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Note on the Integral Curves of Pfaff’s Equation,

BY
K. Ocura in Sendai.

1. Lie and Appell proved that all the curves of a linear
complex throngh any point have the same osculating plane at that
point. (*) In this note T will treat in general the integral curves of
Pfaff’s equation

§dr+ydy+Cdz=0 (1)
passing the same point and having the same osculating plane at that point.

Let the coordinates of a curve be expressed in terms of the para-
meter s which is the are measured along the curves from some fixed
point, and let the first and second derivatives of «, 7, z with respect
to s be 2/, ¥, # and 2/, y", z’ respectively.

Since all the integral curves of the equation

Sa'+9y +L=0 (2)
throngh a point P (2, y, z) have the same binormal at that point, the
direction-cosines of the binormal 2, g, v satisfy

re' +py +ve =0, (3)
and Ax'+pyl'+v2'=0. 4)

Since equations (2) and (3) hold good for all values of ' :9':2 at
P (z, y, 2), and therefore

Hence equation (4) becomes
Eall 47y +C 2 =0. i (5)
Now differentiating (2) with respect to the parameter s,
(gi @'+ gz Y+ gi z’)w’+(g§ @'+ g’; y'+ gf{ !
o
0%

+(8§ o apy,+

AL " T
= ~ ?)z—{—gm LR gt lal=—0,

(1) P. Appell, Annales de I'Ecole Normale Supérieure, 1876, p. 245; S. Lie—
G. Scheffers, Geometrie der Beriihrungstransformationen, Bd. I, 1896, p. 230.
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whence by (9)

85 .’?."2*}-_:(2_/{‘_?] 2} a_: R ( f:T‘— 2{/_) ! 7/’
o' oy d % oy ox
9 T/ a f) r2l ( y f(: D E ) St
R e g RS SRR e e—0f 6
+(8.¢; oY 4 Ghar oz (6)

This equation must be true for all values of @':y': 2 satisfying (2).
Eliminating z’ between two equations (2) and (6),

2250 (9F, DEY.p, BC o
e az*a;c SRRl )
05 , D7\ 2 o¢ « GRG B BRSNSk T N o
' u f(_ ;___i);}—+2____—_; _(¥', )7\,—(_._/_ __“-’); f}
e oy ow oz 4 8a:+8z § Bl
) 87 2 aT 8‘: a: ’l
s r-{_ ,/_C-_( /s ) @A 7t =0, 7
’ oy g O ez 5 0
which must be satisfied for any value$ of @':7'. Hence

EP"!_ 1
ox (B?Tam +8z
o¢ 8‘/]),-2 28{' = SR R S
(8?/+8x i e oo E)z)qh' o
(av 8:>-y_ )
—( =L.4 ce=0
Sz ey
aq ) 877 8‘:) - a:
(*— i —()
oy (8/+8y e / )

Multiplying the second equation by &7 and comparing the result with
the first and third equations, we obtain

aE 9 (aE 87’)-. a'f
e O N sy O
oz ! E)yJr Gl f/+8y

Conversely, if &, 7, { satisfy equation (9) and the first and the
third of equations (8), then equation (7) and then (6) hold good for all
values of 2/:y':%. DMoreover, differentiating (2) with respect to s and
comparing the result with (6), we have

AR

2—0. 9)

sa'l+py'+¢2"=0.

e - ” . » " = ol = 5 =
Hence &, 7 ¢ must be proportional to the direction-cosines of the

binormal of all the integral curves of (2) at P (a, v, ), and these
curves have the same osculating plane at this point.
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Therefore it is necessary and sufficient, that Z, 7, I should satisiy

the three equations

3'85’— :.1 (*,as S :()4)'1']— 877 :()1\
= a.fj /i f)?/ o //" ay

l} ?)// _i;(.87 +.a;)+;f)’ — ({1
7t O N6 Bk Ly & (a8

1 2¢ l(a: 95) iR s BUE

S e ol -+ - Sl =(J}

Glp s Es iR eavdln

in order to secure that all the integral curves of Pfaff’s equation
Sde+ndy+Cdz=0
passing the same point have the same osculating plane at that point.
9. It should be noticed that in the particular case where equation
(6) is an identity, the curves must be the curves of a linear complex.

Tor, in this case we have

ka:_ :;(), a ‘7 :O, af :O,
o o &3
il o il o @& , 98
- / ::(), SN LA :O, -4~ :0,
o o GLihs G Sl 1 el

which may be written as follows :

a‘?:o’ a;:—'--c, aE____B,
0w oy )

07 i o Sypcl MRS
0 oy 0 =
G = ip L RS
&l o/} 0%
Now from the equations
_a(}:-—_ﬁi._:o and _a_g.:__ai_:o,
ow oyow oy oz

it follows that € may depend upon z only. Similarly 4 and /5 may
depend upon only = and y respectively.

But from
G o Gl OB R atl
dz oyaoz dy ox 0oy
ot @0 . ety e £ Sl

dx  ownos | dw b oyoa’
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oA A d B cZ 0]
we have =0,
de dy dz

Hence A4, B and C must be constants; and we must have
E=Bz— Cy+D, n=Cx—Az+E, C=Ay—Bz+7T,

where ), F, F' are arbitrary constants.

