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Abstract. In the present paper sufficient conditions for the existence of affin-
ity integral manifolds of linear singularly perturbed systems of impulsive dif-
ferential equations are obtained.
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1. Introduction

Let R™ be the n-dimentional Euclidean space with norm || - || and let I =
[0,00). Consider the linear singularly perturbed system

X A+ B, 147,
(1) p% = Clt)a + Dy, 147
Ax = Axx + By, t =Ty,

\ Ay = Crx + Dyy, t=71,, k=1,2,...

where p > 0 is small parameter, and x: I — R"™, y: I — R™, Ax = z(t +0) —
z(t—0), Ay =y(t+0)—y(t—0), A: T — R™™" B:I — R™*t" C: ] — R™",
D:I] - R"™ 0< 7 <7 <...,limg_ o 7 = 00, E, is unit n X n matrix,
and the constants matrices Ay, By, Ck, D, k = 1,2,... are m X m, n X m,
m X n, n X n dimensional respectively.

The system (1) is characterized as follows:

1. At the moments ¢ # 7, t € I, k =1,2,... the solution (z(t),y(t)) of (1)
is defined by the differential equation

dx

4 B

b A+ B,
d

“Tll; — C(t)z + D(t)y.
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2. At the moments t = 75, k = 1,2,... the mapping point (¢,z,y) (under-
going short period forces as a hit, an impulse etc.) moves from the position
(t.z(t),y(t)) in the position (¢, (t) + Az (t) + Bry(t), y(t) + Cra(t) + Dry(t))
“Instantly”. We assume that the solutions of system (1) are left continuous at
the moments of jump i.e.

z(r — 0) = (%), y(m —0) = y(7r),
r(1p +0) = 2(1h) + Apx(7r) + Bry(me),
y(mi +0) = y(7%) + Crx (i) + Dry(e)-

2. Preliminary notes.

Definition 1. An arbitrary manifold J in the extended phase space of the
system (1) is said to be an integral manifold of (1), if for arbitrary solution
(x(t),y(t)) from (to,x(to),y(to)) € J, to > 0 it follows that (t,z(t),y(t)) € J,
t > to.

Definition 2. The integral manifold J is said to be affinity integral manifold
of (1) if J is graph of the function ¢: I x R™ — R", p(t,x) = Q(t)x + n(t, ),
for which

a) Q(t) is piecewise continuous matrix function with a dimensional n x m
and with points of discontinuities of the first kind at the moments ¢t = 7y,
k =1,2,... at which is continuous from the left.

b) n: I x R™ — R™ is a bounded function which is continuous at the variable
x and for t = 7, k = 1,2,... have discontinuities of the first kind and is
continuous from the left.

Definition 3. The function ¢(t,z) definited on Definition 2 is said to be a
parameter function to the integral manifold.

Introduce the following conditions

H1. The matrix A(t) is piecewise continuous with discontinuities of the first
kind at the points t =7, k=1,2,....

H2. det(E,, + Ax) #0, k=1,2,....

Let Ug(t,s), k = 1,2,..., t € (7k—1,7k] is Cauchy’s matrix of the linear
System

d
d—f = Alt)z, (tho1<t<Ti)

and the conditions H1, H2 are met.
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Definition 4 ([3]). The matrix W (t, s), where

(2)
W(t,s) =
( Uk(tvs)v ta ERS (Tk:—ka:]’
Ugs1(t, 7 + 0)(Ep + Ak) Uk (T, 8),  Th—1 < 8 <t < Thy1,
i+1
Un(t, 1) (B + Ar) ™ [ (B + 45)U; (75,751 + 0) (B + Ai)Us(7:, 5),
j=k
for 1 <s <71 <Tp <t< TRy,
k—1
Ui(t, 7i) H(Em + A5) T U4 (75 + 0,7540) (B + Ag) ™ Ugga (11 + 0, ),
j=i
for i1 <t <7 <7 <8< Tyt

is said to be Cauchy’s matrix of the system:

dx
—=A
Ax = Agx t=m,, k=1,2,....

It is easily to verify that the following relations are hold

(4) W(t,t) =
W (i, — 0, Tk) W (rk, 7 — 0) = Ep,
Wt +0,8) = (Ep, + Ag)W (11, 8),
W (s, 7 +0) = W(s, %) (Em + Ak),
oL = AWW(s), (£,
oW

e = Wt )As), (s # 7).

