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Chapter 1
Introduction

In this thesis, we focus on degree factor problems in graph theory, and inves-
tigate sufficient degree conditions for the existence of regular factors, in par-
ticular 3-factors and 6-factors, in graphs and best possibilities of the bounds
of conditions. The factor of graph is one of the most important topics in
graph theory, and it has been studied by many researchers and applied to a
wide practical area of studies, for example, operations research, information
theory, network theory and so on. It also serves as a mathematical tool for,
for example, the edge-coloring problem of graphs. The name “degree factor”
seem to be due to Akiyama and Kano in 1985 [1]. In 2007 [12], Plummer
collected many results for problems of this vast area. Furthermore, many
researchers have been still studied on degree factor problems. For more in-
formation on connected degree factors, see [8].

In Section 1.1, we shall show the history on factors in graph theory, which
is related to our investigations, and the preceding studies. In Section 1.2, we
propose our results.

We first give several definitions (for more comprehensive description of
definitions of basic terms and symbols in graph theory, the reader is referred
to Chapter 2). Our notation is standard, and is mostly taken from Diestel [4].
In this thesis, we consider only finite, simple, and undirected graphs with no

loops and no multiple edges throughout. Let G be a graph. We let V(G)



and F(G) denote the vertex set and the edge set of G, respectively. We also
let §(G) denote the minimum degree. For an integer r > 1, a subgraph F' of
G such that V(F) = V(G) and degp(x) = r for all x € V(F) is called an r-
factor of G. A complete bipartite graph K, with partite sets of cardinalities
1 and t is called a t-star. We say G is K ;-free or t-star-free it G has no K,

as an induced subgraph.

1.1 History on factors and motivation

In this section, we first review the history on factors in graph theory briefly.
The history dates back as far as the so-called Petersen’s Theorem, which is
one of the earliest results in the study of graph factors and can be stated as

follows [11]:

Theorem 1.1.1 (Petersen [11]) Every 2-edge-connected 3-regular graph

contains a 1-factor (and hence also a 2-factor).

For matchings in bipartite graphs, Hall [7] obtained the following theorem
in 1935, which is the fundamental matching theorem on bipartite graphs and

remains one of the most widly applied graph-theoretic results.

Theorem 1.1.2 (Hall [7], Hall’s Marriage Theorem) Let G be a bi-
partite graph with bipartite sets X andY . Then G has a matching saturating
all vertices of X if and only if for any S C X,

IN(S) = 5]

In 1947, W. T. Tutte extended Theorem 1.1.2 to obtain the following
theorem, which is a characterization for the existence of perfect matchings,

i.e., 1-factors, in non-bipartite graphs [15].

Theorem 1.1.3 (Tutte [15], Tutte’s 1-Factor Theorem) Let G be a graph.
Then, a graph G has a 1-factor if and only if for each subset S C V(G),

9(G = 5) < 5],
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where ¢(G — S) denotes the number of those components C' of G — S such
that |V(C)| is odd.

This result of Tutte was later generalized by himself in 1952 as follows [16]:

Theorem 1.1.4 (Tutte [16], Tutte’s f-Factor Theorem) Let G be a
graph. Then, a graph G has an f-factor if and only if for each subsets S and
T CV(G) with SNT = (),

0S,7) == > f(w) + > (deges(y) — F(y) = A(S.T) > 0,
zesS yeT
where h(S,T) denotes the number of those components C of G — S —T such
that 3 cy(c) f(z) + |E(C,T)] is odd.

Many results concerning degree factor problems depend upon this theorem,
where the function (S, T) is often called as “Tutte’s evaluation function”.
We next concentrate on the existence of regular factors in terms of star-
free condition although there are many different conditions. Star-free condi-
tion has been popular to examine non-trivial sufficient conditions for a graph
to have a certain factor. The most commonly expressed reason for this is that
many graph problems become simpler by restricting to the class of star-free
graphs. For example, a certain NP-hard problem in arbitrary graphs may
possibly be polynomial under the condition. Another reason is that if forbid-
ding a single subgraph for regular factors, then it must be a star. Arguing

as Theorem 3 in [3], we obtain the following proposition.

Proposition 1.1.5 Let k, d and r be possitive integers with r > k, r > d
and r > 2, and let H be a connected graph. If every k-connected H-free

graph with minimum degree at least d has an r-factor, then H is a star.

Proof. Set p = max{k,d}. Let Gy = K, + (p+1)K; and Gy = K, ,11, then
both of G; and G, are k-connected graphs with minimum degree at least

d, and neither G; nor G5 has an r-factor. Since H is a connected induced



subgraph of GGy, H is a star or H contains a triangle. Moreover since H is an

induced subgraph of GGy, H is triangle-free, which implies H is a star. [J

As a first step, we now give a sufficient condition for a graph to have a 1-
factor by using K s-free (i.e., claw-free) condition. This result was obtained
by Sumner [13] in 1976.

Theorem 1.1.6 (Sumner [13]) (i) If G is a connected claw-free graph

of even order, then GG has a 1-factor.

(ii) If G is a k-connected K j41-free (k > 2) of even order, then G has a

1-factor.

Now we present a minimum degree condition sufficient to guarantee an

r-factor in a K ;-free graph, was proved by Ota and Tokuda in [10].

Theorem 1.1.7 (Ota and Tokuda [10]) Let ¢t and r be integers with t >
3 and r > 2. Let G be a connected K, ;-free graph, and suppose that

i@ = (1) |5y | - 1>T”‘3'

In the case where r is odd, suppose further that t < r + 1 and r|V(G)| is

even. Then G has an r-factor.

Since the above degree condition forms complex, we examine restricted
two cases where r = 3 and r = 6. In the case where r = 2, 3, 4 and 6,
the minimum degree condition in Theorem 1.1.7 takes the following simple

forms.

Corollary 1.1.8 Let t > 3 be an integer. Let G' be a connected K, ,-free
graph, and suppose that 0(G) > 2t — 2. Then G has a 2-factor.

Corollary 1.1.9 Let3 <t < 4 be an integer. Let G be a connected K, ;-free
graph with |V (G)| even, and suppose that 6(G) > 5 or §(G) > 7 according
ast =3 ort =4. Then G has a 3-factor.



Corollary 1.1.10 Let t > 3 be an integer. Let G be a connected K, ,-free
graph, and suppose that §(G) > (5t — 3)/2. Then G has a 4-factor.

Corollary 1.1.11 Let t > 3 be an integer. Let G be a connected K, -free
graph, and suppose that §(G) > 9 or §(G) > 3t — 1 according as t = 3 or
t > 4. Then G has a 6-factor.

The minimum degree condition in Theorem 1.1.7 is best possible, and
hence so are those in Corollaries 1.1.8, 1.1.9, 1.1.10 and 1.1.11. On the other
hand, as for Corollaries 1.1.8 and 1.1.10, if we add the assumption that G is
2-connected, then we can relax the minimum degree condition, as in shown

in the following two results which were proved in [2] and [5], respectively.

Theorem 1.1.12 (Aldred et al. [2]) Let t > 3 be an integer. Let G be
a 2-connected K, -free graph, and suppose that §(G) > t. Then G has a

2-factor.

Theorem 1.1.13 (Egawa and Kotani [5]) Let t > 3 be an integer. Let
G be a 2-connected K, -free graph, and suppose that 6(G) > (3t + 1)/2.
Then G has a 4-factor.

Our investigations and results are similarly to weaken the minimum de-
gree condition in Corollaries 1.1.9 and 1.1.11 by assuming that G is 2-

connected.

1.2 The results

Theorem 1.2.1 Let t > 3 be an integer. Let G be a 2-connected K, ,-free
graph. Then the followings hold.

(i) Ift > 4 and 6(G) > 2t + 1, then G has a 6-factor.

(ii) Ift =3 and 0(G) > 8, then G has a 6-factor.



Theorem 1.2.2 Let 3 <t <4 be an integer. Let G be a 2-connected K ;-
free graph with |V (G)| even and suppose that §(G) > t+ 1. Then G has a

3-factor.

Theorem 1.2.3 Let 5 <t <7 be an integer. Let G be a 2-connected K ¢-
free graph with |V (G)| even and suppose that 6(G) >t + 2. Then G has a

3-factor.

Theorem 1.2.1 in [17] is our result, and so are Theorems 1.2.2 and 1.2.3
in [6]. The proof of them depends on Theorem 1.1.4.

Each of the degree conditions in the above theorems is best possible.
To see this, we later mention about sharpness examples in Sections 3.4 of
Chapter 3 and 4.6 of Chapter 4.

We shall close this section with the following conjecture, which implies
Theorems 1.1.12, 1.1.13 and 1.2.1.

Conjecture 1.2.4 Let t and r be integers witht > 3 and r > 1. Let G be

a 2-connected K, -free graph, and suppose that

w2 (] e

Then G has a 2r-factor.




Chapter 2
Definitions and terminologies

We begin our study of graphs by introducing many of the basic concepts
that we shall encounter throughout our investigations. This chapter gives

definitions of basic terms and symbols in graph theory.

2.1 Graphs

A graph G is an ordered pair (V, E) of two disjoint sets V' and E together
with a mapping ¢ which associates with each element of £ an unordered
pair of two distinct elements of V' (see Figure 2.1). The elements of V' are
called the vertices (the singular is vertez) of the graph G, and the elements
of E are called its edges, which is a (possibly empty) set of unordered pairs
of distinct its vertices. The vertex set of a graph G is denoted by V(G), and
its edge set by F(G). The cardinality of V(G) is called the order of G and
is commonly denoted by n(G), or more simply by n when the graph under
consideration is clear; while the cardinality of E(G) is called size of G and is
often denoted by m(G) or m. If both of V(G) and E(G) are finite sets, G is
called a finite graph. If V(G) =0, G is called an empty graph.

