverio and Karwowski constructed a Hunt process on @@, whose infinitesimal oper-
ator covers the Vladimirov operator in [1], many schemes were launched as generalized variants
ruling Hunt processes. Exemplary attempts of them are undertaken by Albeverio, Kaneko,
Kigami, Yasuda, Karwowski and Vilela-Mendes. Karwowski and Vilela-Mendes focused on
the case where the infinitesimal generators are given as modified Vladimirov operator in [18].
The study undertaken Kaneko addressed a class of Hunt processes which admits infinitesimal
generators with no apparent symmetry in their description in [29]. Yasuda emphasized that
rotational invariance is not essestial in constructing semi-stable processes by taking limit of
suitably scaled sums in [44].

Subsequently to those schemes, a research in another direction was undertaken by Albeverio
and Karwowski ([2]). They proposed a space consisting of ends of a tree as an even more
generalized state space than @Q,. They constructed jump processes on the space consisting
of the ends which illustrates a random motion of particle driven by jump to an end from
another, where the randomness of the motion is interpreted by the notion of conductance.
They revealed that the whole figure of their class is captured within the scheme of the Dirichlet
space theory, the infinitesimal generator is written in terms directly of eigenfuctions as in [1].
This approach can be viewed as the intuitive method where the conductance comes first and
the families of eigenfunctions and eigenvalues emerges later. In this case, tangible description
of the symmetry of the operator is not given similarly to the case in [29].

Recently, Kigami proposed a class of Hunt process on the space ¥ consisting of all ends as
a wider coverage to overview the existing frameworks on measure symmetric Markov processes



on non-Archimedean spaces where the eigenvalues and the eigenfunctions are provided first so
as to be the ones associated with the nodewise given Dirichlet forms [22]. Since it turns out that
eventually these are the ones of the infinitesimal generator of Hunt process in the scheme, this
approach is grasped as the study where the families of eigenfunctions and eigenvalues comes
first and the conductance emerges later.

In this thesis, we will present to some results of the the study concerning probability on
p-adic integers.

In chapter 2, we will see that a modified p-adic Van der Corput sequence provides us
with a reasonable counterpart of Weyl’s irrational rotation in the ring. For the ring of p-adic
integers, any sequence which plays a similar role to Weyl’s irrational rotation has not been
proposed yet. We will present a similar random Weyl sampling on the ring to the one proposed
by Sugita and Takanobu. In the process of establishing the counterpart, a sampling method
based on a function with naturally extended domain to the field of p-adic numbers in terms
of the additive characters will be mentioned.

In chapter 3, we will give a method of reconstruction of a random walk in the ring of p-adic
integers. Fractals and its self-similarity was investigated well by Hutchinson in [16], Hohlfeld
and N. Cohen in [15]. Paying attention to a structural importance in the self similarity, we will
perform the construction by means of modified method for constructing canonical stochastic
processes on fractals in the Euclidean space. As a result, we will obtain an important subfamily
of Albeverio and Karwowski’s stochastic processes in [1] with a self-similar randomness.

In chapter 4, we establish an accommodated procedure to show the convergence of Markov
processes on the ring of p-adic integers which emerges from a construction of random fractal. So
far, the convergence of the stochastic process are discussed by such as Kolesnikov in [23], [24],
Kuwae and Shioya in [27]. As seen in other studies on the subject, the notion of generalized
Mosco-convergence will be highlighted.

In chapter 5, we will take an advantage of probabilistic counterpart of the Bessel kernels
and define Sobolev-Orlicz capacity on ends of a tree. These procedures enable us to derive ca-
pacitary estimates from a spectral analytic overview based on recent development of stochastic
analytic schemes on the ends of tree. More specifically, we will focus on capacitary estimates
for singleton given as an end.

1.2 p-adic numbers and its basic property

For the prime nunber p € N, we set

Qp = {Z aipi

=N

a; €{0,1,...,p—1}, NEZ}

and for any x € Q,,

el = p= ot (x#0),
P 0 (x=0)



where

d the highest power of p which divides x =z € Z,
ord, x =
b ord, a — ord, b, r=ua/bja,b€eZ, b=0.

Qy is cald p-adic field and |[| - [|, is p-adic norm. In paticular, we set the p-adic integers that

Zp ={x € Q| [lz[l, < 1}.

| - [, is norm on Q, and Z,, futheremore satifying that

[+ yll, < max({lyll,, lyll,) (<[], + lyll,)-

This inequality is called the strong triangle property. Thus, Q, becomes ultra metric space
with non-Archimedian properties.



Chapter 2

A pairwise independent random
sampling method in the ring of p-adic
integers

2.1 Hybrid effect of random and algorithmic samplings

For the ring Z, of p-adic integers, p being a fixed prime, any sequence which plays a similar
role to Weyl’s irrational rotation has not been proposed yet. In mainframe of the chapter,
we are going to investigate how a sequence of points in the ring can be generated relying on
algorithmic procedure, aiming at an approximation to the integral of function with respect
to the Haar measure on the ring Z, without losing advantages in use of the sequence given
by purely random choice of points. To achieve this objective on Z, in this chapter, we will
introduce a sequence on Z, hinted by p-adic Van der Corput sequence, similarly to the sequence
with randomness proposed by Sugita and Takanobu on the multidimensional torus.

Numerical approximation methods with an empirical average of function at algorithmically
generated points could result unsatisfactory rate of convergence to the integral, if the function
takes exceptional values at those sampling points. To avoid such a problem, we can shift our
focus onto so called i.i.d.-sampling, which is a core idea supporting the Monte-Carlo method.
Sugita and Takanobu mentioned in [39] two facts on the i.i.d.-sampling, one of which says that
sampling with large sample size provides us with a secure approximation for square integrable
functions and the other says that the i.i.d.-sampling with large sample size responds the
quality of the generated pseudorandom numbers; i.e., the statistical bias of them may largely
be amplified and diminish the quality of the sampling method. We can find some advantage
in a sequence of randomly generated points on the state space. However, it may create a
problem arising from statistical bias.

For improving this dichotomous situation, Sugita and Takanobu focused on a sequence with
a hybrid effect of random and algorithmic choice of sampling points and proposed a sampling
method with the sequence {{z + na}}2, each term of which is given as the fractional part
{z + na} of z + na with a random initial value z and a random common difference « in the
k-dimensional torus T*.



As for the algorithmically generated points on Z,, it has been revealed in [11] that such
non-random sequence of numbers as the sequence of non-negative integers in Z, plays a similar
role to the p-adic Van der Corput sequence in the unit interval as traditionally studied in [25].
However, non-random sequence of sampling points could again result unsatisfactory rate of
convergence, if the integrand has exceptional values at those sampling points.

One might imagine that the sequence {z +na}> , with randomly taken initial value x and
common difference a from Z, gives us some hints. However, one fails to achieve this by simply
using the sequence. In fact, when x and « is taken from a ball centered at zero with a small
radius, the non-archimedean inequality shows that ||z + nal|, < max{||z|,, lo[,}. This fact
results that the empirical average can not cover the value of the function at any points outside
the ball centered at zero with radius max{||z||,, |||, }-

In this chapter, instead of non-negative integers, we will use the p-adic Van der Corput
sequence for approximating the integral of functions on Z,. Let

D,={0,1,...,p—1} (2.1)

and
L— {E+...+CL—_MM Me{1,2,...}, ar,....a-m er}. (2.2)
p p
We define the fractional part {z}, of z € Q, as a unique element y € L which satisfies
x —y € Z,. Accordingly, the integer part [z], of z € Q,, is defined by [z], = v — {z},.

In Section 2, we will see that, for any o € Z,, the subset {[;—fj]p |nef0,1,....pm—1},m €
{1,2,...}} in the ring Z, of p-adic integers is dense in the ring if and only if o ¢ Q. This
suggests that the p-adic Van der Corput sequence provides us with a counterpart of Weyl’s
irrational rotation in 7Z,.

In the one-dimensional case in [39], the method with the Fourier series is employed based
on the complete orthogonal system {e>™V=1¥}, , in L2([0,1)), which is viewed as a sequence
of periodic functions on the real line with period 1. The fundamental system of functions is
used for extending domain of functions to the real line without removing the integer part of
the variable of functions in the description. In accordance with the procedure, we will take
a complete orthogonal system described by the additive characters on Q, for extending the
original domain Z, of functions to the whole space QQ, without removing the fractional part
of variable of functions in their description. For square integrable function f with respect to
the Haar measure on Z,, we will examine the behavior of the sequence {+ ij\/:f; (x+xpa) —
pr f(y) dy} involving the k-th term zj of the p-adic Van der Corput sequence and f with
the extended domain, under independently random choice of z, a € Z,, for achieving a similar
result to random sampling method established by Sugita and Takanobu in [39]. We will finally
be in a position to regard this approximation for fzp f(y) dy as the one based on a modified
random Weyl sampling.

The authors express their gratitude to the reviewer for his or her valuable suggestion. The
authors were not able to describe this modified random sampling in a smart fashion without
the reviewer’s insightful suggestion.



2.2 Fundamental property of p-adic Van der Corput se-
quence in Z,

For the random Weyl sampling in the unit interval in the real line based on Weyl’s irrational
rotation, one takes the sequence each term of which is given as the fractional part of the product
of non-negative integer and a fixed irrational real number. As pointed out in Introduction, it
is required to find some sequence in Z, other than the one involving an irrational number as
common difference for creating a similar effect to Weyl’s irrational rotation. We will make an
attempt of taking the integer part of the terms in the sequence in @@, obtained as the product
of a fixed number in o € Z,, \ Q and the p-adic Van der Corput sequence.

Proposition 2.1 Let o € Z,,. The set

o= {[2],

is dense in Z,, if and only if o ¢ Q.

nE{O,l,...,pm—l},mE{1,2,...}}

2.3 A modified Random Weyl sampling on 7Z,

In this section, we will present some results for establishing a reasonable modified random Weyl
sampling on Z, by taking the results of the previous section into account. In what follows,
the Haar measure on Z, will be denoted by p and assumed to be normalized as p(Z,) = 1.
The integral of complex valued integrable function f on Z, with respect to the Haar measure
will be denoted by pr fly)dy.

Definition 2.2 A random element y in Z, is said to be uniformly distributed if P(y € E) =
p(E) for any topological Borel subset E in Z,. For any complex-valued square integrable
function f on Z,, the variance Var(f) of the function is defined by

2
Var(p) = [ |7(0)~ [ fw)ay| da,
ZP ZP
We introduce the Fourier transform
f© = | fla)eYehdy,  £eq,

Zp

for any complex valued square integrable function f. Then, the original function f is restored
as
flo)y= [ fee &g zez,
Qp
by performing the inverse Fourier transform (see Chapter 1, VIII in [42]). Since f can be
regarded as a function on Q, whose support is contained in Z,, i.e., the ball B(0,1) centered



at the origin and with radius 1, f takes a constant on every ball with radius 1 as seen in
Chapter 1, VII in [42]. Accordingly, another representation of the function is given as

) =3 f© / 2V Tr(Ern)ahy gy

cclL B(0,1)
- Z f(f)e_Q\/jM{&}pv T € Ly,
el

where L has been defined by (2.2).

As for the additive character x(&t) = e2V~1™ér we easily observe that

N /

Zp

V(ED(—€t) dt = / (€ —E)tydi =1

Zp Zyp

for any ¢ € L and

/Z V(EDX(t) dt = / V(€ — )ty dt =0

Zyp

for any pair of distinct £, € L. From these identities, we can derive
| 1r0r e =X 1P
Lp cel
Consequently, we see that the additive characters provide us with the complete orthonormal

system {x(&t)}eer in L*(Zy, p1).

A natural extension of the domain of f to Q, is performed by

fla) =" fQe > ™ =N fO)x(~€x),  z€Q,

gel ¢el

For any positive integer M, we take function fj; on Q, defined by

fu@ = 3 f© /B Ty

£€LNB(0,pM)

PN

= Y f@x(¢), z€Q, (2.3)

£eLNB(0,pM)
where B(0, p™) stands for the ball centered at the origin with radius p™.

We recall that the sequence

dy dy
determined by the p-adic expansion k = dy + - - - + dyp’ of non-negative integer k constitutes
the p-adic Van der Corput sequence in [37]. Hereafter, we will take the p-adic Van der Corput



sequence {zy}72,. We will focus only on f(z + zpa) and fas(x + z4) instead of f(z+ [xraly)
and fu(x + [zral,) respectively without removing fractional part of variables, similarly to
the method of extending domain of functions in [39] without removing integer part of the
variables.

In the first theorem in this section, we will consider the sequence

{ Z_f(:c—ir:ck@)}

with uniformly distributed independent random variables a and = on Z,. Our main interest
is under what condition the sequence

{Jiﬁ S (F(r + p0) — / f(v) dy>}

with a slower growth rate in the denominator can be expected to converge to zero as N — oo
for any square integrable function f on Z,. In this chapter, the method focusing on the
sequence for fast approximation to the integral pr f(y) dy by the empirical average

[e.9]

==

N=1

[e.e]

N=1

=z

flz + za)
0

1
N

i

is called modified random Weyl sampling on Z,.

We see that the modified random Weyl sampling on Z, has the robustness in the sense in
[40] as the method proposed by Sugita and Takanobu.

Lemma 2.3 Let f be a complex valued function in L*(Z,, u) and & € L\ {0}. Then,
() fl@+a€) € L2(Zy X Ty X 1),

(i) T [1£( + &) = Far( + )| oyt oy = O

i) /[ v anio= [ j)ay

IL...

