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On the Spherical Reciprocation in Space
of n Dimensions.
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o By K. Ocura.
[Reap Decemprr 18, 1909.]

1. In his memoir “Contacts of Systems of Circles,” Proc.
Tondon Math. Soc.,, 23 (1887), A. Larmor introduced the -circular
£ re '-_proc&tlon in the plane geometry of circles. Lachlan gave a similar

mﬁement in his Modern Pure Geometry (1893), p. 257,

- In this paper, I will treat an extended transformation in space
S f h‘ of n dimensions.

~ (Consider an imaginary sphere /
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abemg constant and /1 a parameter. Then the equation of the
5 S belonging to the pencil and cutting /1 orthogonally, will e

S=( Z‘w‘u_r2)(2xi—?‘2)+47'22mt x,=0, (1)

= (=1 ;e
iy Bhall call this sphere S the sphere-reciprocal of the pomt g
’) W’lth respect to I or briefly the reciprocal of the point (2/, %) ;
id the sphere I the sphere of reciprocation.

thw deﬁmtlon we see that the spherica-l reciprocation is a
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0‘2;:2&'“ ("::1)2;------:”): X; — 2?125'“"! (1’:1’2”73)’
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. being an arbitrary quantity, equation (1) will be transformed into These relations can bs obtainel from (2), by putting &
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o _ wl?lch expresses the polar plane of a point (2, %),.. 0. ..y %, with
AL respect to a surface K of the second degree,
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But on the spherical surface in 22,,,, equation (3) or ‘Z-II,’ X, =0

muy be considered as the polar of a point (X, . S o e
Hence, the stersozraphical projection of a point and 1ts pola,}' on a |
sphere in 22,,, may be consilered as a point and its sphere-}'ecl?rocal m
ia 72, respactively. In other words, the spherical reciprocation in 72, -
is the stereozraphical projection of the polar reciprocation on a sphere
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| - Hence we get the following theorem :

el e Theorem I. The spherical reciprocition, in non-homogeneous coor-
s LN RS oy . . . .

VAR 18 (X1, Tyy.uesa, @), with respect to I, will be the polar reciprocation,
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L S S : : Now according to Klein (*), the geometry of reciprocal radii in 72, ‘"’w :
i & e Or, in other words, if the polar reciprocal of a surface i3 the stareozraphical projection of ths geometry of collineations on a & =..-. |
L | f (21 S s zﬂ-l-l) =0 sphere in 2 it Therefora we have the following theorem : v r~
| '- T ot : Theorem IL.  7he qgeomelry of rec L rocal  radit adjoinel by .tkﬁ'- :_ = 1; ;
U with respect to Z 5=0 isgiven by F (3, 1,......, %ns1) =0, the g | soherical wreciproca'ion in spuce of n  dimensions is the stereographical
_- '. . ' 1 érojection of the projective geomelry on a sphere tn space of n+1 £ :
sphere-reciprocal of a surface PEaunYN: Ui
4 TFrom equation (1), we find that the centre M (£§,, 2y« +s §s) e
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If we introduce the homogeneous coordinates (5, &ay. ..« ..Cﬁ
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ai+1*=0 is determined by
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f‘.

&he lmna of tha centres of the reciprozals of points oa a

l - L a

‘n’l
S ai—1r°

{=1
q,l

f(cli CZ!- §os e ey C'n! Cn-l-l):O
equation (3) can bs written

n+1

2 Ge =0, 4)

i=]

=0 (t=1, 2,...., n+1) cut the sphersa I orthogonally,

belonging to equation (4), £/ being parameters, will
of o™ sphares cutting I orthogonally.

the reelproaa.l of the surface
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a/' any wrface 18 an  ana'laymatic
fwre of reciprocation.

186 K. OGURA :

where A, denotes the minor of a, in the determinant
A — la u:l

Now the condition for which the eyclide f should degenmﬁe
two spheres is

4=0;
and that for the other cyelide /7 is

‘Am‘ =0,
that is also 4=0

And if /" degenerate into two spheres, I’ being anallagm

respact to I, they will constitute a pair of inverse spheres with rospoctﬁ
to I; the same result takes place for f/ also. Hence we obtain the
theorem : |

Theorem IV. The reciprocal of a cyclide with respect to zt'e'“if?f
sphere is another cyclide having the same dirvector-sphere. et

The reciprocals of two spheres, constituting a pair of inverse apfwm
with respect to the sphere of reciprocation, are also two spheres having ﬂw
same properly as the original ones (). .

As the second example, I will show a theoram due to Im'mer.

It is easily seen that the reciprocal of a sphere will be two sphe
constituting a pair of inverse spheres with respect to /. Now let
reciprocals of two spheres S, and S, be §/, S/ and S, '
If S, and S, touch each other,’ S, and S, (or S,”) will a]m touch
other. In this case, since S/ and S, (or &S,') are inv
S/ and S, (or S,) with respect to I respectively, 81”; an
must touch each other. Therefore we arrive at
When two spheres touch, their reciprocals will alaa

6. In the last place, I will eonsﬂarﬂ
respect to the spherical reclprocahon.

By Theorem III,
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2 422+ 2°=0

‘vll be @ *? conics

L 9 (01 2,4+ €y 2 + C, za)a_ (clz + ¢t 4 (.32) (312 + 2.2+ z;;'z) b}

- where ¢,, ¢, and ¢; are constants, or an envelope of ! conics in which
ﬂ; y ¢, and ¢; are arbitrary functions ot a single parameter.

L ~ Without altering Appell's method, we can extend this theorem to
the case of space of n dimensions.

' Hence by the application of Theorem 1 upon this extended theorem,
e we get the following theorem

*“M i, Theorem V. If tle sphere of reciprocation be

e : : e
- the wmwariant surface wth respect to the splerical reciprocation will be oo™
-~ cyclides

R, -
e T S ' b 4

2,21.2 Cy 3’4+cn+1(2 ‘Tt""r“)‘ —'Z i ( —‘w?'l""g)z:o:

{e=] =] [=1 -]l
€y Ciy.oi i Cyyy are constants, or an envelope f @' cyclides in

@,, c“. o Cuyy are arbitrary functions of a sing'e parameler.
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