If e € E(G) and w and v are the vertices which constitute the unordered
pair associated with e by ¢g, then we call u and v the endvertices of e, and

say that e joins u and v and write e = uv (or e = vu). When a vertex u is
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Figure 2.1: A graph

an endvertex of an edge e of GG, we also say that u is incident with e and e
is incident with u. For u,v € V(G), u and v are said to be adjacent if they
are joined by an edge. A set U C V(G) is independent if no two vertices in
U are adjacent in G. For e, f € E(G) with e # f, e and f are said to be
adjacent if they have an endvertex in common.

Two graphs are isomorphic if there exists a one-to-one correspondence
between their vertex sets which preserves adjacency. When two graphs G
and G’ are isomorphic, we write G ~ G’ (or G = G’ if there is no danger of
confusion). A graph isomorphic to a given graph G is often referred to as a

copy of G.

2.2 Subgraphs and operations on graphs

Let G be a graph. A graph H with V(H) C V(G) and E(H) C E(GQ) is
called a subgraph of G. A subgraph H of G is spanning if the vertex set of
H is equal to the vertex set of G. Let X C V(G). The subgraph induced
by X in G, denoted by G[X], is the graph defined by V(G[X]) = X and
E(G[X]) = {e € E(G) | both endvertices of e belong to X'}. We define the
graph G — X as G[V(G) — X]. If X = {z} is a singleton, we simply write
G — x instead of G — {z} (see Figure 2.2).

Let now G and H be two graphs with V(G) NV (H) = 0. We let GU H
denote the graph defined by V(G U H) = V(G)UV(H) and E(GUH) =

11
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A vertex set X={ @ }
G Gy G[X] G-X

Figure 2.2: A subgraph G of G with V(G;) = X, G[X] and G — X

E(G)U E(H), and we call G U H the union of G and H. For s > 1, sG
denotes the union of s vertex-disjoint copies of G. The join of G and H,
denoted by G + H, is the graph defined by V(G + H) = V(G) UV (H) and
E(G+H)=EGUEH)U{uw |ue V(G),v e V(H)}. The complement of
G, denoted by G, is the graph defined by V(G) = V(G) and E(G) = {uv |
u,v € V(GQ), u#v,uv € E(G)}. Note that G=0G (see Figure 2.3).

O

QIO

GUH G+ H 3H
Figure 2.3: Graphs GUH, G+ H, 3H and G

2.3 Neighborhood and degree

Let GG be a graph, and let v be a vertex of G. The neighborhood of v, denoted
by Ng(v), is the set of all vertices which are adjacent to v. For X C V(G),

12



let No(X) = Uyex Ne(v). If there is no ambiguity, we write N (v) and N(X)
for Ng(v) and Ng(X), respectively. The degree of v, denoted by deg.(v), is
the number of edges of G incident with v. Note that if G is a graph, then
degn(v) = |Ng(v)|. The minimum degree of G is the minimum of degg(x)
as x ranges over V((G), and is denoted by 0(G). If all vertices of G have the
same degree k, then G is k-regular, or simply regular. Note that the edge set
of a 1-regular subgraph of GG is a perfect matching of G.

For subsets S, T C V(G) with SNT = (), we let Eg(S,T) denote the set
of edges of GG joining a vertex in S and a vertex in 7. If there is no ambiguity,
we write F(S,T) for Eg(S,T). When S or T consists of a single vertex, say
S ={u} or T = {v}, we write Eg(u,T") or Eg(S,v) for Eg(S,T). Note that
if S ={u} and G is a graph, then |Eq(u,T)| = |Ng(u) N 7.

2.4 Complete graphs and bipartite graphs

A graph is complete if all of its vertices are pairwise adjacent. We denote by
K, the complete graph of order n (see Figure 2.4). In particular, K3 is called
a triangle. A graph is bipartite if its vertex set can be partitioned into two
subsets X and Y so that every edge has one endvertex in X and one endvertex
inY, and we call X and Y its partite sets. A bipartite graph G with partite
sets X and Y is a complete bipartite graph if E(G) = {uv | u € X,v € Y}.
The complete bipartite graph with partite sets of cardinalities of n and m is
denoted by K, ,, (see Figure 2.5). In particular, the K, is often called as a

t-star and the K, 3 as a claw.

2.5 Paths and cycles

A graph P of order m of the form V(P) = {u; | 1 < ¢ < m} and E(P) =
{ujuipr | 1 <i < m—1}is called a path. We say that u; and w,, are connected
by P. The vertices u; and u,, are called the endvertices of P, and the vertices

u; (2 <1 <m—1) are called the internal vertices of P. For a graph G and

13



Figure 2.5: Complete bipartite graph Ks 3
Figure 2.4: Complete graph K5

two vertices u,u’ € V(G), we call a path P of G a u-u’ path if u and u" are
connected by P. We define the length of a path as the number of its edges.
We let P, denote the path of order [ (see Figure 2.6). Note that P, has length
[ —1. A graph C of order m (m > 3) the form V(C) = {v; | 1 <i < m}
and E(C) = {vvig1 | 1 <@ <m— 1} U{v,v} is called a cycle. We define
the length of a cycle as the number of its edges. Note that for a cycle, the
length is the same as the order. We let C; denote the cycle of order [ (see
Figure 2.7). Paths and cycles are often denoted by a sequence of vertices
along edges. For example, a path P with V(P) = {u; | 1 < i < m} and
E(P) = {ujuiy1 | 1 <@ < m — 1} is denoted by wjus - - - u,,, and a cycle C
with V(C) ={v; | 1 <i<m} and E(C) = {vvip1 | 1 <i <m—1}U{v,v1}
is denoted by vyvy---v,v. For a graph G, a Hamiltonian path of G is a
spanning path of G and, similarly, a Hamiltonian cycle of G is a spanning

cycle of G.

Figure 2.6: Path P; Figure 2.7: Cycle C5

14



2.6 Component and (edge-)connectivity

A graph G is connected if for any two vertices u,v € V(G), G has an u-v
path; otherwise, GG is disconnected. A maximal connected subgraph of G is
called a component of G. For an integer [, a graph G is called [-connected
if |[V(G)| > 1+ 1 and G — X is connected for any subset X C V(G) with
|X| <1 —1. Note that every nonempty graph is 0-connected. The largest
integer [ such that G is [-connected is the connectivity of GG, and is denoted
by x(G). For an integer [, a graph G is called [-edge-connected if |V (G)| > 2
and G — F' is connected for any subset /' C F(G) with |F| < [—1. Note that
every graph of order at least two is O-edge-connected. The largest integer [
such that G is [-edge-connected is the edge-connectivity of G, and is denoted
by AM(G).

2.7 K, ;-freeness

Let G be a graph, and H a connected graph. A graph G is said to be H-free
if G does not contain H as an induced subgraph. We also say that H is
forbidden in GG. For a set of connected graphs &, GG is said to be F-free if
G is F-free for every F' € J. In this thesis, we deal with a single forbidden
subgraph K ;.

2.8 f-factors

Let GG be a graph, and let f be a non-negative integer-valued function de-
fined on V(G), denoted by f : V(G) — Z* U{0}. Then G has a spanning
subgraph F' satisfying degp(z) = f(z) for all x € V(G) if and only if the
Tutte’s evaluation function 6(S,7") > 0 for any disjoint S, 7" C V(G) (see
Theorem 1.1.4). This spanning subgraph is called as an f-factor. If f(z) =7
for all v € V(G), then an f-factor is called an r-factor.

15



2.9 Other notations of graphs

In the rest of this chapter, we shall show another results on degree factors
problems. For even b > 2, an even [2, b|-factor is a spanning subgraph each
of whose degree is even between 2 and b. The following theorem is a special

case of the parity (g, f)-factor theorem of Lovész.

Theorem 2.9.1 Let G be a graph and b > 2 an even integer. A graph G

has an even (2, b]-factor if and only if

(S, T) =0b|S| + > degg_g(y) = 2|T| = h(S,T) >0

yeT

for any subsets S and T of V(G) with SNT = (), where h(S,T) denotes the
number of components C' of G — S — T such that |E(T,V(C))| is odd.

By using the above theorem, we obtain a result on even [2,b]-factor as
follows [14].

Theorem 2.9.2 Let b > 2 be an even integer and let G be a 2-edge-
connected graph. If

2n
max{degg(z), degs(y)} = max{ 2+ 3}

for any two nonadjacent vertices x and y of G, then G has an even [2, bl-

factor.

In order to prove Theorem 2.9.2, we consider two cases depending on the

order of a graph. In fact, we prove the following theorems.

Theorem 2.9.3 Let b > 2 be an even integer and let G be a 2-edge-
connected graph of order n > b+ 3. If

2n

> — 29.1
— 240 (29.1)

max{deg.(x),deg,(y)}

for any two nonadjacent vertices x and y of G, then G has an even [2, b|-factor.

16



For n < b+ 2, we need another condition for the existence of an even

2, b]-factor as follows.

Theorem 2.9.4 Let b > 2 be an even integer and let G be a 2-edge-
connected graph of order n < b+ 2. If

max{deg.(z),degs(y)} > 3 (2.9.2)

for any two nonadjacent vertices x and y of G, then G has an even [2, b|-factor.

Combining these, we can obtain Theorem 2.9.2. This result is sharp
in three senses. The above lower bounds of the degree conditions (2.9.1)
and (2.9.2) are best possible. Moreover, the hypothesis “2-edge-connected”
cannot be dropped. For Theorem 2.9.4, the lower bound n > b + 3 is also
sharp.