(iv) & € L\ {0} and & # & imply

//prz,, (f(ar +af) — . f(y) dy) (g(w +af’) — /z,, g(y) dy) dxda = 0,

for any complex valued function g in L*(Zy, i1).

2
dxdo = Var(f),

flz+af) - i fy)dy




Theorem 2.4 For any complex valued function f € L*(Zy, i),

{f(x +az) - [ I dy};

constitute an orthonormal family in L*(Z, X Zy, i X p1) satisfying

//przp i

hm—fo—l—ozxn /f Ydy X pace. (z,q),

2

T+ ax,) — f(y)dy| dxda = Var(f).

Zp

In particular,

N—ooo [V

and for any positive integer N ,

I

Let us recall D, = {0,1,2,...,p—1} (cf. (2.1)). To each integer N with N —1 > p?, there
corresponds a unique pair of sequence of integers hy > hg > --- > hy > 0 and rq,ro,...,75 €
D, \ {0} such that

N-1 2
1 Zf T+ axy,) : f(y)dy dxdoz:%\/ar(f).

n=0

N —1=rp" 4 rop" 4 - rph, (24)

where s = max{f € {1,2,...} | N —1 > p’}. We let (v1,15) denote the greatest common
divisor of integers v; and vs.

Lemma 2.5 For any q with 1 < q < 2, any & € L\ {0}, and any N € {1,2,...} with
N—12>p%

(i) under the correspondence (2.4)

N—
1 q
T = foz:vn
=0
I G VT }, 2vTm{ 52 e
S " 71'(1 h +1 ™m pTi do ’

where s = max{{ | { is positive integer satisfying N — 1 > p*},
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(ii) for any j € {1,---,s} and & € L\ {0} represented as & = i with v € {0,...,pM — 1}
and (v,p) = 1,

rj—1phi=? o
/ 62\/ wa{ h +1} o
Zp| g=0 n=0
. co q
1 1 _ sinmr;e
= i | )+ Y =
pM phi sin T
co€Dp\{0} P
M+h; . [ ) =1 g
+ sin 7r; —c0+c1£l++1 Tar gin phs QFAPE pz+cl =
DD
‘) CoFeipttept . _coteiptetept! ’
I=hj+1 cpeDp\{o} | ST S o
c1,..,c;€Dy
(ili) for any positive integer M, non-negative integer h and r € D,
: . -1 q
M+h sin Tr CO+Clth1 +cap sin 7Tph cotcipt pl+cz—1p
Z Z ; cotecipt-tep! : cotc1p+-te_1pt 7L
1=h+1 weD\(0) ST S P
CZED
M+h p'—1
<plr|? E , E :’
1 o [SInTg
Mp™i¢(q)
_1\e T S\ hg+l
S (p 1) 2q_1 p 9
. . . oo 1
where ¢ stands for the Riemann zeta function, i.e., ((2) = > ", -=.

Proposition 2.6 For any { € L\ {0},

1 N-1 q é
lim — ax,)| do =0.
N%o< |75 nz:; x(€axy,) )

Theorem 2.7 For any q satisfying 1 < q < 2 and complez-valued function f € L*(Zy, i),

N-1
1
lim — E (x 4+ ax,) — d

q

dxdo = 0.




Chapter 3

A Dirichlet space associated with
consistent networks on the ring of
p-adic integers

3.1 Various compatible sequences of networks

Stochastic analysis on fractals on was initiated from the 80’s to 90’s and developed mainly
by M. Fukushima, K. Hattori, T. Hattori, J. Kigami, S. Kusuoka, T. Kumagai and V. Metz
based on its self-similar structure. In the latter the decade, a study on stochastic processes
on the field of p-adic numbers was started by S. Albeverio and W. Karwowski. Their method
relied on its hierarchical structure and was established but in an independent fashion of the
one in analysis on fractals, whereas Haar measure with a self-similarilty was imported and it
played central role in constructing such function spaces as Dirichlet spaces as in the case of
fractal analysis.

A remarkable development of analysis on fractals has been made by taking an increasing
family {V,,}>°_, of finite sets and introducing a family {H,,}5_, of Laplacians on {V,,}>°_,
so that each Laplacian H,, in the family is given as a linear map H,, : {(V,,) — €(V,,), where
0(V,,) stands for the set of maps from V,, to R. Then, the sequence {€x,, }5°_, of Dirichlet
forms is associated with H,, through the identity &y, (u,v) = —(u, H,,v) (u,v € €(V,,)) for
each non-negative integer m, as described in the monograph written by J. Kigami [20]. When
the maps Fy,..., Fiy_1 are contractions characterizing the self-similar structure of a fractal
K as K = Foy(K)U--- U Fy_1(K) in the Eucldean space and (Hy,r) is a regular harmonic
structure with some sequence r = (rg,...,ry_1) of N positive real parameters s in the sense
in [20], a canonical diffusion process on K is obtained by the Dirichlet space given as a limit
of the Dirichlet forms recursively determined by

Vm—i—l — Fo(vm) U st U FN—l(Vm)a
N—

H
| —

Erpr (U, v) = En, (uo FyvoF;) for u,v € l(Vyi1)

3

i=0 °

with an initial set V of geometrically configured vertices in K.

11
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The harmonic structure, which is de facto standard structural grip on fractals, is repre-
sented by a pair (Hy,r) of the initial Laplacian Hy on Vj and the sequence r, when

8H0 <u7 u) = ET

. 1, (u,u) = min Ex (v, v
Vo JVOXVOJVO( ) ) vel(V),vlvy=u 1( ) )

is satisfied for the submatrices Ty, Jy, and Xy, of Hy each of which is given as the linear map
Ty, : L(Vy) = L(Vy), Jy, - L(Vo) — L(Vi\Vp) and Xy, = £(Vi\Vy) — £(Vi\ Vo) respectively. Then,
it turns out that {(V,,, Hn)}>_, is a consistent sequence of r-networks in the sense in the
monograph [20]. If 0 <r; < 1foralli=0,1,..., N —1, a harmonic structure (Hy, r) is said to
be regular and a pilot scheme for analysis on fractals was built based on the regular harmonic
structure. In fact, if a harmonic structure (Ho,r) is given, for any z,y € Vi = |J,, Vin, the
effective resistance

R(z,y) = (min{&p,, (u, v) | u € ((Vin), u(z) = Lu(y) =0})~",

determined independently by the choice of m with z,y € V,,, defines a metric on V, and
the regularity gives a sufficient condition for the completion €2 of V, with respect to R to be
embedded into the fractal K. The metric R plays a crucial role in the main scheme in [20].

In this chapter, we will take V, as the set of all non-negative integers contained in the ring
Z, of p-adic integers so that a similar object to the compatible sequence {(V,, Hy,)}oo_, of
r-networks is constructed. We will see that the completion of V, with respect to the resistance
metric is homeomorphic to Z, with the p-adic distance. As a result, we will see the networks
obtained by our procedure generates a Dirichet form corresponding to the Markov process in
the subfamily of random walk constructed by Albeverio and Karwowski in [1].

The existing theories of Markov processes on fractals are widely appreciated as a versatile
probabilistic coverage for such typical fractals as Sierpinski gasket, pentaflake and snowflake
with continuous random motion guided by contractions charcterizing their geometric self-
similarities. By contrast, p-adic case, jumps communicating any couple of disjoint balls are
required to be feasible at each hierarchical level in the iterative method, as seen in the ran-
dom walk constructed by Albeverio and Karwowski in [1]. Accrodingly some maps inducing
random jumps can not be contractive in this case and it will be required to cover all rings
Z,, determined by an arbitrarily given prime number p. Similarly to the existing approach
through the compatible sequence {(V;,,, H,,) }5o_, of r-network associated with some family of
maps Fy,...,Fn_1 @ Vi = Vi with Vi = (J)_, Vi, we apply the network method to cover
potential theoretic features in the ring of the p-adic integers and construct a canonical Hunt
process on the ring, however, we will modify the method for our use in non-Archimedean
environment.

In Section 2, we will introduce a family of maps Fy, ..., Fji w1 from Vo5 ={0,...,p—1}
to Vigz, = {0,...,p* — 1} guiding the self-similar random jumps of particle’s motion with
Markov property. In Section 3, we will slightly modify the framework established in [20] so
that jumps guided by map with no contraction is allowed in the modified method. In Section
4, we will see a Dirichlet space naturally built on the ring Z, corresponding to a random walk
constructed by S. Albeverio and W. Karwowski.
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3.2 Sequence of r-networks on 7,

We will define a family of maps {Fy, ..., F,_1} which characterizes a self-similarity of Z, and
works cohesively with the existing probabilistic fractal theory.

In the ring Z,, viewed as the ball centered at the origin with the radius 1 in the field Q,
of p-adic integers, for any x € Z, and non-negative integer m, we denote the ball
{y € Zy | lly—=|, < p™™} by Bn(z) and we introduce contraction F; : Z, — B(i)
given by Fj(x) = pr + i for each i = 0,1,2,...,p — 1. Then, we see that the direct sum
Z, = Fy(Zy) U --- U F,_1(Z,) shows the simplest self-similar structure for Z,. By taking
Voz, = {0,1,2,...,p — 1}, as the union of the images Fy(Voz,), ..., Fp-1(Voz,) we have
Viz, = {0,1,2,...,p* — 1} and inductively we obtain V,,z, = {0,1,2,...,p™"" — 1} as the
union of images Fo(Vin-1z,), - - -, Fp—1(Vim—1z,) for any positive integer m.

Let us establish a framework which presides over random motions of the particle by means
of the Dirichlet form and Laplacian as given by J. Kigami based on Definition 2.1.1 and
Definition 2.1.2 in the monograph [20]. For that purpose, we introduce the Laplacian Hoz,
on Voz, =1{0,...,p—1} by

Hoyz, = : _ :
1 1~

and the linear space E(Vm,zp) given as the set of real-valued functions defined on V}, 7, for any
non-negative integer m. For the initial setup, the Dirichlet form g, with the domain £(Voz,)
associated with the Laplacian Ho g, is given by Ep,, (u,v) = —(u, Hoz,v) for u,v € {(Voz,).

Since the probability of transition from By (k) to Ba(¢) with ||k — €[], = % is positive and
larger than the one from By (k') to By(¢') with [|&" —¢'[|, = 1 for typical Hunt processes
constructed by Albeverio and Karwowski [1], which means the matrix representation of the
Laplacian Hyz, on Viz, is required to be obtained with distinct off-diagonal components,
another family {F),, ..., Fpipp_1} of maps from Vjz, to Vi z, is required to induce jumps from

By (k') to By(¢') with [[&" — ¢'||, = 1.
Accordingly, we introduce the family {F}, ..., F,4,»_1} of maps by

'p:c + mop on By(0),
pr+mip— (p—1) on Bi(1),
Fi(r) = {pr+mep—2(p—1)  on By(2),

(pr+my1p—(p—1)> on Bi(p—1),

where j = p+mo +mup+ -+ +m, 1pP~ with mg,...,m, ; € {0,...,p—1}.
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2 2 2
By taking r = (ro,r1,. .., "pipp—1) = (p_’ p—, ey p—,p”,p”, e ,pp> with some positive real
¢’ c c

~ -~

P P
constant ¢ and the inductive procedure already introduced in fractal analysis, the sequence
{€n,,, tm=o of Dirichlet forms is determined by the fornula:

p+pP—1 1
gHm+1,Zp (u’ U) = Z FgHm,Zp (u © F’H vo FZ)?
i=0

each domain of which is given as ¢(V,,,41,z,). Through these procedure, we have obtained a
sequence {(Vinz,, Hmt1,2,)} of r-networks on Z,.

Example 3.1 (Consistency of Dirichlet forms on Z,) In the case p = 2, the Laplacian
Hoz, on Vyz, = {0,1} is given by
-1 1
Hoz, = ( 1 —1)

and the sequence of real parameters r is given by r = (22 /¢, 2? /¢, 22,22, 22 2?) and the following
maps Fp, ..., F5 from Vyz, = {0,1} to Viz, = {0,2,1,3} are required for the sequence of
Laplacians:

Fo(x) = 2x on Zs, Fi(z)= 2x+1 onZ,,
)2z on By(0), )2 +2 on B(0),
Fole) = {2x—1 on By(1), W= {2x—1 on Bi(1),
(0) (0)

Fu() 2x on B1(0), Fi(z) 2 +2 on B(0),
xr) = €Tr) =
! 22 4+1 on By(1), ° 2041 on By(1),

for the recursive definition of the Laplacians. In fact, these maps associate the matrices

100 0 0010
MO:(OlOO)’ Ml:(0001>’
100 0 0100
M2:<0010)’ M3:(0010>’
100 0 0100
M4_<0001)’ M5_(0001>

respectively, and we obtain

1
Hyz, = ?{C(tMOHO,ZQMO + tMlHO,Zng)
+ "MyHpy 7, My + M3 Hg 7, M3 + "My Ho 7, My + "MsHo 7, M5 }

eI T

I R I T
¥ 2 a2 &
O
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where a(—2) = c;—f By repeating this procedure, we have

1
Hyyz, = E{C(tMoHl,zzMo + tMlHl,Zng)
+ tM2H1,22M2 + tM3H1,ZQM3 + tM4H1,ZQM4 + tMBHl,ZzM5}

—a(=3) 52 & & 7w o®ow
el GO S A -
Fo0ow o3 G x m w

I S e e SO S S N
o ox ox a9 HEo5 %
@ oww e el s g
1 1 1 1 c c c(c+2
A S R s vl
3 3 3 % 3 b g —a(=3)
2
where a(—3) = <02+—22) and the adjustment in size of the matrices My, ..., M5 is required as
E O O O OO0 E O

MO_(OEOO)’ Ml_(OOOE)’

E O O O O E O O

M2_<00E0)’ M3_(OOEO>’

E O O O O E O O

M4_<OOOE)’ M5_(OOOE>

with the submatrices

10 00
E—<O 1) and O_<O O>'

In the rest of part of the example, we will denote V,, 7, simply by V,,, for any non-negative
integer m. We observe that B;(0) = {x € Z, | ||z||, < 1/2} is represented by the element 0 in
Vo and Bj;(0) is represented by the element 0 and by 2 in V} as well. This observation allows
us to denote B;(0) by the representative subset Fy(Vp) NVy of Vy and by the representative
subset Fy(Vp) of V1. Similarly, B2(0) can be represented by the subset Fy(Fo(Vo) NVp) in V4
and by the subset Fy(Fy(Vp)) in V4 and so on.