Introduce the following condition:
H3. det(E,, + Dy) # 0.

H4. The matrix D(t) is piecewise continuous with discontinuities of the
first kind at the points t =7, k=1,2,....

With Y (¢, u), Y(to,pt) = Epn, > 0 and tg € I we denote the fundamental
matrix of the linear system

dy
— =Dt t
Ay = Dy t=m, k=1,2,....
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Definition 5. Let P is projector (P? = P) in the space R". The function
Y (t, ) PY (s, ), t>s>0,
G(t,s,u):{ (t, 1) (s, 1) > s>

Y(t,u)(P—E,)Y s,p), s>t>0
is said to be Green’s function of the system (5).
It is easily to verify that the following relations are valid

6
) Gt +0,t,1u) = (E,, + D)G(7k, ty 1), t# 7,
G(t, Tk +0,p1) = G(t, 7, u)(Ep + D) ™Y, t # 7,
G(t—I—O,t,u)—G(t—Otu) E,, t+# T,
(
(

G(t,t+0,u) —G(t,t—0,u) =—FE,, tF#*Tk,

G Tk+0,7'k—|—0,,u) = (En—l-Dk;)G(Tk,Tk—l—O,lu)—i-En, k=1,2,...,
0G(t, s,

M(atu) = D(t>G(t737/”’)7 13 7é S,

W = ~G(t,5,u)D(s), t#s.

Introduce the following conditions:
H5. 0 < tg < 7 and there exist a constants p > 0 and € > 0 such that
uniformly at ¢ € I and s € I the following inequality is valid

i(S,t) < p(t - 8) +é,

where by i(s,t) we have denoted the number of the pointes 75 in the interval

(s,t].

H6. The following inequalities are valid
W (t,s)| < Ke*lt=sl, tel sel,
|G (t, s, 1] < Ne_g‘t_s‘, tel, sel,
where K >0, N >0, >0 and 3 > 0.
Lemma 1 ([1]). Let the following inequality hold:
u(t) < /t u(s)o(s)ds + F(t)+ > wulm)+ Y Gt
to to<Tr<t to<Tr<t

where the function u(t) is piecewice continuous with discontinuity of the first
kind at the points 1, k = 1,2, ..., v(t) is locally integrable function, F'(t) and
0k (t) non decreasing for t € (tg,00), 0k(t) >0, 7% >0, k=1,2,....

Then

u(t) < <F(t)+t ;@am) 11 (1+7k)exp</t:v(s)ds>.

to<tTr<t
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3. Main results
Let J is affinity integral manifold of (1) in the form
(7) J = {(t,y)y = Q) t € [to, 00), 2 € R™}.
Along with J we consider the system
Q +QA+1QBQ=1DQ+C, t#m,
(®) § AQ(7k) + Q(7k + 0) Ay + Q7 + 0)BrQ(ry) = uCi + DyQ(),
k=1,2,....

Lemma 2. THe manifold (7) is affinity integral manifold of (1) if and only if
Q(t) is bounded solution of (8).

Proof. Lemma 2 is proved by straightforward calculations.

Theorem 1. Let the following conditions hold:
1. The conditions H1-H6 are met.
2. The relations B(t) =0,t € I and B, =0, k =1,2,... are hold.
3. There exist a positive constant § such that

sup [D(t)[ <6, sup [|Dgl| <6,
tel

=1,4,...

where § = 0(u), 0(n) — 0 at p — 0.
Then there exist a constant ug > 0 such that for all p € (0, po] and t > tg,
(1) has affinity integral manifold.

Proof. From (2) it follows that any solutions x(t) = x(t; to, xo) of the Cauchy’s
problem of the system (3) with xz(tg) = zo is the form x(t) = W (t,t9)xo. Then
it is follows that the system

d
=l = Dy + COW (tto)r, t# T,
Ay = Dy + Cp W (t, to)x, t=m k=1,2,...

has only one bounded solution in the form

1 [> >
o) = / G(t, 5, 0)C(s)W (5, t0)wo ds + 3 Gt 7 + 0, 1)) CeW (75, t0)30.
to k=1

If the graph of the solution (z(t),y(t)) is from a affinity integral manifold
then
1 oo
QW (t,s)xo = m G(t,s, u)C(s)W (s, to)xods
to

+ ) G(t, 7 + 0, ) Ck W (7, to) 0.
k=1
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We shall proof Theorem 1 if we proof that
1 [ >
9) Qt) = - G(t,s,m)C(s)W (s, t)zo ds+ Y G(t, +0, 1) Ck W (7, )0
to k=1

is bounded solutions of the system (1) such that B(t) =0at t € I, By =0 at

k=1,2,....
From (4) and (6) at ¢t # 73, t > tp we obtain

(10
d
Saw

_ i(; | G5, 10 Cs)W (51) ds + i /too G(t, 5, 1) C(s)W (5, 1) ds)

d o
— t t
+ (e omawn.)