17



Chapter 3

o-factors in 2-connected

star-free graphs

In Section 3.1, we show preliminary results to prove Theorem 1.2.1. In
Section 3.2, we prove Theorem 1.2.1 (i). In Section 3.3, we prove Theo-

rem 1.2.1 (ii). In Section 3.4, we give a sharpness example of Theorem 1.2.1.

3.1 Preliminary results

In this section, we state preliminary lemmas, which we use in the proof of
Theorem 1.2.1.
Let G be a graph. For S, T'C V(G) with SNT = (), denote 65(S,T') by

0s(S,T) = 6]S] + Z (degg_g(y) —6) — he(S,T),

yeT

where hg(S,T") denotes the number of components C' of G — S — T such that
|E(T, C)| is odd. The following lemma is a special case of Theorem 1.1.4.

Lemma 3.1.1 (i) G has a 6-factor if and only if 0¢(S,T) > 0 for every
S, T CV(G) with SNT = ).

(i) 66(S,T) is even for every S, T C V(G) with SNT =0. O

18



The following lemma is proved in [9], but we include its proof for the

convenience of the reader.

Lemma 3.1.2 Suppose that G has no 6-factors, and choose S,T C V(G)
with SNT = () and 65(S,T) < 0 so that |SUT| is as large as possible. Then
|V (C)| > 3 for every component C of G — S —T.

Proof. Note that we have (S5, T") < —2 by Lemma 3.1.1 (ii). Suppose that

there exists a component C' of G—S—T with |V (C)| < 2, and take v € V(C).

It |E('07T)‘ < 9, then ZyeTu{y](dengS(y) - 6) = ZyeT(dengS(y) - 6) +

degg_g(v)=6 < 3 er(dega_g(y)—6)+(|E(v, T)[+1)=6 < 3° cp(dega_s(y)—
6) and he(S, TU{v}) > he(S,T)—1, and hence 04(S, TU{v}) < 05(S,T)+1 <

1L If [E(v,T)[ = 6, then }_ r(dega_(sugey)(y) — 6) = X, cr(dega_s(y) —

6) — |E(v,T)| <> cr(dege_g(y) —6) —6 and he(SU{v},T) > he(S, T) — 1,

and hence 05(S U {v},T) < 06(S,T) +1 < —1. In either case, we get a

contradiction to the maximality of [SUT|. O

The purpose of the rest of this section is to prove inequalities (Lem-
mas 3.1.5 and 3.1.7), which play an important role in the proof of Theo-
rem 1.2.1. Throughout the rest of this section, we let f, " and ¢’ denote the
functions defined by

6(2t —d+1 -7
f(t,d;a,ﬂ):%—i‘(d—%&—§—6>(d—@—ﬁ+1),
f’(d;a,ﬁ):24—3d+(d+2a—§—6)(d—a—6+1),and
g’(d;a,ﬁ,’y):24—3d+(d+2a—§—%—6)(d—a—ﬁ—7+1)

(see Sections 3.2 and 3.3 for the role of the functions f, f" and ¢’ in the proof
of Theorem 1.2.1).

Lemma 3.1.3 Let t, d and o be integers witht > 3 and 0 < a < d <
“Toy 4+ 6. Then the followings hold.
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(i) f(t,d;,0) >0 unlesst = 3,d =4 and o = 0.
(ii) Ift =3,d =4 and o = 0, then f(t,d;a,0) = —1.
Proof.  From the assumption that 0 < a < d < (t—7)a/(t—1)+6, it follows
that d — 6 < a < d, i.e.,
d—5<a<d (3.1.1)

Since (3.1.1) implies « —d+6 > 1 and d —a+1 > 1 and since (o« —d+6) +
(d—a+1)=17, we get

(a—d+6)(d—a+1)<12. (3.1.2)

If d <3, then 6(2t —d +1)/(t — 1) > 12, and hence it follows from (3.1.2)
that

62t —d+1) [t—7
t,d; = =
f(? 7a70) t_]_ <t_1

> 12— (a—d+6)(d—a+1)>0.

a—d+6)(d—a+1)

Thus we may assume d > 4. If & = 0, then it follows from (3.1.1) that d = 4
or5. If a =0and d =4, then f(¢,4;0,0) =2 —6/(t — 1). Hence we see that
if t = 3, then f(3,4;0,0) = —1; if t > 4, then f(¢,4;0,0) > 0. We also see
that if a = 0 and d = 5, then f(t,5;0,0) = 6 — 12/(t — 1) > 0.

Thus we may assume « > 1. Then it follows from (3.1.1) that a(d — a +
1) > d. Hence

(ﬂa—dw)(d—a“) _ (a—d+6)(d—g+1)—ti1a(d—a+1)

t—1
12_ﬁ
t—1

IN

by (3.1.2). Consequently

d— -
ftdia0) = 12— 9 3)_( 7a—d+6>(d—a+1)
t—1 t—1

18

— >0
t—1 '

Vv

as desired. [
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Lemma 3.1.4 Lett, d and B be integers witht > 4 and 0 < f < d < §+6.
Then f(t,d;0,3) > 0.

Proof. From 0 < g <d < /346, we get 5 <9, and hence
0<pB<d<8. (3.1.3)

In the case where 8 > 1, f(t,d;0,8) > f(4,d;0,5) > f(4,28/3+7/2;0,05) =
—B%/9 + B —1/4 > 0 by (3.1.3). In the case where 3 = 0, since d is an
integer, f(t,d;0,0) > f(4,d;0,0) > f(4,4;0,0) = 0. Hence in either case,
we obtain f(¢,d;0,8) >0. O

Lemma 3.1.5 Let t, d, o and 3 be nonnegative integers with t > 4 and
a+pf<d<=a+ %46 Then f(t,d;a,B) > 0.

Proof.  First assume ¢t > 10. Then (¢t — 7)/(t — 1) > 1/3, which implies
d<({t—"T(a+p)/(t—=1)+6 and f(t,d;a,5) > f(t,d;a+ 5,0). Hence
f(t,d;a, ) > 0 by Lemma 3.1.3.

Next assume 4 < ¢t < 9. Then 1/3 > (t — 7)/(t — 1), which implies
ft,d;a, 8) > f(t,d;0,a + ) > 0. Hence f(t,d;a, ) > 0 by Lemma 3.1.4.
]

Lemma 3.1.6 Let d, o and 8 be nonnegative integers with a + < d <
—2a+§+6. Then f'(d;a, ) > 0 unless d =8, « =0 and =7 or 8.

Proof. Since 0 < o < d, f'(d;a,0) > min{ f'(d;0,0), f'(d;d,0)} = min{d? —
8d + 18,18} > 0. Hence

f'(d;«,0) > 0.

Since 0 < < d < /346, we get f <9, and hence 0 < g < d <8 If
d <4, then24—-3d > 12> (/3 —-d+6)(d—p+1);if 5 <d <7, then
f'(d;0,8) > f(d;0,2d — 17/2) = —d*/3 + 10d/3 — 73/12 > 0. Now we may
assume d = 8. If 8 < 6, then f/(8;0,8) = 3?/3 =58+ 18 > 0;if B =T or 8,
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1(8;0,8) = —2/3. Consequently

f'(d;0,8) >0 unless d =8 and =7 or 8, (3.1.4)
If d=8and 8 =7 or 8, then f'(d;0,5) = —2/3. (3.1.5)

If o =0, the desired conclusion immediately follows from (3.1.4). Thus we
may assume « > 1. Then f'(d;«, ) = f'(d;0,a+ ) + Ta(d —a— f+1)/3.
Hence f'(d;a, ) > —2/34+7/3 > 0 by (3.1.4) and (3.1.5). O

Lemma 3.1.7 Let d, a, f and v be nonnegative integers with o + 4 v <
d < —2a + g + 2 +6. Then ¢'(d;a, 3,7) > 0 unless d = 8, a = 0 and
B+~=Tor8.

Proof. Since ¢'(d; o, 8,7) > f'(d;a, +7y), Lemma 3.1.6 follows the desired

conclusion immediately. [

3.2 Proof of Theorem 1.2.1 (i)

Let ¢, G be as in Theorem 1.2.1 (i); thus ¢ > 4, and G is a 2-connected
K 4-free graph with §(G) > 2t + 1.

By way of contradiction, suppose that G does not have a 6-factor. Then
by Lemma 3.1.1, there exist S, 7 C V(G) such that SNT = () and 65(S,T) <
0. If T'= (), then hg(S,T) = 0, and hence 65(S,T) = 6|S| > 0, a contradic-
tion. Thus T # (). Suppose that [SUT| < 1. Then S = ) and |T| = 1. Since
6(G) > 2t+1 > 9, we have > _;(deg_g(y) —6) > 3. Since G is 2-connected
and |SUT| <1, G— S —T is connected, which implies hg(S,T") < 1. Hence
0s(S,T) >3 —1 >0, a contradiction. Thus |[SUT| > 2.

Now we may assume that we have chosen S and 7" so that |SUT| is as
large as possible. Then by Lemma 3.1.2, |V(C)| > 3 for every component
Cof G—S—T. We call a component C' of G — S — T an odd component

or an even component according as |E(T, C)| is odd or even. We proceed to
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estimate the cardinarity of S from below by using the assumption that G is
2-connected and K ;-free (Claim 3.2.4).