The consistency of the bilinear forms &y, ,, and &p,,, n the sense that

ng,ZZ (lFo(V0)> 1F1(V0)) = SHO,ZQ (1F0(V0)0V0’ 1F1(V0)WV0)7
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is verified by the following procedure with a/(—2) = C;r—f:

0
0
iz, LRy L)) = — (1 10 0) H, 1
1
(

c 1 1
—al=2) A )

_ —o\— 22 22
(1 10 0) i —a(-2) . )
> = —a(-2)) \1

—-ao(3 )

=—(1 0)Hy ((1))

== gHO,ZQ (]-Fo(Vo)ﬁV07 1F1 (Vo)ﬂVo)'

This can be viewed as the consistency of &y, , and Ep,, under the identifications of the
indicators on both sides.

Subsequently, we can verify the consistency between &y, , and Ey, , through the formula
Etty g, (u,0) = SV, - Sle (uo F;,voF;). In fact,
1
Ett 2, (Lry(mo(ve))s LR (P ())) = 526tz (Lry(ro(vo)) © Fay 1py (1)) © Fit)
1
~ 92

1
SHLZQ (1F0(F0(V0)0V0)7 1F1(F1(Vo)ﬁVo)) 92 gHo Zo (1F0(F0(V0)0Vo) o Fy, 1F1(F1(V0)0Vo) © F4>

1
= 5280z, (L o)nos Lr0o)nve)

€H1 o (1F0(V0)7 1F1(V0))

and
5H1,22 (lFo(V0)7 1F1(V0)) = SHO,ZQ (lFo(Vo)ﬁVm 1Fl(Vo)ﬂVO)

imply
€H2y22 (1F0(F0(V0))7 1F1(F1(V0))) = ng,ZQ (1F0(F0(V0)0V0)7 1F1(F1(V0)0V0))'

Similarly we can derive from
C
Etty z, (Lro(Ro (Vo)) s LRo(F1 (Vo)) = —5H1 2, (LR (R (v%)) © Fos Liy(my (vi)) © F0)

22 ng o (1F0(Vo)7 1F1(V0))

8H1’Z2 (1F0(F0(V0)0V0)7 1F0(F1(V0)QV0)) = ?gHQZQ (1F0(F0(V0)|"1V0) o F07 1F0(F1(V0)I"1V0) o FO)

= 5280z, (L o)nes Lr1o)nve)
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and
SHI,ZZ (1F0(V0)7 1F1(V0)) = SHO,ZQ (1F0(V0)QV07 1F1(V0)0V0>
that
gHz,Zg (1F0(F0(V0))7 1F0(F1(V0))) - SHLZQ (1F0(F0(V0)0V0)7 1F0(F1(V0)0V0))'

We need to notice we come across a little bit more complicated identity in the inductive
procedure. In fact, we see

En, 2 (Lry(Fo(Fo (Vo)) LEo(Fo(Fy (Vo))

&, (L) © Fon L (rv) © Fb)

1
+ ?51‘12,22 (1F0(F0(F0(V0))) o [, 1FO(FO(F1(V0))) ° F2>

1
22

22

53 €t 2, (L (v0)) © Fa Ly (o (o)) © Fa)

1
= ?(C + 2>€H2,z2 (1(F0(F0(V0))7 1F0(F1(V0)))7

Em, 2 (LR (o (Fo (Vo)Vo)) » Lo (Fo(F1 (Vo) Vo)) )

=3 5H1 2, (L (Fo(Fo(vo)nva)) © F0s Ly (1 (Vi) 1)) © Fo)

+ §5H1,22 <1F0(F0(F0(Vo)ﬂVo)) 0 F, Ly (mo(Fu(vo)nvi)) © F)

22 ~5€H, 2, (L (Fo (R (Vo) Vo)) © Fas Liy(Fo(Fu (Vo)) © )

22 (C + 2>5H1 Zo (1F0(F0(V0)0V0) 1F0(F1(V0)0V0))

and
Etty p, L (Eo(moo))s Lro(rr (Vo)) = Eryuy (LR (Fo (Vo) Vo) » LEo(Fy (Vo) Vo))

imply

Etty 2, (Lo (Fo(Fo (V))) s LFo(Fo(F1 (Vo)) = Etia z, (LEo (Fo (Fo (Vo)) Lo (Fo (R (Vo) Wa) ) -

3.3 A resistance metric on set of vertices

In this section, we will establish a general framework for a consistent family of Dirichlet
forms on the set of vertices. For the objective, we get back at the general situation where
an increasing sequence {V,,,}5°_ of finite sets, a family {Fp, ..., Fy_1} of injective maps from
Vi =U,_y Vin to itself satistying Fj : V,, = Vjqq for any m =0,1,... and j € {0,..., N —1}
and the N x N square matrix

—(N —1) 1 U | 1
H[):
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are given.

In the same fashion as shown in [20], we start with the Dirichlet form Eg, (u,v) determined
by Eu,(u,v) = —(u, Hyv) for u,v € £(Vp) and take the sequence {€p,, }2°_, of Dirichlet forms
given by the formula

N-1
En,, (u,v) Z EHml(uoE,voF) u,v €l(Vy) m=1,2,...,

m

where £(V,,) stands for the set of real valued function on V,, and r = (rg,...,rn_1) for a
sequence of N positive numbers. Here, we see that each £y meets the notion of Dirichlet
form given by J. Kigami in Definition 2.1.1 in [20], which means that each H,, gives a Laplacian
in the sense in Definition 2.1.2 in [20]. We have just obtained the sequence {(V,, Hy)}5o_, of
r-networks. The next theorem shows a sufficient condition for the sequence to be associated
with consistent Dirichlet forms.

Theorem 3.2 Suppose that there exists I C {0,..., N — 1} such that

UFWVn) =V, JF(FEW)) C E(VL)

iel Jjél

for any i€ I, F;(Vi,)N EFy(Vi) =0 and

Em (Lro)s Lry () = Eme(LRvo)ves LE, (vo)ve)
for any i,¢ € I withi#i'. If F;(Fi(Va)) N Fj(E;(Vi)) # 0 implies F; = Fy on Fy(Vi) for any
i€l andj,j €{0,...,N —1}, then

5H7n+1<1F o--0F}j, oF;(Vp)» 1F L0-oF; oFi/(Vo)) :SHm(1Fjlo~~-onm(Fi(Vo)ﬂV0);1F]-10--~0F]-m(Fi/(Vo)ﬂVo))

Im

for any i,i € I and jy1,...,jm € {0,..., N — 1}, where the conventional notations for repre-
sentative subsets in the previous example are employed.

In particular, the family {Fy, ..., F,4,»r—1} of maps from Z, to itself as given in the previous
section provides us with the sequence {&p,, , }7_ of Dirichlet forms determined by the formula

p+pP—1

1
5Hm72p (u,v) = Z FgHmezp (uo Fj,voFy)

i=0 "
for u,v € €(V,,z,) by starting with the Dirichlet form 5H0,Zp with the domain £(Vjz,) and

2 2
r= (p—, p—, oo, —, PP PP, ..., pP) with some positive real number c.
c’ c

[\ N J/

'
p pP

The family of functions taking constant on every ball with the radius p~(™*V in Z, will
be denoted by C,,. Then, a natural identification between C,, and K(mezp) is induced by the
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restriction of domain of function in C,, to V;,, z,, where the reverse correspondence is given by
the extension of function u in £(V},z,) to the one on Z, taking the same value on every ball
with the radius p~ (™Y as the value of w at the point of V,, contained in the ball. Hereafter,
we will take this identification.

We can verify the consistency in the sequence {&p,, , }_o of the Dirichlet forms in the
following corollary. Here and in the sequel, the standard Haar measure on Z, will be denoted

by .

Corollary 3.3 (i) For the sequence {En,, , }om—o of Dirichlet forms,

8Hm,zp (u> U) = gHm—l,Zp (ulvm—LZp ) U|Wn—1,zp)
for any functions u,v in Cy,, on Z,.

(i) There exists a positive measurable function K(x,y) on Z, x Z, \ A = {(z,y) | z,y €
Ly, x # y} such that

Emn, / / L1~ )0 ) o) K ) )

for any u,v € C,,.

Apart from the specific situation in Z,, we shift our focus back to a general theory after
Theorem 3.2. In what follows, we deal with the case that the sequence {(Vi,, Hy)}oo_, of
r-networks associated with consistent Dirichlet forms satisfies all assumptions in Theorem 3.2
and conditions in the theorem with some I with #1 = #V,. We assume that r; = ry for any
i, € I, rj =ry for any j,j' € J\ I and

iel}

1 o1
Z — < mm{—
T'j r;
Fy (V)N Fi (Vi) #0, F5 (Vi) Fyr (Vi) #0
for any distinct elements 4,7 in I described in Theorem 3.2. In particular, the condition
#1 = #V} admits to assign each element in V{ by the notation z; according to the choice of
element 7 € I.

Proposition 3.4 Suppose that

#{j€{0,....N =1} | F;(V.) N Fy,(Fi, (V) # 0 and F;(V.) N Fy (Fy, (Vi) # 0}

depends only on min{k | iy = i},} for any iy,i2,1},i € I and that F;(Vi) N F, (F; ( w) # 0
implies Fj o Fy,jy = F;, o F;, with some i3(j) € I for any iy,iy € 1 and je{0,...,N—1}.
Then

gHm <1Fi10F'L20"'OFim({Zi7n+1 })’ 1Fz/1 OFiIQO“.OFi{m({Ziin-&-l}))

depends only on min{k | iy # i\.} and takes negative value decreasing with respect to min{k |
S o B y
Qg # i3}, where iy, 17,49, 9, . G, Gy, Gt Gy g € 1.
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By applying the proposition to the specific sequence {€ Hm,z,,} of Dirichlet forms introduced
in the previous section, we can obtain the following corollary:

Corollary 3.5 The value of the measurable function K(x,y) obtained in the corollary of The-
orem 5.2 depends only on ||x — yl|, and decreases with respect to ||x —y||, on Z, x Z, \ A.

We will restrict our attention to the case that all conditions in Theorem 3.2 and Proposition
3.4 are satisfied. Let us define effective resistance by

Ry, (z,y) = (min{Ey,, (u,u) | u € £(V,,) with u(z) = 1 and u(y) = 0})~!

for any pair x, y in V,,,. Theorem 3.2 shows that for any u € ¢(V},) and integer m with m > n,
there exists a function @ in ¢(V,,,) satisfying Ex,, (u,u) = €y, (u,u). The consistency between
Eu,, and &y, ., derived from this observation ensures that Rpy,,(x,y) < Ry, (z,y) for , y
in V,,,, which allows us to define R(z,y) = sup,, Ru,,(z,y) for z, y in Vi, = ,, Vin. Afterward
we will see that R(z,y) is a metric on V, unless it diverges.

Definition 3.6 Any pair of distinct points x, y in V, admits representations

xr = El ©---0 ik—l o Flk © ik+1 ©---0 i7n(zim+1)
and

y:Elo...o ik—loFi%OE;€+1O"'OFi%@(Zi;n+1)
with iy # iy and 2, ., 2 .. € Vo by taking sufficiently large m. The distance between = and
y is defined by d(z,y) = #

Proposition 3.7 For x,y € V., R(z,y) depends only on d(x,y). In particular, R(x,y) is a
non-Archimedean metric.

Lemma 3.8 For any point o,z € V,,, min{Ey,, (u,u) | u € ((V,,) with u(o) =1 and u(z) = 3
for any z with d(z,0) > d(z,x)} is attained by Ep,, (uo, ug) with a unique function uy decreasing
with respect to the distance d(o, x).

Proposition 3.9 (i) R(z,y) is positive for distinct points x,y € V, and enjoys the triangle
imequality.

(i) D% 1/(—Hm)zz < 00 for some point zy € Vi implies that R(z,y) is finite for any
points x,y € V.