_ iG(t, £— 0, ))CHW(E— 0,1) iG(t, E4+ 0, ))COW(E+0,1)

L[ Dt s womw s o) ds

B Sty
_1 G(t,s,u)C(s)W (s, t)A(t) ds
H Jt

+ =Y D)G(t, 7 + 0, ) Ci W (75, 1)
=1

— Z G(t, i + 0, u)Cr W (11, 1) A(2)

and at t =7;,7=1,2,... it follows that

(11)
AQ(1;) + Q1 + 0) Ay
= ; - G(1i+ 0,8, u))W(s, 7 +0)(E,, + A;) ds
to

+ Z G(TZ + 0,7 + O,M)CkW(Tk,TZ' + 0)(Em + AZ)
k=1
1 [ >
- G(7iys,10)C(s)W (s, ;) ds — Z G(7iy i + 0, w)Cp W (13, )
to k=1
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= ;/t:o(En + Dl)G(Tl, s,ILJ,)C(S)W(S,Ti) ds

- 1
+ Z(En + Di)G(Ti,Tk -+ O,M)CkW(Tk,Ti) + ;CZ

=1
1 [ >

- M/ G(7i,5,W)C()W (5,7:) ds — > G735, 7 + 0, 1)) Cx W (74,75
to k=1

1
= ;Ci + D;Q(m:).

Then (9) is solution of (8) for B(t) =0,t > to; B, =0, k=1,2,....
On the other hand for ¢ > t; it is follows that

[ >
12) @) < / KNe (Go)li=slggs 43" g Ne(Rme)lt=nds,
HJto k=1
From H5 it is follows that there exist o > 0 such that for all p € (0, o] the
following inequality is valid

(13) ZKNe_(%_a)lt_T’“‘ < vy,
k=1

where v, depend only from p, 1 € (0, p1o] and the sequence {73, }2° ;.
From (12) and (13) it is follows that Q(¢) is bounded solution of (8) for
B(t)=0,t>ty; By =0,k=1,2,....

Theorem 2. Let the following conditions hold:

1. The conditions H1-H6 are met.

2. There exist a positive constant § such that the following inequalities
hold:

sup [B(t)[| <6,  sup Bl <4,

tel k=1,2,...
sup [|[C(t)[| <6,  sup [|Ckl| <9,
tel k=1,2,...

where 6 = d(u), 6(p) — 0 at p — 0.
Then there exist a positive constant p* such that for all p € (0, u*] the
system (1) has affinity integral manifold in the form (7) at t > t.

Proof. The parameter function from (7) we shall obtain by the method of
consistent approach.
Set

900:07
Oon =Qnt)r, n=12,...,
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where
(14)

I -
@n(t) = ,u/ G(t,s,m)C(s)Wno1(s,t)ds + > _ G(t, 7 + 0, 1) Cx W1 (i, 1),
¢ k=1
and W,,_1 (¢, s) is Cauchy’s matrix of the system
X 1AW + BOQuA D], 147
(15) dt - n—1 9 ks
A.%':[Ak—l—Ban_l(t)]J?, t=m, k=1,2,....

We consider the system

dx
i [A(t) + B(t)Qn-1(t)]x, tF# T,
d
(16) u=l = CH)x + D(t)y, t # T,
Axr = [Ak + Banfl(t)]a;, t =Tk,
Ay = Cyx + Dyy, t=71,, k=1,2,....

We shall proof that {Q,,(¢)} is uniformly bounded sequence.
For n = 1 the system (16) satisfies the conditions of Theorem 1. Then there
exists the constat ¢ > 0 such that

Q1) < q.