Therefore equation (1) must take the form

(Bz—Cy+D)yde+(Cax—Adz+ E)dy+(Ay—Ba+1") dz=0
representing the curves of a linear complex.

3. Let /o

: Exltny' +C#=0 (T)

be the orthogonal trajectory of the congruence of curves /'

Gos Ay 02

”
=

, Wwhere &+9*+0=1,

ZANY

7
1 1
y = and
P I
curvature, and normal curvature, at a point P (z, y, z), of a trajectory

drawn in any given direction at that point. Then we have the relation

i L R RS
{’s: Rsz 3 ]Zs: 3

If the normal curvature of the trajectories at any point be always
equal to zero, it follows that

and let be respectively the curvature, geodesic

=L Ea Lyl Ca'=0. ()

y; Differentiating (§) with respect to s, and comparing the result with
(T), we have for all values of 2':7 :7

85 12 8-0 12 a: 19 (a E a 7]
2 it o1 S G N
D% oy "/+8z/+ ’c)?/fasr;)"b"/

+(a s ¢ ),/I», (_a_‘__;. C :):»;’ =10}
2a Sy Slor ek

~

N

Hence, by Art. 1, we have the following result:

If the geodesic curvature of any orthogonal trajectory K of a
congruence of curves /' at any point be equal to the curvature of the
curve K at that point, all the trajectories have the same osculating
plane at that point. Or, if any orthogonal trajectory K of a congruence

(1) Lilienthal, Math. Ann,, 52 (1899), p. 415.
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of curves [’ at any point be an asymptotic curve (') of the congruence,
all the trajectonies at that point have the same osculating plane.

As a particular case, it will be seen that if any geodesic line of :
congruence of curves /' at any point be a straight line, all the 01"tho—
gonal trajectories of the congruence at that point have the same osculat-
ing plane.

Coonversely, if all the orthogonal trajectories of a congruence of
carves [, at any point, have the same osculating plane, then the
ceodesic curvature of any trajectory K of the congruence /° at any point
is equal to the curvature of the curve K at that point.

4., Tt is necessary and sufficient that all the orthogonal trajectories
at any point have the same osculating plane, in order to secure that
the two consecutive curves /), and /), in a congruence have the shortest
distance P; P,, I, being the curve through any point P,, and /. the
curve through any point 22, consecutive to P, .

Let (5, 7, ) be the direction- cosmes of th(- tangent P, 7' of the
curve 1 at P, (a, v, 2) and let (3+0§, 7+ o7, -+0C) be the direction-
cosines of the tangent P, 7, of the cmve [, consecutive to /7, at
P,(x+dax, y+0y, 2+0z). Now a necessary and sufficient condition
that P, P, is the shortest distance between /7 and [ is that P, P,
cuts orthogonally both P; 7', and P, 7T, that is,

Yepae=0 and 2(c+o68)oe=0;

which may be written as follows :

JZox=0 and 2o co0x=0.

But since the latter equation is nothing but equation (6), £, and I,
lie on the orthogonal trajectory and all the orthogonal trajectories at I
have the same osculating plane.

5. Iet us constitute a surface ' from any o' curves in the con-
gruence I’ whose orthogonal trajectories at any point have the same
osculating plane. Then there exist @' curves K on this surface, which
Lelong to the orthogonal trajectories of I

Now the principal normal at any point P of any curve K is
normal to the cwrves K and [ at this point P; but the normal at 2
to the smrface F' is also normal to the curves K and ["at . Hence
the geodesic curvature at all points of the curve K on the swface £
must be zero ; which shows us the curve K is a geodesic on the surface £

(') DTilienthal, Grundlagen einer Kriitmmungslebhre d. Curvenscharen, 1896, p. 50.
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In this way we can constitute ! swmfaces 2 having any cuarve
ly in common; and then the o' geodesics, one upon one surface
I” respectively, passing through any point 2 on the curve /7, have the
same osculating plane at that point.

For example, (') in the congruence of helices

=V oS U, Y=vsinwu, z2=kutw,
where & is a constant and ¢, w are two parameters, we have
i 0
=i 7 k
If we take
w=f(v),

we obtain a helicoid 77 whose linear element is given by
ds*= (V' + 1) du? + 2kf'(v) du dv+ {14/ (v) | dv”;

when putting

U=u+k ]Nw; dv, ~f\/l-{— ( )r]z',

the linear element becomes

ds’=dV*+ (V' + &) d U™,
Hence the orthogonal trajectories U=const. of the «' helices F=const.,
ie. v=const, are the geodesics on the helicoid #'; and along the

geodesics
dU=du+% 2O _qy—o,
v+ K
we have —yde+ady+kd:=0,

which shows us that the geodesics U=const. are the curves of a linear
complex,
Now if we take, for example,
w=m(v—1),
m being a parameter, we get o' helicoids having the helix [
LGOS U, =By, - z—=ku
in common ; and the o' geodesics, one upon one helicoid #' respective-
ly, passing through any point P (z,, #,, %) on the helix /,, have
the same osculating plane
— Yo (@ —20) + 2o (Y — Yo) + & (2 — ) =0.

(1) Compare Lie-Scheffers, ibid, p. 683,
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