Remark 3.10 For any v € ¢(V,), we can find a unique function w € ¢(V,) attaining
min En, (w,w) for every u € ¢(V,,) with m < n by applying Lemma 2.1.5 in [20].

wel(Vp),wlv,, =u

Theorem 3.2 shows that w satisfies £y, (w,w) < Ex, (w,u) < &, (u,u).
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3.4 Completion with respect to resistance metric

If a compatible sequence of r-networks determined by a family of Laplacians { H,, }5°_, based
on a finite sequence r of real parameters is obtained, the pair (Hy,r) is said to be a har-
monic structure in [20]. The harmonic structure (Hy, r) associated with the sequence of real
parameters r = (rg,ry,...,ry_1) satisfying 0 < r; < 1 for all 4 € {0,1,..., N — 1} is said
to be regular in [20], in contrast this condition is not always satisfied as seen in the previous
sections in our case. A key method in [20] is focusing on contractions in the family of maps
characterizing self-similarity of fractals. We are taking similar procedure but not exactly the
same one in respect that all maps guiding the random motion are not always contractions.
However, under the assumption that r; < 1 for any ¢ in the subset I of {0,..., N — 1} in The-
orem 3.2, we will see that we can take a compactification with respect to the resistance metric
R to construct a Hunt process characterized by the sequence {(Vy,, Hy)} 29—, of r-networks
associated with consistent Dirichlet forms. In what follows, if this assumption is satisfied, the
sequence {(Vi,, Hy,) oo, of r-networks associated with consistent Dirichlet forms is said to be
pseudo-regular.

Now we take the completion of V, with respect to the metric R and denote it by S. Then
R is clearly extended so as to be a non-Archimedean metric and the following assertion on the
metric is obtained:

Theorem 3.11 If the sequence {(Vi, Hm)}oo_, of r-networks associated with consistent
Dirichlet forms is pseudo-regular, then

(i) F; is extended to a contraction on S for each i € I,

)

(ii) R is a bounded metric on S,

(iii) (S, R) is a compact metric space,
v)

(i

for the family {F;}icr of contractions with the extended domain S in (i), S = U,c; Fi(S5),

We consider the case that pseudo-regular sequence {(V,,,, H,,) }o_, of r-networks associated
with consistent Dirichlet forms is given. Since the space W#! in [20], which is viewed also
as the shift space ¥#!, admits an injective continuous map with the compact image S, we
can take the induced measure ps#: on S by the uniform measure on X#!/ normalized by
ps#(S) = 1. Any function v € ¢(V,) admits its extension to S taking the same value on
every image F; o F, 0---0 F;  (S) with 41,42, ... 9,41 € I as the value of u at the point of
V,, contained in the image. The function with the extended domain will be denoted by the
same notation u. Since R is non-Archimedean, the function defined on S is continuous with

respect to the metric R.

In this situation, any sequence {u,} satisfying uy € £(Vinu)) with some m(k) > k for any
k=0,1,2... and limy ¢, E'Hmdx{m(k) m(m(uk ug, up — ug) = 0 provides us with a sequence
{1} determined by w(z) = wup(x) — [4ur(y) dps#:(y), which is a Cauchy sequence in the
sense that

k,lzlgloo gHmax{m(k),m(e)} (Uy, — g, up — ug) = 0.
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Here, we note the validity of the inequality |u(z) —u(y)| < Ry (z,y)Em,, (u,u) for any z,y € V,,,
and u € ¢(V},,) which is derived from the definition of R,,. Since the metric R is bounded, the
uniform convergence of the sequence follows from

|ur(z) — ()]

IN

W@wwm@—éwmn~mwm@w@'

IN

\/ Su]‘D/ Rmax{m(k),m(é)}(ilf, y) \/gHmax{m(k),m(l)} (ﬁk — Uy, U — ﬂg)
x,ye Vi

IN

\/sup R(z,y) E s m(, m(m(uk Ug, Up, — Up).
xyGV*

Let us introduce the function space

u(z) = limy_,o0 ug(z) for each x € V,
F={uecV) for some sequence {uy}32 with uy € €(Vi,u) satisfying

lim &g — ug, U — uyg) =0

k7€4)00 max{m(k),m(£)} <Uk

and the symmetric bilinear form

E(u,v) = lim Eg,, y(ug, v) for w,v € F

n—oQ

with approximating sequences {uy}, {vi} respectively for u,v as in the definition of F.

Proposition 3.12 Any function u € F is extended to a continuous function on S satisfying
i) — (y)[ < EG@, )Rz, y) for any 2,y € S.

We introduce
u(z) = klim ug(x) for each x € V,
—00
F =< u e C(V,) |for some sequence {u}2y with uy, € £(Viux)) satistying

k,lﬁlgto gHmax{m(k),m(Z)} (up — wg, up —ug) = 0

Then it turns out that the function u(x fS y) dus#r(dy) with uw € F can be written

by wu, consistently with the notation 1ntroduced in the definition of 7. We define & (u,v) =
limy_ oo EHm(k)(uk, vy) by taking representative sequences {uy}e2,, {vk 32, respectively for u
and v and then we see £(u,v) = E(u,v) for any u,v € F. In what follows, we will deal with
functions in F and in F as continuous functions on S.

Lemma 3.13 If a sequence {u,} in F satisfies lim,, o E(Up, u,) = 0, {u,} converges to 0
everywhere on S.

Lemma 3.14 If a sequence {u,} in F satisfies 1imy, ;o0 € (Up — U, Uy, — Up,) = 0, {Un}
converges uniformly to a continous function everywhere on S.

Corollary 3.15 For the sequence {€p,, , Ym—o of Dirichlet forms introduced in Section 2,
E(,0) = 5 [[5, zpa i) = U))(@(x) — (y) K(z,y) du(z)du(y) for any u,v € F.
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3.5 Dirichlet space for Hunt process on 7Z,

In this section, we will pave the way to the Dirichlet space on Z, so that the family of Hunt
processes associated with our Dirichlet forms corresponding to a subclass of Albeverio and
Karwowski’s stochastic process on Z, is obtained. We will denote | J,, C, by Ci.

In the case that the contractions F;’s are relevant to geometric figure of fractals, a max-
imal principle established in [20] gives an approximation for function u € £(V,) satisfying
lim &y, (ulv,,,uly,,) < oo by functions with some harmonicity on V,,. Pivotal parts of the
m—r0o0

research were undertaken essentially under the assumption #(F;(Vp5)NVy) < 1 for all F;’s and
a Dirichlet space theory on fractals was established. However, we need to pay attention to the
fact that this assumption is not satisfied on some maps in {F,, ..., Fppip_1} in our case.

Hereafter, we will focus on the specific Drirchlet space determined by the sequence
{(Vinz,s Hnz,)} of r-networks associated with consistent Dirichlet forms in Section 2 and
assume that ¢ > p? so that all conditions imposed so far are satisfied.

We note the fact that F is a Hilbert space with the inner product & (w,v). This is
because, by an elementary theory of Cauchy sequence, for any sequence {u;} in F satis-
fying limy_,o E(ur — w,ur, — u) = 0, we can take a sequence {wy} in C, satisfying w; €
Cin(ky With m(k) > k and so small value E(ur — wy, ur — wy) for sufliciently large k that
My 00 E s fm(k),m(0)},2, (Wr — W, Wy, —w) = 0. The descriptions before Proposition 3.12 show
that limy_, E(wy — u, W, —u) = 0 for some element u in F with the property

lim sup |u(z) — wg(x)| = 0.

k=00 x5
Since limgyoo E(U, — u, U, — u) = 0, limg_yoo SUp,cg [u(x) — ux(z)| = 0 can be justified by
applying Lemma 3.13 for the sequence {u — uy}.

Proposition 3.16 S is homeomorphic to Z, and the family of function F is a dense subfamily
of C(Zy).

We note that this condition is fulfilled in the particular case on Z, what we have detailed
so far. In fact, it is not difficult to see that S is homeomorphic to Z, and it is well known fact
that the family of continuous functions on Z, has a dense subfamily C,, which is contained in
F and there exists a Radon measure .J on {(x,y) € Z, X Z, | v # y} to describe the Dirichlet

form &£(u,v) as
1

) —u v(x)—v dJ(z,
2/{(m7y)€ZpXpr7éy}( (2) —u(y))(v(z) = v(y)) dJ(z,y)

for locally constant function u, v on Z,.

Theorem 3.17 (&, F) is a reqular Dirichlet form on L*(Zy; ).

In [1], S. Albeverio and W. Karwowski initiated a theory of random walks on Q, by starting
with a sequence {a(m)}>°___ satisfying
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(i) a(m) = a(m +1),

(ii) lim a(m)=0and lim a(m)>0 or = co.
m— o0 m——0o0
By comparing the description of £, _, z,(15,,(0); 1B,.(0)) in terms of the sequence with the one
involving the diagonal component of H,, 1, we have the following assertion.

Proposition 3.18 The regular Dirichlet form (€, F) on L*(Z,; 1) generates the random walk

_ {(p=1)(ctp)}m!
pm

o
m=—00

characterized by the sequence {a(m) given by a(—m)

germ and by a(m) = 0 for non-negative integer m.

for positive inte-



Chapter 4

A convergence of Hunt processes on
the ring of p-adic integers and its
application to a random fractal

4.1 Discussing convergence of Hunnt process based on
Dirichlet space theory

The convergence of stochastic processes is one of subjects founded on the importance of the
numerical analysis and physical models with stability. Such practical importance inspires us
with vast range of interests as to on which space the convergence can be addressed and which
sort of accommodated method is required to demonstrate the convergence.

In a progress in the Dirichlet space theory, Mosco introduced the notion of I'-convergence
to encompass the convergence in terms of Dirichlet forms. The insight showed that the con-
vergence as bilinear forms is not always sufficient to deduce the convergence of stochastic
processes and clarified which sort of extra sufficient conditions must be imposed for the rigor-
ous justification of the phenomenon.

In [27], Kuwae and Shioya implemented the framework by complying those sufficient con-
ditions to the case where the state space is deformed and the Dirichlet form alters. After
those progresses, various cases with convergent sequence of Dirichlet forms are investigated.
For instance, on typical fractals emerged as the limit of sequence of closed sets with funda-
mental shapes, the convergence of stochastic processes on the closed sets was figured out due
to the framework. In fact, Kumagai and Sturm demonstrated in [26] a vast framework on
the convergence of Hunt processes which naturally encompasses the celebrated approximation
method invented by Kigami in [20], where a sequence of Dirichlet forms are introduced on such
closed sets aiming at the standard Hunt process on typical fractals embedded in the Euclidean
space. Recently, in [41], Suzuki studied a convergence of Markov processes arising from tree
structure as in [22] and [34].

In this chapter, we will propose an accommodated method to deal with convergence of
Hunt processes with the same spirit as Hinz in [14] so that it covers the convergence arising

25
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from construction of random fractals on the ring of p-adic integers where the shapes of the
closed sets are deformed randomly. Since we employ Dirichlet space theory in describing a
sequence of Hunt processes on the randomly deformed closed sets, an analysis on the sequence
of random Dirichlet forms will be required.

In the second section, we will point out examples where convergence of Hunt processes on
Z, is expected to be verified and propose a framework which covers these examples. As a main
object in our investigation, we will consider Markov processes which admit the characterization
by Kolmogorov’s equations

d ~
— Pre; i, (t) = —a(Ky) P,k (8) + Z U(Ky, K;) P, i, (1),

dt
J#f
d
7P (1) = —a(K) i i +§P;<f u(K;, K;),

on Py, k,(t) = P(X(t) € Ky | X(0) € K;) with reasonably given coefficients u(Ky, K;)
and a(Ky) as originally proposed by Karwowski and Vilela-Mendes in [18], by introducing
disjoint balls { K} with identical radius satisfying |J; Ky = Z,. We will discuss convergence
of Hunt processes associated with a construction of a random fractal. To be more precise, in
accordance with the removal of randomly taken ball with the radius in the cut-out procedure
in [33], we remove the ball from the support of the measure involved in the coefficients a(K )
and u(Ky, K;) and renormalize the measure in the coefficients so that the Markov process
associated with the equation with the coefficients involving the cut-out effect is obtained. In
accordance with the cut-out effect with the framework of the generalized Mosco-convergence,
we will take an equivalent procedure to the cut-out within the framework of Dirichlet space
and study the sequence of Hunt processes constructed as step-by-step cut-outs are processed.

In the third section, we will prepare some lemmas to prove the convergence relying the
notion of KS-convergence established by Kuwae and Shioya. In the final section, sufficient
conditions for the convergence of Hunt processes including condition for the tightness will be
verified with the terminology in the Dirichlet space theory.

The authors would like to thank the reviewer for his or her valuable comments.

4.2 Convergence of Dirichlet forms

As Kumagai and Strum studied, a natural interest on the convergence of stochastic processes
can arise from improving precision level in various approximations. Since the phenomenon
in the ring 7Z, of p-adic integers is illustrated by a randomly moving ball with the radius
determined by the precision level, the sort of convergence is expected to be observed when the
radius of the ball goes to zero as the ball turns to a particle. The convergence is describable by
taking sequence of Dirichlet forms k-th term of which admits the family of functions C; taking
constant on every ball with the radius p~**Y in Z, as its domain. As a fundamental obser-
vation on the convergence in such primitive phenomenon, the sequence {ng,Zp} of Dirichlet
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forms arising from the construction of a Dirichlet space on Z, in [1] is expected to be covered.
In fact, each of the Dirichlet forms admits the family of functions C, taking constant on every
ball with the radius p~**1 in Z, as its domain. From the consitency of the Dirichlet forms

ngH,zp (u> U) = ng,zp (uv U)
for any pair of functions u,v € Cy, in the sense of [1], we can derive

lim &y, , (u,v) = Ek(u,v)

k,Z
k—o0 P

for any locally constant functions u,v on Z,, where Ex(u,v) stands for the bilinear form in
the article.