Let C4,...,Cq, ..., Casp, ..., C be the components of G — S — T" such that
|E(T,C;)| = 1foreachi=1,...,a, |E(T,C;)| > 3isodd foreacha < j < a+b
and |E(T,Cy)| is even for each k > a +b. Then hg(S,T") = a + b. For each
yeT, set aly) =3 1<, [E(y, Ci)| and B(y) = 3, 1< [E(y, Ci)|. Then

aly) + By) = [E(y,V(G) =S =T)|; (3.2.1)

in particular,

a(y) + B(y) < degg_g(v). (3.2.2)
Claim 3.2.1 (i) a=)_, ra(y),

(ii) For eachi witha+1<i<a-+b, > ,|E(y,C;)| >3,

(iit) b < (3, BY))/3.

Proof.  We have a = 219'@ |E(T,Cy)| = Z1gi§a ZyET |E(y, Ci)| = ZyETa(y)7
which proves (i). Let a4+ 1 <i <a+b. Then |E(T,C;)| # 1 and |E(T, C;)|

is odd. Hence > |E(y,Ci)| = |[E(T,C;)| > 3. Thus (ii) is proved. By
(i), 0 < aricicars 2yer [EW: CI/3 < (apicich 2oyer [E(y, C)D)/3 =
(2_yer B(y))/3, which proves (iii). [

Recall that T # (). We choose vertices 21, ..., z,, of T" and define subsets
Ny, ..., N, of T inductively by the following procedure. First let z; € T' be a
vertex such that degg_g(z1) — 22 BB < deg o (y) — L=0aw) 2
for all y € T, and set Ny = (N(z1) NT)U{z1}. Now let 7 > 2, and assume
that 21, ..., zj—1 and Ny, ..., N;_; have been defined. If T'— ( U1§z‘§j—1 NZ-) £,

then let z; € T— ( Uicicia N;) be a vertex such that degg_¢(z;) _{imalz)

t—1

@ < degg_s(y) — (t—t7_)<ic(y) _ @ for all y € T — (Uy;<;_1 Vi), and set

Nj = (N(Zj) : (T_ (Unsigj Nz))) U{z}; if T = (Uyciej_y Ni) = 0, then

let m = 7 — 1 and terminate the procedure.
Claim 3.2.2 (i) {z1,..., z,n} is independent.
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(i) T = Uj<jem N (disjoint union).

(iii) For each 1 < j < m, degq,_g(2;) — (tfz)_al(zj) — ﬁ(gj) < degq_g(y) —
—(t_:_)(f(y) — @ for all y € Nj.

(iv) For each 1 < j <m, |N;| < degq,_g(zj) — alz;) — B(z;) + 1.
Proof. Statements (i) through (iii) follow from the definition of z; and N;.
Let 1 < j <m. Then |N;| <|N(z;) NT|+ 1 =degs_g(z;) — |E(2;, V(G) —
S—T)+1 = degg_s(z) — alz) — Blz;) + 1 by (321). D

Let 1 < i < a. Since |V(C;)| > 3 and G is 2-connected, there exists
an edge joining S and V(C;) — N(T). Let x;u; be such an edge (z; € 95,
u; € V(C;) — N(T)). Set L = {u;|1 <i < a} and thus |L| = a. For each
x €S, let L(z) = {w]l <i<a,z; =x}. Clearly

L(x) € N(x). (3.2.3)

Also

L= U L(z) (disjoint union),
zeS
and hence
> |L(x)] = a. (3.2.4)
z€S

Claim 3.2.3 (i) L is independent.
(ii) {z1,..., 2m} U L is independent.
(iii) For each x € S, (N(z) N{z1, ..., z2m}) U L(x) is independent.

Proof.  For every i, i € {1,...,a} with i # ', u; and u; belong to distinct
components of G — S — T. Hence (i) holds. Further for every 1 < i < a,
u; ¢ N(T). Consequently (ii) follows from Claim 3.2.2 (i). Also (iii) follows
from (ii). O
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Claim 3.2.4 || > %( > (IEG.S)I+ Y a(y))).

1<j<m yEN;
Proof. Since G is K 4-free, it follows from (3.2.3) and Claim 3.2.3 (iii) that
|E(z,{z1, ..., zm})| + |L(z)] <t —1 for every z € S. Note that by (3.2.4),
Claims 3.2.1 (i) and 3.2.2 (ii), > oo | E(z, {21, .-s 2m })| = |E(S, {21, s 2m})| =
21§jgm |E(2, )], Y pes |L(@)] = a = ZyGT aly) = Z1§jgm ZyeNj a(y).
Consequently we obtain (t — 1)[S| > > ¢ <]E(x, {z1, oy 2m})| + ]L(x)\) =

> i<i<m (\E(zj, S|+ ZyeNJ, a(y)), as desired. [

We now estimate 04(S,7") from below by using the assumption that
d(G) > 2t + 1. For each 1 < j < m, set

6 t—17 B(z))
po= 1Bl )+ (det o) — Frale) - A2 6w
6(2t — degg_g(zj) + 1)
t—1

+<degg_s(zj) _ %a(zj) _ 5(§j) _ 6)

ry =

Claim 3.2.5 64(S,7) > Y p;.

1<j<m
Proof.  Note that he(S,T) = a+b < 37 o0 2 yen, (@y) + B(y)/3) and

ZyET(degG—S<y) —6) = Z1gjgm ZyGN]-(degG—S(y) — 6) by Claims 3.2.1(i),
(iii) and 3.2.2 (ii). Therefore it follows from Claims 3.2.4 and 3.2.2 (iii) that

bs(S,T) > Y (tL|E(zj,S)|

'V
T~
~

| ‘@
'_l_

&

X

)

as desired. [
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(t=Talz)
¢

Claim 3.2.6 Let 1 < j < m, and suppose that degq_g(2;) —

@_6<0. Then p; > r;.

Proof.  Since |N;| < degq_g(zj) — a(z;) — B(z;) + 1 by Claim 3.2.2 (iv) and
|E(%;,5)] > 2t + 1 — degn_g(z;) by the assumption that 6(G) > 2t + 1, the

desired inequality follows immediately. [

Claim 3.2.7 Foreach 1 <j <m, p; > 0.

Proof. We may assume deg._g(z;) — (t_:)_al(zj) — B(zfj) —6 < 0. Then p; > r;
by Claim 3.2.6. In view of (3.2.2), it follows from Lemma 3.1.5 that r; > 0.

Hence p; > 0. [

Now it follows from Claims 3.2.5 and 3.2.7 that 66(S,7) > 0, which
contradicts the assumption that 64(S,7") < 0. Thus Theorem 1.2.1 (i) is

proved.

3.3 Proof of Theorem 1.2.1 (ii)

Now let ¢t and G be as in Theorem 1.2.1 (ii); thus ¢ = 3 and G is a 2-
connected K s-free graph with 0(G) > 8. Here we make a similar definition
as in Section 3.2.

Let C, ..., Cy be the components of G —S5—T. We may assume that there
exist @ and b with 0 < a+b < k such that |E(T,C;)| = 1 for each 1 <i < a,
|E(T,C;)| =3 foreach a+1<i<a+b, and |E(T,C;)| =2or |[E(T,C;)| > 4
for each a + b+ 1 < ¢ < k. Then the components Cf,...,C,.p are odd
components. We may further assume that there exists c with0 < ¢ < k—a—b
such that C} is an odd component for each a+b+1 < i < a+b+c and C; is an
even component for each a+b+c+1 <i < k. Then hg(S,T) = a+b+c. For
each y € T', set a(y) = Z1gi§a [E(y, Ci)l, Bly) = Za+1§i§a+b |E(y, C;)| and
YY) = P arvrr<icn [E@: C3)]. Then a(y)+8(y)+(y) = |E(y, V(G)—S-T)|;

in particular,

a(y) + By) +v(y) < degg_s(y). (3.3.1)
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Moreover we obtain the following similar claim to Claim 3.2.1.
Claim 3.3.1 (i) a=}_, ra(y)
(i) b= (X yer BY))/3.
(i) ¢ < (e 7W)/5. 0

Recall that T # (). We choose vertices z1, ..., z,, of T' and define subsets
Ny, ..., N, of T inductively by the following procedure in the similar way to
the paragraph preceding the statement of Claim 3.2.2. First let z; € T be a
vertex such that degG,S(zl)jLQa(zl)—@—@ < degg,s(y)+2a(y)—@—
@ forally € T, and set Ny = (N(z1)NT)U{z}. Now let j > 2, and assume
that 21, ..., zj-1 and Ny, ..., N;_; have been defined. If T— ({U;<;;_; N;) # 0,
then let z; € T'— (U1§i§j—1 N;) be a vertex such that degq_g(z;) + 2a(z;) —
@—@ < degg,s(y)+2a(y)—@—@ forally € T‘(Ulgigj—l N;), and
set Nj = (N(zj) A (T - (Ulgigj& Nl))) U{z5 it T — (U1gigj71 N;) =0,
then let m = 7 — 1 and terminate the procedure. Then, arguing as in the

proof of Claims 3.2.2 and 3.2.4, we obtain the following two claims.

Claim 3.3.2 (i) Foreachl < j <m,deg,_g(z;)+2a(z;)— Blz) _ o)

3 5
dege_g(y) + 2a(y) — @ - @ for all y € Nj.

IN

(i) For each 1 < j <m,|N;| <degq_g(z;) — alzj) — B(z;) —v(z;) + 1. O

Claim 3.3.3 |S| > %( Z <|E(zj,5)| + Z a(y))). O

1<j<m yeN;

We now estimate 6g(S,7) from below by using the assumption that
d(G) > 8. For each 1 < j < m, set

B = B8 + (deto o) + 20(z) - 13- 1B )y,
i = 24 —3degg_s(2)



Claim 3.3.4 04(S,7) > Y _ 1.