Let ||Qn(t)|| < ¢ for arbitrary n > 1.
Then from (14) it follows that

(17) 1@na (B < ;/Oo IG5, W) NICSIWn(s, )]l ds

to

+ > NG+ 0, ) ICkll W (7, 9)].
k=1

From (15) for t > s; t € I, s € I it is follows that
t
Walt,) = W(tos) + [ W(ED)BEQuOWa(r.s)dr

+ 3 Wt ) BrQu (1) Wa(7s, 5).

s<TR <t

Then
t
(Wt )] < Keat=) 4 / Kqgbe® ) |Wo(r, 5)|| dr

+ > Kgoe" || Wy (1, 5)|-

s<TR<t
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Set

u(t) = e Wit s)ll, v(t) = Kqd,

F(t) = Ke ™, e = Kb,
dk(t) = 0.
From Lemma 1 we obtain that
(18) W, (t, )| < Ke*(t=9) H (1+ Kqd)eKa(t=s)
s<TR <t

< Kea(t—s)(l + Kq5)p(t—s)+aeKq5(t_s)
=K1+ Kqé)se[a+Kq5+Pln(1+Kq5)](t—s)'

For s > t the proof is analogouly.
From (17) and (18) we obtain that

1 [o¢]
(19) 1Quaa®ll < [ NE3(1+ Kqo)ee=ol=5l g

to
o
+ Z NK§(1+ Kgb)ce olt=ml,
k=1
where o = % — (a + Kqd+pln(1 + Kqé)).
It is easily to verify that there exist a positive constat pg, o < 3 (a+K qo+

pln(1+ Kqé))_1 such that for all p € (0, o], o is positive. Then from (19) it
follows that

(20) [Ques(0)] < NES(1+ Koy (L4, )

Hence it is follows that @, (t) is bounded at ¢t > t;.
On the other hand

(21)
Quis (1) — Qu(t) = ; [ G5O (Wo5.8) = Wi (s.1) ds
+ Gt i+ 0, 1) Cr (Wi (k) = Wit (75, 1))
k=1

It is immediately verified that V (¢) = W, (t,s) — W,,_1(¢, s) is solution of the
System:

‘%/ = (A() + BOQ))V + B(t)(Qu-1(t) = Qu(t)) Wa-1, ¢ # 7,

AV = (Ak + BkQ(t))V + BK (anl(t) - Qn(t))anlv
t:Tk,k:LQ,....
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Then for ¢t > s,

V() = / W (t, 0) B(0) (Qu1(6) — Qu(8)) W1 (6, 5) d6
+ Z Wn(thk)Bk(anl(Tk) _Qn(Tk))anl(les)-
(22)
V)l < { / (K (1 + Kqd)7)*gelotKadtpn(+Kad)(t=s) de]

X sup ||Qn-1(s) — Qn(s)]|
tel

+ ( Z (K(l + Kq(S)E)25€(a+Kq6+pln(1+Kq5))(t_Tk)>

s<TR<t

X ilellf) |@n-1(t) = Qn ()]l
_ (K(l + Kq(;)s)266(a+Kq6+p1n(1+Kq5))(t_S) ((]_ _|_p)(t — S) + E)
X Sup [Qn(t) — Qn-1(t)|-

At t < s the proof is analogously.
Then from (21) and (22) we obtain that

Qi1 (t) — Qu(t)]|
- [; /t N(K(1+ Kq8)) 62 (1 + p)lt — 5| +€)e = ds]
X ilelll) HQn(t) — Qn—l(t>H
" [Z N(K(1+ Kq5)6)252((1 +p)|t — 1| + E)e—fflt—m]
k=1

X sup [|Qn(t) — Qu-1(t)|.

tel
From H4 and (13) it is imediately that there exist g1 > 0 such that for all
w € (0, p1] the following inequality is valid

oo
Z |t — Tkle_glt_ﬁrkl < Ak,
k=1

where )\, depended only of the sequence {73, }?° , and p.
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Then

(23)
[@n11(t) — Qn(®)]l

g

2 1 1
<{N(K(1+ Kq5)5)252 [(1 +p) <02 - ge_"(t_“’) — ZeTolt=to) 4 Ak>]

x sup || Qn(t) — Qn-1(t)|

tel
e\2 52 2 1 —o(t—to)
+ < N(K(14 Kqd)7)"6 R ) 4

X sup [|Qn(t) — Qu-1(t)].

tel

From (23) follows that there exist p*, p* < min{ug, p1} such that for all u,
w € (0, u*] the sequence {Q,(t)}>2; is uniformly convergent to Q(t).
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