For a coverage to deal with this sort of convergence, we may focus on the sequence {(&,Cy)}
of pairs of symmetric bilinear forms and their domains each of which admits the representation

1

fwr) =g [ () ) o) o)) d @), (1)

for u,v € C, where {p} stands for a sequence of Radon measures with a vague limit up. {Fy}
for a sequence of closed sets in Z, and pg(x,y) for a non-negative locally constant function
on Z, X Z, \ {(z,x) | x € Z,}. In fact, particularly by choosing py, as an identical Radon
measure, p(z,y) as K (z,y) and F}, as the whole space Z, independent of k, we can cover the
case which was dealt with in [1].

A main reason to focus on such sequence of Dirichlet forms can be found in a construction
of a random fractal. In fact, we take a positive real number « satisfying o < 1 — ¢35 with the
real parameter ¢ and the sequence {y} of random Radon measures in the article [33] and
introduce a sequence of random symmetric bilinear forms {€p, } defined by

]_ —
5mwﬂo=E/X&MWW#SM@—uw»@@»—wwﬂm—ym Ay () Ay (y),

for locally constant functions u, v on Z,, where ||z — yl|, stands for the p-adic norm of x —y €
Z,. Hereafter, the family of locally constant function on Z, will be denoted by C and the Haar
measure on Z, by f.

In the construction of the random fractal F' in [33], F is obtained right after removal of a
ball with radius p~% in [33], F} is described as a union of balls with radius p~%. By recalling the
fact that ¢}, < k for sufficiently large k, we will regard Fj, as a union of balls with radius p~++1)
to subdue the use of suffix in notations. We already saw in [33] that, for any ball A in Z,,
{pr(A)} is an {Fy }-martingale with the deterministic initial value given by the Haar measure
w(A) of A. In particular, we focused on a sequence {p}72; of random Radon measures on Z,
defined by pi,(A) = (5, (1 —p~9) ") (AN Fy) and satisfying E(u(A)) = p(A) for any ball
A in Z,. We obtained the random Radon measure pp on Z, which is uniquely characterized
by pr(A) = limy_, 1 (A) for any ball A C Z, with probability one. In our compact space
Z,, Radon measure has finite total mass and the finiteness of p with probability one follows
from E(ur(Zy,)) = p(Z,) = 1 obtained in [33].
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If the sequence {A,} of the balls each of which is taken for the n-th cut out procedure
satisfies liminfy o ku(Ay) = t; and limsup,,_, . ku(Ag) = to for some ¢; and ty with 0 < ¢; <
ty < 1, then it turned out in [33] that the Hausdorff dimension dimy F' of the random fractal
F given by F = (=, Aj, satisfies dimy F' < 1 — t; with probability one and dimy F > 1 —t,
with a positive probability. To be more precise, pp concentrates only on F' and

/F /F m dpr(z)dpr(y) < oo

holds valid with probability one for any « satisfying 0 < a < 1 — t5 and pp(F) > 0 with a
positive probability. Therefore, we can introduce the bilinear form

1

ertn) =g [ () )0~ o) eyl )i (3),

for any pair of functions u, v in C with probability one.

Proposition 4.1 The sequence {Ep,} of symmetric bilinear forms converges to Ep, in the
sense that

lim &p, (u,v) = Er(u,v),

k—o0

for any pair of functions u,v in C with probability one.

Thanks to these observations, we may concentrate our interest to the case that a non-
random Radon measure pp satisfying

klim Er (u,v) = Ep(u,v)

for any pair of functions u,v in C is given as the vague limit of non-random Radon measures

{Mk}-

Since {&r, } is represented as {&;} by taking the function 1/ ||z — y|| as px(x, y) indepen-
dently chosen in k, we may concentrate our attention only on the sequence {&;} represented
by (4.1). By denoting either the Haar measure used in [1] or pup introduced in [33] by po in
either case discussed so far, the bilinear forms obtained as the limit are written by a single
representation

Eolu,v) = / /(przmwy} (ule) — um)) (0(z) — v(e))ple,y) dpo(@)dpoly)  (4.2)

for any pair of functions u, v in C.

Similarly to [29], for any sequence {c(m)}mez_uioy With Z_ = {m € Z | m < 0} satisfying
c(0) < ¢(-1) < --- < ¢(m) < --- and Radon measure v on Z,, we can define b, =
v(B(z,p™)) and bgjz = v(B(z,p") \ B(z,p*"!)) non-positive integers m, £ and take a symmetric
bilinear form

e (y, ) = L / /( o (802) =) () = o) ) @)y
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where p{ehV) (z,y) = Zg:m—H b(xljzc(f)(Zc(m) — ¢(£)) = B¥hc(m)? with the integer m satisfying
p" =z =yl

For the sequence {p} of the Radon measure arising from the random fractal and its vague
limit 449, we obtain the sequence {£{H##)} of the symmetric bilinear forms and {E{chro)} . Ag
a corollary of Proposition 1.1, we have the following assertion:

Corollary 4.2 The sequence {EXH#)Y converges to EXhro) in the sense that

lim EUhH) (g, v) = £Hhr0) (4 4),

k—o00
for any pair of functions u,v in C with probability one.

This corollary allows us to choose peh##) as p, in (4.1) for regarding E{eh#) as &, and
choose ptiehHo) as p in (4.2) for regarding £H{eH#0) as &. In what follows, we will establish a
method to address the convergence of Hunt processes relevant to the sequences {&u, , }, {€r, }
and {EUeh#)Y of Dirichlet forms each of which converges to £k, E and £{eH#0) respectively as
symmetric bilinear forms. From now on, whichever sequence of Dirichlet forms is addressed,
we will denote the sequence of Dirichlet forms by {&.} and its limit by &. In building our
scheme, we may concentrate our focus on the case that p and any p; in the sequence take
constant on every Cartesian product B x B’ of distinct balls B and B’ with the same radius
in Z, and that limy_, pr(z,y) = p(x,y) for any pair z,y of distinct points in Z,.

Lemma 4.3 The symmetric bilinear form (Ey,C) is closable on L*(Zy; o).

This lemma shows that & admits the symmetric bilinear form £ with the domain F
obtained as the smallest closed extension of & and as its domain.
4.3 Lemmas

For any ¢ > 0, we define the symmetric bilinear form
1
&) =3 | (ule) = u(y) (0(2) = v(0))or(e,) dpe(@) ()
(Zpx Zp){[l2—yll, >}
with domain C; and
1
) =3 [ () — u)) (w(x) — 0(s))ole, ) o) o)
(ZpxZp)"{[l—yl|, >}

with domain C. Then, & and £ admit similar expressions obtained by taking § = 0.

In discussing the convergence of L?(Z,; k) to L*(Zy; t1o) in the sense of Kuwae and Shioya
[27], we can take the identity map as the linear operator @, : C — L*(Z,; yux) for any k. This
is because the vague convergence of {u} to po implies limy oo [l 127, ) = 1tll12(z,.) TOT

Zp;po
any u € C.
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For our situation, we can restate the definition of the KS-strongly convergence in [27] as
follows: A sequence {v;}32, of functions vy € L*(Z,; u.) is said to be KS-strongly conver-
gent to a function v € L*(Zy; o), if there exists a sequence {;}52, with ¢; € C such that
lim;_,o limsup,_, . [l@; — vk||L2(ZpM) = 0 and lim; . ||¢; — UHL?(Zp;uo) = 0. Then we recall
that a sequence {u;}2, of functions uy € L?*(Z,; k) is said to be KS-weakly convergent
to a function u € L*(Zy; pio), if Mmoo (Ur, k) 122,50 = (U, V) 12(2,00) for any KS-strongly
convergent sequence {vg}32, with v, € L*(Z,; pui,) and the KS-strong limit v.

Let us take a KS-weakly convergent sequence {uy}32; with a KS-weak limit in L*(Z,; o)
and fix a positive integer ¢ satisfying p=¢ < §. For a given locally integrable function u on Z,
with respect to ju;, we define a locally constant function on Z, by

1
() () = m/mm—f-) u(y) dpr(y).

Lemma 4.4 (i) supy, [[ul|2(z,.,,) < o0,
(ii) k > ¢ implies pr<uk)#kze(x) dug(z) = pr ug(x) dpg(x),

(iii) Sup sup () el L2z ) < OO

(iv) there exists a sequence {K (€)}32, of non-negative integers such that

sup killl(lz) () el L2z, 1) < 00

For any pair B, B’ of disjoint balls with the same radius p~* with p~¢ < §, we denote the
values p(z,2') and pi(z, 2") determined independently of the choice z € B, 2’ € B’ by p(B, B')
and by px(B, B’), respectively, and then we see px(B,B’) > (1 — §)p(B, B’) for sufficiently
large k owing to the convergence limy_, pi(z,y) = p(x,y) for any distinct z,y € Z,,.

Since one can observe that

() (%) = () (9|

1
" B N Blp )
wlw) —ulz))d w(w d (2
' ‘/B(x,p—f) /B(%p—e)( (w) (2)) dpx(w)dp(2)
: ( B(y pt))

/m /B(y,p <Z)>2d“k(w)duk(z)>l/2

with the right-hand side independent of x € B,y € B’ for any balls B, B’ with the radius p~*
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and that pg(B) > (1 — 6)po(B) for any ball B with the radius p~* and sufficiently large &,
gk: (U, U)
> & (u, u)

> [ wws wma

(B
X /B Z)/ » (u(w) — u(z))2pk(z, w) dpg (W) dpg (2)dp () d g (y)

= //{” Ll >6}((U)m€7€($) - (U)uk,ﬁ(y))Q,Ok(:E,y) duk(:p)d’uk(y)
B Z ((u)uk,f(B) - (U)uk7£(B/))2pk(B, B,)Mk(B)d[Lk(B/)

BNB'#p,diam(B)=diam(B’)=p~*

> (10" Y (Wee(B) = (W)e(B)*p(B, B')po(B)dpo( B')

BNB'#)

> (1-5)° / /{ o (000d0) — @)l ) o))

where (u),, ¢(B) and (u),, «(B’) stand for the values (u),, ¢(r) and (u),, «(y) determined
independently of the choice z € B,y € B’ respectively.

For any KS-weakly convergent sequence {uy}72 ,, by taking sufficiently large k, we have

Ex (Ulm uy)

> 5 uk,uk)

// 1{\\7: yn >6}
(B pe(B(y, p™"))

g / rpt /B(y,p—e)(uk(w> = uk(2)) (2, w) dp (w)dpu (2) dpr () dp (4)

> (-0 [ /{ () ~ ()l ) o)

> (1= 0)° €0 ((un) pyts (un)pg)- (4.3)

We may assume that sup, Ex(ug,ux) < oo without losing general setting in our discus-
sion on the generalized Mosco-convergence. Accordingly, the boundedness of the sequence
{(uk) e} r> () With respect to the norm (£ (u,u) + ||u||2LQ(Zp;uo))1/2 is obtained.

In dealing with the measure ji9, we may remove the balls with radius p=¢ from Z, which
are not charged by the measure . For a precise description, we denote the family of all balls
with radius p~* contained in Z, by {B; | i =0,...,p" — 1} and replace Z, with S, = Uies, Bi
by introducing I, = {i € {0,...,p"* — 1} | po(B;) > 0} in the definition of the KS-strong
convergence. For instance, we can observe the KS-strong convergence of {v;lg,}22, to vlg,
when the KS-strong convergence of the sequence {vg}72, to v is obtained. Here, we introduce
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a positive finitely-many valued function {g,} and a sequence {hy,} of finitely-many valued
functions on S¢ by ge(x) = > ;c;, po(Bi)lp,(z) and hye(z) = > c; pix(Bi)1p,(x). Then the
vague convergence of {1 }52, to po implies limy,o0 hio(z) = ge(x) at each € S, In what
follows, we will denote supp[ux] by Fi and supplue] by F. Now we are in position to discuss
the following convergences:

Lemma 4.5 For any KS-weakly convergent sequence {uj}3, with the KS-weak limit v €
LQ(F;MO)7

(1) {u(ge/hie)ls, }o, is a KS-weakly convergent sequence to u,

(i) there exists a subsequence {k;} satisfying
Kl.g?o((ukelse)ke,fv 1B)L2(Fké§ﬂkl) = (u, 1B)L2(F;uo)

for any ball B in Z,.

Let {uz} be a KS-weakly convergent sequence with a KS-weak limit u € L?(F; o) satisfying
uy € Cx for any k = 1,2,.... By applying the Lemma 4.5 (ii), we can take a subsequence {k;}
of {k} such that

gli{lolo((uke)uke,h 1B)L2(F;;Lo) = }E&((uk@l&)ukwb 1B)L2(F;,uo)
= (4, 18) 12(Fipuo)

for any ball B with sufficiently small radius, where the first identity follows from the identity
(uke)ukel = (Ukelge)ukwg on Sy and supp|ue] = F C S, for any £.