1<j<m
Proof.  Note that he(S,T) = a+b+c < 30, > ey, (aly) + B(y)/3 +
v(y)/5) by Claim 3.3.1. Then, by the similar argument in the proof of
Claim3.2.5, the desired inequality follows from Claim3.3.2 (ii) and Claim 3.3.3.
O

Claim 3.3.5 Let 1 < j < m, and suppose that degq_g(z;)+2c(z;) — @ -
7(27) —6<0. Then pj>r’

Proof.  Since |N;| < degq_g(2;) —a(z;) —B(z;) —v(z;)+1 by Claim 3.3.2 (ii)
and |E(z;,S)| > 8—degq_g(z;) by the assumption that 6(G) > 8, the desired

inequality follows immediately. [

Claim 3.3.6 Foreach1 < j <m, p} > 0.

Proof. 'We may assume that degq_g(z;)+2a(z;) —5(z;)/3—(2;)/5—6 < 0.
Then p; > r; by Claim 3.3.5. Thus, we will show that r;- > (0. In view of
(3.3.1), it follows from Lemma 3.1.7 that r; > 0 unless degg_g(z;) = 8,
and B(z;) + v(z;) = 7 or f(2;) + v(2;) = 8. Thus we may assume that
degq_g(z;) = 8, a(z;) = 0 and B(z;) + v(2;) = 7 or 8. Note that if
degig_s(25) = 8 and a(z) = 0, then 11 = (2— B(2)/3 — 7(,)/5)(9 — H(z) —
7(25))-

Since G is K s-free, the number of components C; (a + 1 < i < k) with
E(zj,C;) # 0 is at most 2. Thus from the definition of 3, we have £(z;) < 6,
and hence y(z;) # 0. Once more taking into consideration the assumption
that G is K s-free, we have [§(z;) < 3. Therefore it suffices to examine

separately the following eight cases;
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(a) PB(z;))=0 and ~(z) =71,
(b) B(z)=0 and ~(z) =3,
(c) B(z)=1 and ~(z;) =06,
(d) Blz) =1 and ~(z) =7,
(e) B(z;) =2 and ~(z) =05,
(f) B(zj) =2 and ~(z;) =6,
(8) Blz) =3 and ~(z) =4,
(h) B(z;) =3 and ~(z;) =5.

In either case, it is immediate that r; > 0. Consequently we obtain the

desired inequality. [

By Claims 3.3.4 and 3.3.6, 06(5,7) > 0. This contradicts the assumption
that 06(S,7") < 0. Therefore Theorem 1.2.1 (ii) is proved.

3.4 Sharpness

In this section, we first construct examples which show that in Theorem 1.2.1 (i),
the lower bound 2¢+ 1 on §(G) is best possible. Let ¢ > 4 and set r = 2t — 3.
We first define a graph I of order r + 4(t — 1) by

V() ={uvill <i<r}u{ws,a,y;, 51 <j<t—1}

E(I)={vv;|l <i<j<|r/2]}U{v||r/2]+1<i<j<r}
W{wjaj, wiy;, wizj, Y5, 052, Y521 < J < ¢ =1},
Thus [ is the union of a complete graph of order |[r/2], a complete graph
of order [r/2], and t — 1 complete graphs of order 4. Set 51 = {v;|1 <i <
/20, S5 = {oillr/2) +1 0 < b, T = {wg a0, 201 < 5 < (=120,
Ty ={wj,z;,y;, 2| [(t—1)/2] +1 < j <t—1}. Let H be the graph obtained
from I by joining each vertex in S; to all vertices in 77 U7, and joining each
vertex in Sy to all vertices in T5. Let n > 1, and let Hy, ..., H, be disjoint
copies of H. For each k (1 < k < n), let Sk1, Ska, Tr1 and T} o denote
the subsets of V' (H}) which correspond to Si, Sz, T and Ty, respectively.
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Now let G be the graph obtained from the union of H,..., H, by joining
each vertex in Sy to all vertices in Tjpy1; for each 1 < k < n (we take
Tht11 =T11). Then G is 2-connected and K 4-free, and §(G) = 2t. However,
we easily see that G has no 6-factor (for example, if we apply Lemma 3.1.1
in Section 3.1 with S = Ulgkgn(SkJ USk2) and T' = Ulgkgn(Tk,l UT}.2),then
we get 06(S,T) = —6n).

Next, we construct examples which show that in Theorem 1.2.1 (ii), the
lower bound 8 on §(G) is best possible. We first define I of order 13 by

V(I) = {Ula'UQaUS} U {93'1,.%2,1'3,1'4,1:5} U {91792793794795}7
E(I) = {vpus} U {msr;[1 <i < j <5 U{yay,|l <i<j <5}

Thus [ is the union of a complete graph of order 1, a complete graph of
order 2, and 2 complete graphs of order 5. Set S; = {v}, So = {vq,v3},
Ty = {x1, 9, 23, 24, 25}, To = {y1, Y2, Y3, Ya, Y5 }. Let H be the graph obtained
from I by joining each vertex in S; to all vertices in 7T} U7, and joining each
vertex in Sy to all vertices in T5. Let n > 1, and let Hy, ..., H, be disjoint
copies of H. For each k (1 < k <n), let Sk, Ska, Tr1 and Ty denote the
subsets of V/(Hy) which correspond to Sy, So, T1 and T5, respectively. Now let
G be the graph obtained from the union of Hy, ..., H, by joining each vertex
in Sko to all vertices in Ty, for each 1 < k < n (we take T, 411 = T11).
Then G is 2-connected and K s-free, and 6(G) = 7. However, arguing as in

the former examples, we easily see that GG has no 6-factor.
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Chapter 4

3-factors in 2-connected

star-free graphs

In Section 4.1, we show preliminary results to prove Theorems 1.2.2 and 1.2.3.
In Section 4.2, we fix notations for the proof of Theorems 1.2.2 and 1.2.3. In
Section 4.3, we prove Theorem 1.2.3. In Section 4.4, we prove Theorem 1.2.2
for t = 4. In Section 4.5, we prove Theorem 1.2.3 for t = 3. In Section 4.6,

we give sharpness examples of Theorems 1.2.2 and 1.2.3.

4.1 Preliminary results

In this section, we state preliminary lemmas, which we use in the proof of
Theorems 1.2.2 and 1.2.3.
Let G be a graph. For S, T C V(G) with SNT = (), define 05(S,T) by
03(5.T) = 3| + Y _(degg-s(y) = 3) = ha(S.T),
yeT

where h3(S,T") denotes the number of those components C' of G — S —T such
that |[E(T,C)| 4+ |V(C)] is odd. The following lemma is also a special case of
Theorem 1.1.4.

Lemma 4.1.1 (i) The graph G has a 3-factor if and only if 65(S,T) > 0
for all S, T C V(G) with SNT = 0.
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(ii) If|V(G)| is even, then whether G has a 3-factor or not, 03(S,T') is even
for all S, T C V(G) with SNT = 0.

The following lemma seems to be well-known, but we include its proof

for the convenience of the reader.

Lemma 4.1.2 Let S, T C V(@) be subsets of V(G) with SNT = () for
which 03(S,T) becomes smallest. Then the followings hold:

(i) Let C' be a component of G — S — T such that |E(T,C)| < 1. Then
V(C)] =2

(ii) Suppose that S and T are chosen so that |T| is as small as possible,
subject to the condition that 03(S, T) is smallest. Then deggyr(y) <1
for every y € T.

Proof. Suppose that there exists a component C' of G — S — T such that
|E(T,C)| < 1and |[V(C)] = 1. Write V(C) = {v}, and set T" = T' U {v}.
Then deg_g(v) < 1and hs(S,T") > hs(S,T)—1 by the definition of h3(S,T),

and hence

03(5,T") = 3|8+ Z(degg,s(y) —3) — hs(S, 1)

yeT’

< 3[S]+ Z(degc—s(y) —3) +degg_g(v) =3 —hs(S,T) +1

yeTl

< 63(S7T) - 17

which contradicts the minimality of 3(S5,7"). Thus, (i) is proved.

Now let y € T, and set 7" = T — {y}. Then h3(S,7") > h3(S,T) —
|E(y,V(G) — S — T)|, and hence 05(S,T") < 05(S,T) — degq_g(y) + 3 +
|E(y,V(G) =S =T)| = 05(5,T) — deggyry(y) + 3. On the other hand, by
the minimality of |7 and Lemma 4.1.1 (ii), 63(S,7") > 05(S,T) + 2. Hence
03(S,T) +2 < 05(5,T) — deggp(y) + 3, which implies (ii). U
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4.2 Notation for arguing in this chapter

Let 3 <t <7, and let G be a 2-connected K -free graph of even order. In
this section, we fix notation for the proof of Theorems 1.2.2 and 1.2.3.

Let S, T C V(G) with SNT = () for which 63(S,T) becomes the smallest.
We choose S, T' C V(G) so that |T'] is as small as possible, subject to the
condition that 05(S,T) is smallest. If SUT = (), then since G is connected
and has even order, we get hs(S,T") = 0, and hence 03(S,T) = 0. Thus, we
may assume that SUT # ().

Let C,...,C} be the components of G — S —T. We may assume that
there exists a with 0 < a < k such that |E(T, C;)| = 0 for each 1 < i < a and
|E(T,C;)| > 1 for each a +1 < i < k. Note that if S # () and |T|+ k < 1,
then > ;- (3—degq_g(y))+hs(S,T) < 3, and hence 03(5,T) > 3|S| -3 > 0.
Thus, we may assume that if S # ), then we have |T'| + k > 2.