4.4 Convergence of Hunt processes

In this section, we will validate the conditions (a) and (b) listed in Definition 2.1 (iv) of [14].
For that purpose, we consider the KS-weakly convergent sequence {uy} with the KS-weak limit
w and its subsequence {(uy,),, ¢} taken in the previous section. We may assume that {(ug,),, ¢}
is extracted from {uy} so that {uy,} satisfies lim, o &k, (ug,, ug,) = iminfy_, o Ex(ug, ug). The
Banach-Saks theorem shows that some subsequence {(ug, )e} of {(ug, )y, ¢} is extracted so as
to converge weakly to some element v in L?(F'; i) and satisfy

n

. 1
Jim |53 (e e —vl) =0
=1 L2(F;uo)
and
1 n 1 n
. 5 o
nh_{{.lo &l )<; Z(ng,)w -, E Z(Ukz,)e/ - U) = 0.
v=1 =1
On the other hand, we have seen that limy_,o((uk, )0 18) 2oy = (U, 1B)12(pyug) for

any ball B with sufficiently small radius. Any u € L?(F;ug) gives the functional T'(p) =
[ u(x)p(z) duo(z) defined for the restriction ¢|p of locally constant function ¢ on Z, to F
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and the fact that T vanishes if and only if u is the zero element in L?(F’; yp) implies the family
C(F) of continuous functions on F' is a dense subfamily of L?(F’; ). Therefore, we conclude
that u = v. Similarly to Section 5 in [14], we can prove

hgllri)lolgf gkel (uk:g/ y Uk, ) > g(uv U),

as required in the generalized Mosco-convergence. In fact, by applying

1 1
5(6) (ﬁ Z(uke/)ﬂ” ﬁ Z(ukel W) o Z 8 uke’ U ukl/ >£/)1/2’

=1 =1 é’ 1

1/2

we can derive

lim inf & (ug, ug) > hm 5( 2 (uk, Uk, )

k—o0
> (1 — )3 11?1 sup £ ((uk, )ers (ur, )er)

> (1-0)" lim D (% > (ugy e, % Z(ukl,w
=1 =1

> (1= 6369 (u,u)
from (4.3).

Since these inequalities hold valid for any ¢ > 0, the required inequality for the condition
(a) has been validated.

The rest of the section is devoted to verify the other condition for the generalized Mosco-
convergence. Namely, we will show that, for any u € L?(F’; ug), there exists a KS-strongly
convergent sequence {uy} with the KS-strong limit u satisfying lim supy,_, . E (ug, ug) < E(u, u)
as in (iv)-(b) in Definition 2.1 in [14].

We first note that we may assume u in F. By the definition of the smallest closed extension

E of &, for any u € F, we can take the sequence {¢, } in the family of locally constant function
on Z,,

Tim E(pn, on) = E(u,u) and i {|on|r = ull 25y = 0. (4.4)

By Proposition 4.1, Corollary 4.2 and the vague convergence of {1} to pg, there exists some
k1 > 0 such that for k > k;

1
[ lp1 — 900HL2(ZP;M) — o1 — SDOHLQ(F;MO) | < B

and .
€01, 01) — E(1, 1) < 5 (4.5)

Here and the sequel, the domain of the measure p is viewed as the family of topological Borel
sets in Z,. For some ky > 0, & > ko implies that
1
|¢2 - SOOLZ(Zp;uk) - H902 - ¢0||L2(F;u0) | < ?7

1
|2 — 901’|L2(zp;,%) — ll2 — QOIHLQ(F;M)) | < 92
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and )
|gk’(9027 902) - 8(9027 902)| < ?

By repeating this procedure, for any positive integer j, there exists k; such that k > k;
implies
1
05 = @ill 2@,y = 105 = Pill 2y | < 55

for any positive integer ¢+ with ¢ < j and

[Er(pss05) = Elvsnpi)l < 55
for any integer & with & > k;. For any K, there exists ix such that i, > ix implies
le; — ll L) < sr. Accordingly, one sees that j > iy implies

1
lp; — SOiKHL2(F;NO) < oK’

which shows that

11 1
05 = Circll 2,y < 105 = il 2y + 55 < 5% + 55

for any integers j with j > ix and k > k;.

We denote ¢;,, by ¢k and define {u;} by w, = ¢; for kj11 > k > k;. Then for sufficiently

large k,
1 1
lu =l 2z < 55 + 550
which shows
. 1
lim sup ||uy, — ¢K||L2(Zp;#k) < oK
k—oo

Since imsupg_,o [|[u — Vx| 12(p.,,) = 0, the sequence {uy} converges KS-strongly to u. By
combining this with limsup,,_, . E(ug, ur) = £(u, u) obtained by (4.4) and (4.5), the general-
ized Mosco-convergence of the Dirichlet forms is verified.

We shall shift our attention to the tightness of the Hunt processes associated with the
Dirichlet spaces. We see that our Dirichlet form & is covered by the framework in [18] with
Kolmogorov’s equation. In fact, Z, is described as the disjoint union of finitely many balls

{K™} with radius p~™ and the value gk(lem)’ 1KJ<_m)

distinct balls Ki(m), K ](m) is given by ,uk(KZ-(m)) Il K pr(z,y) dux(y) determined independently

) of the symmetric bilinear form for

by choice of x € Ki(m). This shows that the Hunt process {Xt(k)} generated by the Dirichlet
form &; on L*(Z,; i) admits a characterization by Kolmogorov’s equations

%PKﬁm),KW (t) = _ak(K}m))PK}m),Kfm) (t) + Z ﬂk(K}m), Ky(m)>PK§m),K§m) ®),
J#f

dp (t) = —ap (K™ P (t) + f: P (t)ue(K™, K™)

g K K k(LY K™ (™) K™ (™) UL By 7)),

JF
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with the coefficients

and

i) = S a k(K = [ e do)
J#f f

determined independently by the choice of x € K ](cm).

This also shows that the exponential holding time of {X, (k)} for the transition out of
state K J(fm) is determined by the parameter 5k(K}m)). Namely, the exit time 7 r) of {X }

from the ball K; (m) i exponentially distributed with the parameter Zik(KJ(cm ) under P, with

T € K Accordmgly, it admits the following estimate

P$(Tk’K](cm/) <d)=1- eXp(—Zik(K](cm))(S) < (5/ y pre(z,y) dug(y)

(m
Ky

(m)

for any z € K" and 0 > 0 from which we can derive that

m <
2 /K(m) T < 0) dinlr) <0 Z /K<m> /Kw)c (7, ) dpae(@)dpue )

K(m) CZ (m)

Z €L gm, Lgem)-

K(m)CZ

Since the right-hand side does not exceed an arbitrarily given real number € > 0 for sufficiently
small § > 0 independently of the choice of sufficiently large kas long as the radius p~™ is fixed,
the tightness of {Xt(k)} on any finite time interval follows from the general framework on
Markov processes, as discussed in Section 6 of [14].

For the main assertions in what follows, we replace the measure py with pg(-)/pr(Z,)
and denote the replaced measure again by u for each £ = 0,1,2,... under the condition
to(Z,) > 0. In fact, all results obtained so far are valid after these replacements which can
be performed with a positive probability in the cases based on the random fractal due to
the results in [33]. When p0(Z,) = 0, we conventionally redefine y as the trivial measure
vanishing on Z,.

By applying the methods in the proofs of Theorem 2.1 and subsequent Corollary 2.1

n [14], we can obtain assertions similar to those in [14] on the resolvent {G } and the
semi-group {Pt( } associated with the Dirichlet space (&, Fy) for k = 1,2,.... Since the
sequence of random Dirichlet forms has originally triggered our discussion, we can summarize
the assertions in the following statements:
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Theorem 4.6

(i) The sequence {E} of Dirichlet forms is generalized Mosco-convergent to € as k — oo
with probability one under the condition 110(Z,) > 0,

(ii) for any A\ > 0, the sequence {G(Ak)} of the resolvent operators is KS-convergent to Gy as
k — oo with probability one under the condition py(Z,) > 0,

(iii) for anyt > 0, the sequence {Pt(k)} of the semi-group operators is KS-convergent to P, as
k — oo with probability one under the condition py(Z,) > 0.

Corollary 4.7 The finite dimensional distribution of {Xt(k)} with wnitial distribution py gen-

erated by the Dirichlet space (Ex, Fr) weakly converges to the one of the Hunt process {Xt(o)}
with initial distribution po generated by the Dirichlet space (€, F), i.e., for any positive real
numbers ty,ty, ... tp with t; <ty < --- <t, and any real-valued continuous function u on Z;;

lim B u(X® (), ..., XB ()] = EPu(XOt),..., XO®))

k—o0
with probability one under the condition 1o(Z,) > 0.
Let us denote the space of Z,-valued right continuous function on [0, ¢] with left limits by

Dz, ([0,t]). Then we have the following assertion similarly to [14]:

Theorem 4.8 The probability law of the Hunt process {Xt(k)} under P** weakly converges to

the one of {Xt(o)} under P* in Dy, ([0,t]) as k tends to oo with probability one under the
condition pio(Zy,) > 0.



Chapter 5

Orlicz norm and Sobolev-Orlicz
capacity on ends of tree based on
probabilistic Bessel kernels

5.1 Sobolev-Oricz capacity on ultrametric spaces

A class of Markov processes on the field of p-adic numbers constructed by Albeverio and
Karwowski associates the spectral theory for spectral analysis in [1] and their method was
improved so that a more general class of Markov processes on ends of tree is covered in [2].
It is noteworthy to recall that their transition semi-groups are explicitly described. This is
partly because capacitary estimates have been discussed in [31] and [32] based on the kernels
determined by transition probability rooted in [28], where the use of probabilistic counterpart
of the Bessel kernels is proposed.

It is widely accepted that the natural random walk on the binary tree gives a reinterpre-
tation of a Markov process on the Cantor set equivalently on the ring of 2-adic integers by
restricting our attention on the displacements of the random walk while the particle is trav-
eling on the ends of tree which are attached to the tree as geometric ideal boundary points.
Historically, Baxter suggested in [3] that such relationship of random walk on tree and Markov
process on the ends of tree can be discussed. Afterwards, explicitly in [21], a clearer potential
theoretic relationship is discussed when the ends constitute a compact set, which covers how
the harmonic extension into the tree is determined by the boundary values on the ends. In [22],
it is suggested that the complete orthonormal system in the family of the square integrable
functions on the ends of tree plays an important role for a construction of Markov process
on the ends of tree and the harmonic extension into the tree is considered without assuming
compactness of the ends of tree.

As for capacity on the ends of tree, any estimate on it has not been discussed persistently
based on the complete orthonormal system. The main objective of this chapter is rebuild a
scheme on capacity theory based on the complete orthonormal system as taken in [22] and
[34]. We will look at the Sobolev-Orlicz capacity on the ends of tree in the same spirit as [17]
based on probabilistic reinterpretation proposed in [28]. We will derive a sufficient condition

37
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for non-polarity of singleton on the ends of tree from a spectral analytic method, probabilistic
significance of which is validated in the Dirichlet space theory.

In Section 2, we will recall the notions of directed tree and ends of tree as in [22] equivalently
as in [34]. In Section 3 and 4, we will recapitulate the notions of Luxemburg norm and
its equivalent norms described as in [17], one of which will admits a tighter relationship
with Dirichlet form. In Section 5, we will take the class of Dirichlet spaces established in
[34] to obtain strongly continuous contraction semi-groups of linear operators determined by
transition probability semi-groups via the Dirichlet space theory. We will see that the Sobolev-
Orlizc capacities on the ends of tree can be given thanks to the natural counterpart of the
Bessel kernel proposed in [28]. In the final section, we will show estimate on a Sobolev-Orlicz
capacity, probabilistic importance of which will be unveiled by combining our observation
with probabilistic results in the Dirichlet space theory as in [12], in a particular case that
the capacity is coherently given to the Dirichlet space theory. We will discuss upper and
lower estimates on another Sobolev-Orlicz capacity which is viewed as a natural probabilistic
counterpart of [17].

5.2 Tree and its ends

We take a set T' consisting of countably infinite vertices and a map A : T x T — {0,1}
satisfying A(x,xz) = 0 for any € T and A(x,y) = A(y, x) for any x,y € T. Each element in
T will be called a node and the set {x,y} of two distinct nodes x, y satisfying A(x,y) = 1 will
be called an edge. A sequence (ag, a1, ..., a,) of nodes in 7" is called a path, if A(a;,a;+1) =1
is satisfied for any ¢ = 0,...,n — 1. If any pair of distinct elements y, z in T" admits a path
(ag,as,...,a,) with ap = y and a, = z, the pair (T, .A) is called a non-directed tree. If a
sequence (ag, ay, ..., a,) satisfies a; # a; for any distinct integers ¢, j, the sequence is said to
be simple. The set V(x) of nodes directly tied with x € T is given by V(z) = {y | A(x,y) = 1}.
Throughout the chapter, we suppose that a non-directed tree (7, .A) satisfying the following
properties is given as in [34]:

(i) the tree does not admit any path (ag,as,...,a,) satisfying ag = a,, with distinct edges

{GO, al}, {ah az}; Sy {an—b an}7

(ii) V(z) is a finite set.

We introduce the notion of end of the tree in the next similarly to [34]. An infinite sequence
(ag,aq,...) of nodes is called a geodesic ray if any finite subsequence of (ag, ay, ..., ay,,...) is
simple path. We denote the set of geodesic rays by R and introduce an equivalence relation

“~” on R defined by

there exists an integer k satisfying
A rm = by, for any m >0 ’

(ao,al,...)w(bo,bl,...)@{

We restrict our attention to the case that there exists a node o € T' such that any element
in the quotient space R/ ~ admits representative element (o, aq,as,...) and that for any
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x € T is connected with o by a unique simple path (o,...,z,...). We will denote R/ ~ by
.

Then, the map 7 : T\ {o} — T is defined by

() {:B’ if (o,...,2',x) is a simple path connecting o and z,
() =

if (0, x) is a simple path connecting o and z.

T is represented as the disjoint union of its subsets T, with m = 0,1,2,... defined by
Tn = {z € T | 7™(x) = o} for positive integer m and Ty = {o}. Then, it turns out
that w(7},) = T,,—1 for any positive integer m. We consider the case that the property

(iii) #(r '({z})) >2forany z € T
is satisfied as in [22].
Let us define
S, = {y € T'| 7*(y) = z for some non-negative integer k} for any x € T

and
n admits a geodesic ray (ag, a1, . . .)

Y=< neX? | as arepresentative sequence of 7
satsfying ag, aq,--- € S,

We can introduce a topology on . As a matter of fact, the family {3¢ | S C T} of subsets
& = UsesE) determined by S C T satisfies the axioms for open sets on ©*. We will regard
YT as a topological space equipped with the family of open sets. It is easy to see that X7 is
compact.

Example 5.1 (A tree 77, associated with the ring Z,, of pp-adic integers) .
Let pg be a prime number and 7z, be the set consisting of all balls in Z,, and denote the
radius of ball B by r(B). Then we define Az, (B, B') for B, B" € Tz, by

, {1 if either B C B, por(B) =r(B’) or B’ C B, por(B’) = r(B),
Az, (B, B) = _
0 otherwise.

Then it is not difficult to see the pair (77, , Az, ) is a tree satisfying condition (i) and (ii).
Take the ball Ag centered at the origin 0 and with the radius 1. Then Ag is coincide with
Zp, and any geodesic ray is represented as (Ag, Ay, ...) with elements A; in Tz, satisfying
A; C Ay and 1(A;) = pf for any ¢ = 0,1,2,.... The map 7 is defined by 7(B) = B’ with
the ball B’ characterized by B C B’ and por(B) = r(B’) and in addition a homeomorphism
between ¥t and Z,, is obtained. In fact, any end n € ¥* admits a geodesic ray (By, By, .. .)
represented by a sequence of balls satisfying By 2 By £ ---, which determines a singleton
{a} C Z,, by {a} = N;B;. The map n — a gives a bijection from X* to Z,, which is viewed
as a homeomorphism.
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The main assertions in [21] show that a Dirichlet form on the Cantor set is constructed so as
to be a natural counterpart of the classical Douglas integral on the unit circle, where functions
on the unit circle are replaced with ones on the Cantor set and the standard Brownian motion
on the unit disk is replaced with a random walk on 77, for accommodating the Dirichlet form
to the generalization of the classical Douglas integral based on its probabilistic reinterpretation
as in [6]. The results in [21] can be viewed as this sort of reconsideration natually arising from
the case the unit circle is replaced with Z,. A more general scheme founded on the same
motives is built in [22]. A relationship between random walks on tree and a capacity on the
ends of tree is discussed in [35].

5.3 Young function, Luxemburg norm and Orlicz space

Throughout the chapter, we take a finite Radon measure p on X1 with the support ¥*. For
any Borel measurable set €2, we denote the family of Borel measurable functions taking finite
value a.e. with respect to p by My(Q2). Namely,

MO(Q> = {f ‘

f is a Borel measurable function,
f takes finite value a.e. with respect to pu [~

We will denote the indicator function for a Borel measurable subset 2 C X1 by

R

Definition 5.2 For any function f € M(f2), the distribution function of f is defined as
function my : [0, 00) — [0, 00| given by

my(A) = p{z € Q[ |f(z)] > A}.

Definition 5.3 The decreasing rearrangement of f € M(2) is given as the function f* :
[0,00) — [0, 00| determined by

fr(t) = inf{A | my(X) < t},
with the conventional assignment inf () = oo.

Definition 5.4 For f € My(€2), the maximal function f**: [0, 00) — [0, 00| is defined by

fr =1 / F(s) ds.

Proposition 5.5 Let f,g € My(Q) and let {f,}32, be a sequence of functions in Mgy(€2).
Then,

(i) f* is a non-negative and non-decreasing on (0,00) satisfying f =0 on T & f** =0,

(if) f* < f* on (0,00),
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(iii) |g| < |f| a.e. with respect to u implies g**(t) < f**(t) on (0,00),
(iv) (cf)** =|c|f*™ for any c € R,
(V) (f +9)" < f"+g" on (0,00),
(Vi) 0< fi <+ < fo < frg1 < -+ a.e. with respect to u and lim f, = f a.e. with respect
n—o0
topon Xt amply 0 < fi* <. < fr < fer <--vand lim f7F = f on (0, 00).
n—oo

We recall a measurable function f : 2 — R is viewed as an element in the Lebesgue space

LP(Q; p), if and only if
1P due) < o
Q

As the generalized family of function of the so-called L” space, we introduce the Orlicz space
based on the notion of Luxemburg norm given by a Young function according to the results
stated in [17]. In fact, we can establish those notions based on the space 7.

Definition 5.6 If a strictly increasing convex function @ : [0, 00) — [0, 00) satisfies

then @ is called a Young function.

Throughout the chapter, we deal only with a Young function satisfying the following con-
dition called As-condition:
t>0= (2t) < CP(1).

In [17], it is shown that ® satisfies Ag-condition if and only if for any [ > 1 there exists a
constant C(1) with C'(I) > 1 such that ¢ > 0 implies ®(It) < C(1)P(¢).

Definition 5.7 Let ® be a Young function. For any Borel measurable set € in 37, the family
of functions called Orlicz class is defined as follows:

L2(Q) = {f 0 —>R ‘ f is a measurable function satisfying / O(|f(x)]) du(x) < oo} :
Q

Definition 5.8 Let ® be a Young function and 2 be any Borel measurable set in X*. Then,
for any f € Mo(£2), the Luxemburg norm || f[| s, of f is defined by

sy =t {0> 0| [ @ (ML) oy <1},

We recall the notion of Banach function space based on which we will define Orlicz space

L2(Q).

Definition 5.9 If the map p : My(2) — [0, oo] satisfies the following conditions, then p is
called Banach function norm:
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(i) p(f) =0 <= f =0 a.e. with respect to p,

(ii) for any non-negative real number a and f,g € My, p(af) = ap(f) and p(f + g) <
p(f) +p(f),

(iii) if 0 < g < f a.e. with respect to p, then p(g) < p(g),

(iv) if {f.} C Mp(Q) is a sequence of functions satisfying 0 < f; < -+ < f, < frpg < -+
a.e. with respect to pand lim f,, = f a.e. with respect to u, then p(f,) is non-decreasing
n—oo

and lim p(f,) = p(f),
(v) if E is a Borel measurable subset of €2 satisfying u(E) < oo, then p(1g) < oo,

(vi) if £ is a Borel measurable subset of € satisfying u(E) < oo and if f is non-negative,
then these exists a positive constant Cg possibly depending on E such that

/E F(2)dz < Cpl(f).

The result on f** in the Proposition 5.5 (v) will be applied to shed light on a probabilistic
significance of the Orlicz norm.

Definition 5.10 For any Banach function norm p, the subfamily B, of M(2) is defined by

B, ={f € Mo(Q) | p(|f]) < o0}
and for any f € By, ||f||, is defined by

1fll, = p(f])-

It is shown in [Theorem 3.4.16, p. 99, 6] that the Luxemburg norm is a Banach function
norm. Hence, the functions with finite Luxemburg norm constitute a Banach function space
as a subfamily of M(£2). We are now in position to define Orlicz space.

Definition 5.11 Let © be a Borel measurable subset of ¥ and ® be a Young function.
The Orlicz space is defined as the Banach function space consisting of functions f € Mq(Q)
satisfying || f{| ;) < 00. The Orlicz space will be denoted by L*(Q).

Remark 5.12 It is known that any Young function ® satisfying As-condition provides us
with the linear space L*(Q) which is exactly same as L?(€). We will employ the notation
L?(Q) instead of L®(Q) for the linear space.

Proposition 5.13 If a strictly increasing function ® : [0,00) — [0, 00) satisfying (0) = 0,
then

()
/Q &(|f (x)]) dyu(xr) = / (1)) dr,
for any f € Mqy(9).
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In what follows, we restrict our attention to the case that ®(t) = tPp(t) with ¢ : [0,00) —
[1,00) satisfying the following conditions:

(C 3.1) there exists a positive constant C' such that p(t?) < C'p(t) for any t € [0, 00).

(C 3.2) there exists a positive constant € < 1 such that

! 1
/ t_530<—> dt < oo.
0 t

In such situation, for any p € [1,00) and ® : [0,00) — [0,00) with ®(t) = tPo(t) gives
a Young function ® satisfying As-condition. By combining (C 3.1) and increasing property
of ¢(t) > 1 with respect to ¢, it turns out that there exists a positive constant C' such that
s,t € [0,00) imply
p(st) < Cop(s)p(t).
In what follows, we assume that ¢ admits the expression ®(t) = tP¢(t) with ¢ satisfying
(C 3.1), (C 3.2).

5.4 Equivalent norms

In this section, we will recall equivalent norms of || f{| s, as indicated in [17], which will play
an important role for a capacitary estimate directly related to the Dirichlet space theory. We
start this section with some results which is proved by taking a similar procedure to [17] by
assuming similar to [17] that ® is a Young function satisfying As-condition. Throughout this
section, we discuss equivalent norms to the Luxemburg norm on a Borel measurable subset (2
of X7 satisfying p(€2) = 1. First we state three propositions substantially proved in [17].

Proposition 5.14 For any f € My(Q), f € L*(Q) if and only if

(/01 f*(t)%(%) dt) 7

In what follows, we take a real number p with p € (1, c0).

Lemma 5.15 For any f € My(Q),

([ rere(dya)” < ([ rore(3))

Proposition 5.16 For any f € L®(Q), f*()e(1))YP and f(-)p(1)YP are both belong to
Lr(0,1). For any f € L*(Q), there exist positive constants ¢, and cy such that

o ( / (2 dt) " ( / rare(d) dt) " ee ( / () dt) v
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In the next, we will see an equivalent Banach function norm is obtained by replacing f*
with f**.

Lemma 5.17 The map p : Mo(Q2) — [0, 00| given by

p(f) = (/01 f**(t)%(%) dt) "

1s a Banach space norm.

As pointed out in [17], we can derive the following fact from Corollary 1.1.9 in [4].

Lemma 5.18 If two Banach function spaces consist of the same set of functions over an
identical measure space, then their norms are equivalent.

By taking the same p as in the previously given description ®(t) = tPp(t), we see the
following assertion as already pointed out in [17]:

Theorem 5.19 For any f € My(Q), f € L®(Q) if and only if

< /0 1 f**(t)%(%) dt) "

and there exist some positive constants c3 and cy4 such that

1 1 1/p
o < ([ Fere(3) ) <alflion

for any f € L2(Q).

In the case that ¥ = Q, such choice is allowed when p(X7) =1,

(/ rare(2) ) "

will be denoted simply by || f||, -

5.5 Hunt process on ends of tree and Sobolev-Orlicz
capacity

A function taking constant on every E; for some disjoint open cover {E;}ye g of T determined
by some S C T is said to be locally constant. The family of locally constant functions taking
constant on every ¥ with y € T,,11 will be denoted by C™(¥X*). The family of locally
constant functions vanishing outside X} will be denoted by C(3}) for every z € T. The
Stone-Weierstrass theorem shows that C(X}) is contained densely in the family of continuous
functions with support in X7. In what follows, the intersection C(X}) N C™(X") given by
x € T, will play an important role and will be denoted by C,. In this chapter, a node x € T
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will be called the confluent node for y, z € T, if there exist positive integers m, ¢ such that
mt(y) = 7™(2) = z and 7 1(y) # 7™ 1(2). The confluent node for y, z € T will be denoted z

by [y, z].

We will denote # (7~ !({z})) — 1 by n(z) for any z € T'\ {0} and # (7' ({0})) by n(o).
Since we assume the condition (iii) in Section 2, we see that n(z) is given as a positive integer
for each x € T'\ {0} and n(o) > 2. Throughout this chapter, we restrict our attention to the
case that X7 admits a Radon measure p on X7 satisfying p(3X*) = 1 with the support X+ and
a complete orthonormal system V of L?(X7; i) are given so that V is divided into orthonormal
systems {V, }rer each of which is assigned by

Veo={veVNC, | (v,1s+)r2(n+y) =0} for each x € T'\ {o}
and
V, = {U cevncg, | (U, 1E+)L2(E+;p) = O} U {1g+}.

The condition (iii) in Section 2 implies that each V, consists of n(z) elements. The existence
of such complete orthonormal system is explicitly assumed in [34] and is substantially ensured
in [2] along with the coincidence with the system of the eigenfunctions. In what follows, the
linear span of V, will be denoted by C, and the orthogonal projection to C, o by P, for each
zel.

In this section, we start with a family {(&,,C.)}.er of the Dirichlet spaces satisfying
E:(u,v) = 0 for any u in the orthogonal subspace of C, o in L?*(X%; 1) and any v € C,. Thanks
to the property, we can denote &,(P,u, P,v) again by &,(u,v) without confusions.