Assume for the moment that @ > 1, and let 1 < i < a. By Lemma 4.1.2 (i),
[V (C;)| > 2. Recall that we have S UT # () by the assumption made in the
second paragraph. Since G is connected, it follows that () # N(C;)N(SUT) =
N(C;) N S; in particular, S # (). By the assumption made at the end of the
third paragraph, this implies |T'| + k > 2, and hence G — S # C;. Since G
is 2-connected, we now see that there exist two independent edges joining S
and V(C;). Let xu;, ziul be such two edges (z;, 2} € S, u;,u, € V(C;)). Set
L = {u;,u;|1<i<a}. Then

L] = 2a. (4.2.1)

For each x € S, let L(z) ={u; | 1 <i<a,x; =2} U{u; |1 <i<a, 2=z}
Clearly,

L(z) € N(x) and L(z) is independent. (4.2.2)
Also, L =, L(x) (disjoint union); and hence

> |L(x)] = 2a (4.2.3)

zeS
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by (4.2.1). If a = 0, then we let L(z) = 0 for each x € S; thus, (4.2.2) and
(4.2.3) hold in this case as well.

We now look at components of G[T|. Let Hy, Hs, ..., H,, be the compo-
nents of G[T'|. Then

T = U V(H,) (disjoint union). (4.2.4)
1<u<m
In the remainder of this section, we assign a real number 6, to each H,,, and
show that 05(5,T) > >_ . ,,, 0, We first prove several claims concerning
H,. Note that H, is a path of order 1 or 2 by Lemma 4.1.2 (ii). For each
1 <pu<m,set

I, = {ila+1<i<k E(H,C;) # 0},

I, = {iel,||E(H,C;)| =1} and
qn = Z dengs(y)'
yeV (Hy)

Claim 4.2.1 Let 1 < pu <m.

(i) If |[H,| =1, then q, > 2|I,| — |I},| and [N(H,) N S| > 6(G) — qu.

(ii) If|H,| =2, then q, > 2|I,| —|I'|+2 and [N(H,)NS| > 0(G) — [q./2].
Proof. This immediately follows from the definition of 1, I}, and ¢,. [

Set

J = {ila+1<i<k |V(C;)| > 2, there exists p with 1 < < m
such that N(C;)NT C V(H,) and |[N(H,) NV (C;)| =1}, and

K = {ila+1<i<k,i¢J, there exists u with 1 < < m such that
N(C))NT C V(H,) and (N(C;) N S) — N(H,) # 0}.

Let j € J. Since G is 2-connected, it follows that there exists an edge joining
S and V(C;)—N(T). Let xju; be such an edge (z; € S, u; € V(C;)—N(T)).
Let now ¢ € K. By the definition of K, there exists an edge joining S—N(H,,)
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and V(C;), where H, is as in the definition of K. Let x;u; be such an edge
(x; € S—N(H,), u; € V(C;)). For each x € S, let

J(x)={u;|j€ Jo;=a}and K(z) ={w; |i € K,z; = z}.

Clearly, J(z) U K(z) € N(x). Since u and v belong to distinct components
of G— S —T for any u, v € L(z) U J(x) U K(x) with u # v, this together
with (4.2.2) implies

L(z) U J(x) UK(z) € N(z) and L(z) U J(z) U K(x) is independent.(4.2.5)
Also,

J = U J(z) (disjoint union) and K = U K (z) (disjoint union). (4.2.6)

T€S €S

For each x € S, let N(z) ={H, |1 <pu<m,z e N(H,)}.

Claim 4.2.2 (i) If iy # po, then E(H,,, H,,) = (. In particular, for each

B

x € S, wehave E(H,,,H,,) = 0 for any H,,, H,, € N(z) with p, # jis.

1o M1

(i) Let x € S. Then E(u, H,) =0 for any u € L(x) U J(x) U K(x) and for
any H, € N(z).

Proof. Statement (i) follows from the definition of H,. To prove (ii), sup-
pose that there exists an edge uy such that v € L(z) U J(z) U K(z) and
y € V(H,) for some H, € N(z). Since (L(z) U J(z)) N N(T) = 0 by the
definition of L(x) and J(z), it follows that u € K(z). Then by the definition
of K(x), x ¢ N(H,), which contradicts the assumption that H, € N(z).
Thus, (ii) also holds. [

Claim 4.2.3 (t—1)[S|> > [N(H,) N S|+ 2a+|JUK].

1<pu<m
Proof. Since G is K 4-free, it follows from (4.2.5) and Claim 4.2.2 (i), (ii)
that |N(z)| + |L(z)| + |J(z)| + |K(z)] < t — 1 for every x € S. Since
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>wes IN(@)| = 221 cm IN(Hy) N S|, this together with (4.2.3) and (4.2.6)

implies

(t=1IS| = Y (IN@)|+ [L@)| +]J ()] + | K (x)])

zeSs

= > INMH) NS+ L)+ D @)+ ) K ()]
1<p<m €S zes TES

= Y IN(H)NS|+2a+|JUK],
1<pu<m

as desired. [

Claim 4.2.4 If T = (), then 05(S,T) > 0.

Proof. By Claim 4.2.3, |S| > 2a/(t—1). Since T' = (), we have a = k, which
implies h3(S,T) < k = a. Hence 05(S,T) > 6a/(t —1) —a>0. O

In view of Claim 4.2.4, we may assume that T # (). For each p (1 < p <
m) and for each i (a +1 <1i < k), we set

0 (f N(C)NV(H,) =0),

w(H,, Ci) =<1/2 (if N(C;)) NV (H,) #

1 (if N(C;)NV(H,) #

Then for each i (a 4+ 1 <i < k), we have

> w(H, C) =1, (4.2.7)

1<p<m

and for each p (1 < p < m), we have

> w(H,,Ci) < |1 (4.2.8)

=

. 3 | 73]
Claim 4.2.5 Let1 < pu <m. ThenZw(HN,Ci) - t—lyju NJ| <L, — 5

i€l

36



Proof. Let i € I. If N(C;) N T € V(H,), then w(H,,C;) = 1/2.

N(C)NT C V(H,), then |V (C;)| > 2 by Lemma 4.1.2 (i), and hence i € J by
the definition of .J, which implies w(H,, C;)—3|{i}NJ|/(t—1) < 1-3/(t—1) <
1/2 because of t < 7. Thus, ifi € I}, then w(H,, C;)=3[{i}NJ|/(t—1) < 1/2.

Hence

wau,ci)—&umﬂ < Y wH, )+ wH

i€l i€l —1I, i€ll,
3
il
I
o |_| |
O

We now estimate 05(S,T") from below. For each 1 < p < m, set

0, = t—|N( w) NS+ q, —3|V(H,)|
+t_—1|IM N(JUK)| - ;Iw(Hu,Ci).

Claim 4.2.6 05(S,T) > Z 0,.

1<p<m
Proof. Note that

k—a < Z ZwH

a+1<i<k 1<u<m

= 2 X

1<p<m a+1<i<k

1<u<miel,
by (4.2.7). Hence hs(S,T) < k < a+ 31,0 2 e, W(H,, Ci). By (4.2.4),
ZygT(degG s(y) —3) = Zl<y,<m (Zer(HM) degq_s(y) —3‘V(Hu)|)- There-
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fore, it follows from Claim 4.2.3 that

05(5,T) = 3|5+ Z(dege—s(y) —3) — ha(S,T)

yeT

> (Z IN(H mS|+2a+|JUK|)

1<pu<m

+ 3 (Y degesw) - 3IV(HL))

1<pu<m yGV(H‘L

- <a + ) > w(H,, ci))

1<p<m icl,
S I P (ACARE RISy
1<p<m
X degg s - V)| - K w(i G}
yeV (H,) i€l,

as desired. [

4.3 Proof of Theorem 1.2.3

Let t and G be as in Theorem 1.2.3; thus, 5 <t < 7, and G is a 2-connected
K 4-free graph with 0(G) > t + 2. We continue with the notation of Sec-
tion 4.2 with 5 < ¢t < 7. We here do not make use of K; that is to say, for
each 1 < pu < m, set

0, = t—|N( ) NS+ qu =3[V (H,)|
+my[“ n.J| — ierw(HM, Ch).

Then 63(S,T) > > < ,<,n 0, by Claim 4.2.6. Thus, it suffices to show that
9; > 0 for each 1 < g < m. In view of Lemma 4.1.2 (ii), we divide the proof

into the following two cases:

Case 1. |V(H,)| = 1.
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Since G is K 4-free, we have |I,| < ¢—1, and hence (7 —1)(2|1,[ - |I[) <
2(7—1t)(t — 1) < 16. Consequently, it follows from Claims 4.2.1 (i) and 4.2.5
that

3 |1,]
0; Z t_—l(t+2—qu)+qu |]|+—

9 t—4 |Iu|

= t——1+t——1q“_’“‘ -
9  t—4 \’|

o ————— ] | S & I

> ot IR L)~ )+
9 7T —t

= - 211, —|I') >0
el e S TARHA)

Case 2. |V(H,)| = 2.
By Claims 4.2.1 (ii) and 4.2.5,

0, = tfl(wz— 2>+ Go—6— |1 + II,’J
= S(ttjf)+22(§:?)qu—6—|lu|+%
> Sit:?)+22(i:f)(2|zﬂ|_|]L|+2) o 11+ 1l
B ::f * g(tt__41)(2|fu| —|I,]) > 0.

4.4 Proof of Theorem 1.2.2 for t =4

Let G be as in Theorem 1.2.2 with ¢ = 4, thus, G is a 2-connected K 4-free
graph with 6(G) > 5. We continue with the notation of Section 4.2 with
t = 4; thus,

0, = IN(H,) (S| + g, — 3V(H,)| + L0 (JUK)| — 3 w(H,, C)).
i€l

In view of Claim 4.2.6, it suffices to show that ¢, > 0 for each 1 < p < m.