A family of the Dirichlet specs {(&;,C:)}rer is said to be admissible, if the symmetric
bilinear form

() (U, 0) = Eu(,0) + Enay (W, v) + -+ + Eprmr (@) (W, V) + Epre(ay (u, )

Crr(a)®- - ®Cy satisfies £ ) (1o, 1o+) < 0 for any distinct y, 2 € T\ {o}

with domain CZ, Ry =
=7(z) =z € UY_,T,, and non-negative integer k.

satisfying 7 (y )
Let us define the symmetric bilinear form
EM(u,v) = Ey(u,v)

+ Z (Ey(u,v)+-~-

y€T1,m(y)=0

Y (e Y &) )

Y €Tm—1,m(y")=y Y €T, m(y")=y"
for u,v € C™(XT).

In the sequel, S*(x) stands for 7—!({z}) and II(¢,n) for the node x characterized by
{&,n} C X7 and by {¢,n} ¢ ¥ as long as y € ST (x) for any distinct £, € X7
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Proposition 5.20 If a family of the Dirichlet specs {(Ex,Cx)}rer is admissible, then there
exists a function K(x,y) depending only on the pair (x,y) of distinct nodes given by €
Yi,ne X and n(r) = w(y) such that

m B 1
£ () = 3 / / sy 16 DO oD E (D)

+
Y

for any u,v € C™(X1). The sequence {(E™,C™(X7))}°_, of Dirichlet spaces obtained is
consistent in the sense that

E™ (u,v) = E™(u,v)
for any u,v € C™(XT) and any positive integer m.

Since the identity
EM(lgs, 1yy) =

implies

E(Polys, Polys) = EM(lgs, 1y ) —

for any z,w € S*(z) and the identity

1
e =3 [ () —um)0(€) — o) 1) ()

is defined for u, v € UZ_,C™, as similarly to the proof of Theorem 2 in [34], a regular Dirichlet
space (£, F) satisfying V C F is uniquely determined:

Theorem 5.21 If a family of the Dirichlet spaces {(E.,Cy) }uer is admissible, then there exists
a reqular Dirichlet space (€, F) on L*(X7; u) characterized by

E0(1,0) = E(1,0) — () (V) Lyt 1)
for any u,v € C, and at any node x € T, where (1), = (ﬁ fz; w(n) p(dn)) Lys.

By applying the general theory in [12], the Hunt process associated with the Dirichlet space
(€, F) is obtained by taking a strongly continuous contraction semi-group {7;} of Markovian
linear operators on L*(X*; ) determined by the Dirichlet space (€, F). The general theory
in [12] also provides us with the transition probability kernel semi-group {p;} which can be
viewed as the family of the kernels representing the semi-group {7;} on L*(X7"; u).

Since the semi-group associated with the Dirichlet form is obtained, we briefly recall a
generalized notion of the Bessel kernels proposed in [28] and see a probabilistic variant of
Sobolev-Orlicz capacity is introduced so that it is viewed as a natural counterpart of the one
proposed in [17].
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We first recall that the Bessel kernel

1 1 o0 a—n 7"|9~"‘2 t dt
— et A —
CalT) <4w>a/2r<a/2>/o o

is defined for every a > 0 by taking the Gamma function I'(s) = fol e tt*~1 dt and that, for a
subset £ of the ball B™(0, Ry) centered at the origin 0 with radius Ry > 0 in the n-dimensional
Euclidean space R"™, the Sobolev-Orlicz capacity P, ¢(E) of E is defined in [17] by

Poa(E) = inf{|[fll o(pn(0.r,) | f 13 non-negative and (G, * f)(z) > 1 on £},

where a = n/p and ®(t) = tPp(t) stands for the Young function determined by ¢(t) satisfying
conditions (C 3.1), (C 3.2).

In [28], it is assumed that a strongly continuous contraction semi-group {7;} of Markovian
linear operators on LP(X; ux) with p > 1 is given on a metric space X with a Radon measure
px and it is shown that the Markovian contractive operator V. on LP(X; jux) is defined when
such a {T;} is given. Since we can obtain the transition probability semi-group kernels {p;}
representing the strongly continuous contraction semi-group {7;}, the natural counterpart of
the Bessel kernel for fixed » > 1 is defined by

1 o
_ r/2—1_—t
v (z, dy) —F(T’/Q) /0 t e 'p(x,dy) dt,

which assigns the same operator V. : LP(X; ux) — LP(X; px) as in [28]. In fact, the operator
is defined by V; () = [ £(4)v,(-.dy).
Especially in our case, the kernel v, is obtained and the map
Vo (575 0) — LA(2%; p)

is reasonably used in defining a probabilistic counterpart of the Sobolev-Orlicz capacity. In
fact, the Sobolev-Orlicz capacity Py, (O) for any open subset O of Xt by

Pv,.¢(0) = inf {HfHLq) with respect to p on O

f is non-negative and (V,. f)(x) > 1 a.e. }

based on the kernel V,. and the Sobolev-Orlicz capacity Py, o(E) of any subset E of £ by
Py, o(E) =inf{Py, +(0) | E C O,0 is open},

where ®(t) = tPp(t) stands for the Young function determined by ¢(t) satisfying conditions
(C 3.1), (C 3.2). We introduce another Sobolev-Orlizc capacity Py, o defined by

feLl*(Xt;u) and (V.f)(z) > 1 ae. }

Pv,.¢(0) = inf {”VTfHL@ with respect to g on O

for any open subset O of ¥ and by
ﬁvr,é(E) = inf{ﬁqu)(()) | EC 0,0 is open}

for any subset E of 7.
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5.6 Comparison of Sobolev-Orlicz capacity with proba-
bilistic capacity

In the scheme build in [34], the set {z} x {1,...,n(z)} is denoted by N(z) and each eigen-
function associated with the Dirichlet space (£, F) is specified by the notation v, with some
v € N(z)sothat V, = {v, | v € N(x)} is satisfied for any x € T". We recall that the eigenvalue
associated with v, is written as ), and the orthogonal projection to the linear space spanned
by v, is written as P, in the scheme.

Remark 5.22 The Dirichlet space (£, F) determined by the family {)\, | v € UzerN(z)}
satisfying A\, = A,/ for any v,/ € N(z) and any x € T is covered by the results in [22].
We will employ these notations and denote U,erN(z) by T as in [34]. Then, it is not

difficult to see that
Z Z A (Pu, PUL2(2+M)—Z)\ (Pou, Pu)p2(stp

z€T veN(zx) veT

for any u,v € F and

NS = 2 Tt 1+)\)% v

veT
is defined as an element of L*(X%; p) for any f =Y zcv, € L*(E%; p).

One of objectives of this section is figuring out sufficient conditions on Dirichlet space
(€, F) such that the finiteness of the hitting time of singleton is derived from the non-
polarity of Sobolev-Orlicz capacity of the singleton in X*. For that purpose, we define
6, = inf{u(X]) | v, takes constant on every X for any y € ST(z)} for any v € T and de-
note &€(u,v) + (u,v)r2(s+,,) by E1(u,v) for any u,v € F.

Proposition 5.23 If (A, + 1) fo Dydt for any v € T, then there exists a positive
constant Cg independent of the coeﬂiczents cy with v € Ugeryu..ur, N(x) and of n such that

/(Z > Cyvy) ()dt<C’q>51(Z Y eny Y CWV).

=0 veN(x),z€T; =0 veN(z),z€T; =0 veN(z),z€T;

We shall show an estimate on 75‘/1,@ so that positive hitting probability of £ C X1 with

respect to the Markov process generated by {T}} is validated by the positivity of Py, ¢(E).
In fact, we take the capacity C; o which admits the probabilistic characterization as pointed
out in [28] and apply the capacity theory in [28]. We will take the abbreviation “q.e.” for
quasi-everywhere as in [28].

Theorem 5.24 If (\, +1) > %fa ©(1)dt for any v,

Prae({C}) < Cy*y/ Cral{C))

for any ¢ € X7,
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For a lower estimate for Py, ¢({C}), we introduce the following condition on (:

(C 6.1) for any = € T satisfying ¢ € X}, #N(z,() = 1 and the function v, € V, uniquely
determined by v € N(z,() takes a constant on Uegst gt (1) Sy -

The function v, € V, in (C 6.1) will be denoted by v, j(¢)) and the function ly+ admits the

expansion
n

ly+ = Z Clark (),§ () V(rk (2),5(C))
k=0

with the eigenfuctions v(x(,) j¢)) and the real coefficients c(xx 2y j(¢))-

First we fix p > 1 and define f; = 1s+. Then we see V,fy = 1s+ = 1 qe. on
Y. This is because the eigenvalue A\ associated with the eigenfunction ly+ vanishes. In-
cinlﬂ +(1—8)fu o is minimized at s = s,

and define f, = 1oy + (1 — $,)fn_1 so that V,.f, > 1 q.e. on X is satisfied, where

Cn =2 ko ey Z(:I:(z’j;ﬂ)r/g Virk(2),j(¢)) (€) 18 given by taking a unique x in T}, satisfying ¢ € X7
T (x),7

ductively, we find such s, in [0,1] that

We will find a lower estimate for mingeo 1]

Cian};' + (1 - S)fnfl

<Cin>p /01 Liousiy) WD(%) dt+ (1 —s)” /01 fn1<t>*p¢<%> dt

subject to the condition 0 < s < 1. In fact, we see

, by taking the minimal
)

value 7, of

p
5
in |—1 1—3)fn > Y-
SIGIE}}] On zZ +( S)f ' (] =7
This is because it is easy to see that
5 * s .
(C—nlzj + (1 — S)fn,1> = C_nl[O’“(E;)] + (1 - S)fn—l

which implies
S *P S % p
<C—12; + (1 — S)fn_1> = <C_1[0’“(E;r)] + (1 — S)fn—l)

> (Gtoumn) + (1= 95)"

For the function g(s) = s? + (1 — s)? defined on [0, 1] determined by positive real values

=L P 1 P
v, 6. It is not difficult to see that g attains its minimum 9(%) + 7(%) at
OP—T 4~pP—T OP—T 4~p—T
1 1
p—1 . gp—1 p . . .
s = —L . Therefore, v > min t) > (—) . By introducing a function
o v 2 mimeon 90 2 \Gn T ) By :

1

1 P
GO,y) =~ <19p—11> , for any positive sequence {6,,}>° ,, we obtain the decreasing sequence
9p—T f~p—T

{7n} defined by
Y ="00 and v, =G(0n, Y1) forn=12....
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Then, we have

n eﬁ p n eril p
7n290<H%> :90<H(1_%)> :
k=107 + 057" k=1 0; " + 00"

oo 1

Therefore, we can drive liminf~, > 0 from the convergence of » > ———

n—o00 95—1 +0(§9—1

this principle into our account, we can show the following assertion:

. By taking

Theorem 5.25 If ( € XT satisfies condition (C 6.1) and the sequence

f05<z,j<c>> p(L)di

0, = 7

given by x € T,, and ( € X} satisfies > o0 | —— < 00, then
1

Pratieh 28 T[(1- =) o

R
RN
For an upper estimate for Py, ({(}), we still assume on ¢ € £ that:

(C 6.1) for any = € T satisfying ¢ € X}, #N(x,() = 1 and the function v, € V, uniquely

determined by v € N(z, () takes a constant on Uegss v (1) 2y

and denote z € T, satisfying ¢ € ¥ by x,,. We denote the eigenvalue A\, with v € N(x,, ()
by A, and we denote the function v, € V,, with v € N(z,,() by v,,, which takes a constant
o0 Urgsit yest (o) 2y due to (C 6.1). We assume also that

(C 6.2) each ¢ € X7 yields the increasing sequence of eigenvalues given as
)\VO §>\Vl S SAVH S

Then, we see that
n

lyy = E Cy, Uy, With ¢, = (1E;n,vyk)L2(E+;u)
k=0

and
_ c 1
Vilgr = — > 1
S g (/\Vk + 1)T/2 * (/\Vn + 1)7“/2 Pan
which imply that

(A +1)72Vidgy = (A, +1)77
k=0

Cy,

YRSV

/UVk > 1E+

Tn

for any n = 1,2,.... For a sequence {b,}> ; satisfying 0 < b, < 1,n=1,2,..., we define

VO = by (A, + 1) Vidse + (1= by)(A, + 172V, 15



and
VI =p, V0D 4 (1=b,) (A, + 1)V, 1gy  forn=2,3,....

We have
VO = b,V 4 (1= by) (A, + 1)V, 1
= babi (A + 1)Vl +0a(1 = b1)(Ay + 1)PVilgy + (1= o) (A + 1)Vl
> 1y
which implies
bobi (A + 1P Volgisr +bo(hy + 12 Valyr op + (A + 1)V
>V =15,

By repeating this procedure, we obtain

(H bk) Ao + 1PV lgp \op + Q—[ bk) oy + 172V 1 e
=2

o O, + 1)V
>V >

where X} stands for ¥*. From this observation, we see such value that dominates

([ moretya)”

with

(H b’“) A + 1) P lyg o, + (H b’“) r + 1Pl v, + o O + 1)1,
k=2

for sufficiently large n gives an upper estimate of Py, o({C}).

Theorem 5.26 If there exits a positive constant o satisfying

1+«

—— <1 d oa" > (A, 1)7/2
2a(a — 1) and a” 2 (A, +1)

foranyn =0,1,2,..., then

n

1/p
o\ p(k—1) 1
< T on a N ( )
Pv.o({C}) < h,?ig.}f (6 ;( 6) w(Er e o + An> ,
where € = % and A,, = o™ fou(zin) @(%) dt. In particular,

Z(%)p(kl)ﬂ(zjk‘l)¢<u(21;€)> < 00

and liminf A,, = 0 imply Py, o({C}) = 0.

n—oo
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