We divide the proof into the following two cases:

Case 1. |V(H,)| = 1.
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Write V(H,) = {y}. Note that ¢, = degq_g(y) and |[N(H,) N S| =
degq(y) — g, Hence
0, = degg(y) =3+ LN (JUK)| =) w(H,,Cy).
i€l

Since G is K 4-free, |I,| < 3. Hence if degs(y) > 6 or I, N (JUK) # 0 or
11,,| <2, then we get 6, > degs(y) =3+ |1, N(JUK)|—|1,| >0 by (4.2.8).

Thus, we may assume that

degq(y) = 5, (4.4.1)
I,N(JUK) =0 and (4.4.2)
11,] = 3. (4.4.3)

By (4.4.1) and (4.4.2), 0, =2 — ", ., w(H,, C;).

By (4.4.1), ¢, < 5. First assume that ¢, < 4. Then by (4.4.3), there
exist i1, iy € I, with 4; # iy such that |E(y, C;,)| = |E(y, Ci,)| = 1. Suppose
that w(H,,C;,) = 1. Then N(C;,)NT C V(H,) = {y}. Hence |E(T,C;,)| =
|E(y,C;,)| = 1. By Lemma 4.1.2 (i) and the definition of J, this implies
that 4; € J, which contradicts (4.4.2). Thus, w(H,,C;,) = 1/2. Similarly,
w(H,, Cy,) = 1/2. This implies that }-,.; w(H,,C;) < 2, and hence

0,=2-> w(H, C;)>0.
=

Next assume that g, = 5. Then N(H,) NS = (. Take ¢ € I,. Suppose
that w(H,, C;) = 1. Then N(C;)NT C V(H,) = {y}. Since G is 2-connected,
we get N(C;) NS # 0, which implied that (N(C;)NS)— N(H,) # 0 because
N(H,) NS = N(@y)nS = 0. In view of the definition of K, it follows
that if ¢ ¢ J, then ¢ € K; that is to say, ¢ € J U K, which contradicts
(4.4.2). Thus, w(H,,C;) = 1/2. Since ¢ € I, is arbitrary, it follows that
> ier, W(H,, Ci) = 3/2. Consequently,

0,=2- w(H,C;)>0.

i€l
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Case 2. |V(H,)| = 2.
By Claim 4.2.1 (ii) and 4.2.5,

" ||
0, > ( —5‘)+qu—6—|lﬂ|+ 2’“‘

|7,

=0.
2

1
> 1 5@ | +2) — | +

4.5 Proof of Theorem 1.2.2 for ¢t = 3

Let G be as in Theorem 1.2.2 with ¢ = 3; thus, G is a 2-connected K s-free
graph with 6(G) > 4. We continue with the notation of Section 4.2 with

t = 3. We first prove a technical claim.

Claim 4.5.1 Ifthere exists H, (1 < pu < m)such that |V (H,)| =2, |I,| =2,
Gu =5, N(H,) NS # 0 and V(G) = (N(H,) N S) UV (H,) U (Uie,, V(C)),
then 03(S,T) > 0.

i€l,

Proof. We have |S| = |N(H,)NS| > 1, T =V (H,) and h3(S,T) < |I,| =2,
and hence 65(5,T) = 3|S|+¢q, —6 —h3(S,T) >3+5-6—-2>0. O

In view of Claim 4.5.1, we may assume that there is no H, such that
V(H)| =2, 1] = 2, q. > 5, N(H,) N S # 0 and V(G) = (N(H,) N §) U
VI(H,) U (Uier, V(Ci)). Recall that

b = SUN(H)AS|+ 11,0 (JUK))

+q, — 3|V (Hy)| — Zw(Hm Cs),
i€l
for each 1 < p < m. In view of Claim 4.2.6, it suffices to show that 6, > 0.
We divide the proof into the following two cases:
Case 1. |V(H,)| =1
Write V(H,) = {y}. Note that ¢, = degq_g(y). Since G is K 3-free,
[1,| < 2. This implies 6, > ¢, — 3 — 32, w(H,, Ci) = g, — 5 by (4.2.8).
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Thus, we may assume that

qu < 4 (4.5.1)
Since 0(G) > 4,
IN(H,)NS|>4—q, (4.5.2)
by Claim 4.2.1 (i), and hence
3IN(H,) N S|/2+ ¢ > 6 — {%‘J (4.5.3)

Subcase 1.1. |I,| < 1.
By (4.2.8), (4.5.1) and (4.5.3), we have

3
O Z§Wﬂmﬂﬁ+%—$WMM—zﬁﬂh@)
icl,

4
> 6-5-3-120.

Subcase 1.2. |I,| = 2.

Write I, = {i1,i2}. By (4.2.8), we have 3, ;, w(H,, C;) < 2. If ¢, <2,
then 3|N(H,) N S|/2+ g, > 5 by (4.5.3), and hence 6, > 3|N(H,) N S|/2 +
G — 3 = ey, w(H,, Ci) = 5 —3—2 = 0. Thus, we may assume that
q. = 3ord If |IN(H)NS| >4—q,+1or [,Nn(JUK) # 0, then
3(NH)NS|+ LA UK /24, = 34— gu+1)/24+g, > 11/2 by (45.2),
and hence 6, > 3(|N (H,,)NS|+[1,N(JUK)|)/2+q,—3=>_,c;, w(H,, C;) 2
11/2 =3 —2 > 0. Thus, we may assume that

IN(H,)NS| = 4—g¢,and (4.5.4)
I,N(JUK) = 0. (4.5.5)

First assume that g, = 3. Then i or iy, say i1, satisfies [E(y,C;,)| = 1.
By (4.5.4), IN(H,)NS| =1, and hence 3|N(H,)NS|/2+q, = 9/2. Suppose
that w(H,,C;,) = 1. Then N(C;,)NT C V(H,) = {y}. Hence |E(T,C;,)| =
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|E(y,Cy,)] = 1. By Lemma 4.1.2 (i) and the definition of J, this implies
iy € J, which contradicts (4.5.5). Thus, w(H,,C;,) = 1/2. Hence

3 9 3
9#:§\N(HM)OS\—|—qu—3—Zw(HM,Ci)25—3—5:0.

i€l
Next assume that ¢, = 4. By (4.5.4), N(H,) NS = 0. Hence 3|N(H,) N
S|/2 + g, = 4. Suppose that w(H,,C;,) = 1. Then N(C;,)NT C V(H,) =
{y}. Since G is 2-connected, we get N(C;,) NS # 0, which implies (N(Cj, )N
S) — N(H,) # 0 because N(C;;) NS = . In view of the definition of K,
it follows that if iy ¢ J, then i; € K; that is to say, i1 € J U K, which
contradicts (4.5.5). Thus, w(H,,C;,) = 1/2. Similarly, w(H,,C;,) = 1/2.
Consequently,
0, = ;]N(HM)HS] +qu—-3-> w(H, C)=4-3-1=0.
i€l
Case 2. |V(H,)| =2.
Write V(H,) = {y1,y2}. We start with a claim.

Claim 4.5.2 Set I = {i € I, | N(y)) N V(C;) # 0} and I' = {i € I, |
N(y2) N V(C;) # 0}. Then the followings hold:

(i) We have |I| <2 and |I'| < 2,
(i) If|I| =2 or |I'| =2, then INIT # 0.

Proof. Statement (i) immediately follows from the assumption that G is
K s-free. Assume that [ or I’, say I, satisfies |I| = 2. Since G is K 3-free,
Y2 is adjacent to at least one vertex in N(y1) N (U,e; V(C;)), which implies
INI' # (. This proves (ii). O

Note that ¢, = degq_g(y1) + degq_g(y2), and we have

6 =241, (45.6)
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by Claim 4.2.1 (ii). By Claim 4.5.2, |I,| < 3. This implies 6, > ¢, — 6 —
> ier,, W(H,, Ci) > g, — 9 by (4.2.8). Thus, we may assume that

g < 8. (4.5.7)
Since §(G) > 4,
IN(H,)NS| >4 LQ—;J (4.5.8)
by Claim 4.2.1 (ii), and hence
3 3| Qu
CINCH,) 0] + 62 6+ g, — 55J. (4.5.9)

Subcase 2.1. |I,| = 0.
By (4.2.8) and (4.5.9),

0, >

DO | W

NH)NS|+q.—6>6+% _6>0.
H H 4

Subcase 2.2 |,| = 1.
By (4.5.6), ¢, > 3. Hence, by (4.2.8) and (4.5.9),

3
0, > §‘N(Hu)ﬂs‘+C]u_6_zw(HmCi)
=

3
> 6+Qu__L@

—-6-—-12>0.
L] -o-rz

Subcase 2.3. |I,| = 2.

Write [, = {i1,i2}. In view of Claim 4.5.2 (ii), we may assume that
E(y1,Ci,) # 0 and E(ys, Ci,) # 0. By (4.5.6), g, > 4.

If g, = 5, 7 or 8, then 3|N(H,) N S|/2 + g, > 8 by (4.5.9), and hence
0, = 3|N(H,)NS|/24q,—6—3c;, w(H,, C;) = 8—6—2 = 0. Thus, we may
assume that ¢, =4 or 6. If [N(H,)NS|>4—[q,/2]+1or [,N(JUK) #0,
then

%(’N(HM)QS!+’[MH(JUK)|>+qu2g<4_ VEHJ +1)+q#zg
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by (4.5.8), and hence

3
0 = S(INCH) NS+ 11,0 (TUK)]) + g0 = 6= w(H,, C)
iel,

17
> ——6—-2>0.
- 2

Thus, we may assume that
_ 4y
IN(H)NS| = 4— EJ and (4.5.10)
IL,N(JUK) = 0. (4.5.11)

First assume that ¢, = 4. Then |E(H,,C;)| = |E(y1,C;)| = 1 and
\E(H,,Ci,)| = |E(y2, Ci,)| = 1. By (4.5.10), |[N(H,) NS| =2, and hence

N ~—

IN(H) 0S|+ g =T

Suppose that w(H,, C;,) = 1. Then N(C;,)NT C V(H,). Hence |E(T,C;,)| =
|E(H,,C;,)] = 1. By Lemma 4.1.2 (i) and the definition of J, we get
iy € J, which contradicts (4.5.11). Thus, w(H,,C;,) = 1/2. Similarly,
w(H,,C;,) =1/2. Hence

3
0, = QIN(H/L)QS’+qu_6_zw(Hu:Ci)
i€l

= 7—6—-1=0.
Next assume that ¢, = 6. By (4.5.10), |[N(H,) N S| = 1. Hence
3 15
SIN(H) NS] g =5

By the assumption made immediately after the proof of Claim 4.5.1, we have
V(G) # (N(H,)NS)UV (H,)UV(C;,)UV(Cy,). Suppose that w(H,, C;,) =
w(H,,C;,) =1. Then N(C;,)NT C V(H,) and N(C;,)NT C V(H,). Hence
N(H,UC;,UC,)N(SU(T—=V(H,))) =N(H,UC;, UC;,)NS. Since G is
2-connected, |[N(H,)NS| =1 and (N(H,)NS)UV(H,) UV (C;,)UV(Cy,) #
V(G), we get (N(C;, UC;,)NS) —N(H,) # 0. Hence iy or i, say iy, satisfies
(N(Ci,)N'S) = N(H,) # 0. In view of K, it follows that if 4 ¢ J, then
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i1 € K; that is to say, i; € JU K, which contradicts (4.5.11). Thus, we have
w(H,,Ciy) = 1/2 or w(H,,Cy,) = 1/2, and hence 3, w(H,, C;) < 3/2.
Consequently,

3
0, = §‘N(HM)HS‘+qu_6_zw(Hqui)
> — —6——-=0.

Subcase 2.4. |I,| = 3.

Write I, = {i1,12,43}. By Claim 4.5.2, we may assume that E(H,,C;,) =
E(y,Cy) # 0, E(H, Cy) = E(y2,Cyy) # 0, and E(y1,Cyy) # 0 and
E(y2,Ci,) # 0. Since G is K 3-free, this implies N(H,) NV (C;i,) = N(y1) N
V(Ci,) = N(y2) NV (Ci,). Hence

q. = |E(H,, Ci)| + |E(H,, Ci,)| +2IN(H,) NV(Ciy)| +2  (4.5.12)
which, in particular, implies
Gu > 6. (4.5.13)
It follows from (4.5.7) and (4.5.12) that
1 <|N(H,)NV(Cy)| <2 (4.5.14)
If IN(H,)NS|>4—[q.,/2] +1or I,N(JUK) # 0, then
S(INEIASI LA UK 40> 5 (4 | %] +1) 4.2 9

2
by (4.5.13), and hence

3
0 = S(INH) NS+ 15,0 (JUK)]) + g, — 6= D w(H,, C)

iel,
> 9-6-3=0.
Thus, we may assume that
IN(H)NS| = 4— {%‘J and (4.5.15)
IL,N(JUK) = 0. (4.5.16)



Claim 4.5.3 (i) If |E(y1,C;,)| =1, then w(H,,C;,) = 1/2.
(ii) If |E(y2, Ci,)| =1, then w(H,, C;,) = 1/2.

(111) If|E(y17CZ1)| Z 2 and |E(y27 sz)| Z 27 then w(HIMCil) = w(HlJ«a OZ2) -
1/2.

Proof. (i) If w(H,,C;,) =1, then |E(T,C;,)| = |E(y1,C;,)| = 1, and hence
i1 € J by Lemma 4.1.2 (i), which contradicts (4.5.16).

(ii) We get (ii) by arguing as in (i).

(iii) It follows from (4.5.7) and (4.5.12) that ¢, = 8, and hence N(H,) N
S = 0 by (4.5.15). Now suppose that w(H,,C;) = 1. Then N(C;,)NT =
N(Cy,)NV(H,) = {y1}. Since G is 2-connected, we get N(C;,) NS # 0.
Since N(H,)NS =0 and |N(y1) NV (Cy,)| = |E(y1, Ci,)| > 2, it follows that
iy € K, which contradicts (4.5.16). Thus, w(H,,C;,) = 1/2. We similarly
obtain w(H,,C;,) =1/2. O

Assume for the moment that |[N(H,) N V(C;)| = 2. Then g, = 8
and |E(H,,C;,)| = |E(H,,Ci,)| = 1 by (4.5.12). Hence w(H,,C;,) =
w(H,,C;,) =1/2 by Claim 4.5.3. Consequently,

0, >q.—6—> w(H,C)>8-6-2=0.
i€l

Thus, in view of (4.5.14), we may assume that |E(N(H,),V(C;,)| = 1.
Suppose that w(H,,C;,) = 1. Since i3 ¢ J by (4.5.16), it follows that
V(Ci,)| = 1. Write V(Cy,) = {u}. Since degs(u) > 4, |[N(u) N S| > 2.
Since |[N(H,)NS| < 1 by (4.5.15), we get i3 € K, which contradicts (4.5.16).
Thus, w(H,,C;,) = 1/2. By Claim 4.5.3, at least one of w(H,,C;,) = 1/2
and w(Hy, C;,) = 1/2 holds. Hence >~,.; w(H,,C;) > 2. If g, = 7 or 8,
then 3|N(H,) N S|/2+ g, > 8 by (4.5.9), and hence

3
0, = §‘N(HM) nS| +qu_6_iezlw(HmCi)

8§—6—-2=0.

v
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Thus, we may assume that ¢, = 6. Then |E(H,,C;,)| = |E(H,,Cy,)| =
1 by (4.5.12), and hence w(H,,C;,) = w(H,,C;,) = 1/2 by Claim 4.5.3.
Consequently, } ., w(H,,C;) = 3/2. Therefore,

3
eu = §|N(HM) ﬂS| +q.—6 _;w(H/NOi)
15 3

——6-2=0.
2 2

Vv

4.6 Sharpness

In this section, we construct examples which show that in Theorems 1.2.2
and 1.2.3, the lower bound on §(G) is best possible. Let 3 < ¢ < 7, and set
r=torr=t—1according as 5 <t < 7or 3 <t <4 We first define a
graph I of order r + 2(t — 1) by

V() = {z;|1<i<r}U{y;,z|1<j<t—1},
E(l) = {ww; |1<i<j<|r/2]}U{zz;||r/2]+1<i<j<r}

Thus, I is the union of a complete graph of order |r/2], a complete graph
of order [r/2], and ¢t — 1 complete graphs of order 2. Set S; = {z; | 1 <i <
[r/2]}, Se =Aai [ [r/2] +1<i<r}, Th={y;2 [ 1 <j < [(t-1)/2]},
and To{y;,z; | |(t —1)/2] +1 < j <t —1}. Let H be the graph obtained
from I by joining each vertex in S; to all vertices in T} U T; and joining
each vertex in Sy to all vertices in T,. Let n > 2 be an even integer, and
let Hy,...,H, be disjoint copies of H. For each k (1 < k < n), let Si1,
Sk.2, Ti1 and Ty o denote the subsets of V(Hj) which correspond to Sy, Sa,
Ty and T5, respectively. Now let G be the graph obtained from the union
of Hy, ..., H, by joining each vertex in Sy, to all vertices in T}, for each
1 <k <n (we take T,,411 = T11). Then G is 2-connected and K ;-free,
|[V(G)| is even, and 6(G) = r + 1. However, we easily see that G does

not have a 3-factor (for example, if we apply Lemma 4.1.1 in Section 4.1
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with S = Ulgkgn(sk,l U Sko) and T = U1gkgn(Tk,1 U T}2), then we get
05(S,T) = —n if t =5, 63(5,T) = —2n if t = 3 or 6, and 65(5,T) = —3n if
t=4orT7).

In Theorem 1.2.3, the condition t < 7 cannot be dropped; that is to say,
for any possitive integer 9, there exists a 2-connected K g-free graph G of
even order with 6(G) > 6 such that G has no 3-factor. To see this, let [ be an
odd integer with [ > 9, and let (', ..., C; be disjoint copies of the complete
graph of order [. We first define a graph I of order 2 + 71 by

V(I) = {z,23uU | V(G

1<i<7
E(I) = |J E(@).
1<i<7

Set Ty = Uy <;<3 V(Ci) and Ty = (J,;o, V(Ci). Let H be the graph obtained
from [ by joining x; to all vertices in T} UT; and joining x5 to all vertices in
T,. Let n > 2 be an even integer, and let Hy, ..., H, be disjoint copies of H.
For each k (1 < k <n), let x4, and xy 2 denote the vertices which correspond
to 1 and x9, respectively, and let T} ; and T} » denote the subsets of V (Hy)
which correspond to 77 and T, respectively. Now let GG be the graph obtained
from the union of Hy,..., H,, by joining xj, to all vertices in T}, for each
1 <k <n (wetake T),411 = T11). Then G is 2-connected and K g-free,
|[V(G)| is even, and 6(G) = [+1 > 0. However, we easily see that G does not
have a 3-factor (for example, if we apply Lemma 4.1.1 in Section 4.1 with
S = Uichent@ri, Tr2} and T = 0, then we get 05(5,T) = —n).
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